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Let M and N be two abelian groups. If we are given a
homomorphism f : M — N, we can then consider its kernel

kerf :={se M/ f(s)=0}C M

and image
imf := {f(s):se M} C N.

This is because abelian groups satisfy AB1 (pre-abelian category).
A celebrated theorem of Emmy Noether states that f induces an

isomorphism
f: M/ker(f) ~ im(f).

This is because abelian groups satisfy AB2 (abelian category).
Actually, they even satisfy up to AB6 (and dually AB4*).
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Let X be a topological space. Then, any subset Y of X inherits a
topology (the induced topology). Also, if we are given an
equivalence relation R on X, then X/R inherits a topology (the
quotient topology).

A topological abelian group is a topological space M endowed with
a commutative group law which is continuous as well as the inverse
mapping. A morphism of topological abelian groups is a
continuous homomorphism f : M — N. Both kerf and imf inherit
the structure of a topological abelian group. In other words,
topological abelian groups satisfy AB1 (pre-abelian). However, the
morphism

f: M/ker(f) ~ im(f)

is not a homeomorphism in general. In other words, topological
abelian groups do not satisfy AB2 (not abelian).
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As an example, if M is topological abelian group, then setting
M(S) :=C(S, M) defines a condensed abelian group. Actually it is
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Condensed abelian groups satisfy AB2 (abelian). Actually, they
even satisfty up to AB6 and AB4* exactly like usual abelian groups
do (Clausen/Scholze).
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— Thank you —



