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Abstract

A method to compute the magnetic field induced by susceptibility inhomogeneities
in Magnetic Resonance Imaging is presented. It is based on a boundary integral rep-
resentation formulae. The integral is set over the surfaces between media of different
magnetic susceptibilities. The computational procedure consists of approximating
these surfaces with triangular mesh elements and using analytical expressions to com-
pute the integral over each triangle. The proposed method supplies high accuracy
and is easily paralleled. A detailed analysis for the convergence rate of the method is
performed. Numerical results obtained for several samples, including a human head,
are presented.

1 Introduction

When a sample is magnetized by a static magnetic field, as during a Magnetic Resonance
Imaging (MRI) experiment, the magnetic field around the sample is distorted. The mag-
netic susceptibility distribution in the sample determines the local perturbation of the
magnetic field. In MRI, differences in susceptibility between a metallic implant and the
surrounding anatomic tissues, or between air and tissues, are one of the greatest sources
of geometric distortions in the images, see [1] or [2] for instance. These distortions are
harmful for applications that require accurate quantitative measurements from the images,
see [3], [4].

Since the knowledge of the static magnetic field perturbation is necessary to rectify
distorted MR images, many studies deal with its quantification, see [5], [6], and its compu-
tation. Analytic methods have been proposed to study simple geometries objects such as
spheres or cylinders, see [1]. For more complex geometries, a precise computation of the
magnetic field perturbation involves partial differential equations derived from Maxwell’s
equations and requires the use of numerical methods. Among the classical numerical
methods are the finite difference method (FDM), the finite element method (FEM) and
the boundary elements method (BEM) (we refer to [7] for a comprehensive presentation of
these numerical methods in electromagnetism). These methods have been used to compute
the magnetic field perturbation generated by susceptibility inhomogeneities during a MRI
experiment. For instance, Bhagwadien et al. [8] developed an iterative finite difference
method for computing the static field for arbitrary magnetic susceptibility distributions.



Li et al. [9] used commercial finite element software to compute the three-dimensional
magnetic field in a human head. Based on the previous finite element approach, Truong et
al. [10] proposed a multiresolution computation of the magnetic field and its application
to several anatomical models. Jenkinson et al. [11] proposed an approach based on a per-
turbation method which is adapted to a non-conductive object represented by rectangular
voxels restricted to air and singular tissue. The boundary element method has been used
by Hwang et al. [12] to simulate the magnetic field perturbation on trabecular bone MR
images. The BEM is used as well by De Munck et al. [13] to compute distortions on MRI
images from a human head. Yoader et al. [14] simplified the BEM approach in the case
of homogeneous voxels perpendicular to the static field and integrated the computed field
perturbation in a MRI simulator. The BEM relies on a computation over the interfaces
between domains of different susceptibilities. The magnetic field perturbation is obtained
through the resolution of a linear system whose coefficients are determined by evaluating
surface integrals. In the previous works, see [12], [13], [14], the surface integrals were
approximated considering only small susceptibility values corresponding to anatomical
tissues values. In [15], Balac and Caloz present a method to compute the magnetic field
induced by metallic bodies with high constant magnetic susceptibility (such as medical
implants). The magnetic field is computed through an integral representation formula over
the boundary of the body. The method uses analytic expressions to compute the integral
over the flat panels of the boundary and a piecewise quadratic interpolation of the surface
for the curved panels. It supplies both high accuracy and low computation time.

In this paper, we generalize the method presented in [15] to deal with bodies composed
of several domains of arbitrary magnetic susceptibilities. The magnetic field is computed
through an explicit integral representation formula over the boundary interfaces between
the interior domains. The advantages of our method compared to the FEM or to the
FDM are numerous. First, the computation depends only on the interface boundaries
between media of different susceptibilities so that the computational problem is reduced
from a 3D problem to a 2D problem. Furthermore, in the FDM/FEM the exterior domain
must be truncated and an approximation of the behavior of the field at infinity must
be introduced on an artificial boundary. In our approach, as well as with the BEM,
the behavior at infinity is always exactly satisfied. Finally, the FEM as the FDM or
the BEM lead to large linear systems to be solved, whereas in the proposed method the
solution is obtained pointwise by evaluating a surface integral. Our computational method
assumes the interface boundaries between media of different susceptibilities are meshed in
a collection of flat triangles. The advantage is that the surface integral can be evaluated
exactly with no limitation on the susceptibility values or on the static field direction. The
only approximation in the method stands in the way the true interfaces are approached
by the union of flats triangles and the approximation error is controlled by the size of the
triangles. Thus, the computation of susceptibility induced magnetic field inhomogeneities
is done by a unique and accurate method with a low computation time for both soft
tissues and metallic objects. Moreover, our method can be parallelyzed in a very simple
and efficient way, the computation time being divided by a factor equal to the number of
computation nodes.

Our paper is organized as follows. In section 2, we formulate the magnetostatic prob-
lem and give the integral formula used to compute the magnetic field. Section 3 is devoted
to the presentation of the computational method and to a detailled analysis of its ac-
curacy. In section 4, we present results obtained with our computational method. The
validation is done on a diamagnetic and a paramagnetic ball. The convergence rate and
the computation time are discussed. Finally, results obtained on a hollow ball and on a



human head are presented.

2 Formulation of the problem

2.1 The magnetostatic problem

We denote by € the domain filled by the whole sample. €2 is an open bounded domain
in R?, whose boundary is denoted by ¥. We assume that € is the union of N domains
Q; with distinct magnetic properties. For convenience, we denote by Q1 the exterior
domain. We denote by ¥;; the common boundary to €2; and Q;, 1 < i < 3 < N +1
(possibly we have ;; = () and set

I:{(i,j)eN2|1§i<j§N+1and Eij7é(0}-

We denote by 0€; the whole boundary of Q, k € {1,... ,N}.

Figure 1: The situation under consideration.

The sample is assumed to be embedded in the magnetic field Bg of the MRI device.
We consider By constant in intensity and direction. In this modeling, we neglect the
effects of the RF field By of the MRI device on the static field inhomogeneities.

Let B be the total magnetic flux density and H be the total magnetic field intensity.
The basic equations of magnetostatics are, see [16],

divB = 0in R, 1)
rotH = 0in R3.

At a distance far from ) the magnetic field tends to become homogeneous; we have

lim B(P) = Bo. (2)

P—x

In the exterior region Qy1, H and B are related through the relation

1
H=—B, 3
Mo ( )



where pg is the magnetic permeability of vacuum, while in Q they are connected to the
magnetization M by the relation

1
H=—B-M. (4)
Ho
For the magnetic flux induction B’ = B — Bg the problem reads: Find B’ in the space
L?(R?)? such that

divB'" = porotM in R,
rotB" = 0 ineach ;i€ {1,... ,N+1}, (5)
B'An| = puo|MAn| at the interfaces %;;, (i,5) € Z,
H J

where n is the unit normal to ;; from ©; to €, and [v] denotes the jump of v across the
boundary Z;;: [v] = vla, — v|o ;- To deal with a well posed problem, we still need to add
some relation between the magnetization M and the field B’.

The domains €2; are assumed to be isotropic linear paramagnetic or diamagnetic ma-
terials. In each domain €;, the magnetization M is then related to the applied field Bg
through the linear relation

()
M = A" B, (6)
Ho

where Xﬁ,? is the magnetic susceptibility in ;. The first consequence of this assumption
is that on each €; we have rot M = (. The second one is that the interface conditions

in (5) take the form

[B' An] = js, (7)
where
i = Dom]y, BoAm) = (x) — X)) (Bo An). (®)

We can check that div jy,; = 0, so that jy,; can be interpreted as a fictitious surface
current density over the surface X;;. Finally, we look for B’ such that

divB' = 0  in RS,
rotB" = 0 ineach Qi€ {1,...,N+1}, (9)
[B'An] = jz;;  at the interfaces ¥y, (4,5) € T.
2.2 The integral formula for the magnetic field

Our method originates from the Biot and Savart law that states the solution to problem (9)
can be expressed as, see [16],

I . r(P,Q) o

where r(P,Q) = PQ. This relation is valid in any point P that doesn’t belong to any
of the interfaces ¥;;. However, it is not convenient for numerical purposes in its present
form and we use the following vector identity to transform relation (10) in a more suitable
form: if u, v, w denote three vectors in R? we have

(v/\w)/\u: (u-v)w—(u-w)v.
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It follows that

(Bo An) A 1‘3(P,Q) _ (r(P,Q) 'Bo) . (r(P,Q) _n) B,

r3(P, Q) r3(P, Q) r3(P, Q)
and the solution to problem (9) given by (10) is

=) = g 3 bl {- [ (58

(3,9)eT

+ //E] (;((’;,"2) -B0> n daQ}. (11)

As the source magnetic field Bg is constant, the first integral term in (11) reads

1
e () o

n) By dog

(4,9)€Z
! // -nd B
= T El (P, ) 9q 0
4 (id) EI i)y T (P, Q
Xxm(P) Bg if PeQ
{ 0 if P¢Q -~ (12)

Indeed, if S is a close surface then the integral

1 r(P,Q)
A(P,S) = E//S .0) -n doy

is the so-called “solid angle” whose value is

| -1 if PeV
A(P’S)_{ 0 if P¢V

where V' denotes the domain enclosed in S.
Finally, the Biot and Savart integral (10) had been transformed into the following
expressions. If P belongs to {2 but at none of the interfaces 3;;, then

B'(P) = xm(P) BO+E [xm]s;, / / (r3 B0>ndaQ

e L ] (3

If P belongs to one of the interface Eij, then B(P) is undefined. The reason being
that the magnetic induction is not continuous across boundaries of medium of different
susceptibilities, see equations (5). If P belongs to the exterior domain Qy 41 then

B'(P) = — Z Xm]s,, // (T?, Bo)ndaQ

(m JET

B 47r2 (k//a (

Thus in both cases, the computation of the magnetic field perturbation B’ turned to the
calculation of the following surface integrals over the boundaries 0Q, k =1,... , N,

T, = //ank (Tﬂ((’;”‘g) -B0> n dog. (15)

Bo) n do,,. (13)

B0> n do,. (14)




3 The computational method

3.1 Overview of the method

We assume that each boundary 0Q,k = 1,--- , N has a parametrization Fj, : D — 0,
where D is a polygonal domain in the plane which is 2 times continuously differentiable
(or that it can be decomposed in an union of smooth closed surfaces having this property).
To the polygonal domain D, we associate a triangulation Ty, Th, = {K,, 1 < i < N} where
K; are triangles in the plane. The mesh size h of the triangulation is defined by

h = max diam(K;) where diam(K;)= max |P—Q),

1<i<N P,QEI?i

with | | being the usual euclidian norm. The parameters h and N are linked by the relation
N = O(1/h?). Without loss of generality, we can assume that the polygonal domain D
is a right-angled, isosceles triangle and that the triangulation T\h of D is composed of N
right-angled, isosceles triangles. A triangulation 7}, of the surface 0{); can be obtained
from the triangulation fh of the polygonal domain D through the parametrization F,
each element K in T}, (with vertices v1,v9,v3) being the image of a triangle KinT, (with
vertices 01, 03,03 such that v; = F(v;),7 = 1,2,3). Thus we can write Z, as

=) // <r3 B0> n do,. (16)

KeTy,

As the elements K in T}, are curved triangles in the space, it is not in general possible to
proceed to an exact calculation of 7. We then compute an approximation of 7 by using
a piecewise linear interpolation of the surface 9. The approximated surface 9§} will
be composed of flat triangles K in the space that are obtained as the linear interpolants
of the curved triangular elements K in 7. We denote by T} the triangulation of 0
obtained in this way. We have

o= |J K~ |J K=00. (17)

KEeT, ReT,

If K € T, is the image of the triangle K € Th through the parametrization F', the
corresponding triangle K € Th is the image of K through the linear interpolant F of F
over K. It follows that the integral Z; over the boundary 0{}; can be approximated by
the following integral over the approximate boundary 9

7= [ gy o) mare= > [ (55

Since the triangles K e fh are flat, the normal vector n is constant on each triangle K.
Moreover as the magnetic field By is constant in strength and direction, Z; may be written

LR (Bo (f[ 552 a00) ) . (19)

Thus, the problem now reduces to the computation of the following integral over each

triangle K € T},
T I‘(P, Q)
P) = doo. 20
) / /f( r3(p,Q)  © (20)

BO) ndo,.  (18)




There are several ways to compute analytically this integral, see [17] or [18] for instance.
Of course, in the implementation of the method, we only use the triangulation th of éh/k
and never refer to the exact boundary d€}, nor to the triangulations T} and T\h. The
triangulation T}, is generated using standard commercial meshing softwares, see Figure
13.

The only approximation in the method stands in the way the surface €2 is approached
by the surface 9€2. It is obvious that the approximation of the surface 92 becomes more
and more accurate as the number of triangles increases and therefore that Z tends to Zy
when h tends to zero. In the next section, we investigate the way Z, converges to Z,
that is to say how the approximation error is controlled by the size of the triangles (or
equivalently by the number of triangles).

3.2 Error estimate for the method

In order to study the approximation error in computing the magnetic field perturbation
with the method presented in the previous section we follow the general method presented
in [19]. A similar error analysis is presented in [15] when the surface is approached using
piecewise quadratic interpolation. The approximation error related to the computation of
the integral over the interface 0€); is given by

Ex(P) = //ank ®(P,Q)n dog — //5076 ®(pP,Q)n dog (21)

where we have set

r(r,Q)
r3(P, Q)

With the notations of section 3.1, it is clear that the error estimate consists of studying

By(P)= 3 {//I;(A)Q)(P,Q)ndUQ—//I;(I?)@(P,Q)ndUQ} =Y (). (23)

A~ ~ K A~
KeTy, KeTy,

d:(r,Q) €R— Bo. (22)

Our goal is now to carefully overestimate the local error ez (P).

We introduce the reference element o defined by o = {(s,t) € [0,1]> | 0 < s+t < 1}
and denote by p1, p2 and ps its vertices, see Figure 2. For all K € T}, with K = F(I? ), we
define the mapping mg by:

V(s,t) €0 mg(s,t) = F(L1i(s,t)v1 + La(s, t)va + Ls(s,t)vs), (24)

where L; , j € {1,2,3}, denote the j* basis function for the linear Lagrange interpolation
over the unit simplex 0. Namely, for all (s,t) € o, we have

Li(s,t) =1—(s+1), Ly(s,t) = s, L3(s,t) =t. (25)

We denote by z'(s,t) the i component of mg(s,t) for i € {1,2,3}. A straightforward
calculation shows that K is the image of o by mx where the mapping my is defined for
all (s,t) € o by:

3
’I%K(S,t) = ﬁ(Ll(sat)al + LQ(Sat)’b\? + L3(Sat)63) = ZmK(pJ) Lj(S,t), (26)
j=1



Figure 2: Notation used in the error analysis.

If we denote by #'(s,t) the i*" component of mx(s,t) we have
Zx p;) Lj(s,t) = 2°(0,0) L1 (s, ) 4+ 2*(1,0) La(s, t) + £(0, 1) L3(s,1).  (27)

In the followmg, we refer to the derivation with respect to the variable s by Jds or by the
subscript s and set ®p(.) = ®(P,.). Introducing the change in variables defined by mg

and M, the local error ez (P) may be written as

ep(P) = //FA &(pP,Q)n dog — // ®(pP,Q)n dog
- / / pmic(s,8) (Bsmic(s,t) A Oymc(s, 1)) —

O p (s (s, 1)) (Bsiic (s, 1) A yinse(5,1)) ) ds dt. (28)

The local error is decomposed into two terms:

ez (P) = ¢, zg(P) + ey z(P), (29)

where

eriP) = [ ortmits.)

(35m1((s, £) A Bymic(s,t) — it (s,) A ath(s,t)) ds dt, (30)

e, z(P) = //(@P(mK(s,t))—cpp(mK(s,t))) y
Oy (5,8) A By (s,1)) ds d. (31)



The first term gives the error when approximating the normal to the surface and the
second one the error when computing the integrand on the approximated surface. We
start with an estimate on each triangle between the normal to the surface and the normal
to the approximated surface.

Lemma 1 For each triangle K € Ty, and for all (s,t) € o, we have:
asmK(sat) A 8th(Sa t) - as'ﬁiK(sat) A ath(s’t) = O(h3)

Proof We set e,(s,t) = Osmi(s,t)ANOymi(s,t) —O0smi(s,t) ANOym i (s,t). The component
1 of e, reads:
en(s,t) = @t (s, )z (s, 1) — 2P (s, )27 (s,0) — 3 (5,007 (s, 1)
+27 2 (s, 1), (s, 1), (32)

for i € {1,2,3} with the convention i +2=1ifi=2andi+1= Li+2=2 if1=3. To
get estimates for ey(s,t), we need to develop the functions z*(s,t) and Z*(s,t) according
to Taylor formula in a neighbourhood of (0,0). It is important to note that the first
derivatives of z* behave in O(h), the second derivatives of z* behave in O(h?) and so on.
Indeed the derivatives of z* with respect to (s, t) give rise to formula involving 92 — 97 and
93 — ¥1. For example

Osz'(s,t) = VF'((1—s—t)0y + sbg + tig) - (9o — 1) = O(h),

ox'(s,t) = VF'((1—s—t)dy + sig + td3) - (03 — 1) = O(h).
The Taylor expansion of z*(s,t) in a neighborhood of (0,0) gives:

t'(s,t) = 2(0,0) + sz%(0,0) + t%(0,0)

1 1
+2s%ﬂ (0,0) + stz*,(0,0) + 5
Then the function #*(s,t) in (27) admits the development:

#(s,t) = x%(0,0)Ly(s,t) + z'(1,0)Lo(s,t) + z'(0,1)Ls(s,t)

O)La(s,2) + (0,0 + 2(0,0) + 525,(0,0) + O(*) ) Las, 1)

t22%,(0,0) + O(h3). (33)

= .’L‘Z

©

(©
+(ac 0,0) + z1(0,0) + ;xtt(o 0) +O(h3))L3(s t)

= 2%0,0) + sz(0,0) + t(0,0) + %swis(0,0) + %m;’t(o,o) + Oh3). (34)

We make the difference z?(s,t) — (s, t) in (33) and (34) to obtain

z'(s,t) = @' (s, t) + H'(s,t) + O(h%), (35)

where
Hi(s,t) = %((32 — 8)73,(0,0) + 2st1,(0,0) + (1 — 1),(0,0)) (36)

behaves in O(h?). Equation (35) permits to express €' (s, ) as

e (s,t) = Ei(s,t) + O(h%) (37)

where

Ei(s,t) = z10,0)H2(s,t) + z72(0,0)HE (s, 1) — 2572(0,0)H{ T (s, 1)

—z1(0,0)H 2 (s, 1) (38)
is a collection of term which are of order 3 in h. o



The next step in our error analysis uses the notion of pair of symmetric trlangles
introduced by D. Chien in [19]. We call palr of symmetric triangles, two triangles K, K, €
T, with vertices v1,vs,73 and 1, Vs, U5 respectively, having the following property, see
Figure 2,

-0y = — (0) — ),
~ o~ o~ 39
{ v —v3 = — (D) —s). (39)

If the triangulation Th of the polygonal domain D (assumed to be a right-angled isosceles
triangle) is composed of N = 7? right-angled, isosceles triangles, then it is shown in [15]
that there exists % (7]2 — 77) pairs of symmetric triangles and 7 unmatched triangles if 7 is
odd and there exists 3(n? — 3n + 2) pairs of symmetric triangles and 37 — 2 unmatched
triangles if 7 is even. The key result in our error analysis is given in Lemma 2. It states
that a cancellation happen among the local error terms from two symmetric triangles.

Lemma 2 Let I?l € Th and I?g € fh be a pair of symmetric triangles, then

Bi(s,0)|z, = —Bi(s,t)lz, V(st) €. (40)

Proof Let v1,v2, 03 and 01,04, 05 be the vertices of the two triangles IA{l and IA{Q as shown
in Figure 2. Let (a;, b;) denote the coordinates of v;. We have

ay —a2 = Qa4 —ai, bl—bg = b4—b1, (41)
al —a3 = a5 — ai, b1—b3 = b5—b1.
Then for all 7 € {1, 2,3},
85$i(0,0)|1?1 = (a3 — al) BlFi(al, bl) + (b3 — bl) 82Fi(a1,b1)
= —(a5 - (11) 61Fi(a1,b1) - (b5 - bl) 82Fi(a1,b1)
= —052"(0,0)[,- (42)
A similar development leads to 9;z*(0,0)| 7= —04z*(0,0)| %, and
833 .’121(0,0)‘[’(*1 = 3523 mi(050)|]’€25 ast T ( )| ast T ( 50)|]’€21 (43)
d 2*(0,0)|z, = 9% '(0,0)|,- (44)
This last result combined with (36) shows that H3(s,?)| R = Hi(s,t)| ,- The result given
in the lemma is then obvious from (38) and (43), (44). o

Lemma 3 The global error E1(P) = Z e, #(P) behaves in O(h?).
I?th

Proof The local error e, z on the element K is given by (30). A Taylor expansion of
Sp(mi(s,t)) at (s,t) = (0,0) leads to:

®p(mk(s,t)) = 2p(mk(0,0)) + O(h). (45)

Using Lemma, 1 and equation (37), we get the following expression for the i component
of e, »:
1,K

¢ o(P) = / B p(mic(0,0)) Ei(s,t) ds dt + O(h). (46)

10



Due to pairs of symmetric triangles, cancellation will occur among the terms contributing
to the error. Let us consider a pair of symmetric triangles K; and Ko and their corre-
sponding images K; and Ko in T. We have ®p(mg, (0,0)) = ®p(mk,(0,0)) and from
lemma 2, E5(s,t)|z, = —E5(s,t)|,- It follows that the quantity
/ B p(mic(0,0)) Ei(s,t) ds dt (47)
g

from two symetric triangles cancels giving

iz ter = O(RY). (48)
To conclude, we use the assumption made on the structured triangulation of D. We split
the global error E; into two sums. One corresponding to the pairs of symetric triangles
for which the local error behaves in O(h*). The number of pairs of symetric triangles is
proportionnal to 2 = N and behaves in O(1/h?). Thus this sum over the pairs of symetric
triangles behaves in O(h?). The second sum corresponds to the triangles that can’t be
matched for which the local error behaves in O(h®). The numbers of such triangles is
proportionnal to 7 = v/N and behaves in O(1/h). Thus this sum over the unmatched
triangles behaves in O(h?) as well. In other terms we write:

Ei(P) = Y epP)= Y egP) + Y e zP

KeTy, matched unmatched
triangles triangles
= O(n*) O(h*) + O(n) O(h*)
= O(h H)O(h*) + O(h 1 O(h?) = O(h?). (49)

Lemma 4 The global error Ey(P) = Z e, =(P) behaves in O(h?).

I?ET}L
Proof The local error e, » on the element K is given by (30). A Taylor expansion of

Dp(mi(s,t)) at (s,t) = (6,0) leads to:

@p(mK(s,t)) = (I)p(mK(O,O)) +s V@p(mK(O,O)) . 85mK(O, 0)
+t V®p(mx(0,0)) - 8;mi(0,0) + O(h?), (50)

whereas a Taylor expansion of ®p(mi(s,t)) at (s,t) = (0,0) leads to

(I)p(’ffLK(s,t)) = (I)P(T%K(0,0)
+t VOp(mg

) + 5 Vep(mk(0,0)) - 8smk(0,0)
(0,0)) - 8,k (0,0) + O(h?). (51)
We have mg(0,0) = mg(0,0) and

dsmp(0,0) = By (0,0) + O(h?), Jymg(0,0) = dymg(0,0) + O(h?).
It follows that ®p(mi(s,t)) — ®p(mi(s,t)) = O(h?). As well,

95k (s,t) A Oy (s, t) = Osmuk (0,0) A Gk (0,0) + O(h%) = O(R?). (52)
Thus the local error e, 7 behaves in O(h*) and the sum over the N = O(h?) triangles of

the triangulation, gives Eq(P) = O(h?). o
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Collecting the results of both Lemmas 3 and 4, we easily deduce Proposition 1.

Proposition 1 The error Ey(P) in approzimating

5= ff (B8 m)wans w0 - [ (28 m) wa,

as presented in section 3.1 behaves in O(h?) where h is the mesh size of the triangulation

of 5?2/;6

So far we have fixed the point P and got estimates for the error Ex(P). We know that
the integrand ®p behaves like 1/d? where d is the distance from P to the interface 9.
Thus if the point P is at a distance O(h) from the interface 092 then Ex(P) = O(1). That
means that for a given triangulation of the interface 02, the error isn’t proportionnal to
h? anymore when P is very close to the interface. This lack of accuracy of the method for
points very close to the interface is not so harmful since these points are in an area where
the approximation of the interface 0€2; by 0€; leads to uncertainty on their belonging to
the domain €.

4 Results

In this section we first validate the accuracy of the method and illustrate some of its
properties in the case where the sample is a ball made of diamagnetic or paramagnetic
material. For this simple geometry, an analytical expression for the induced magnetic field
is available, see [16] for instance. As well, we illustrate the convergence rate of the method
by varying the mesh resolution of the ball boundary and give results on the computation
time obtained on a single computer and on a computer cluster. Finally, we present results
obtained on a hollow ball and on a human head.

4.1 Validation of the method

The proposed method is validated with the case of a ball for which the exact values of the
induced magnetic field is known, see [16]. The ball has a radius of 3 cm and is embedded
in a magnetic field Bg of 1 Tesla. The ball boundary is meshed using 10080 triangles.
We have tested two different materials for the ball: one with diamagnetic properties
(xm = —9.05 107%) and the other one with paramagnetic properties (x,, = 107*). We
have computed the magnetic field perturbation along a scan line oriented perpendicularly
to the static field By and passing through the center of the ball. Figures 3 and 5 show
the component of the induced magnetic field along Bg. We observe in the two cases that
the numerical solutions and the exact one coincide. The error between the numerically
computed field and the exact one rapidly decreases as the distance from the boundary
increases. The maximal error is located on the vicinity of the object boundary but is lower
than 0.6 percent of the computed field for both materials : 0.018 pT for the diamagnetic
material (see Figure 4) and 0.19 pT for the paramagnetic one (see Figure 6). First, we
can notice that the error does not depend on the magnetic material involved since our
method does not used any approximation nor assumption on the susceptibility range of
values. Furthermore, the only approximation of the method lies in the way the interfaces
between domains of different susceptibilities is approached using the mesh. This explains
why the error is larger closed to the boundary than far away of it. The defect in the
surface approximation is greater for a point close to the boundary than for a point at a
large distance of it. This phenomenon is in a complete accordance with the analysis of the
error behavior for our method presented in section 3.2.
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Figure 3: Magnetic field perturbation along a scan line oriented in a direction orthogonal
to the magnetic field Bg (1 T.) and passing through the center of a ball of water (x,, =
—9.05107%) of radius 3 cm. The numerical computation is done using 10080 triangles for
the mesh of the ball surface.

4.2 Convergence rate

To illustrate the behavior of the method as the number of triangles increases, we consider a
point P at a different distances from the center of the ball. The magnetic field perturbation
B’ is computed with meshes having an increasing number of triangles from 48 to 10080.
We calculate in each case the error between the exact and the numerically computed
magnetic field perturbation B’. In Figures 7 and 8, we present the logarithm of the error
E versus the logarithm of the number N of triangles for points chosen outside the ball (see
Figure 7) and points chosen inside the ball (see Figure 8). In the two cases the error is
proportionnal to 1/N or equivalently to h2. This is in complete agreement with the results
of the error analysis given in section 3.2. One can see from Figure 7 that the constant
of proportionnality between the error and 1/N varies as a function of the distance to
the sphere. This is in connection with the fact that the intensity of the magnetic field
perturbation B’ rapidly decreases as the distance to the sphere increases. On the contrary,
the constants of proportionnality are the same for the three points chosen inside the ball
since the magnetic field perturbation B’ is constant inside the ball. As mentioned in
the error analysis, the integrand ®p behaves like 1/d? where d is the distance from P
to the interface 0. The consequence is a lesser accuracy of the method for points at
a distance of the boundary comparable to h. This explains in Figure 8 the behavior of
the curve for the point the closest to the boundary for small values of N. Such points
inside the ball and closed to the boundary do not ”view” the boundary approximation
with the same accuracy than the outside points or or than the inside points far from
the boundary. As a consequence, they are more sensible to the surface approximation.
However, even if the error is more important for small values of N it lessens quickly as N
increases. Finally, these results illustrate the fact that the error in our method depends
only on the surface approximation and decreases linearly with the number of triangles.
The numerical precision of the method can be determined in advance when choosing the
number of triangles describing the boundaries.
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Figure 4: Difference between the exact and the numerically computed magnetic field
perturbation in the situation of Figure 3.
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Figure 5: Magnetic field perturbation along a scan line oriented in a direction orthogonal
to the magnetic field By (1 T.) an passing through the center of a paramagnetic ball
(xm = 41073) of radius 3 cm. The numerical computation is done using 10080 triangles
for the mesh of the ball surface.
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Figure 7: Logarithm of error between the exact and the numerically computed magnetic

field perturbation as a function of the logarithm of the number of triangles for points
outside the ball and located at different distances from the center of the ball of radius R.
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4.3 Computation time and parallelization

Equation (18) clearly shows that the computation of the magnetic field perturbation B’
in a point P is obtained by a summation over the triangles of the triangulation. As a
consequence, the computation time 7, needed to evaluate B’ in one point depends linearly
of the time 7x required to compute the integral over one triangle in the following way

T, =N X T (53)

where N is the number of triangles in the triangulation of the boundaries. The total time
T needed to compute the magnetic field perturbation B’ in a volume of interest involving
(X xY x Z) voxels is given by :

T=XxY xZxN X 1g. (54)

This linear dependance of the computation time on the number of triangles is illustrated
in Figure 9 where we give the time required to compute the magnetic field perturbation
in 256 points for different meshes with an increasing number of triangles.

Since the magnetic field perturbation is computed by summing the contribution of all
the triangles of the triangulation, the computation algorithm is simple to parallelize with
a "divide and conquer” parallelization scheme. We have implemented a parallel version
of the computation method on a 8 PC Cluster using MPI (www-unix.mcs.anl.gov/mpi).
Each node in the cluster receives one eighth of the triangles and computes their contribu-
tions (ie: the related integrals) at each point of the volume of interest. At the end of the
process, one node gets all the contributions and sums them. Using this simple paralleliza-
tion process divides the computation time by a factor equal to the number of computation
nodes.
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N: Number of triangles

Figure 9: Computation time of the magnetic field perturbation in 256 points on Pentium
IV 2.4 Ghz computer as a function of the number of triangles.

4.4 Test example of a hollow ball

In [20] the authors show that a judicious association of selected paramagnetic and diamag-
netic material in a hollow ball can completely cancel the induced magnetic field outside
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the ball. They propose this dual component approach as a way of reducing artifacts gen-
erated by implanted metallic objects. We have tested our method in the case of an hollow
ball with the values given in [20]. A spherical shell of titanium (with external radius of
3.6 cm and magnetic sucseptibility x,, = 23 10™*) encapsulates a smaller ball of bismuth
(with radius of 3.1 cm and sucseptibility x,, = —11.9 10~*). This object is magnetized
by a static magnetic field Bg of 1 Tesla. Figures 10 and 11 show the componenent of the
magnetic field perturbation along B¢ obtained by our computational method when each of
the spherical surfaces is meshed with 966 triangles. One can note that outside the ball, the
field cancell despite the high magnetic field observed inside the ball (see Figure 12). These
results are in concordance with those given in [20] and contribute to validate our computa-
tion algorithm with two different surfaces corresponding to an interface air/titanium and
an interface titatium/bismuth and involving paramagnetic and diamagnetic materials.

1200
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-600

Figure 10: Induced magnetic field (in p7') on a central slice perpandicular to By for a
hollow ball associating titanium (x,, = 23 10~%) and bismuth (x,, = —11.9 10~%)

<3000
12500

42000

1500

1000

500

-500

Figure 11: Induced magnetic field (in x7T') on a central slice parallel to Bg for an hollow
ball associating titanium (y,, = 23 10~*) and bismuth (x,, = —11.9 10~%)
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Figure 12: Induced magnetic field (in pT') observed on a scan line passing through the
center of the hollow ball and perpandicular to the magnetic field Bg (XY slice, dot line)
and parallel to Bg (XZ slice, solid line).

4.5 Test on a human head

In a last numerical experiment, we have applied our method to compute the field induced
by the susceptibility variations between the air and a human head. We use the Montreal
brain phantom [21] and the Marching cube algorithm [22] to get a mesh description by
31064 triangles of the interface head/air including nasal fossa and ears, see Figure 13.
Using a single Pentium IV 2.4 Ghz, the computation of the magnetic field perturbation
on a slice of 256x256 points requires 20 hours. We present the magnetic field perturbation
obtained on a sagital slice (Figure 14), on a frontal slice (Figure 16), and on an axial slice
(Figure 15). These figures clearly show the variation of the magnetic field inside the head
due to the high magnetic susceptibility variation between the air in the nasal fossa and
the surrounding tissue.
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Figure 13: Interface between a head and air defined by a mesh of 31064 triangles.

Figure 14: Induced magnetic field in x4T" on a sagital slice of the brain crossing the nasal
fossa.
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Figure 15: Induced magnetic field in 47" on a frontal slice of the brain crossing the internal
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Figure 16: Induced magnetic field in 47" on an axial slice of the brain crossing the nasal
fossa.
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5 Conclusion

In this paper, we have proposed an analytic method to compute MRI susceptibility induced
magnetic field inhomogeneities. Our approach is based on a description of the susceptibility
interfaces. It does not make any assumption on the range of the susceptibility values
or on the direction of the static field. The easy parallelization of the method makes
the proposed approach usable on large data set. Furthermore, since the surface integral
involved in the perturbed field computation is computed exactly, the perturbed field could
be estimated with a given precision by adjusting only the mesh of the involved surfaces.
Such a property has to be explored on further works to define a multiresolution method
based on multiresolution meshes, see [23],[24]. For instance, to compute the perturbed
field for points far from the interfaces, a coarse mesh could be used and inversely a fine
version of the mesh for points close to the interface.
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Appendix

In this appendix we give the exact values of the integrals involved in our method.
Consider a triangle K having its vertices at the points Q1,Q2, Q3. Let Q¢ be the
projection of the point P on the plane defined by K. We introduce the following triangles:

Kl = {QO’QlaQZ}aKQ = {QO&Q?,Q?)},KES = {Q07Q3’Q1}’ s€€ Figure 17.

P,

| a1
QL

I

Q3

Figure 17: Decomposition of triangle K.

We can decompose the integral over K in a sum of three integrals over Ki, Ko, K3 in
the following way

//K T%(P,Q) dog = sign(,\l(QO))//K1 %(P’ Q) dog
+sign(ha(Qu) [ /K Zina) ang

+sign(a(Q) [[ T5(r.a) dog (55)

where A;(Qo) denotes the area co-ordinates of the triangle K for the point Q. Let us
consider the i* integral in (55) (i € {1,2,3}) and denote by {Qo, Q;, Q;} the vertices of
the triangle K.

Consider the coordinate system, see figure 18, with origin ()¢9 and orthogonal basis
vectors e1, e2 and eg such that e; is the unitary vector in the direction QgQ;, e2 is
the unitary vector orthogonal to e; in the plane define by triangle K; with the condition
ez QoQ; > 0 and ez = ey A ez2. In this coordinate system the vertices are defined by:
Qo : (0,0), Q; : (z4,0) with z; > 0, Q; : (z;,y;) with y; > 0. Let (z,y) be the coordinates
of @Qand h=Q¢P -z, thenr=QP =-ze; —yex+hes.

The coordinates of the vector valued integral R = / / %(P, Q) dog in the local
KT
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Q0 Qi

Figure 18: The new local coordinate system.

coordinate system (e1, ez, e3) , are

—T
dz dy
// w2+y +h2)3/2
dz dy | 56
/ 356 z? + y? +h2 Y (56)

Ry = // —Y dz dy
’ K; (22 +y2 + h2)*?
1
J/E e ——— o
K; 0Y /22 + 42 + h?

1
Ry = h// dz dy . 58
’ K; (22 +y2 + h2)*? (5%)

Once these integrals are computed, the reciprocal mapping is used to get the vector R in
the original coordinate system.

When using a parametrization of the triangle K;, the first two integrals can be ex-
pressed by considering the following antiderivative

1
V(@2 + 1)u? + 2abu + b2 + h2

F(a,b,u) =

1
= — ln{\/(a2 + 1)u? + 2abu + b% + h?
a’+1

ab
+vVa?+1u+ 7} 59
VT o)

For y; # 0 and z; # z; we introduce the parameters
AlzﬁaAQZx]_xi’Afi:_ Tl - (60)

Yj Yy Tj — Ty

We get

Ry = F(A2,7i,y5) — F(A2,74,0) — F(A1,0,9;)
+F()\1,0,0) , (61)

1 1
R2 = F(—,O,.T]) _F(—,0,0) +F(07070)
A A
1 1
+F(—,>\3,Z1j) _F(_aASaxj) - F(anaxz) - (62)
A2 Ao
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If y; # 0 and z; = x; then the expression for R; and R reads

Rl = F(Oaxzayj) —F(O,J)z‘,O) _F()‘laanj) +F()‘150a0) ) (63)
1 1

Ry = F(A_aO,Jjj) _F(A_,OaO) +F(050,0) _F(OaO,in) . (64)
1 1

If y; = 0 then R; = 0 and Ry = 0.

The third integral is much more complicated to handle and the method used depends
on the shape of the triangle. We refer to [25], page 81, for a description of the method.
We integrate once in z (16) and get

R3 = G(/\Q,Q?i) - G(/\l,O) s (65)
where
Yi b) d
Glab) = h / ’ (ay +b) dy . (66)
o (y2+h?) Vy%a® +y? + 2aby + b% + h?
In order to express the algebraic form of G, we introduce the function
VB2 h2a2
Atg(t) = tan ! b et (67)

iy S
2 272
7a(h a = by;) and tp= ﬂ.
b(ayj +b) b2
Depending on the parameters a and b corresponding to the shape of the triangle, we
distinguish six cases.
If ab # 0 we have
e Case 1: a > 0,

Let t; =

G(a,b) = —%(Atg(tj) ~ Atg(to). (68)
e Case 2: a <0 and y; < —g,
Gla,b) = - (Atg(t;) — Atg(to)). (69)

|h]

b
e Case 3: a <0 and y; > )

h
G(a,b) = _W(Atg(tj) + Atg(to))- (70)
If ab = 0 we have
e Case 4: a =0 and b # 0,
G(a,b) = itann_1 by . (71)
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e Case 5: a #0 and b =0,

ah _ (a? + 1)y3 + h? (1
G(a,b) = Tah] tan~! \/ a2h; —tan™! ((a> . (72)

e Case 6: a=0and b=0,
G(a,b) =0. (73)

The above analytical expressions have been validated by comparing the obtained values
to results computed by using the quadrature rule.
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