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Magnetostatic field computations based on the
coupling of finite element and integral
representation methods

Stéphane Balac, Gabriel Caloz

Abstract—We present an original method to compute the
magnetic field generated by some electromagnetic device
through the coupling of an integral representation formula
and a finite element method. The unbounded three dimen-
sional magnetostatic problem is formulated in terms of the
reduced scalar potential. Through an integral representa-
tion formula, an equivalent problem is set in a bounded
domain and discretized using a standard finite element
method. As a byproduct an integral representation formula
is proposed to compute the magnetic field in any point of the
space from the reduced scalar potential without numerical
differentiation.

I. INTRODUCTION

Our goal is to present an original method, and to com-
pare it to classical ones, in order to compute the mag-
netic field generated by an electromagnetic device made of
a weak ferromagnetic material. Nowadays a lot of work
has been done in magnetostatics and numerous numerical
methods are known to solve such problems. The choice of
the physical unknown either the magnetic strength H, or
the magnetic induction B, or the magnetic potential, the
choice of the numerical approximation methods either finite
difference (FD) or finite element (FEM) or boundary ele-
ment (BEM) methods will lead to many different schemes.
Each one has its own advantages and drawbacks, see [9],
[5], for the choice of the unknowns, [1], [10] for (FEM), and
[3] for (BEM).

However as the problem is set in an unbounded domain,
an artificial boundary is generally introduced at a finite dis-
tance from the electromagnetic device to use (FEM) meth-
ods. Thus the behavior of the solution at infinity is han-
dled through an approximate boundary condition set on
this artificial boundary [2]. On the other hand we have
the boundary element method where an integral represen-
tation formula is used to write the problem as an integral
equation on the boundary of the device. As a drawback of
this method we need to compute nearly singular integrals
which require the use of elaborated quadrature schemes. It
can also be irrelevant to use the integral representation for-
mulae to compute the solution in a large number of points
in the interior or exterior domains.

Here we present a third way to compute the magnetic
unknowns through the coupling of a finite element method
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with an integral representation formula. Namely, an in-
tegral representation formula is used to take into account
the behavior of the solution in the exterior domain while
a finite element approximation is used in the interior do-
main. This approach is now classical and there exist dif-
ferent ways to write the coupled problem. The one we use
originates from the work of A. Jami and M. Lenoir in the
field of hydrodynamics, see [8]. The magnetostatic prob-
lem is written using the reduced scalar potential [9], [5].
The basic idea of the method is to bound the exterior do-
main using an artificial boundary that can be close to the
device boundary but always distinct from it. The bound-
ary condition to set on this artificial boundary is obtained
using a boundary integral representation formula of the so-
lution, the support for the integral representation being the
device boundary. As the two boundaries are distinct, all
the involved integrals are regular and standard quadrature
schemes are used. The magnetic potential in the interior
domain surrounded by the artificial boundary is computed
using a standard finite element approximation. Then we
use an integral representation formula, deduced from the
one for the potential, to compute the magnetic field in any
point of the space. This computation is achieved through
the evaluation of a surface integral without numerical dif-
ferentiation and therefore without any loss of accuracy.

Our method reconciles the advantages of both (FEM)
and (BEM). The behavior of the solution at infinity is han-
dled exactly by an exact boundary condition set on an ar-
tificial boundary. As the artificial boundary and the device
boundary differ, all the involved integrals are regular.

Our computational approach is well suited for shape op-
timization where the area of interest is often well localized,
the air-gap of an electromagnet for instance. The coupling
boundary can be chosen close to the electromagnetic de-
vice to reduce the size of the interior domain where the
finite element method is employed. The magnetic field at
the node on the control surface can be computed efficiently
using the integral representation formula.

The content of the paper is the following. Section 2 is
devoted to the magnetostatic problem, the coupling proce-
dure, and the approximation scheme. In section 3 the im-
plementation is addressed and two examples are detailed,
while a conclusion ends the paper.

We denote by 1.2(2), Q C R?, the set of square integral
functions over 2 and by H™(Q2) m > 1 the set of square
integral functions over (2 having their first m derivatives
in L2 (). If ¢ is a function defined over R®, we denote by
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) | o its restriction to the domain Q and by [¢] its jump
across the interface.

II. THE MAGNETOSTATIC PROBLEM

To compute the magnetic field induced by a magnet com-
posed of a weakly ferromagnetic core and an inductor char-
acterized by a time independent density current j in a three
dimensional geometry, we start from the basic equations of
linear magnetostatics. It is classical to deduce a mathe-
matical problem for the reduced scalar magnetic potential,
denoted ¢ here. In the sequel Q represents the bounded
set containing a weakly ferromagnetic material, y its rela-
tive magnetic permeability. The boundary of Q is denoted
by ¥ and its complement Q°. The magnetic field H is ex-
pressed as the sum of the field generated by the coils Hg
and of the reaction of the ferromagnetic piece, of the form
H,, =—Ve.

A. The reduced scalar potential problem

The problem reads : find ¢ such that

Agp = 0 in Q and QF
(1)
W) = (w-1g o 3,

with g(z) = Hg(2) - n(z) for £ € ¥ and n the unit outward
normal to the surface X. In the sequel g will be considered
as a given function since Hg can be easily computed.

Problem (1) is unfit for numerical computation as it is
set in the whole space. We present a way to reduce it to
an equivalent problem set over a bounded domain.

B. Integral representation formulae

Let G denote the Green function associated to the three
dimensional Laplacian, G(z,y) = m for z,y €
R3,z # y, and G, denote its normal derivative on X.

The magnetic potential ¢ is harmonic in the exterior
domain Q°, so the Green representation formula, together
with the second Green identity and the interface conditions,
leads to

o) = (u—1) / 9(z) G(z,y) do(z)

—(u-1) / o) Gule,y) do(@).  (2)

Let I" be an artificial surface surrounding Q2. We define a
family D*, A > 0 of boundary differential operators on T

by D u = g—z + Au. (From (2) we have for y in T,

Doy) = (u—1) / 9(2) D’G(z,y) dolz) (3)
~(u—1) / o(x) D Gn(z,y) do(2).

Relation (3) will be used as boundary condition on T". Prob-

394
lem (1) is equivalent to : find ¢ € H! (Qr) such that
([ A¢pg=0 in Q,
A¢ =0 in QE[‘,
0¢ 0¢
9@ _ 92 _ N
CHonla  onlag 7 % (4)

DA(y) = (u—1) / 9(z) D G(z,y) do(z)

~(u=1) /E $(z) D Gp(z,y) do(z) on T,

\

the solutions ¢ to (1) and ¢ to (4) coincide in Qr, the
bounded domain inside T, and Qr = QU Qsr. Moreover
 could be computed in any point in Qff using (2). In the
subsection (II-E) below we will present a way to use this
formula.

C. Variational formulation

To dicretize problem (4) it is convenient to write it in
variational form. It is not difficult to check that its varia-
tional formulation reads : find ¢ € H! (Qr) such that,

P (gw) + BN6,0) = W) VEeH (),  (5)
where we define the bilinear forms b* k* : H!(Qr) x
H! (Qp) — R by

Bow) = [ Vo-Vodot [ Vovyds

Q Qsr
A d
A [ovar (6)
kK = (p-
@0) = =1 [ v {
[ #@) D*Gulay) do(@)} dra), ™

and the linear form f* : H! (Qr) — R by

A = — o
P = 1)[2gwd

=1 [ v0) { [ s2) DGt da(w)} o). (®)

Clearly the bilinear form b* is continuous and elliptic
on H! (Qr). The continuous bilinear form d* + k* is not
elliptic on H! (Qr) (due to k*) but it can be considered as
a compact perturbation of a continuous elliptic operator
on H!' (Qr), which ensure existence and uniqueness of the
solution.

In [6] a similar problem is analyzed through a different
coupling of a boundary integral method and a finite ele-
ment method. The authors introduce a mixte variational

onlr

D. Finite element approximation

formulation using A = as unknown.

Let Ty, be a triangulation over the domain Qr of Lagrange
type k isoparametric finite elements that fits the interface
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Fig. 1. Sparsity pattern for the symmetric matrix B (on the left) and
K (on the right). As B is symmetric, only its lower part is shown.

3. Let Vj denote the Lagrange finite element approxima-
tion space over the triangulation 7,. We define b}, kj» the
bilinear forms over V}, that approximate the bilinear forms
b, k* over H' () and f; the linear form over Vj, that
approximate f*.

The (FE) discretization of (5) reads: find ¢p, € V}, such
that for all ¢, € V4,

br(Dn, ) + kp (Bn,vn) = 7 (1)
or find in matrix form ® € RV such that
B+K) = F.

In figure 1, the sparsity pattern for the two matrices is
shown. The matrix B is symmetric and sparse but the
matrix K is not.

We have investigated the behavior of the discretization
error. The study required a careful handling because of the
non-standard coupling terms in (5). Using Lagrange type
k isoparametric finite elements the discretization error is
proven to be of order O(h*). We refer to [7] for a way to
proceed.

E. Computation of the magnetic field

As a byproduct of our approach we get integral represen-
tation formulae to compute the potential or the magnetic
field in any point of the space. From the expression (2) for
, we can express H,, = —Vy as

Holy) = (u—1) / 9(2)V,G(z,y) do(z)

—(u-1) / 0(@)V,Gn(z,y) do(z).  (9)

Other ways to compute the magnetic field would generally
imply a loss of accuracy. While attractive, formula (9)
cannot be used as it is. For large values of u (u ~ 10%)
which is the case in most applications, the two terms in
the right-hand side nearly cancel. In fact we can write an
asymptotic for ¢,

1 1
P=¢ot —pr+ -—Spat---
p Iz

Fig. 2.  Mesh of the domain Qr. The 2 boundaries ¥ and I' are
represented.

where the functions g (x) can be characterized as solutions
of Neumann problems stated inside Q for z € 2, as solu-
tions of Dirichlet problems stated inside Qy for z € Qxr.
We can check the formula, for y € Q¢

Hoa(y) = (1 - ) / (¢ — 90) () Vy G, y) do(x). (10)

In practice we will compute @1, and ¢y if necessary, and
with (10) we deduce Hyy,.

I1I. NUMERICAL IMPLEMENTATION

The numerical implementation of the above method
is achieved using the numerical program MELINA de-
veloped at the Institut de Recherche Mathématique
de Rennes, University of Rennes 1 by D. Martin
(www.maths.univ-rennesl.fr/~dmartin/melina). It is
an open collection of Fortran libraries dedicated to the
solution of partial differential problem by finite element
method. All the computations were done on an INTEL
PIIT 700Mhz biprocessor personal computer.

A. A test example

We have considered the case where the domain {2 is the
ball of radius 1 cm and magnetic permeability pu = 103.
The inductor field Hg was assumed to be constant in in-
tensity and direction so that an exact expression for ¢ is
known. The coupling boundary I" was the sphere of radius
2 cm. We have meshed the bounded domain Qr with 3920
elements, see figure 2.

The computation of the reduced scalar potential required
39 seconds. The computation of the coupling terms was
fast (0.7 s). The major part of the time was spent in as-
sembling the matrix of the system (19.1 s) and in solving
the linear system (16.4 s). The quadratic error over the
domain was about 1%. Figure 3 shows the isolines for the
reduced scalar potential in the plane z = 0.

Using the integral representation formula (10) we have
computed the total magnetic field Hy, in 408 arbitrary
points. Computing the magnetic field from the potential
took 31.5 s, with 31.4 s dedicated to the resolution of the
intervening problems.
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Fig. 3. Isolines for the reduced scalar potential in the plane z = 0.

Fig. 4. Electromagnet which consists of a cylindrical core situated
inside a pair of coils.

B. Ezample of an electromagnetic device

We consider an electromagnet which consists of a cylin-
drical core situated inside a pair of coils, see figure 4. The
currents in the two coils are imposed in opposite direc-
tion and of constant density (1 A/mm?). The electro-
magnet core has the following physical and geometric fea-
tures: diameter: 1 cm, length: 3 cm, magnetic permeabil-
ity 4 = 10%. We have bounded the domain with a sphere
of radius 4 cm and have meshed the bounded domain Qp
with 5840 elements. The computation of the reduced scalar
potential required 136 s while the computation of the mag-
netic field in 570 arbitrary points took 107 s.

IV. CONCLUSION

A method to compute the static magnetic field gener-
ated by an electromagnetic device has been presented. The
unbounded magnetostatic problem for the reduced scalar
potential is solved through the coupling of an integral rep-
resentation formula with a finite element method. In our
approach, the coupling boundary is chosen close to the de-
vice boundary but distinct to avoid singular kernels in the
integrals. An integral representation formula is used to
compute the magnetic field in any point of the space from
the reduced scalar potential without need for numerical
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Fig. 5. Isolines for the reduced scalar potential in the plane z = 0.

derivation.

This computational approach is well suited for electro-
magnetic device shape optimization where the area of in-
terest is localized; with slight modifications it can be used
to treat also axisymmetric problems. The coupling bound-
ary can be placed close to the electromagnetic device to
reduce the size of the interior domain where the finite ele-
ment method is employed. The magnetic field at the node
of the control surface can be computed efficiently using an
integral representation formula.
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