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Propagation of ultrasound in aqueous foams: bubble
size dependence and resonance effects

Imen Ben Salem,a Reine-Marie Guillermic,†a Caitlin Sample,a Valentin Leroy,b

Arnaud Saint-Jalmesa and Benjamin Dollet*a

We report experimental results on the propagation of ultrasonic waves (at frequencies in the range of

40 kHz) in aqueous foams. Monitoring the acoustics of the foams as they age, i.e. as the mean bubble

radius increases by coarsening, we recover at short times some trends that are already known: decrease

of the speed of sound and increase of attenuation. At long times, we have identified, for the first time,

robust non-monotonic behaviors of the speed of sound and attenuation, associated with a critical

bubble size, which decreases at increasing frequency. The experimental features appear to be

surprisingly reminiscent of the Minnaert resonance known for a single isolated bubble in a fluid.

Transposing the Minnaert theoretical framework to the limit of a dense packing of bubbles gives some

qualitative agreement with the data, but still cannot explain quantitatively the measured properties.
I Introduction

When dispersing a large amount of gas into a surfactant solu-
tion, one gets an aqueous foam, consisting of packed bubbles of
gas embedded into a uid network. The surfactants adsorbed at
the gas–liquid interfaces provide repulsive forces, preventing
the bubbles from coalescing. Together with the bubble radius a,
the liquid fraction f‘ (dened as the volume of liquid divided by
the volume of foam) is an important physical parameter of a
foam. This quantity describes the amount of compression of the
bubbles: when f‘ equals a few percent, bubbles become poly-
hedral by sharing thin planar facets. Due to this packing of
bubbles a foam has very peculiar and striking features, inter-
mediate between those of a uid and a solid; for these reasons,
they are widely used in various elds of applications.1–3

Among these specicities, an important one is that a foam
ages, as a gas–liquid dispersion is an out-of-equilibrium system.
A foam evolves in time by gravitational drainage, resulting in a
decrease of the overall liquid fraction f‘, and by coarsening due
to gas diffusion, resulting in an increase of the average bubble
radius a.3,4 Over the years, it has been shown that the dynamics
and timescales of the aging process, as well as many foam
features, depend strongly on the initial values of these two
quantities a and f‘. Also, the chemical formulation plays a role
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by controlling the viscoelasticity of both the uid and the
bubble interfaces.

In practice, independent rheometric measurements can
determine the bulk and interfacial viscoelasticity. This is less
simple for a and f‘: they need to be measured to predict the
behavior, characterize the foam and compare it with others. It is
also important to determine whether or not the foam is initially
uniform in terms of a and f‘. Then, onemust be able to monitor
how these quantities evolve in time and space. It turns out that
these measurements remain a tricky task, and simple and
reliable techniques providing these values and their distribu-
tion in situ as a function of time are still not known. Optically, as
soon as the sample has about ten bubbles in thickness (for f‘

typically of a few percent), it becomes tricky to visualize each
bubble, and the foam becomes opaque. In fact, most of the
foams produced or used are well into this limit of opacity: the
incident light is multiply scattered, and the sample looks white.
In this respect, foam is a good example of many other systems
that diffuse light: emulsion, concentrated suspensions, clouds,
etc. Nevertheless, it was shown that it is possible to take
advantage of multiple scattering: techniques such as Diffuse
Transmission Spectroscopy (DTS) and Diffusive Wave Spec-
troscopy (DWS) have been developed for turbid media,5,7 and
are well suited for foams.6,8,9 Much information has been
extracted by DWS on foams: on the time evolution of the bubble
size, rate of coarsening-induced rearrangements, etc. However,
these techniques only provide averaged values and as the foam
scattering properties depend non-trivially on the liquid fraction
and bubble size,9 it is not possible to measure and separate
these quantities by a single optical setup. To avoid multiple
scattering of waves by the foam structure, X-rays were used:
tomographic reconstruction has conrmed scaling behaviors
This journal is ª The Royal Society of Chemistry 2013
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Fig. 1 Sketch of the experimental setup (not to scale). (a) Side view. The
transducers are drawn in gray. The electrodes have not been represented. (b) Face
view of the transducers. The electrode is represented by a black dot.
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during coarsening,10 but this approach requires expensive
equipment or dedicated facilities like synchrotrons, and is
limited by relatively long acquisition times. Measuring the foam
electrical conductivity is indeed a simple and robust approach;
such a measurement provides the local liquid fraction between
two electrodes; it has been used for many years in the foam
community,11–13 and recently a complete calibration curve was
obtained.14 But, this method does not provide information
about bubble sizes, nor on interfacial behavior.

In the same spirit of measuring the transport of optical and
electrical signals through a foam, the propagation of acoustic
signals can be another option. Many studies deal with the
interaction of a single bubble with an acoustic wave, from the
pioneering work of Minnaert on the existence of a bubble
acoustic-induced resonance15–17 to manipulation of a bubble by
sound in microuidic channels.18,19 But shiing from this limit
of a single drop or bubble to the opposite case of thousands of
packed bubbles inside a foam is still challenging. In the inter-
mediate range, there are results on very dilute bubbly
liquids,20,21 clouds of bubbles,22–24 or 2D ras of bubbles.25 On
macroscopic 3D foams, it turns out that there are only some
studies,26–34 mostly evidencing that sound is strongly attenuated
and basically propagates at a speed as low as 50 m s�1 (about 7
times slower than in air) inside a foam of submillimetric
bubbles. If this order of magnitude can be captured by
considering that foam has the compressibility of the gas, with
the density of the liquid (following the classical model of
Wood36), the existing studies show that this picture is not
sufficient.

Nevertheless, these results already show that foam acoustics
deserve to be investigated if one wants to develop new diag-
nostics to macroscopically characterize a foam. Moreover,
studying acoustic propagation in a foam has some fundamental
aspects: understanding acoustic in a complex disordered
random matrix remains difficult, and foams could be used as
model systems, as their intrinsic properties like a and f‘ can be
widely tuned without changing the geometrical arrangement of
the structure (dictated by the so-called “Plateau rules”1–3). It is
also interesting to compare optical and acoustic scattering in
such disordered media; in this respect, it has already been
shown that techniques like DWS can be transposed to acoustic
signals.37,38 Also, as recently shown for 2D bubble ras,25

developments of meta-materials or phononic systems based on
drops and bubbles can be considered;39 clearly, this opens new
routes which need rst an understanding of sound propagation
in many controlled bubble systems. Lastly, one can wonder
whether acoustics could lead to in situ bulk or interfacial rhe-
ometry, at high frequencies and not accessible by other
devices.33

In this article, we present new results on foam acoustics in
the ultrasound range (at typically 40 kHz): we have monitored
various acoustic properties as a function of bubble radius, at a
quasi-constant liquid fraction. We show that non-trivial
features are observed, which cannot be explained by the usual
mean-eld approach. In particular, the bubble size turns out to
be a crucial parameter: the experimental features are consistent
with an acoustic resonance at a critical value of this size. Aer
This journal is ª The Royal Society of Chemistry 2013
presentation of the experimental details and data, we discuss in
detail whether existing models can explain these results.

II Foams and acoustic methods
A Selection of the acoustic setup

To emit and receive sound, we selected two MA40E7R/S piezo-
electric transducers, which have a resonance frequency of
40 kHz. We also chose a simple conguration: the transducers
are placed face to face on a rail, allowing their distance d to be
varied (Fig. 1a). The latter is measured with a caliper, with
uncertainty estimated to be 50 mm at most. At the beginning of
the experiment, the foam is simply injected between the two
transducers, forming a heap, of typically 3 cm height, and stable
due to its yield stress. The foam is thus not conned by side
walls, while the small height is also useful for drainage issues
(as discussed below).

An input signal is generated by a function generator (DS 345,
Stanford Research Systems) and amplied by a power amplier
(WMA-300, Falco Systems), then sent to the emitting trans-
ducer. The electric signal recorded by the receiving transducer
is recorded by an oscilloscope (DSO6014A, Agilent Technolo-
gies), then acquired on a computer via a home-made Labview
program.

B Selection of the foam types and properties

The challenge is to determine how the foam acoustic properties
depend on the foam physical properties, a and f‘. This implies
that one must be able to tune separately these parameters in a
controlled way, and to have independent measurements of
them. Our strategy is to use the natural aging of the foam,
together with an efficient choice of the initial foam parameters.
It is known that the timescales of coarsening (which changes
the bubble size) and drainage (which changes the liquid frac-
tion) depend on the initial a and f‘. In the limits of tiny bubbles
(a < 0.5 mm) and dry foams (f‘ < 0.1), coarsening dominates
drainage.3,4 With such bubble sizes, drainage can even be
almost suppressed, if samples have a height of a few centime-
ters (due to the capillary liquid holdup).3,4

In practice, commercial shaving foams t perfectly in this
range, and are expected to evolve mostly by coarsening, as a
consequence of the small initial bubble size and low liquid
fraction. To quantitatively check this behavior, we rst
measured the time evolution of the bubble size distribution, by
Soft Matter, 2013, 9, 1194–1202 | 1195
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Fig. 3 Time evolution of the liquid fraction of coarsening shaving foam. The tiny
oscillations at the very end of the curve are electronic artefacts.
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image analysis of samples of a coarsening commercial foam
(Gillette) extracted at different times aer its generation at t¼ 0,
placed between two lamellae with spacers of controlled thick-
ness and observed by a microscope. The evolution of the mean
bubble radius hai is shown in Fig. 2. It is in quantitative
agreement with previous studies.6 The bubble radius is multi-
plied by a factor 8 in 23 hours. We also measured a poly-
dispersity index s, dened as the ratio between the standard
deviation and the mean of the bubble size distribution:

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha2i � hai2

q
=hai. Values of s were scattered between 0.6

and 1.0, without any clear trend of evolution with the aging
time.

In parallel, to estimate the evolution of the liquid fraction,
we recorded the conductivity sf through the foam14 using a pair
of electrodes, inserted at the same height as the transducers
(Fig. 1b). The signal is analyzed by a multiplexer (SR 715,
Stanford Research Systems) and acquired on a computer via a
home-made LabView program. We performed a reference
experiment in the same geometry to measure the conductivity s‘
of the liquid of the foaming solution alone. The relative
conductivity s ¼ sf/s‘ then gives the liquid fraction f‘, accord-
ing to the phenomenological formula of Feitosa et al.:14 f‘ ¼
3s(1 + 11s)/(1 + 25s + 10s2). The corresponding curve is shown
in Fig. 3. It shows a slow drainage behavior, namely the decrease
of liquid fraction with time: f‘ decreases by less than 33% in 17
hours. As a validation, our data are in quantitative agreement
with previous measurements, which were obtained by a
different technique (weighing).29,40

Consequently, with such commercial foams, the bubble size
is slowly tuned, just by waiting, while the liquid fraction can be
considered as almost constant. However, note that from one
sample to another, we do not control perfectly the initial
conditions; there is some random variation in initial liquid
fraction proles and bubble size distribution. More specically,
the inspection of the time evolution of the liquid fraction for
different runs (data not shown) shows a variation of up to�15%
from the reference curve of Fig. 3.

For investigating the possible role of the chemical compo-
sition of the foam and the universality of the results, we
Fig. 2 Time evolution of the average bubble size of coarsening foams: Gillette
shaving foam (B), and SDS foam with C2F6 (,). The lines are best fits of the data
by a law a¼ a0 + atb, where if t is expressed inmin: a0¼ 16 mm, a¼ 5.0 S.I. and b¼
0.53 for the Gillette foam; a0¼ 5.2 mm, a¼ 10.9 S.I. and b¼ 0.68 for the SDS foam.

1196 | Soft Matter, 2013, 9, 1194–1202
performed complementary experiments on home-made foams,
made from home-made solutions. These foams are made by a
home-made double-syringe device, consisting of two plastic
syringes, in which outlets are connected by a tube of inner
diameter 2 mm and length 2 cm. Initially, to obtain any desired
liquid fraction, a precise volume of surfactant solution is added
in one of the syringes. The remaining volume is lled with the
chosen gas. To produce the foam, the pistons of the syringes are
alternatively actuated, forcing the gas–liquid mixture to circu-
late from one syringe to the other, and being strongly sheared
within the connecting tube. For a solution of good foamability
(like SDS), it requires about ten back and forth motions of the
pistons to obtain an homogeneous and uniform foam, with an
initial mean radius of 20 mm, and initial liquid fractions which
can be chosen typically between 0.05 and 0.15.

With this device, we primarily tested solutions of sodium
dodecyl sulfate (SDS) in ultrapure water at a concentration of
10 g L�1. For further tests, we also used a solution of SLES
(sodium lauryl ether sulfate) with co-surfactants (cocoylamido-
propryl betaine and myristic acid), following the recipe given in
ref. 35. In all cases, C2F6 is chosen for the gas, to adjust the
coarsening dynamics, so that the coarsening times of the SDS-
and SLES-based foams are suitably different from that of the
Gillette shaving foams (Fig. 2).
C Selection of the insonation types and signal processing

A classical way to obtain the acoustic properties of a material is
to send a pulse through it, and to measure the time of ight
aer which the pulse is received. It turns out that this seemingly
straightforward method is not the most reliable in our case.
First, the sharp pulse sent by the generator has a wide frequency
spectrum, but our transducers are not broadband. Hence, they
lter the pulse into a much longer and weaker signal. This blurs
the start of the received signal, hence reduces the accuracy of
measurement of the time of ight to at best 10�5 s; conse-
quently, the uncertainty of this method to measure the speed of
sound is at best 10%. In many cases, it is even impossible to
extract precisely enough the start of the received signal from the
background electronic noise. Second, there is an unknown
impedance mismatch between the transducers and the foam.
Hence, only part of the power delivered by the emitting
This journal is ª The Royal Society of Chemistry 2013
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Fig. 4 Time evolution of the phase difference, for d ¼ 5.0 (B), 5.5 (,), 6.0 (>),
6.5 (P) and 7.0 mm (O). The phase difference is measured except for an offset,
similar for all data.
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transducer is converted into an acoustic signal in the foam, and
similarly only part of the acoustic wave impinging the receiving
transducer is converted into an electric signal. Hence, it is not
possible to deduce the attenuation length from the transmitted
amplitude; it gives at best a qualitative estimate of how atten-
uation by the foam evolves with time. Another consequence of
the impedance mismatch is a phase jump between the trans-
ducer and the foam, which affects the measurements of the
time of ight. It is likely that there is a compensation of the
phase jumps at the emitting and receiving transducers because
of reciprocity, but it still may be a signicant source of uncer-
tainty in the speed of sound, since the time of ight is not much
greater than the period of the signal, 1/f ¼ 2.5 � 10�5 s.

To overcome some of the limitations of the pulse method, we
have preferentially chosen, for quantitative measurements, a
continuous sinusoidal insonation at frequency f. We rst
checked whether the received signal is sinusoidal; therefore, we
measured the phase difference and the amplitude ratio between
the sent and received pulse. Since the transducers were used at
different frequencies: 38, 40 and 42 kHz in some of our exper-
iments (Section III A), we calibrated their frequency responses
at these three frequencies, by placing them face to face at a
given distance in air, sending a xed sinusoidal signal, and
measuring the received amplitude at 38, 40 and 42 kHz. The
results shown in Section III A are corrected for this frequency
response intrinsic to the transducer pair.

Mujica and Fauve29 measured an attenuation length of the
order of the wavelength, which is of order 1 mm. Hence, the
signal is strongly attenuated over the distance between the
transducers, which allows us to neglect multiple reections.
The phase difference thus obeys:

4 ¼ 2pdf

c
: (1)

Therefore, it is possible to measure the speed of sound from
the dependence of the phase difference on the distance. The
amplitude ratiobetween the sent and the received signals equals:

A ¼ 4ZZt

ðZ þ ZtÞ2
e�ad ; (2)

where Z and Zt are the acoustic impedances respectively of the
foam and of the transducer, and a is the attenuation coefficient.
Hence, it is possible to measure the attenuation coefficient from
the dependence of the amplitude ratio on the distance.

III Experimental results

In this section, we rst present detailed measurements on our
selected combination: an aging Gillette shaving foam, studied
in transmission, with a continuous insonation, and for various
distances or frequencies (Section III A). Secondly, we report the
results of similar experiments, but made on home-made foams
(Section III B).
Fig. 5 Time evolution of the speed of sound. The circular symbols are experi-
mental data; error bars come from the confidence interval on the best fit
parameter of the fit of the data of Fig. 4 by (1). The line is the prediction by
Wood's model (4), using the liquid fraction data of Fig. 3.
A Gillette shaving foams

We performed a series of experiments at a xed frequency f¼ 40
kHz over about one day. At longer times, the foam dries up from
This journal is ª The Royal Society of Chemistry 2013
its top, and the signals become irregular. We recorded the time
evolution of the phase difference at the following distances: 5.0,
5.5, 6.0, 6.5 and 7.0 mm (Fig. 4).

At short times ((2 � 102 min), for each distance, the phase
difference between the sent and the received signals increases,
and the curves are approximately equally separated, in agree-
ment with eqn (1). Fitting, at given times, the dependence of the
phase difference on the distance by the linear law (1) yields a
measurement of the speed of sound (Fig. 5): it decreases with
time, but the evolution is slower and slower. Its order of
magnitude is 50 m s�1, in agreement with previous measure-
ments.29,34 However, the precision of this measurement
decreases with increasing time, as the phase differences for
different distances follow a different evolution.

By contrast, at long times (T3 � 102 min), the phase
difference shows a very slow decrease. The transition between
this trend and the increase observed at short time is either
rather smooth (at d ¼ 5.0 and 7.0 mm) or characterized by a
sharp decrease (at d ¼ 5.5, 6.0 and 6.5 mm). We call the tran-
sition time the instant at which this transition occurs. Aer the
transition time, it is not possible anymore to measure reliably
the speed of sound from the dependence of the phase difference
on the distance; however, the fact that the phase difference
Soft Matter, 2013, 9, 1194–1202 | 1197
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Fig. 7 Time evolution of the amplitude ratio, for f ¼ 38 (,), 40 (B) and
42 kHz (>).
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decreases, aer its increase at short times, shows that the speed
of sound passes through aminimum at the transition times and
then increases.

The evolution of the amplitude ratio is shown in Fig. 6. At
short times, for each distance, the amplitude ratio decreases. At
long times, it reaches a plateau, at a value between 0.01 and
0.015. The overall time evolution is strongly correlated with that
of the phase difference; notably, the experiments at d ¼ 5.5, 6.0
and 6.5 mm show a marked minimum of amplitude ratio at
intermediate times, simultaneously with the decrease of the
phase difference. In contrast, the experiments at d ¼ 5.0 and
7.0 mm show a faint minimum of transmission, consistent with
the fact that the corresponding phase differences evolve
smoothly (Fig. 4).

In practice, at short times, a clean analysis of the decrease of
the amplitude ratio as a function of distance, in terms of the
attenuation length, is difficult. Together with the differences
between the curves at different distances, this is probably due to
differences between the samples prepared for each experiment
at a given distance. However, we can still extract a rough esti-
mation of this length, which typically ranges from 3 cm�1 at the
earliest ages to 10 cm�1 when approaching the minimum of
amplitude.

We also performed an experiment at a xed distance d ¼
6 mm on a given coarsening foam, varying the frequency every
30 s. Our transducers being not broadband, we could only
investigate a narrow range of frequencies, between 38 and
42 kHz, outside which the signal is too weak. The time evolution
of the amplitude ratio is plotted for 38, 40 and 42 kHz in Fig. 7.
At short times, the amplitude ratio decreases, and at long times,
it reaches a plateau, consistent with the previous measurements
(Fig. 6). The transition time is between 20 and 40 min, and
increases with decreasing frequency.

B Complementary results on home-made foams

The features described previously are found for commercial
shaving foams, having good ranges of variations of a and f‘, but
these samples correspond to a given chemical composition
(surfactant, polymers, additives). It is then crucial to check if
similar properties are also found for other foams, with different,
Fig. 6 Time evolution of the amplitude ratio, for d ¼ 5.0 (B), 5.5 (,), 6.0 (>),
6.5 (P) and 7.0 mm (O). Data with amplitude ratio higher than 0.075 suffered
from electronic distortion and are not shown.

1198 | Soft Matter, 2013, 9, 1194–1202
known and eventually more simple chemical formulation. We
thus performed a series of experiments at a xed frequency f ¼
40 kHz on the SDS foams: it turns out that the overall trends are
qualitatively similar to those of Gillette foams.

At short times ((15 min), for each distance, the phase
difference slowly increases, and the curves are approximately
equally separated (Fig. 8). There is then a transition time
around 15min where the phase difference evolves more quickly,
with a non-monotonous behavior (as seen for 1.4 and 1.8 mm).
At longer times, the phase difference tends to plateau again.

In parallel, we also present the relative amplitude in Fig. 9.
All curves show the same trend, similar to that of the shaving
foams, with a pronounced minimum at a given transition time
(here around 15 min, well corresponding to the transition time
seen in the phase difference).

However, quantitatively, there are clear differences between
the SDS foams and the shaving ones. First, we have found that,
for SDS, the transition time is well below that of the shaving
foams. This will be related in the following Discussion section,
in terms of faster bubble diameter evolution for SDS foams (as
seen in Fig. 2).

Secondly, the attenuation length is quite larger for SDS
foams. In fact, we had to perform experiments at the following
distances 1.2, 1.4, 1.6, 1.8 and 2.0 mm because the signal-to-
noise ratio was not good enough at the larger distances used for
Fig. 8 Time evolution of the phase difference for the SDS foam, for d ¼ 1.2, 1.4,
1.6, 1.8 and 2.0 mm. The phase difference is measured except for an offset, similar
for all data.

This journal is ª The Royal Society of Chemistry 2013
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Fig. 9 Time evolution of the amplitude ratio for SDS foams, for d ¼ 1.2, 1.4, 1.6,
1.8 and 2.0 mm.
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shaving foams. For these distances, the curves are approxi-
mately equally separated in a logarithmic scale (with a better
accuracy than for the shaving foams), and a reliable measure-
ment of the attenuation can be obtained (eqn (2)). This atten-
uation length is nally of the order of magnitude 30 cm�1,
meaning that the signal is attenuated over a characteristic
distance extremely short, of order 1 mm.

It turns out that the increase of the sound attenuation is
indeed so strong with the SLES-based foams35 that we could not
get over the noise level, even at distances as short as 1 mm,
preventing any possible measurements, and evidencing that
these foams are the most absorbent of all we tested.

Lastly, as for theGillette foam,we can use eqn (1) to deduce the
evolution of the speed of sound at short times, before the evolu-
tions at different distances become signicantly different. Here
again, the speed of sound decreases with time, in a way similar to
that of theGillette shaving foams.However, its orderofmagnitude
is 25 m s�1, about twice lower than that of shaving foams.
IV Discussion
A From transition times to a Minnaert-like resonance

As a robust trend, and for all the foam compositions, our
experiments show a crossover between short-time and long-
time behaviors, which can be quantied by a critical time
(corresponding both to the minimum of transmission and
sharp variation of the phase).

Time is indeed not the relevant parameter: as explained
before, aging means increase of the bubble diameter. The liquid
fraction evolves much slower than the bubble size and we will
henceforth neglect its inuence, see Section II B. So, our results
suggest that the behavior of the acoustic properties is strongly
dependent on the bubble size.

Fig. 2 gives an indication of the bubble radius at the tran-
sition time. For Gillette foams, at t¼ 30 min, it gives a¼ 30 mm,
and at t ¼ 2 � 102 min, it gives a ¼ 60 mm. For SDS foams,
though the transition time is much shorter than for Gillette
foams (15 min, as seen in Fig. 9), we nd a similar value for the
critical diameter, a ¼ 70 mm (Fig. 2).

It is striking to nd out that the different experiments always
provided a critical radius in the same range, a ¼ 50 � 20 mm,
This journal is ª The Royal Society of Chemistry 2013
whatever the chemical formulation and transition time. The
uncertainty in this critical radius is the consequence of the
experimental uncertainties and variations in initial conditions
(most likely a lack of control of the initial bubble size).

At this stage, it is tempting to invoke a resonance effect to
explain the features occurring at this critical radius: for a given
frequency, the bubbles become resonant, hence they pump a
maximum of energy from the incident signal. It is well known
that a single bubble in a liquid has a resonance frequency,
called the Minnaert frequency:15,16

u2
0 ¼

3gP0

rwa
2
; (3)

where g ¼ 1.1 is the ratio of specic heats of the gas at constant
pressure and constant volume,29 P0 ¼ 105 Pa is the ambient
pressure, rw ¼ 103 kg m�3 is the liquid density and a is the
bubble radius. Bubbly liquids (at gas volume fraction lower than
1%) show a maximum of attenuation and a minimum of speed
of sound, when the Minnaert criterion is fullled.20,21

The Minnaert criterion (3) yields a bubble radius of 72 mm at
the resonance for the frequency of 40 kHz, which is surprisingly
close to the critical bubble radius found here in the foams.
However, the Minnaert frequency stands for a single bubble in
an unbound liquid, whose density is much higher than that of a
foam. In this respect, it is not expected to be suited for close-
packed bubbles.

At this stage, we can make a few remarks. First, it is worth
noting that such an unexpected agreement with the Minnaert
frequency has been reported in the context of the sound emitted
by bubble popping at the surface of a foam,41 but also remains
theoretically unexplained in these cases. Secondly, using the
foam density instead of that of pure water in (3) leads to an
increase of the resonance radius by a factor 4, hence to a reso-
nance radius of 300 mm at 40 kHz, which clearly differs from the
experiments.

Also, note that the previous studies have not reported such a
resonance-like behavior.29,34 We believe that a possibly impor-
tant difference is that the sample is not conned in a closed box
in our experiments, but open to the air. This experimental
conguration increases the coarsening rate, allowing us to
reach larger bubble sizes over similar aging times, and—
together with longer experimental runs—to nally have access
to the resonance effects. For the Gillette and C2F6 foams studied
here, the coarsening rate is faster because the outside gas (air)
actually diffuses into these foams. This is a known effect, when
dealing with different inside/outside gases, which can lead to
signicant foam expansion and rapid bubble coarsening,
especially when the outside gas is the most soluble in water (as
in our case).42

It is thus difficult to be more conclusive in these compari-
sons to previous studies, since the aforementioned studies did
not report the evolution of the bubble size during their own
experiments, and since aging time is not the relevant parameter
(as explained before). Nevertheless, on other quantitative
aspects, we still found a good agreement with previous studies,
like for the speed of sound in shaving foams; also, the attenu-
ation lengths are similar.
Soft Matter, 2013, 9, 1194–1202 | 1199
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Lastly, although our data show that the occurrence of the
resonance at a given radius (set by the frequency) is robust and
independent of the foam composition and aging timescale, our
data also show that all the acoustic properties of these foams are
not equal. In particular, there is a clear dependence of the
attenuation length on the chemicals. On this issue, it seems
reasonable that the addition of co-surfactant to the simple SLES
solution leads to stronger attenuation. This is consistent with
the known fact that the co-surfactants used here drastically
increase the interfacial viscosity of the bubbles,35 thereby
providing an extra source of dissipation of the sound. In this
respect, it is thus nally surprising to nd that the shaving
foams (having the more complex formulation) are less dissi-
pative of all these foams.
B Comparison of the measurements with models

From the previous stage of data analysis, we have found that an
acoustic resonance effect occurs in aqueous foams, and have
drawn some links with Minnaert's prediction for the resonance
of a single bubble. However, as already stated, the crudest
approach consisting of replacing the liquid density in the one-
bubble Minnaert model by the effective foam density is not in
agreement with the data. We thus have to consider more
complex models of sound propagation in a bubbly medium,
and compare them to our data.

First, note that, for the shaving foams, the acoustic wave-
length, l ¼ c/f x 1.3 mm, is at least one order of magnitude
larger than the bubble radius (at early times and up to the
critical radius). In that limit l[ R, a simple model of sound in
foams, called Wood's model,36 has been proposed, stating that
the acoustic propagation probes an effective medium with
average density hri ¼ (1� f‘)rg + f‘rw and compressibility hci ¼
(1 � f‘)cg + f‘cw, where the subscripts g and w denote gas and
water; hence, c ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffihrihcip
. Since rg � rw and cg [ cw, the

speed of sound is approximately:

cWoodx
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rwcgf‘ð1� f‘Þ
p : (4)

Using the measurements of the liquid fraction (Fig. 3), we
superimpose the prediction of the speed of sound given by
Wood's model on the experimental measurements, as shown in
Fig. 5. Like previous studies,27,29 we nd that Wood's model
underestimates the speed of sound. But there is a rst quali-
tative discrepancy: since the liquid fraction decreases owing to
drainage, Wood's model predicts an increase of the speed of
sound with time, whereas in experiments it decreases at short
times. The main limitation of Wood's model is that it is a mean
eld approach, and it does not take into account bubble-scale
effects, like the Minnaert resonance of each bubble.

To implement Wood's model, Mujica and Fauve29 adapted
Biot's phenomenological poroelastic model to foams, and
accounted for the network elasticity conferred by the Gibbs
elasticity of the gas/liquid interfaces. They found a correction to
Wood's model of the form c ¼ cWood(1 + f‘cgKb), with a network
elastic modulus scaling as Kb f 1/hai, see eqn (28) in ref. 29.
However, this correction still yields a very smooth evolution of
1200 | Soft Matter, 2013, 9, 1194–1202
the speed of sound with time, which cannot capture the sharp
evolution of the phase difference (Fig. 4) or amplitude.
Furthermore, this network correction is based on the unrealistic
assumption that every bubble is surrounded by a water shell of
constant effective thickness, while bubbles in a foam are sur-
rounded by both thick plateau borders and thin facets (the
latter ones covering z75% of the bubble area in the dry foam),
whose thickness differs by several orders of magnitude.

Beside mean-eld and phenomenological models, many
other models have been proposed for calculating the effective
wavenumber in a complex medium. In the following, we focus
on Foldy's model43 and its extension by Waterman and Truell.44

The reason for this choice is that Foldy's model was found to be
efficient for describing bubbly liquids,20 and even when reso-
nant effects were strong.21 However, Foldy's model is limited to
dilute systems, making it inapplicable to foams, in particular
because it does not consider the change of the density due to
the scatterers. In 1962, Waterman and Truell proposed an
improved model, in which the effective wavenumber k is given
by:

k2 ¼ �k2
0 þ 4pnf0

� 
1þ 4pnf1

k2
0

!
; (5)

where k0 is the wavenumber in the host medium, n the number
of scatterers per unit volume, and f0 and f1 the scattering
functions for the monopolar and dipolar modes, respectively.
Interestingly, it can be shown that each mode has a different
contribution: the monopolar mode dictates the effective
compressibility of the medium, whereas the dipolar mode gives
the effective density. In our case, the monopolar and dipolar
modes are associated respectively with the volumetric oscilla-
tions and with the translation of the bubbles. For bubbles of
radius a and of density n in water, eqn (5) becomes:

k2 ¼ u2

"
cw þ 4pn

a
�
1� u2

0rwcwa
2=3
�

u2
0 � u2ð1� idÞ

#�
rw þ 4

3
pna3

�
rg � rw

��
;

(6)

where d is the damping constant for the oscillations of a single
bubble.16 Note that Wood's approximation is recovered if the
frequency is well below the Minnaert frequency. For a poly-
disperse system, n needs to be replaced by

Ð
n(a)da where n(a)da

is the number of bubbles per unit volume whose radius is
between a and a + da. For foams, the size distribution is well
described by a log-normal law:

nðaÞ ¼ ntot

a3
ffiffiffiffiffiffi
2p

p exp

"
�
�
lnða=a0Þ

�2
232

#
; (7)

where ntot is the total number of bubbles per unit volume, a0 the
median radius, and 3 the log-normal standard deviation. The
mean radius hai and the normalized standard deviation

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h�a=hai � 1

�2iq
are related to a0 and 3 by the following

relationships: a0 ¼ haie�32/2 and 3 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lnð1þ s2Þp

.
We report in Fig. 10 the prediction of eqn (6) for the atten-

uation and phase velocity at 40 kHz in a f‘ ¼ 6% foam, as
functions of the mean radius of bubbles. We consider the two
This journal is ª The Royal Society of Chemistry 2013
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Fig. 10 Prediction of Waterman and Truell's model for the effective wavenumber at 40 kHz in a 94% dispersion of air bubbles in water as a function of the mean
radius of the bubbles: (a) attenuation a ¼ Im(k); (b) phase velocity c ¼ u/Re(k). Two polydispersities are considered: s ¼ 0.6 (solid line) and s ¼ 1 (dashed line).
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extreme values of the measured polydispersity, s ¼ 0.6 and 1.0
(see Section II B). Note that we take the simple case of air
bubbles in water, even though Gillette foams are composed of
different gases and liquids. We have checked that the orders of
magnitude of a and c were not modied by changes in para-
meters such as the viscosity of the uid or the thermal diffusion
constant of the gas.

The attenuation curve (Fig. 10a) shows a maximum for a
mean radius close to the Minnaert radius. Its shape for s ¼ 0.6
is consistent with the measured transmitted amplitude in
Fig. 6. However, the qualitative agreement is not good: with a ¼
3 mm�1, the transmitted signal through 6 mm would be of the
order of 10�8, well below the minimal signal we can detect with
our setup. The inuence of polydispersity is far from negligible:
the maximum of attenuation is not reached for the same mean
radius when s changes, which could explain why the transition
time changes from one experiment to the other.

The predicted phase velocity (Fig. 10b) also shares some
common features with the experimental observations. The
decrease followed by an increase is predicted. However, because
of the high level of polydispersity, the minimum of velocity is
not reached for the Minnaert radius, but for a smaller radius.
Note that, as Wood's model, Waterman and Truell's model
predicts a smaller phase velocity (x 40 m s�1) than what is
measured for small mean radii (x 50 m s�1). The high values of
c in Fig. 10 for very small radii are due to surface tension effects
and correspond to 1 mm radius bubbles, which are not present
in our foams (the smallest mean radii are around 15 mm
according to Fig. 2).

The discrepancy between Waterman and Truell's model and
our experimental measurements is not a surprise, because this
model is based on the assumption that scattering events are
independent. It means that correlations between the positions
of the scatterers and loops (i.e. scattering paths visiting several
times the same scatterer) are neglected. For such close-packed
systems as foams, these two types of events may be signicant,
especially if resonances exist. More sophisticated models that
include loops45,46 or correlations47 might give better agreement.
The Coherent Potential Approximation (CPA),48,49 for instance,
gives good predictions for close-packed systems.50 However, it is
remarkable to observe that the simple eqn (6) already gives an
insight on the acoustic properties of aqueous foams; in
This journal is ª The Royal Society of Chemistry 2013
particular, it predicts the observed non-monotonous evolutions
of the speed of sound and attenuation.
V Summary and conclusions

We have collected a large set of new data on how sound prop-
agates through an aqueous foam (in the frequency range of
40 kHz). First, as previously observed, our measurements show
how different is the acoustics of a foam when compared to the
sound propagation through a pure liquid or through a pure gas.
Clearly, by dispersing gas bubbles in a uid, one gets a very
peculiar material, acoustically speaking.

We also denitively show here that mean-eld approaches,
based on effective or averaged quantities, are too simplistic to
describe the acoustic of foams. Our results actually prove that
one must take into account the mesoscopic scale of the bubble
and the complex spatial distribution of gas and liquid at this
scale. Indeed, this is fully illustrated by the original observation
of resonance-like features, occurring at a critical bubble size. It
is worth noting that the existence of this resonance—really
constituting an important breakthrough in foam acoustics—is
seen in all types of foams we studied, whatever be the mode of
insonation, and in all the measured acoustic quantities.

At this stage, it is tempting to link these results to the Min-
naert single-bubble resonance, though it is surprising to nd
reminiscence of this effect within the collection of packed
bubbles. As we have discussed in detail in this article, by
adapting the existing models to foams, we can actually predict
some qualitative trends, consistent with the resonance and
data, but there remains a quantitative gap between these data
and the model predictions. Further studies are thus clearly
needed on these theoretical aspects.

In parallel, more experimental work is also needed. First,
experiments will have to be performed with an optimized
acoustic setup, and various controlled bulk and interfacial
viscoelasticities. More importantly, these new results,
evidencing some sample reproducibility issues, show that
highly controlled foams are crucially required, in terms of
controlled polydispersity, liquid fraction and uniformity.
Compared to studies on other foam properties, it seems that
unraveling how sound propagates in a foam rst requires a
much higher level of sample control. Inverting the problem, we
Soft Matter, 2013, 9, 1194–1202 | 1201
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can then expect in the future, with an acoustic diagnostic, to
characterize a foam (or other types of dispersions) in much
more detail than with other techniques.
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