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ACCELERATED STOCHASTIC APPROXIMATION*
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Abstract. A technique to accelerate convergence of stochastic approximation algorithms is studied. Itis based on
Kesten'’s idea of equalization of the gain coefficient for the Robbins—Monro algorithm. Convergence with probability
1 is proved for the multidimensional analog of the Kesten accelerated stochastic approximation algorithm. Asymptotic
normality of the delivered estimates is also shown. Results of numerical simulations are presented that demonstrate
the efficiency of the acceleration procedure.
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1. Introduction. Let us consider the problem of searching for the stationary point * of
the vector field () : RY — RN. The observations y; of the function ((-) are available at
any point x;_; € RY and contains random disturbance ;:

n yr = p(we—1) + &

The problem is to find * under the assumption that a unique solution exists.

The method of stochastic approximation (SA) (which takes its origin from [10]) is well
studied for this problem. To obtain a sequence of estimates of the solution x*, the following
recursive procedure is used:

) Ty = Ti—1 — ViWt,

where 7, is a gain coefficient and x( is an arbitrary fixed point in RY. In the study of
this algorithm the main focus of attention was the asymptotic analysis of the method when
~¢ = yt~!. For this case conditions have been obtained under which almost sure convergence
and asymptotic normality take place (see [6] and [15]). Asymptotically optimal versions
(algorithms that ensure the highest asymptotic rate of convergence) of that method have also
been developed in the works of Venter [14], Fabian [3], and Polyak and Tsypkin [9].

On the other hand, nonasymptotic properties of SA algorithms are the main focus of the
interest in applications. Unfortunately, as is well known to engineers (see the discussion in
[13]), asymptotically optimal methods behave badly in finite time: the choice of the gain vt~}
is too “cautious” if the disturbance &; is small with respect to the initial error zo — z*. Several
heuristic procedures have been suggested in order to accelerate convergence in a finite time
interval (see, for instance, [13, Chap. 5])!.

In particular, the accelerated SA procedure has been studied in the work of Kesten [4]
for the one-dimensional case. It is based on the idea that frequent changes of the sign of the
difference z; — ;1 = 7y, indicate that the estimates are close to the real solution and are
significantly disturbed by noise, whereas few fluctuations of the sign indicate that z; is still
far from z*. In fact, the number s; of changes of the sign of y; fori = 1,...,¢ — 1 constitutes
anew time scale. According to this scale, small values of s; mean that large gains ; (in other
words, large magnitudes of correction) should be used at the ¢th step and, in turn, large values
of s; mean that the procedure has “reached” its asymptotic region and y; = y¢t~! should be
used. Almost sure convergence of that procedure has been proved.

* Received by the editors on June 17, 1991; accepted for publication (in revised form) on July 25, 1992.

t Institut de Recherche en Informatique et Systémes Aléatoires/Institut National de Recherche en Informatique
et en Automatique, Campus de Beaulieu, 35042, Rennes, France.

' As noted in [4], the investigation of this problem had been suggested by Robbins in his first works on SA.

868



Downloaded 12/06/25 to 129.20.131.166 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

ACCELERATED STOCHASTIC APPROXIMATION 869

The principal issue of this paper is a result of the almost sure convergence of the mul-
tidimensional analog of Kesten’s algorithm. Based on that in §3 we obtain conditions for
asymptotic normality for the accelerated version of the usual SA procedure. In §4 we study
Kesten-like modification of the Ruppert—Polyak (see [8] and [12]) SA algorithm. Section 5
contains results of numerical simulations.

2. Kesten’s algorithm. In order to obtain the estimates x; of * we use the following
algorithm:

3) Ty = Te—1 — VelYts z0 € RV,
where the scalar gain ; is defined by the equations

G ser1 = 8¢+ 1(y] ye-1 < 0),
Q) Verr = V(St+1)

(here (t) is a deterministic sequence).
We suppose that we have a probability space (€2, F, P) with an increasing family of
o-fields F; = o(x, &, - .., &:). Let us consider the following assumptions on the problem.
ASSUMPTION 1. &, isasequence of random variables such that the conditional distribution
P,(d€) of &, knowing the past, depends only on z;_; = x. Furthermore, E({:|z:—1) = 0
and for some Sys, E(&:£&F |z4—1) < Spr. The measures P, satisfy

(6) lim* | Py — Ppx|| =0,

where || - || denotes the total variation. Moreover, for any hyperplane H containing the origin,
Py«(H)=0. Forany R > 0 and 6 > 0,

) min P,(¢] < 8) > 0.

|| <

ASSUMPTION 2. () is a continuous function of z. There exists p > 0 such that for
any v* < p and any starting point z, the deterministic sequence

®) Teqp1 = Tt — ¥ p(Tt)

converges to z*. There exists a function V(z) : RN _ R, positive 3, R, and a matrix
M > 0 such that

V(z*) =0,
ViV (z) <M forallz,
@)YV (2) 2 £ (p(@)" Mp(@) + tr(SyM)) + B

for any z such that |z — z*| > R. Moreover,

o(x)TVV(z) >0 foranyx # z*.

ASSUMPTION 3. The gain coefficient y(n) > O satisfies

supy(n) <p, Y v(n) =00, Y 7*(n)<oo.
n n=1

n=1
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Note that Assumption 1 implies that
©) lim E,£67 = E,-£67 = S(a*)
r—x*

exists, and there is v > 0 such that S(z*) > vI (here E, denotes the expectation with respect
to P.). Denote P* = Py« ® Py«

Comment. We present here an example of the procedure when the conditions stated above
are satisfied. Let us consider the following nonlinear algorithm for estimating z*:

Ty = Tg—1 — ’th(yt)~

Here f(z) : RN — RY is a nonlinear function. We can rewrite this algorithm in a form
similar to (3):

Ty = Ty — YWY (@e—1) — 1es,

where ¥(z) = E, f(p(z) + &) and §; = f(p(x) + &) — ¢(z). Suppose that Assumption 1 is
satisfied. We require that | f(z)| < Ko(1+ |z|) and f(z) is continuous. This implies that the
functions v and x(z) = E.(;({ are correctly defined and there is K such that |x(z)| < K;.
Furthermore, if the distribution P, of £ is absolutely continuous, then Assumption 1 with
respect to ; holds true. Given some additional assumptions on f, Assumption 2 can also be
verified.

Moreover, one can study the case of nonadditive disturbances (when y; = @(x:—1,&:);
see [1]) in the same way.

THEOREM 1. Let Assumptions 1-3 hold. Then the process defined by (3)—(5) satisfies

*
Ty — T a.s.,

lim 2t — P*(eT¢, <0) = 0 a.s.
t—oo t

Comment. A result similar to the first proposition of Theorem 1 has been stated for the
one-dimensional case in [4]. The second proposition of the theorem states that the new time
scale, defined by (4), is asymptotically equivalent (up to a coefficient) to the original scale.

Assumption 3 is typical when dealing with stochastic approximation algorithms. As-
sumption 2 is specific to the Kesten algorithm. It guarantees the stability of the Markov chain,
defined by (3) when v, = 7. As we shall see later, it ensures a certain regularity in the increase
of S¢.

Note that we cannot directly utilize classical results on almost sure convergence of SA
procedures (see, for instance, [5, Thm. 2.3.3] and [1, Thm. 2.5.1]). Indeed, the conditions of
these results demand, at least, that v, — 0 as ¢ — oo, which is not obvious for the algorithm
under consideration.

Proof of Theorem 1. In the proofs of the theorems let us adopt the following conventions:
we denote by K, §, and « generic positive constants. All relations between random variables
are supposed to be true almost surely.

An outline of the proof is as follows. We show first the positive recurrency of the process
x; in some vicinity of *, where the disturbance &; forces s; to increase regularly, so that
~¢ — 0. Next we prove that (x;) visits any neighborhood of z* infinitely often. We conclude
the proof by showing that x; escapes an arbitrary neighborhood of z* only a finite number of
times.

For the sake of simplicity let us put z* = 0. The following lemma will be used to prove
that s; tends to infinity; it is actually slightly stronger than we need.
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LEMMA 1. For any starting point zy € RY, and any v* < p, the Markov chain 2
resulting from the equation

(10) Zepr = 2zt — 7" (@(2t) + &11)

satisfies

(i) P(z; € B(R) infinitely often) = 1, where B(R) is a ball {|x| < R} and R is defined
as in Assumption 2.

(ii) There exist € > 0 and ny such that

P(zfozn”l < 0]z) > €
for any z € B(R).
Proof. Put V; = V(2;) and ¢y = p(2;). As 2, satisfies (10), we have
Vigt S Vi =y @fVV, — v €EVV, + 72 (o + &) M (pr + &) /2,

and from Assumptions 1 and 2

E(Viilz) < Vi =70 VV, + 72 (0} Moy + tr(SuM))/2
(11) <Vi= 7ol VVi+ v (o VVi = B)/p + KI(|z:| < R)
< Vi —=v?B/p+ KI(|z| < R).

Define a stopping time v = inf{t > 1 : |2;| < R}. Then we derive from (11)

0< EViI(t<v)
< EViI(t <v)—~v*23/pEI(t < v)
< EViI(t—1<v) —~*26/pEI(t < v)

<Vo+ K —v*28/pE (Z I < u))

=0
=Vo+ K — Evy**8/p.

Thanks to Assumption 2, Vy < K|2o|*. Thus
Ev < K(|z)? +1)p/(y**8) and v <oo as.
Hence
(12) P(z; € B(R)i.0.) = 1.
Note that
221 = |20* = 7" 25 o — 7" 7 &1

and the distribution Py(d€) is nondegenerate. Thus the continuity of the ¢(-) along with
condition (6) implies the existence of §; > 0 and €; > 0 such that

(13) P2z < 02) > €

for any 2y € B(6;). On the other hand, from the convergence of the deterministic counterpart
(8) of the algorithm, condition (7), and, again, the continuity of ¢(-), we obtain that for any
61 > 0 there exist ng and €, > 0 such that

(14) P(|zn,| £ 61) 2 &
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for any 29 € B(R). Hence we get from (14) and (13) that

P(z;foznoﬂ < 0|z) > €r6; = €

as soon as zy € B(R). O
LEMMA 2. sy — oo almost surely.
Proof. For any integer s*

P(tl_i)nol<> sg =8%) < ZP(si = s* forany i > t)
t

- ZE(P(si = s* forany i > t|F3)).
t

It follows from the strong Markov property that the conditional to the F; law of the process
(Yt+i, Ti44) if 8444 remains equal to s* coincides with the law @, of the Markov chain given
by (10) with v* = (s*)~! and starting point zy = z;. Consequently,

(15) P(lim s; = s*) < ZE(th(ziTzi_l > 0foralli > 1)).
t—oo :
However, by standard manipulations (see [2, Problem 9, Chap. 5.6]), we get from Lemma 1
(ii) that for any 29 € RN
{221 <0i0.} D {z € B(R)i0.} as.

Hence by Lemma 1 (i), we conclude that Q.,(2f2;_; < 0 infinitely often) = 1 for any 2.
This implies

Qu(zf2_1>0 foralli>1)=0 foranyz

and consequently P(lim;_,, s; = s*) = 0 for any s*. O
LEMMA 3. For any € > 0,z € B(e) infinitely often (in other words, x; visits any
neighborhood of zero infinitely often).
Proof. Define for any v* > 0 the stopping times
o =inf(t: v <),
T=inf(t > o : |z¢] < €).

We have from Assumption 2 that for v* small enough for all |z| > € and y < v*

o) VV (@) = 3 (9(a)" Mip(a) + trM Sh)

> (@) VV (@) = 2 (p(@)" Mip(@) + trMSy) ) I(Jo] > R)
+(@)'VV(2)I(e < |z| < R) — K > 6(c)
with 6(¢) > 0. Thus we obtain from (3) for all t > o (since {¢ > o} is F;_| measurable)

E(VI(t < 1) Fiot) < It —1 < 7)E(Vy|Foey)

SVt =1<7) —mp(@—) ' VVi I(t— 1 < 7)
2
(16) +%(¢(mt_1)TM<p(xt_1) FtrMSy)I(t— 1 < 7)

<VicilIt—1<7)—%b(e)I(t—1<7),
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with 6(€) > 0. Hence, taking expectation with respect to F,, and summing up to 7, we obtain
from (16)

6<e>E< 3 %va) <V

1=0+1

Due to Lemma 2, o < oo and hence V, < oo. It is clear that

(5 0 <5 £ i) <o

1=o0+1 1=o+1

From the fact that } .-, 7(¢) = 0o, we conclude that 7 < co. O
For € > 0 small enough, let us define the stopping times

7 =inf(t : V(z¢) > ¢€),

a7 o = inf(t: s; = k).

LEMMA 4. There exists 6, > 0 such that if V(zo) < €/2 then P(T < o0) <

K(e) Y o2, 7(i)* for any € < 6. B
Proof. Let us choose 6, such that |p(z)| < 8; if V(z) < 8,(6; has been defined in (14)).
From (3) we obtain by Assumption 2,

T—1 T7—1

(18) P(’T’ < OO) < P(-— Z'yiﬂ(p(mi)TVV(xi) — Z’yi+1VV(xi)T§i+1
=0 1=0

T—1
+K§:7¢2+1(1S0(wi)|2 + &P > e/2>
i=0
T—1

D A YV () i

=0

T—1
K S P (le @) + ) > e/z)

=0

<p(

T7—1

Z ’Yz'+1VV(Iz')T§i+1

=0

> 6/4)

-

T—1
(19) +P (Z’Yz'2+1(|</’($i)|2 + 6 > K€/4> =1+ L.

=0

Define the martingale

tAT

My = %VV(zi1)"¢

i=1

(where t A 7 = min(t, 7)). Then by the Doob inequality, we have

32 > .
I < P(sup|M| > ¢/4) < 7B (Z YIVV (@) PIELPI( < ﬂ)

i=1
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<K/@E (302 S IVV@)RE(ERIG < 7)IF-)

=l |o|<c

< K(e) i E~N} (i < 7).

=1

In an analogous way we get
o0
L<K'(e)) EVIi<T).
i=1
Hence
oo
(20) P(r <o) < KY EVI(i<T).

=1

Now we will show that we can substitute y(¢) for ; in (20). When z; is close to zero the
noise &; forces the s; to increase regularly. Indeed, due to Assumption 1 there is ¢ > 0 such
that for all = small enough

@21 ju = max P.((¢ +u)Tv <0), lu| < é;.

Since the function ¢(-) is continuous, we conclude from (21) that

p < max Pr((€ + ¢(z)) v < 0)

as soon as V' (z) < 6,. In other words,

P((& + @(@e-1))T (€-1 + p(z4-2)) < O|Fi—1) > 1o
for |x;_1| such that V(z;—1) < 6,. Hence
(22) P({st+1 — st >0} N {t < 7} Feey) = pl(t < 7).
Define v, = min(og, 7). Then we have
T T o0
2%2 = Z’Yz(si) < ZWz(k)(VkH - V).
i=1 i=1 k=0
Next, for any n > 0 we obtain from (22)
P(vkt1 — vk 2 n|F,,)
= P({there is no change of the gain coefficient on n steps} N {vx +n < 7}|F,,)
< (1 - :u)n7
which implies that E(vy41 — vi) < p~!. Therefore,

T

EY <Y Yk E@Wen —w) < inz(k):
k=0

=1 k=0
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hence
P(r < ) ( ) Z (k). O

LEMMA 5. z; — 0 almost surely.
Proof. Denote

(23) A = {Jz¢| > €i.0.}.

Define the stopping time 7, = inf(t > oy : ; € B(e/2)) with oy, defined in (17). From
Lemmas 2 and 3, we have that the sequence T, is strictly increasing and finite. The Markov
property then implies that for all k

P(A) = P(AN {7 < 00}) < E(I(1 < 00) Py, (A)) < K(e) Z%
i=k

Thus P(A°) = 1. Due to the arbitrary choice of € in (23), we obtain the desired pro-
position. ]

The objective of the following proposition is to obtain an estimate of the speed of con-
vergence of s;/t to its limit.

PROPOSITION 1. s;/t — P*(£7¢, < 0) almost surely.

Proof. Put

V() = max Py(|lu”¢] < a).

Note that ¥, (a) is the highest probability of a stripe of width 2a “centered in 0” under the
conditional law of £&. We use the decomposition

t—1

Zsm—s,—f(g}‘@ 1<0)+ZI (€71 < 0),

=1

and setting ¢; = @(x;), we obtain the following bound for the first term:

|st41 — 8¢ — I(&] &—1 < 0)]
= |I((pe—1 + &, 012 + &—1) < 0) — I(ET &y < 0)]
<N ((pt—1 + &ty -2 + Et—1) < 0) — I((&, pr—2 + &—1) < 0)]
+ 1 I((&, 012+ E—1) < 0) — I(£T€_1 < 0)]
I(| (& 0t—2 + Ee=1)| < [(@e=1, Pr—2 + &) + 1(I1€] €—1] < €] pr—2])-
= Ut + V.

From the Neveu martingale theorem [7], we have

t—1 t—1
Zuz_i:uz E(uw;|Fi_y +ZE(U/1|«7:1. 1)
i=1 i=1
t—1
= 0(t1/2+a) + Z ‘I,:ti——l (1901—11)

=1
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Let us estimate
E(’Ut[}-t—2) = E(Pwt—-l ® Pwt—z(‘étTgt-—li < lgfwt—Zl)lft—Z)'

Substituting the law Fy for Py, |, we get

E(v|Fi-2) < Py ® Po,,(I€7 61| < €7 01-2]) + E(|| Py, — Poll| Fi—2)
< Vo, ,(lpi-2l) + (E(I Pe, oy — BolllFe-2) = 1Pery — Boll) + | P,y = Poll-

Using again the Neveu theorem, we obtain

t—1 t—1

t-1 t—1
S wi=> vi— E@ilFi1) + Y E(uilFic1) — E(vi| Fia) + > E(wi|Fis2) + En
=1 i=1 i=2 =2

t=2

= O(tl/2+a) + Z \Ilfti—l(}so’l;“ll) + ”Pﬂvi—l - POH

=1
Summing up, we have

t—1
se=o(t"**) 425 W, (lpr))

=1
t—2 t—

1
+Z“Pﬂlz—1 - PO“ +ZI(§'LT£@—1 < 0)
=1

i=1
t—1 t—1

= o(t"/7**) +2> Wo(lpii) +3D_ IPer, — Roll + tP*(£7& < 0).

=1 =1

Note that since z; — 0 and the function ¢(-) is continuous, we derive that
= =
't' Z \I’O(|<p(xl—l)l) + 'Z Z “Pﬂ%-—l - PO” — 0.
i=1 i=1

Hence s;/t — P*(£7¢ < 0). O

3. Asymptotic normality of the SA procedure. Consider algorithm (3)—(5) with the
special choice of the gain sequence: (t) = yt~!. Denote (™! = P*(¢]€;, < 0). We shall
show that the accelerated algorithm is asymptotically equivalent to the usual SA procedure
with the gain v, = v(t~!. Let us consider the following assumptions.

ASSUMPTION 2'. Assumption 2 holds. Moreover,

lo(xz) — ¢ (@) (@ = 27)| = of|a — 27).

The matrix /2 — y(Vp(x*) is Hurwitz, i.e., has all strictly negative eigenvalues.
ASSUMPTION 3'. ~(t) = yt~! with v < p for p defined in Assumption 2.
THEOREM 2. Let assumptions 1'-3' hold. Then

T — z*a.s.,

Vi(z: — %) 2 N(0,V),
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where matrix V' is a unique positive definite solution of the Lyapunov equation

@ (wvee) - D) vev (xevee - 1) = aorsen

In other words, normalized errors of algorithm (3)—(5) are asymptotically normal with zero
mean and covariance matrix V.
Proof. Put x* = 0. Note that as soon as all conditions of Theorem 1 hold

zy — 0, st — ('t >0,

which means that ¢y, — ¢y — 0. The following simple lemma will be useful in further
developments.

LEMMA 6. Let P (v;) be a random sequence of real numbers, such that v, — 0 almost
surely as t — 0. Then there exists a deterministic sequence (az) such that

at— 0 and wv/ar — Oa.s.

Proof. Let us construct the sequence w; = max{|v;|,i > t}. Obviously, (w,) is de-
. P .
creasing and w; — 0. Thus there exists a sequence (¢;) such that ¢, > 0,¢; — 0, and

P(wy > €) < e ast — 00. So, wy/ /€ L, 0. This means that there is a subsequence t; of
times such that wy, /,/€;, — 0 almost surely. Let us define a sequence (a;) in the following
way:

aj = /€, for t), < ] < tgt1-
Then we have forall j > 1
lvjl/a; < wj/a; < wy /€, =0 asj— oo. 0

Theorem 1, along with Lemma 6, yields that there exists a sequence (a;) of nonrandom
positive numbers such that

25) a; —0 and (y(—ty)/ar — O, z¢/a; — 0 as.
Let us define the stopping times
(26) Tr = inf{t : |y¢ — ty¢| > R|ai|}, or = inf{t : |z;| > Rla:|}

for & > 0 and v = min(7g, oR). From Lemma 6 and (25) we conclude that for any ¢ > 0
one can choose R < oo such that

27 Pv=oc0)>1—c¢
Consider along with the process (3)—(5) a new linearized process z;, which is defined by the

equation

(28) 2 = 2p—1 — :YEC‘(SDI(O)Zt—I +&), 2p = To.

Asymptotic properties of this process have been completely studied. For example, all of the
conditions of the Nevel’son—Khasminskij theorem [6] are satisfied; thus

zt!/27* -0 foralla >0 and E|z <X,

%) Viz 2 N, V),
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where the matrix V' is defined in (24). Hence to prove the assertion of the theorem, it suffices
to show asymptotic equivalence of the processes () and (z;).

Denote Ay = x4 — 2.

PROPOSITION 2. VA, 5 0.
Proof. For Ay, we have from (3) and (28)

Ay =0y — jy_gd( 0)A¢—1 + (IYTC - ’Yt) ' (0)xs—
+ (@' (0)z—1 — o(2i-1)) + (jﬁ - %) &t

(31) S W’(O)At I o !lUt : (’Y__C_%) &t

(30)

where u; is an F; measurable random variable satisfying
£
|ut| < max {|<P'(0)|Rat, (7¢ + Ray) | fup (I¢(z) - ¢'(0)wl/lfv|)} = be.
z|< Ray

Note that lim;—ob; = 0. From Assumption 2’ and the Lyapunov theorem, we conclude that
there is a solution A = AT > 0 of the Lyapunov equation

T
(% — ¢y’ (0))A+A(— —7¢¥'(0 )) =-I
Thus we obtain
(32) Y(ATY'(0) + ¢'(0)TA) > (1 + ) A
for some 3 > 0. Let us put V; = AT AA,. Using the inequality
(a+b+c+d)?<d®+30°++d?) +2a(b+c+d),
we obtain from (31) for any t < v

Ve < Vi 4 3JAI(YCt 20 (O)P| A | + et Plue—1 72 + RPajt &)
+ 7N (= (1 + B) Vet + 2| Ae iz [[ue—1] + 2(7¢ — ty2) €7 AAe)
Vet + KUtV + apt72 +ap 1t 726 P)
Ht (=14 B)Vaot + 4(1Acit? + Jze—1 bt +2(7C = t3)€ AD 1)

1 2
< Vi (1 - +tﬂ/ ) + Kay1t7% + ap_t72)&
+ 2|z Poeor [t 4+ 2(vC/t — 1 )EF ALy

if t is large enough. And now, taking expectations on both sides, we obtain

14+3/2
t

EVI(t<v)<EVI(t—1<v)< (1 - ) EVoI(t—1<v)+o(t™).
Therefore, we get for W, = tV,I(t < v)

E(Wt]ft_1)3< 6/2)Wt1+( h.

Hence EW; — 0 and vtAI(t < v) £ 0 for any value of R. Due to the arbitrary choice of
€ in (27) we obtain the desired proposition. O
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4. Algorithm with averaging of trajectories. Let us consider the Polyak—Ruppert al-
gorithm [8], [12] for the stochastic approximation problem:

33) { Tt = Ti—1 — VYt

= _ 1 t—1 N
xt"?Zi:oxi’ zo € R7,

Y = (1) + &

with the sequence of scalar gain coefficients 7; defined by (4) and (5).

The first equation of (33) along with (4) and (5) constitutes an accelerated stochastic
approximation algorithm that is analogous to that considered in §2. The averaging in (33) en-
sures the asymptotical optimality of the method (see [8] for details). We impose the following
assumptions:

ASSUMPTION 5. There exists a function U(z) : RY — R?* such that for some x >
0,a > 0,e >0,L > 0and any z,y € R", the following conditions hold:

U(z) > alzf,

IVU(z) — VU(y)| < Llz — yl,

U(z*) =0, VU(z)To(z) >0 forzx # z*,
VU (z)To(z) > kU for |z —z*| <e.

ASSUMPTION 6. There exists a matrix ¢’(z*) > 0 and K, < 00,0 < X < 1 such that
lp(2) — ¢ (&%) (@ — 27)| < Kylz —2*|'+.

ASSUMPTION 7. () = yt~* withy > 0and (1 4+ \)~' < pu < 1.

Comment. In fact, Assumptions 2 and 5 declare the existence of two Lyapunov functions
for the system. The probe function U in condition 5 describes the local properties of the
function ¢(-) in the neighborhood of z*, and V' declared in Assumption 2 is, in turn, a
“global” one that guarantees the global stability of the system.

THEOREM 3. If conditions 1-7 are satisfied then

T; — z*a.s.,

Vi@ —z*) BN(0,V),
where

V =¢' (@) 78" (¢ ("))

Proof. We will verify the assumptions of Theorem 2 in [8]. Assumptions 1, 5, and 6
ensure that conditions 3.1-3.4 of Theorem 2 in [8] hold. It suffices to show that

oo
(34) SN2 < oo,

i=1
Note that all of the conditions of Theorem 1 are satisfied; thus

St

; ——(_1———>0.
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log Ix(t)-x*?2

"""~._>‘_P+K

80 100 120 140 160 180 200

gl

20 40

time t

FiG. 1

This means that there are o > 0 and ¢, < oo such that s; > «t for t > t,. Thus we obtain
by Assumption 7

o) ta [e°)

/2, N/2.— 14+X)/2,—
Z%(H )/2; 1/222%(1+ )2-1/2 Z ’Yi( TN/2,-1/2
i=1 i=1 i=to+1

(e o)
<K+ Z (ia)—u(l+>\)/2i—l/2
i=tq+1

<K+K i e

i=ta41
for some o > 0. Hence the series (34) is summable. 0

5. Numerical examples. Consider a stochastic approximation problem for the vector

field in R?
T
o(z) = ( x — 8(z2 — z3) )

1+ |z — 2] 1+ |z — z*]

with disturbances &; € R? that are independent and identically distributed Gaussian random
variables with zero mean and covariance

(") = [ 160 1(.)0 ]

The initial error is xo — z* = (20,20)T.
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The trajectories of the logarithm of the error variance averaged by 10 samples for the
ordinary SA algorithm, the Polyak—Ruppert algorithm (P), and their accelerated versions (K
and P + K, respectively) are presented in Fig. 1. First we compare algorithm (3)—(5) with
v(t) = t~! to the ordinary stochastic approximation algorithm

(35) 2t = @11 = 2 (p(@1-1) + &0):

In this example the accelerated algorithm (K) significantly outperforms the ordinary one (SA).
Next we can compare this behavior to that of the Ruppert-Polyak algorithm. (y(t) = ¢t=%¢
was arbitrarily chosen for the first equation of the Ruppert—Polyak method (33).) We can see
that the Ruppert—Polyak algorithm (P) and its Kesten-like modification (P 4 K) asymptotically
outperform their ordinary counterparts (algorithms without averaging of the trajectories).
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