
Scattering optics of foam
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The multiple scattering of light by aqueous foams is systematically studied as a function of wavelength,
bubble size, and liquid fraction. Results are analyzed in terms of the transport mean free path of the
photons and an extrapolation length ratio for the diffuse photon concentration field. The wavelength
dependence is minimal and may be attributed entirely to the wavelength dependence of the refractive
index of water rather than thin-film interference effects. The transport mean free path is found to be
proportional to the bubble diameter and the reciprocal of the square root of liquid fraction. The extrap-
olation length ratio varies almost linearly with liquid fraction between the values for water–glass–air and
air–glass–air interfaces. © 2001 Optical Society of America
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1. Introduction

Transparent foams do not exist. Since these mate-
rials are composed of gas bubbles packed tightly to-
gether in a relatively small volume of soapy water,1
there are a multitude of gas–liquid interfaces from
which light will reflect or refract. For dry foams
these interfaces take three forms: the thin soap
films separating two bubbles, the scalloped triangu-
lar shaped Plateau borders at which three films meet,
and the vertices at which four Plateau borders meet.
For progressively wetter foams, this distinction grad-
ually vanishes as the borders and vertices inflate and
the bubbles become nearly spherical. The same is
true for metal or polymer foams, where the scattering
is due to gas–solid interfaces with structures similar
to those of aqueous foams. In both cases the
refractive-index mismatch at the bubble interfaces is
large, so multiple scattering is unavoidable.2 This
gives bulk samples their familiar white opaque ap-
pearance and prevents optical imaging of interior
structures away from the sample boundary, except
for foams that are very dry and slowly evolving.3,4

Multiple scattering also makes whole new classes of
foam experiments possible, e.g., Refs. 5–8.
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A variety of optical probes have recently been de-
veloped for noninvasively probing opaque media. In
diffuse-transmission spectroscopy9 the wavelength-
dependent probability for multiply scattered photons
to be transmitted through a slab is measured and
analyzed in terms of the structures responsible for
scattering. In diffusing-wave spectroscopy,10,11 a

hoton-correlation technique, temporal fluctuations
n the speckle pattern formed by multiply scattered
ight are measured and analyzed in terms of the dy-
amics of the scattering sites. Related methods, in-
luding optical coherence tomography, have also been
eveloped for reconstructing the spatial dependence
f scattering, absorption, and dynamics.12,13 In all

cases quantitative analysis is based on treating pho-
ton migration as a diffusion process. Specifically,
the concentration field of multiply scattered photons
is deduced from a diffusion equation with a diffusion
coefficient of D 5 cl*y3; c is the speed of light between
successive scattering events, and l* is the photon
transport mean free path, which can be thought of as
the average distance a photon can travel before its
direction is randomized. In addition to D, or equiv-
alently l*, the other important quantity is the extrap-
olation length ratio ze, which defines the boundary
conditions for the diffusion equation. It is the dis-
tance outside the sample, measured in units of l*, at
which the diffuse photon concentration field extrap-
olates to zero.

In this manuscript we present an experimental
study of the dependence of the key photon migration
parameters, l* and ze, on structure and composition
for foams. We find that l* is proportional to bubble

iameter, with a proportionality constant that de-
ends on liquid fraction, and that ze depends on liquid
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fraction independent of bubble size. These results
are consistent with simple considerations of the foam
microstructure in terms of scattering by Plateau bor-
ders and reflections from the sample boundaries.
This understanding can form the basis for future
multiple-light-scattering studies of the time evolu-
tion of foams and of their microstructural response to
shear. For example, the simultaneous measure-
ment of l*, through light scattering, and of the aver-
age bubble size, through direct imaging, may be
combined to give the local liquid fraction anywhere
within a column of foam and its evolution as the foam
drains and coarsens.14 Conversly, if the liquid frac-
tion is known, then the average bubble size may be
deduced. This fulfills the promise2 of multiple light
scattering as a fast, noninvasive, quantitative probe
of foam structure.

2. Experimental Procedures

Two very different foaming systems are used in our
experiments. In the first, foam is produced by tur-
bulent mixing of gas with a jet of aqueous solution of
a-olefinsulfonate ~AOS! plus carbopol; see Ref. 15 for
the production method and Refs. 16 and 17 for the
solution properties. By altering the ratio of gas to
liquid flow rate, it is possible to achieve foams with
any desired liquid fraction, 0.03 , ε , 0.50, with
bubbles of 100-mm average diameter. For multiple-
light-scattering studies, these foams are loaded into a
rectangular cell of thickness L 5 1.17 cm; the height
nd width are roughly 20 cm, so large that no light
scapes from the edges when the cell is illuminated in
he center. In the second system, foam is obtained
rom a commercial shaving cream, Gillette Foamy
egular, by an aerosol method. In this product the

iquid fraction is ε ' 0.08, and the average bubble
iameter is 30 mm. We are able to vary these quan-
ities simultaneously by expanding or compressing
he foam in a sealed glass container 40.5-cm tall,
-cm wide, and L 5 1 cm thick.
To characterize the optical properties of these

oams, we illuminate the central portion of the sam-
le at normal incidence and measure the intensity of
oth the diffusely transmitted and the diffusely back-
cattered light as a function of angle. This is accom-
lished with the apparatus and procedures of Ref. 18,
herein the sample is at the center of a rotation stage
nd the collection optics are held fixed. Light from
ither a laser or a combination of a xenon arc lamp
lus a monochromator is coupled onto the sample
hrough an optical fiber bundle and lens mounted on
he rotation stage. The bandwidth of the monochro-
ator is opened to 10 nm to ensure an easily detect-

ble quantity of light.
The first step in data analysis is to determine the

xtrapolation length ratio, ze, from the angular de-
endence of the diffuse transmission probability.
hen the boundary consists of a stratified dielectric

rofile, the diffusion theory prediction is18

P~me!

me
5

3
2 Sne

ni
D2

~ ze 1 mi!@1 2 R~mi!#, (1)
where ni and ne are the refractive indices of the sam-
ple interior and exterior, respectively, R~mi! is the
total reflectivity for a photon striking the boundary at
an angle cos21~mi! from the interior normal, and mi
and me are related by Snell’s law. For foams, pho-
tons can strike the boundary from inside a gas bubble
or from inside the liquid, so the resulting profile is the
sum of two terms like Eq. ~1! with different interior
ndices. This is discussed in Ref. 18 for the commer-
ial shaving foam in a glass cell, where we find ze 5

1.05 when the cell is in air and other ~consistent!
values when the cell is submerged in water or glyc-
erin.

The second step is to extract the transport mean
free path, l*, from the ratio of diffuse transmission to
backscattering. These probabilities are found to
within the same proportionality constant by integra-
tion of the respective angle-dependent intensities.
For slabs that are thick enough that essentially no
ballistic unscattered light gets through, diffusion the-
ory gives19

Td

Bd
<

sinh~Î3ma9!yÎ3ma9 1 ze cosh~Î3ma9!

sinh@~L9 2 1!Î3ma9#yÎ3ma9 1 ze cosh@~L9 2 1!Î3ma9#
,

(2)

where L9 5 Lyl*, ma9 5 l*yla, and la is the absorption
length. For thinner slabs, or for strong absorption,
the prediction is more complex and involves the av-
erage cosine of the scattering angle.19 For our sam-
ples, L9 is fairly large and ma9 is very small, so the
prediction is not significantly different from the ma9
3 0 limit of TdyBd 5 ~1 1 ze!y~L9 2 1 1 ze!. Thus,
from relation ~2! and the measured value of ze, we
may deduce l*. A key advantage of this procedure is
that normalization and comparison with a standard
are unnecessary.

To check our apparatus and analysis procedures,
we first examined opaque solutions of polystyrene
spheres of diameters 91 and 653 nm, for which l* can
be accurately predicted from Mie theory. The solu-
tions were held in rectangular glass cells of nominal
thicknesses of L 5 6, 7, 8, 9 mm. The concentration
of the solutions was chosen so that l* ' 0.5 mm, at
l 5 500 nm, so that the samples are well into the
diffuse limit where relations ~1! and ~2! apply. For
the D 5 91 nm samples, we find that l* increases
approximately as l4 as the wavelength is increased
across the visible portion of the spectrum, 400 , l ,
00 nm. For the D 5 653 nm samples, we find that
* also increases monotonically, but with a series of
umps and wiggles due to Mie resonances. In all
ases the agreement with prediction is quite good,
ypically 10–20%. This error is systematic ~e.g., due
o inaccurate values for L! in that it is much larger
han the 0.1% scatter between successive data points
n a wavelength scan.

Unlike polyball suspensions, aqueous foams are
20 August 2001 y Vol. 40, No. 24 y APPLIED OPTICS 4211
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nonequilibrium systems. With time, surface tension
causes power-law growth of the average bubble size
by gas diffusion from smaller to larger bubbles; this is
known as coarsening. Furthermore, gravity causes
the liquid fraction to change through the flow of liq-
uid through the random interconnected network of
Plateau borders. In rectangular cells a drying front
starts at the top and moves downward at constant
speed; the liquid fraction in the central portion of the
sample is constant until this front passes through.
To avoid the effects of drainage, we therefore make
measurements over a 15–20-min period, before the
draining front reaches the scattering volume. To
avoid the effects of coarsening is not as simple, since
power-law growth means it is faster for younger
foams. Therefore we perform 4 or 5 full angular
scans and extrapolate back to time zero at each angle.
A new sample is thus needed for each wavelength.

3. Extrapolation Length Ratio

Results for the extrapolation length ratio for aqeuous
foams, deduced from the angular dependence of the
diffusely transmitted light, are shown in Fig. 1 as a
function of liquid fraction. Most data points are for
the AOS foams, but one is for Gillette Foamy Regular.
To within our error bars, there is no discernable
wavelength dependence. For dry foams, ze is close to
the value 0.88 for an air ~interior!–glass–air ~exteri-
or! interface. In this case, the exiting photons strike
the boundary almost exclusively from inside gas bub-
bles pressed up against the glass walls. For wet
foams, by contrast, ze is close to the value 1.77 for a
water ~interior!–glass–air ~exterior! interface. In
his case the exiting photons strike the boundary
lmost exclusively from inside the liquid residing be-
ween bubbles. To within the error bars, approxi-
ately 610%, ze increases linearly with liquid

fraction between these two extremes. Some such
monotonic trend is to be expected, but there is no
obvious reason why it should be almost linear. The
212 APPLIED OPTICS y Vol. 40, No. 24 y 20 August 2001
results in Fig. 1 should be representative of all aque-
ous foams, independent of bubble size or species of
surfactant. Here they will be used to extract the l*
values presented next.

4. Transport Mean Free Path

Typical results for the transport mean free path, de-
duced from the ratio of diffusely transmitted to back-
scattered light by means of relation ~2!, are shown in
Fig. 2 as a function of wavelength. For all the liquid
fractions examined, l* increases monotonically with

avelength across the visible portion of the spec-
rum. However, this effect is not large—only ;10%.

It could be entirely due to the decrease of water’s
refractive index with wavelength, which would give
weaker reflectivities and larger mean free paths.
The lack of structure in the l* versus l spectrum
mplies the absence of thin-film interference effects;
urthermore, it suggests that the soap films are not
he primary source of scattering in foams.

Since to good approximation l* is independent of l,
we may investigate the dependence on bubble size
and liquid fraction at a single fixed wavelength, ei-
ther 514 or 532 nm. Results for the ratio l*yD of
transport mean free path to average bubble diameter
are collected in Fig. 3 as a function of liquid fraction.
The first feature to note is that the two data sets
collapse onto one universal curve. For the AOS
foams, the bubble diameter is constant, ;100 mm; for
the expanded or compressed Foamy samples, the di-
ameter is smaller and varies systematically with ε.
The agreement in Fig. 3 shows that l* is indeed pro-
portional to D for all ε. This generalizes on the re-
sult l* 5 3.5D found in Ref. 2 for a coarsening foam at
a single fixed liquid volume fraction of ε 5 0.08. The
next feature to note in Fig. 3 is that the value of l*yD
decreases monotonically with increasing ε; in other
Fig. 1. Extrapolation length ratio versus liquid fraction. Results
are obtained from the angular dependence of the diffusely trans-
mitted light. Filled circles are for the AOS foams, and the open
square is the value found in Ref. 18 for Gillette Foamy Regular.
Fig. 2. Ratio of transport mean free path to bubble diameter,
versus wavelength, for several different liquid fractions as labeled.
The foam samples are made from aqueous solution of AOS and
have an average bubble diameter of ;100 mm. The error bars
hown for ε 5 0.98 indicate systematic errors and are representa-
ive of all samples.
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words, light is scattered more strongly by wetter
foams. The approximate functional form is

l*yD 5 Î1yε, (3)

hich is shown as a solid line in the log–log plot.
ata are restricted to ε , 0.36, since this is the point
t which the bubbles are randomly close-packed
pheres; for larger ε the bubbles are not in contact,
nd the system is a bubbly liquid or froth in which the
ubbles rapidly see the upward. If gravity could be
liminated, and if the bubbles were dilute, ε3 1, then
ie theory would predict the dashed curve l* }

y~1 2 ε! shown in Fig. 3. Thus l*yD must eventu-
ally reach a minimum then increase as ε becomes
large.

The central experimental result of this paper, Eq.
~3!, over readily accessible values of ε, can be under-
stood by the following argument in terms of scatter-
ing from the Plateau borders. According to
transport theory, the scattering mean free path is ls 5
1y~rs!, where r is the number density of scattering
sites and s is their cross section; the transport mean
free path is l* 5 lsy~1 2 g!, where g is the average
cosine of the scattering angle. The only assump-
tions needed about foam structure are that the film
thickness is small compared with the radius of cur-
vature r of the Plateau borders and that r is small
compared with the sphere-equivalent average diam-
eter D of the cells. In this situation, which is as-
sumed in recent theories of foam drainage,1,20 the
liquid fraction scales as ε } ~ryD!2, meaning that the
olume of liquid in the Plateau borders is much
reater than that in the films and vertices. There-
ore the borders will also be the primary source of

Fig. 3. Ratio of transport mean free path to bubble diameter,
versus liquid fraction, for both homemade foams of AOS and Gil-
lette Foamy Regular as labeled. The open plus is for the value
observed in Ref. 2. The solid line is the universal scaling function
l*yD 5 =1yε, which is predicted to hold for any aqeuous foam in
which scattering is dominated by the Plateau borders. The short-
dashed curve holds for the Mie regime in which the gas bubbles are
spherical and distant from nearest neighbors. The long-dashed
curve is an empirical form, l*yD 5 1.5 1 0.4yε, which describes the
full range of data quite well.
scattering, with a cross section that scales geometri-
cally as s } rD } =εD2. Next, the number density
of borders scales as r } 1yD3, and g is just a number

ith no ε or D dependence. Though it has no bear-
ing on the work here, we estimate g ' 0.5 from the
angular dependence of scattering by a small sample
of extremely dry foam that is nearly transparent.
Combining these ingredients, we have l* } Dy=ε as
observed in Fig. 3. Deviations from this rule are
observed for very dry foams and for very wet foams;
deviations may arise from failure of the relation ε }
~ryD!2 owing to neglect of liquid in the films and
vertices, respectively.

5. Conclusions

We have shown that there is almost no wavelength
dependence for either the extrapolation length ratio,
ze, or the transport mean free path, l*, for aqueous
foams. Furthermore, ze and the ratio l*yD are inde-
pendent of bubble diameter D and vary systemati-
cally only with the liquid fraction ε of the foam.
The specific behavior shown in Figs. 1 and 3 can be
understood by simple considerations of the bubble-
packing microstructure. This provides the funda-
mental basis for exploiting multiple light scattering
as a fast, noninvasive, quantitative probe of foam
structure. For example, the observations in Ref. 14
of the coupling between drainage and coarsening rely
crucially on the results presented here. To comple-
ment this work, ray-tracing studies of scattering
based on a detailed model of foam microstructure
would be very interesting. In a slightly different
direction, it would be interesting to study absorption
of light in a foam as a systematic function of the
absorptivity of the surfactant solution. This would
reveal the fraction of time migrating photons spend
inside the gas bubbles, as opposed to inside the liquid,
and might give insight into our ze versus ε results.
We hope the experimental and theoretical protocals
developed here for foams may also be helpful for
study of other opaque materials with complex micro-
structures and boundaries, such as polymer foams,
granular media, or biological tissues.
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