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1. INTRODUCTION

This is the rst part of a series of two papers (see [10]), time af which
is to describe the dynamics of a polynomial action of the grou

(1.1) G- {M [PGL(2;Z)|] M= Idmod2)}
on the family of af ne cubic surfaces
(1.2) X2+ Y2+ 2+ xyz= Ax+ By+ Cz+ D;

whereA, B, C, andD are complex parameters. This dynamical system ap-
pears in several different mathematical areas, like theadkmmy of the
sixth Painlevé differential equation, the geometry of hpodic threefolds,
and the spectral properties of certain discrete Schrodimgerators. One of
our main goals here is to classify paramet@sB;C; D) for which GZ‘:;’)re-
serves a holomorphic geometric structure, and to applycthssi cation to
provide a galoisian proof of the irreducibility of the siX®ainlevé equation.
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1.1. Character variety. LetSLZ1 be the four punctured sphere. Its fundamen-
tal group is isomorphic to a free group of rank 3aifb, gandd are the four
loops which are depicted on gure 1.1, then

p1(S) = [@;b;gd|abgd= 1]

FIGURE 1. The four punctured sphere.

Let Rep(Sﬁ) be the set of representationsmf(sﬁ) into SL(2;C). Such
a representation is uniquely determined by the 3 matriceéa), r (b),
andr (@), so thatRep(Sj) can be identi ed with the af ne algebraic vari-
ety (SL(2;C))3. Let us associate the 7 following traces to any elemenit
Rep(S2):

a=tr(r(a)) ; b=tr(r(b) ; c=tr(r(g) ; d=tr(r(d)

x=tr(r(ab)) ; y=tr(r(bg) ; z= tr(r(ga)):
The polynomial mag : Rep(S2) — C’ de ned by
(1.3) c(r)=(ab;cd;xy,2
is invariant under conjugation, by which we mean tb@ty = c(r) if r His
conjugate ta by an element ofL (2;C): Moreover,

(1) the algebra of polynomial functions (Btep(Sﬁ) which are invariant
under conjugation is generated by the components of
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(2) the components af satisfy the quartic equation
(1.4) X2+ Y2+ 22+ xyz= Ax+ By+ Cz+ D;
in which the variable#\, B, C, andD are given by
A= ab+cd; B=bc+ad; C= ac+ bd;
and D= 4—a’—b?—c?>—d?—abcd
(3) the algebraic quotierRep(S3)=SL(2;C) of Rep(S?) by the action
of SL (2; C) by conjugation is isomorphic to the six-dimensional quar-
tic hypersurface o€’ de ned by equation (1.4).
The af ne algebraic varietyRep(S3)=SL (2; C) will be denotedc(SZ) and
called thecharacter variety @ﬁ. For each choice of four complex parame-
tersA, B, C, andD, Sa;g.c;p) (or Sif there is no obvious possible confusion)

will denote the cubic surface @° de ned by the equation (1.4). The family
of these surface§a.g,c.py Will be denoted-am:

Remark 1.1. The mapC* - C* (a;b;c;d) 3 (A;B;C;D) de ned by (1.5)
is a non Galois rami ed cover of degree 24. Fibers are stuttigtppendix
B. Itis important to notice that a poim [Sla.g.c;p) Will give rise to repre-
sentations of very different nature depending on the choida; b;c;d) in

the ber, e.g. reducible or irreducible, nite or in nite irage.

Remark 1.2. As we shall see in section 2.4, if we replace the four puntured
sphere by the once puntured torus, the character variettisally bered
by the family of cubic surface§,o.0,p:

(1.5)

1.2. Automorphisms and modular groups. The group of automorphisms
Aut(pl(Sﬁ)) acts orRep(Sﬁ) by composition{F;r) 3 r «F ~1. Since inner
automorphisms act trivially on(Sﬁ), we get a morphism from the group of
outer automorphisrr@ut(pl(sﬁ)) into the group of polynomial diffeomor-
phisms ofc(S3):

out(py(S)) - Aut[c(SD)]
F [ fe

such thatfg (c(r)) = c(r = F 1) for any representation.

(1.6)

The grourOut(pl(Sﬁ)) is isomorphic to the extended mapping class group
MCG '%Sﬁ), i.e. to the group of isotopy classes of homeomorphismsﬁof
that preserve or reverse the orientation. It contains a @@®GL (2;2)
which is obtained as follows. Lat? = R?=Z2 be a torus of dimension 2 and
s be the involution ofT? de ned bys(x;y) = ( —x;—Y). The xed point set
of s is the 2-torsion subgroud [T3; isomorphic taZ=2Z x Z=2Z:

(1.7) H = {(0;0); (0;1=2); (1=2;0); (1=2;1=2)}:
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The quotienfr?=s is homeomorphic to the sphe®?, and the quotient map
p:T2 - T?=s = $? has four rami cation points, corresponding to the four
xed points of s. The af ne groupGL(2;Z) n H acts linearly onT? and
commutes witts. This yields an action d®GL(2;Z) n H on the spher&?;
that permutes rami cation points @. Taking these four rami cation points
as the punctures @&, we get a morphism

(1.8) PGL(2;Z)n H — MCG(5));

which, in fact, is an isomorphism (see [5], section 4.4). Timage of
PGL(2;Z) is the stabilizer op(0; 0), freely permuting the three other points.
As a consequenc@GL (2;Z) acts by polynomial transformations o(lsﬁ).

The image ofH permutes the 4 punctures by products of disjoint transpo-
sitions and acts trivially oe(S3); so that the action of the whole mapping

class grouNCG%ﬁ) on c(Sﬁ) actually reduces to that ¢fGL (2;Z) (see
section 2.2).

Let qu)e the subgroup d?GL (2;Z) whose elements coincide with the
identity modulo 2. This group coincides with the (imageP@L (2;Z) of
the) stabilizer of the xed points of, so thatG;-acts onSz and xes its four
punctures. Consequentkgiz‘:‘acts polynomially on:(Sfl) and preserves the
bers of the projection

(a;bic;d;xy;2) B (a;b;c;d):
From this we obtain, for any choice of four complex paranstarB;C; D),
a morphism fromGZ':to the group of polynomial diffeomorphisms of the
surfaceSaec;py- The following result is essentially due to El'-Huti (see
[19], and 83.1).

Theorem A. For any choice of the parameters A, B, C, and D, the morphism

Gy - Aut{Sascp)l

is injective and the index of its image is bounde®ByFor a generic choice
of the parameters, this morphism is an isomorphism.

As a consequence of this result, it suf ces to understandttien of G5~
on the surface§agc;p) in order to get a full understanding of the action

of MCG‘%SE) on c(Sﬁ). (see also remark 2.4 for the case of orientation
preserving transformations and an action of the pure breodmon three
strings).

Remark 1.3. If the parameterd, B, C, andD belong to a ring<, the group
Gz‘jf‘a\cts onSaecp)(K), i.e. on the set of points of the surface with coordi-
nates inK. In particular, when the parameters are real numi@rsicts on
the real surfac§a.g.c.p)(R)-
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There are useful symmetries of the parameter space, as svedivering
between distinct surface$a.g.c.p) and Sacetcepy; that can be used to re-
late dynamical properties (if:z[?)n different surfaces of our family. These
symmetries and covering will be described in section 2 ameéagix B.

1.3. Projective structures. OnceS?1 is endowed with a complex projective
structure, which means that we have an atlaSpmade of charts int8(C)
with transition functions in the group of homographic tfamsiations of
P1(C), the holonomy de nes a morphism from(Sﬁ) to PSL(2;C). Since
pl(Sﬁ) is a free group, the holonomy can be lifted to a morphism

r:pu(S) - SL(2C):

Properties of the holonomy such as discreteness, nitermdbe presence
of parabolic elements in(pl(Sﬁ)), are invariant by conjugation and by the
action of the mapping class grolyCG '%Sﬁ). This kind of properties may
be used to construct invariant subsetSgfs.c.p) for the action ofGland
the dynamics of this action may be used to understand thoaeant sets
and the space of projective structures. This approach hers fepularized
by Goldman (see [21], [23] for example).

1.4. Painlevé VI equation. The dynamics ofS;-0n the varietie§ag.c:p)
is also related to the monodromy of a famous ordinary diffeatequation.
The sixth Painlevé equatid®y; = R/(da;dp; dg; dg) iS the second order non

linear O.D.E.
8 )
dg — 114 1 4, 1 dg“_ 1, 1, 1 dg
R ¥ T ittt & ittt @
2
> LAg-D(a-)  (@=D? _ @t o, % -1, 1-%5t-1)
' t2(t=1)2 2 290 2(-D? 2 (g)?

the coef cients of which depend on complex parameters

0= (da;dp; dg; dq)

. The main property of this equation is the absence of movsibigular
points, the so-called Painlevé property: All essentiayslarities of all solu-
tionsq(t) of the equation only appear whem {0; 1; ¥ }; in other words, any
solutionq(t) extends analytically as a meromorphic function on the usiale
cover ofPL(C) \{0; 1;¥}.

Another important property, expected by Painlevé himdslithe irre-
ducibility. Roughly speaking, the general solution is muenscendental
than solutions of linear, or rst order non linear, ordinatiyferential equa-
tions with polynomial coef cients. Painlevé proved thayameducible sec-
ond order polynomial differential equation without mowalsingular point
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falls after reduction into the 4-parameter family, or one of its degenera-

proved by Nishioka and Umemura By (see [35, 44]) and by Watanabe in
[45] for R/;. Another notion of irreducibility, related with transceste of
rst integrals, was developped by Malgrange and Casale3n12] and then
applied to the rst of Painlevé equations (see 7 for moreitgta

A third important property, discovered by R. Fuchs, is thr@tgons of
R/| parametrize isomonodromic deformations of rank 2 meroimorpon-
nections over the Riemann sphere having simple pold®;af1;¥ }, with

respective set of local exponemts%;iq—;; i%g;iq—;). From this point of
view, the good space of initial conditions at, s&y, is the moduli space
M, (q) of those connections fdr= ty (see [29]); it turns to be a conve-
nient semi-compacti cation of the naive space of initiainditions C2 [
(q(to); g{to)) (compare [37]). Via the Riemann-Hilbert correspondeidg(q)
is analytically isomorphic to the moduli space of corregting monodromy
representations, namely to (a desingularizatiorggfk.c.p) with parameters

(1.9) a= 2cogpda); b= 2cogpap); c= 2cogpdy); d = 2cogpdy):

The (non linear) monodromy dR,|, obtained after analytic continuation
around 0 and 1 of locdk/| solutions at = tg, induces a representation

p1(PY(C)\{0;1;¥};tg) — Aut[Sap.cp)]
whose image coincides with the action@f [CP3L (2;Z) (see [17, 29]).

1.5. The Cayley cubic. One very speci ¢ choice of the parameters will
play a central role in this paper. The parameterq@y6;0;4), and the sur-
face§,0.0.4) is the unique surface in our family with four singulariti€sur
is the maximal possible number of isolated singularitiesafoubic surface,
and§,0.0,4) is therefore isomorphic to the well known Cayley cubic. From
the point of view of character varieties, this surface appéeathe very spe-
cial casg(a; b;c;d) = ( 0;0;0;0) consisting only of solvable representations
(dihedral or reducible).

. The Cayley cubi&: ; Il. S—o:2.—0:2,—0:2:4:39) 5 I11- S0,0:03) 5 V- S0:0:0:4:1):

From the Painlevé point of view, it corresponds to the Pigaadame-
ter (d1;02;93;04) = ( 0;0;0;1): The singular foliation which is de ned by
the corresponding Painlevé equati®n(0; 0; 0; 1) is transversely af ne (see
[12]) and, as was shown by Picard himself, admits explicdt mtegrals
by means of elliptic functions (see 7). Moreover, this sgeequation has
countably many agebraic solutions, that are given by nitéen points on
the Legendre family of elliptic curves (see 7).

The Cayley cubic has also the “maximal number of automomsisThe
whole grougPGL (2; Z); in which Gz'—_F'las index 6stabilizes the Cayley cubic,
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FIGURE 2. Four examples. |. The Cayley cubicx: ; Il
S-02-02-0.2:4:39 ; Il. S0.0,0,3) 5 V- §0,0,0:4:0):

and there are extra symmetries coming from the permutaficoardinates
(see section 3.1), so that the maximal index 24 of theoremadbiained in
the case of the Cayley cubic.

Moreover, the degree 2 orbifold cover

(110) Pc: Cg( CI:I—> %0;0;0;4)

semi-conjugates the action BEL (2; Z) on the character surfa&y, 0.4y to
the monomial action oBL (2;Z) on C=k CEwhich is de ned by

u uMymz
(1.11) Mo, = ey
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for any elemeniM of GL(2;Z): On the universal cove€ x C - C cl!
the lifted dynamics is the usual af ne action of the graBip(2;Z) n Z2 on
the complex plan€?:

1.6. Compacti cation and entropy. Our rst goal is to classify automor-
phisms of surface§ag.c.p) in three types, elliptic, parabolic and hyper-
bolic, and to describe the main properties of the dynamiasach type of
automorphisms. This classi cation is compatible with thesdription of
mapping classes, Dehn twists corresponding to parabalicstormations,
and pseudo-Anosov mappings to hyperbolic automorphisims nost strik-
ing result in that direction is summarized in the followitgorem.

Theorem B. Let A B; C; and D be four complex numbers. Let M be an
element o5};-and fy be the automorphism of Sg.c.p) Which is determined
by M: The topological entropy of\f : Sa.e.c;0)(C) - Sarc:p)(C) is equal

to the logarithm of the spectral radius of:M

The proof is obtained by a deformation argument: We shallvdhat the
topological entropy does not depend on the paraméfeis; C; D); and then
compute it in the case of the Cayley cubic. To do so, we rstcdes the
geometry of surfaceS [CEam (section 2), their groups of automorphisms
(section 3), and the action of automorphisms by biratioreaigformations
on the Zariski closur&of Sin P3(C) (section 4).

Another algorithm to compute the topological entropy hasnbebtained
by Iwasaki and Uehara for non singular cub®is Fam (see [32]). The case
of singular cubics is crucial for the study of the set of gtfashsian defor-
mations of fuchsian representations, in connection witts Benbedding of
Teichmdller spaces (see [23] and [10]).

1.7. Bounded orbits. Section 5 is devoted to the study of parabolic ele-
ments (or Dehn twists), and bounded or periodic (i.e. ndg)its osz‘?'For
instance, given a representatilomsf1 - SU(2) Cs1(2;0), theGZ'Q)rbit of
the correponding poird(r ) will be bounded, contained in the cupe2; 2)°.
If moreover the image af is nite, then so will be the corresponding orbit.
Though, there are periodic orbits with complex coordinates

First of all, xed points ofGZ‘:étre precisely the singular points &f.g.c.p)
and have been extensively studied (see [29]). Singulartp@inse from
semi-stable points d?ep(Sﬁ), that is to say either from reducible represen-
tations, or from those representations for which one of tlaricesr (a),
r(b), r(g orr(d) is £l. Both type of degeneracy occur at each singular
point of Sap,c.p) depending on the choice of parametéash; c;d) tting
to (A;B;C;D). The Riemann-Hilbert correspondanbk,(q) - Sag.c.p)
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is a minimal resolution of singularities af}, equation restricts to the ex-
ceptional divisor as a Riccati equation : this is the locusRafcati-type
solutions. We note that any poifxy; 2) is the singular point of one member
SABCD):

Periodic orbits of lengtl= 2 correspond to algebraic solutions @f,
equation (see [31]). In Proposition 5.4, we classify orbitsength< 4 :
we nd one 2-parameter family of length 2 orbits and two 1graeter fam-
ilies of length 3 and 4 orbits. They correspond to well-knbwatgebraic
solutions ofR,| equation (see [3]). For instance, the Jgngth 2 orbit arise
whenA= C = 0 ; the correspondinBy,-solution isq(t) = t.

The following result shows that in nite bounded orbits aealrand con-
tained in the cubg—2; 2J°.

Theorem C. Let m be a point of @g.c.p) with a boundedsz%rbit of length
> 4. Then, the parameter@;B;C;D) are real numbers and the orbit is
contained in the real part ®g.c.p)(R) of the surface.

If the orbit of m is nite, then both the surface and the orhi¢ actually
de ned over a (real) number eld.

If the orbit of m is in nite, then it corresponds to%U (2)-representation
for a convenient choice of parametdig b; c;d), and the orbit is contained
and dense in the unique bounded connected component of dwelspart

of Saecp)(R).

As a corollary, periodic orbits of length 4 are rigid and we recover
the main result of [3]. Recall that Cayley cubic containsnitely many
periodic orbits, of arbitrary large order. Itis conjectuitbat there are nitely
many periodic orbits apart from the Cayley member, but thigtill an open
problem. A classi cation of known periodic orbits can be fawlin [7].

About in nite orbits, Theorem C should be compare with réswoif Gold-
man and Previte and Xia, concerning the dynamics on the clearzariety
for representations intdU (2) [40]. We note that an in nite bounded orbit
may also correspond t8L (2; R)-representation for an alternate choice of
parameterga; b; c;d).

This theorem stresses the particular role played by theceesad, when all
the parameters, B, C, andD are real numbers; in that casg, preserves
the real part of the surface and we have two different, bugetiorelated,
dynamical systems: The action on the complex surfaggs,c.p)(C) and
the action on the real surfac®sg.c.p)(R). The link between those two
dynamical systems will be studied in [10].

1Although we usually nd 4 families of algebraic solutions @f; in the litterature (see
[7, 3]), there are actually 3 up to Okamoto symmetries : dedreolutions 3B and 4C in
[3] are conjugated by the symmetsys,s; (with notations of [36]).
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1.8. Dynamics, af ne structures, and the irreducibility of R,;. The last
main result that we shall prove concerns the classi catibrparameters
(A; B;C; D) for which Sag.c:p) admits aGi-invariant holomorphic geomet-
ric structure.

Theorem D. The groquEioes not preserve any holomorphic curve of -
nite type, any singular holomorphic foliation, or any sitguuholomorphic
web. The groulﬁsﬁioes not preserve any meromorphic af ne structure, ex-
cept in the case of the Cayley cubig. when(A;B;C;D) =( 0;0;0;4); or
equivalently when

(a;b;c;d)=( 0;0;0;0) or (2;2;2;,—2);

up to multiplication by—1 and permutation of the parameters.

Following [11], the same strategy shows that the Galois jgoaliis the
whole symplectic pseudo-group except in the Cayley case gsetion 7),
and we get

Theorem E. The sixth Painlevé equation is irreducible in the sense df Ma
grange and Casale except wheiy B;C; D) = ( 0;0;0;4), i.e. except in one
of the following cases:

- qw [ZW Z, Cwi= a;b;gd,
* qw [Z] Dwi= a;b;gd, anda,,qw is even.

Following [13], Malgrange-Casale irreducibility also itigs Nishioka--
Umemura irreducibility, so that theorem 1.8 indeed prosidegaloisian
proof of the irreducibility in the spirit of Drach and Painte

1.9. Aknowledgement. This article has been written while the rst author
was visiting Cornell University: Thanks to Cliff Earle, Jotsmillie and
Karen Vogtmann for nice discussions concerning this papetto the DREI
for travel expenses between Rennes and Ithaca.

We would like to kindly thank Marta Mazzocco who introduces! to
Painlevé VI equation, its geometry and dynamics. The tak gave in
Rennes was the starting point of our work. Many thanks al<euyp Casale
who taught us about irreducibility, and to Yair Minsky wham#ly explained
some aspects of character varieties to the rst author.

Part of this paper was the subject of a conference held in &em2005,
which was funded by the ANR project "Systéemes dynamiquegnoohi-
aux", and both authors are now taking part to the ANR proj8gtriplexe.”
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2. THE FAMILY OF SURFACES

As explained in 1.1, we shall consider the fanfigm of complex af ne
surfaces which are de ned by the following type of cubic etipras

X2 + y2+ 2+ xyz= Ax+ By+ Cz+ D;

in which A, B, C, andD are four complex parameters. Each choice of
(A;B;C; D) gives rise to one surfac® in our family; if necessarysS will
also be denote8ag,c.py- When the parameters are real numbg&R,) will
denote the real part @ Figure 1.5 presents a few pictures §R) for
various choices of the parameters.

This section contains preliminary results on the geomeftth® surfaces
SaBc:p), and the automorphisms of these surfaces. Most of thesksrasel
well known to algebraic geometers and specialists of PaérNé equations.

2.1. The Cayley cubic. In 1869, Cayley proved that, up to projective trans-
formations, there is a unique cubic surfac®#C) with four isolated singu-
larities. One of the nicest models of the Cayley cubic is tiéeseS,0.0,4);
whose equation is
X2 + y2+ 2+ Xyz= 4.
The four singular points o&: are rational nodes located at
(=2-2,-2); (=22,2); (2-22) and (2,2,—2);

and can be seen on gure 1.5. This speci c member of our faraflgur-
faces will be calledhe Cayley cubiand denote&c: This is justi ed by the
following theorem (see Appendix A).

Theorem 2.1(Cayley) If S is a member of the famikam with four singular
points, then S coincides with the Cayley culkic S

The Cayley cubic is isomorphic to the quotient®f* C by the involu-

tion h(u;v) = (u~t:v1). The map

(X. )_ —U—:—L'—V—}'—Uv_i
PelXy) = u’ v’ uv
gives an explicit isomorphism betweé@ =« CHkh and<:: The four xed
points
(LD; (L-1); (=11 and (-1,-1)
of h respectively correspond to the singular point&oabove.

The real surfac&:(R) contains the four singularities &; and the smooth
locus&:(R) \Sing(&:) is made of ve components : A bounded one, the clo-
sure of which coincides with the image ©f = St x St CCik CHby pc;
and four unbounded ones, corresponding to imagés ok R*; R* xR™;
R™xR";andR™ xR~ (see gure 1.5).
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As explained in section 1.5, the groGp (2; Z) acts onC = Cy mono-
mial transformations, and this action commutes with thelmon h, per-
muting its xed points. As a consequendeGL (2;Z) acts on the quotient
. Precisely, the generators

1 0. 11 1 0

11 o1 ad 45

of PGL (2; Z) respectively send the triple; y; 2) to

(X —=z=xyYy); (zY;—x—y2) and (Xy,—z—Xxy):

As we shall see, the induced actionRBL (2;Z) on & coincides with the
action of the extended mapping class grouggpéonsidered in §1.2.

The groupPGL (2; Z) preserves the real part & ; for example, the prod-
uct CHk Cetracts by deformation on the real 2-toflis= S! < S!; and
the monomial action oBL (2;Z) preserves this torus (it is the standard one
under the parametrizatidis;t) 3 (e2Ps;e?P)).

2.2. Mapping class group action. First, let us detail section 1.2. The ex-
tended mapping class grodCG %ﬁ) is the group of isotopy classes of
homeomorphisms of the four punctured spr@ﬁ'ethe usual mapping class
groupMCG(Sﬁ) is the index 2 subgroup consisting only in orientation pre-
serving homeomorphisms. Those groups embed in the groupter auto-
morphisms obl(Sﬁ) in the following way. Fix a base poiny ESj In any
isotopy class, one can nd a homeomorphienxing pg and thus inducing
an automorphism of the fundamental group

hp1(SE; po) — P1(SEpo) ; 9B heg

The class ohmodulo inner automorphisms does not depend on the choice
of the representativiein the homotopy class and we get a morphism

(2.1) MCG(53) — Out(p1(S5))

which turns out to be an isomorphism.
Now, the action oDut(pl(Sﬁ)) on c(Sﬁ) gives rise to a morphism

MCGs2) - Autfc(S)]

(2.2) [h] O c(r)Bec(roh

into the group of polynomial diffeomorphisms 0(83): (here, we use that

ro(hpit=roht r «h™1). Our goal in this section is to give explicit
formulae for this action oMCG '%Sﬁ) onc(Sﬁ); and to describe the subgroup
of MCG(Sﬁ) which stabilizes each surfa&ag.c.p):
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2.2.1. Torus cover.Consider the two-fold rami ed cover
(2.3) pr:T2=R%=2? , &

with Galois involutions : (x;y) B (—x;—Y) sending its rami cation points
(1=2;0), (0;1=2), (1=2; 1=2) and(0; 0) respectively to the four punctures,
Pp, Pgandpy (see gure 1.1).

FIGURE 3. The torus cover.

The mapping class group of the torus, and also of the oncetymaac
torusT2 = T2\{(0;0)}; is isomorphic toGL (2;Z): This group acts by lin-
ear homeomorphisms on the torus, xir{@;0); and permuting the other
three rami cation points opr: This action provides a section of the pro-
jection Di[{T2) — MCGYT?): Since this action commutes with the invo-
lution s (which generates the center®E (2;Z)), we get a morphism from
PGL(2;Z) to MCG '%’Sﬁ): This morphism is one to one and its image is con-
tained in the stabilizer oy in MCG(5j).

The subsel T4 of rami cation points ofp coincides with the 2-torsion
subgroup of(T2;+) ; H acts by translation off? and commutes with the
involutions as well. This provides an isomorphism (see section 4.4 in [5]

(2.4) PGL(2;Z)n H ~ MCGX(5)):
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Lemma 2.2. The subgroup oAut(c(Sﬁ)) obtained by the action of the sub-
group PGL (2;Z) of MCG %ﬁ) is generated by the three polynomial auto-
morphisms B; B, and & of equations 2.7, 2.8, and 2.9 below. Therder
translation group H acts trivially on paramete(#; B;C; D;X;y; 2); permut-
ing parameterga; b; c; d) as follows

(2.5) PL=(1=2;0) : (a;b;c;d) B (d;c;b;a)
(2.6) P,=(0;1=2) : (a;b;c;d) B (b;a;d;c)

Proof. Let fp and g5 be the lifts of the base poimy [SE. Still denote bya,
b, gandd the two lifts of those loops, with respective initial poirig and
f5. The fundamental group of the four punctured tofgs: T2\ H based at
Po may be viewed as the set of even wordsirb, gandd, or equivalently
of words inwy, wo andd that are even i where

w1 = bg=a"'d! and w,= gd= b~ ta™%:
(see Figure 2.2.1). The action of the linear homeomorphism

1 0

11 T2 - T2

Bl=

or we should say, of a convenient isotopic homeomorphisring Po, on
the fundamental groups (T2; o) andp1(S; po) is given by :

8
8 -1
<w; B dlw;lwed™? 3a O aba
h— 1 . b O a
oo W B Wo le. O
d B d 2 4d o
d 3 d

This automorphism op1(Sz; po), which depends on the choice loin the
isotopy class 0B, induces an automorphism

Rep(S3) — Rep(S7) ;r B ro(hppt:

The corresponding action on the character varietyon the corresponding
7-uples(a;b;c;d;x;y;2) O, is independant of that choice. In order to
compute it, note that

S [ b
a
(hD\j_l_hI:' 5b O b lab
- 39 B g
d B d
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We therefore obtain
8
< X
—z—Xxy+ ac+ bd

y

1 0
1

(2.7) B]_ = -1

and

"W /W
o0 o
T T T T
oo oo
N < X
IH g

For instance, the coordinayeof the image is given by™= tr(r < h'tbg)) =
tr(r (b~tabg)); and its value is easily computed using standard FrickerKlei
formulae, like

tr(My) = tr(M7);  tr(MiMy) = tr(MaMy);

tr(MiM5 1) + tr(MiMy) = tr(My)tr(My)
and tr(M1MaMz3) + tr(M1M3M2) + tr(Mj)tr(M2)tr(Ms)
= tr(Ma)tr(M2Mg) + tr(M2)tr(M1Ms) + tr(Mg)tr(MiMy)
for anyMi;M2; M3 [SL(2;C).
A similar computatioréyields

a B a 8
11 Eb 0O ¢ <x B z
(2.8) Bx= and vy O y
01 c B b ;
“d O d z B —x—yz+ab+cd

which, together witlB4, provide a system of generators for théL (2;Z)-
action. In order to generat%GIB(Z; Z), we have to add the involution

a B c 8
(2.9) T—Ol'sbgband<xgi
' 3T 10 " 3¢ 0 a A=
d B d
The formulae for the action dfi are obtained in the same way. L1

Remark 2.3. The formulae 2.7, 2.8, and 2.9 fB4; B, andTs specialize to
the formulae of section 2.1 wh€A,; B;C; D) = ( 0;0; 0; 4):

Remark 2.4. The Artin Braid GroupB3 = [bh; by | biboby = bobib, Cis
isomorphic to the group of isotopy classes of the thrice puned disk xing
its boundary. There is therefore a morphism fr@ninto the subgroup of
MCG(Sﬁ) that stabilizegg: This morphism gives rise to the following well
known exact sequence

| - [{b1by)3[L Bs - PSL(2,Z) - 1;

where generatoiis; andb, are respectively sent 8, andB,; and the group
[(b1by)3toincides with the center dBs: In particular, the action oBs
on c(S2) coincides with the action oPSL(2;Z): We note thatPSL (2;Z)
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is the free product of the trivolutioB1B, and the involutionB;B,B;. In
PGL(2;Z), we also have relatiori& = |, TsB, T3 = B, * andT3B,Ts = By ™.

2.2.2. The modular group@z%ndGz. Since the action d¥1 [GL(2;Z) on
the setH of points of order 2 depends only on the equivalence cladd of
modulo 2, we get an exact sequence

| ~ G-L PGL(2Z)nH - Sym, - 1

where GZ':'L(Z;Z) is the subgroup de ned by those matricks= |
modulo 2. This group acts on the character variety, and straeeserves
the punctures, it xes; b; c; andd: The groquE‘s the free product of 3
involutions,sy; sy; ands;; acting gn the character variety as follows.

<X B —x—yz+ ab+ cd

(2.10) = 9 1 - :y By
z B z
8
1 0 <x B x
(2.11) S = .y B —y—xz+ bc+ ad
2 -1 ;
z B z
2 =2
< X X
1 0
(2.12) %= g -1 + .Y B Y
"z B —z—xy+ac+ bd

We note thas, = B,B;'B, T3, 5, = B2B1B, ' T5 ands, = ByB1B;Ts. The
standard modlélar group, [P3L(2;Z) is generated by

1 0

%gx:szsy: B
12

%w I = 01
_ _ —25—2 _ 1 -2
"% = §% = BBY = 5 g

(we haveg,gygx = |); as we shall see, this corresponds to Painlevé VI mon-
odromy (see [29] and section 7). The following propositismow a direct
conseqguence of lemma 2.2.

Proposition 2.5. LetMCG{(5Z) (resp.MCGo(S3)) be the subgroup dICG(52)
(resp. MCG(Sﬁ)) which stabilizes the four punctures S}: This group co-
incides with the stabilizer of the projectiqn: ¢(S3) — C* which is de ned
by

p(a;b;c;d;xy;2) = (& b;c;d):
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Its image inAut(c(Sﬁ)) coincides with the image cﬁz‘:(resp. &) and is
therefore generated by the three involutiogs § and s (resp. the three
automorphisms,g gy; d).

As we shall see in sections 3.1 and 3.2, this group is of nitgex in
Aut(c(S)).
Remark 2.6. Let us consider the exact sequence
| -~ G-L PGL(2,2) - Symy - 1;

whereSym,; [Sym, is the stabilizer ofpy, or equivalently ofd, or D: A
splitting Syms ,— PGL(2;Z) is generated by the transpositioRs= T3B1B;
andT, = B1B,T3: They act as fgllows on the character variety.

afb b EXELX
=1 0 b B a
T = : and y B z

1 1 Cc B c ;
“d o d z By
and 8

Eaga ngz
T 1 1 bgcand 0
2= 0 -1 " 3¢ O b Y=

“d 0 d z B X

2.3. Twists. There are other symmetries between surf&gs.c.p that do
not arise from the action of the mapping class group. Indgaen any
4-uplee= (e e;e3;eq) A1} with Of‘zla = 1, thee-twist of a repre-
sentatiorr ER]ap(Sﬁ) is th% new representatiobgr Igenerated by

37(a) = er(a)
F(b) = exr(h)
270 = er(9
TF(d) = e (d)

This provides an action af=2Z x Z=27 x Z=27 on the character variety
given by

8
a & ega A B eeA 8
Ij;lébg eC 5BEL ee3B and<XELL €1€2X
3C B3 &b 3C B egeC :y 283y
"d B ed "D DB D z B el

The action orfA; B;C; D; x;y; 2) is trivial iff e= £(1;1;1;1). The "Benedetto-
Goldman symmetry group” of order 192 acting(@nb; c; d;X;y; 2) which is
described in [4] (83C) is precisely the group generate@-byists and the
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symmetric grougpym, = [1; To; P1; P,LIThe subgroug® acting trivially on
(A;B;C; D;x;y; 2) is of order 8 generated by

(2.13) Q= B Py L 411y ]

2.4. Character variety of the once-punctured torus. Our family of sur-
facesSa;g.c;py also provides, fo(A; B;C; D) = ( 0;0;0; D), the moduli space
of representations of the torli$ = R?=Z2 with one puncture &0; 0). Pre-
cisely, if we go back to the notations of 82.2 (see gure 2)2the funda-
mental group1(T2), T2 = T2\{(0;0)}, is the free group generated ky
andw,. The algebraic quotiert(T2) = Rep(T%)=SL(2;C) is given by the
map
Rep(T?) - ¢(T?) CCY
r B OXY;Z) = (tr(r (w)); tr(r (Wo)) ; —tr(r (wiws)))

(see [4]). Using that
tr((M1; M2]) = tr(Mq)?+ tr(M2)?+ tr(M1M2)2—tr(M) tr(M2) tr(M1M3) — 2;

forallMy; M2 [SLL(2; C), we note that those representations with given trace
d = tr(r (f[w1;w2])) are parametrized by the af ne cubic

X2+ Y2+ 72+ XYZ=d+ 2
which is precisely§,0.0,0y With D = d+ 2. The reason is given by the two-
fold rami ed coverp : T2 - S? used in §2.2. Consider a representation ]
Rep(Sﬁ) corresponding to some poiX;y;2) [Sly,.0,0y, With local traces
given by(a; b;c;d) = ( 0:0;0;d), D= 4—d2. One can lift the representation

on the 4-punctured torus, where punctures are given by thé gE2-torsion
points. Sincea= b= c= 0, we have

(@) r(o)ir(@ = °

and the lifted representatiore p has local monodromy-| around the corre-
sponding punctured=2;0), (0; 1=2) and(1=2; 1=2). After twistingr - p by

—I| at each of the punctures, we nally deduce a representatip(T%).
Sinceprwi = bgandprw, = b~la™! (see §2.2), the character associated to
the lifted represergatioa is given by

<X = tr(e(wy)) = y
Y = t(e(w) = X
- Z = —tr(e(wgwp) = —z—Xxy

which satis esX?+ Y2+ 72+ XY Z= 4—d?. Note that the local monodromy
of e at(0;0) is —r (d?) and we indeed ndd = 2—d?. We can now reverse
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the formulae and deduce that any representdgiY; Z) IIQT%) is the lift-

ing of a representatiofx; y; 2) IIQS%). This is due to the hyperelliptic nature
of the once punctured torus.

3. GEOMETRY AND AUTOMORPHISMS

This section is devoted to a geometric study of the family wfaces
SaiB.c;p); and to the description of the groups of polynomial automisipis
AUt[S(A; B;C; D)] :

In section 3.4, we describe a special case that is famousiaméiller
theory. Section 3.3 introduces the concept of ellipticapalic, and hyper-
bolic automorphisms o ag.c.p)-

3.1. The triangle at in nity and automorphisms. Let Sbe any member
of the familyFam. The closureéSof Sin P3(C) is given by a cubic homoge-
neous equation

WOC+ Y2+ )+ xyz= W2 (Ax+ By+ C2)+ Dw?:

The intersection o6 with the plane at in nity does not depend on the pa-
rameters and coincides with the trianglgiven by the equation

D : xyz= 0;

moreover, one easily checks that the surféde smooth in a neighborhood
of D (all the singularities o6 are contained ir9).

Since the equation de nin§is of degree 2 with respect to tixevariable,
each point(x;y,2) of S gives rise to a unique second poipxt’y;z). This
procedure determines a holomorphic involutiorSphamely

(X ¥,2) = (A—Xx—yzY,2):
This automorphism coincides with the automorphisrgdétermined by the
involution s, of Gﬁ‘see equation 2.10, 82.2.2). Geometrically, the invotutio
s corresponds to the following: Ifnis a point ofS, the projective line
which joinsmand the vertexy =[ 1;0;0;( of the triangleD intersectsSon

a third point; this point is,(m). The same construction provides two more
involutions

(XY, 2 =(xB—y—xz2) and s(xVy;2=(xy,C—z—xy);
and therefore a subgroup
A= [5;s;; s
of the groupAut[g] of polynomial automorphisms of the surfaSe

From section 2.2.2, we deduce thiatr any membe$ of the familyFam;
the groupA coincides with the image d&5-Into Aut[S]; which is obtained

by the action o5 T MLCG(SZ) onc(S3) (see §1.2).
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Theorem 3.1. Let S= Sa.gc;p) be any member of the family of surfaces
Fam: Then

= there is no non-trivial relation between the three invadus s, s,
and s, andA is therefore isomorphic to the free prody@=2z) ?
(Z=22)?(2=22) ;

 the index ofA in Aut[S] is bounded by4;

« A coincides with the image @S- Aut[S].

Moreover, for a generic choice of the parametéfsB;C; D), A coincides
with Aut[g).

This result is almost contained in EI'-Huti's article [19h@is more pre-
cise than Horowitz's main theorem (see [25], [26]).

Proof. SinceS is smooth in a neighborhood of the triangle at in nity and
the three involutions are the re exions with respect to tleetices of that
triangle, we can apply the main theorems of EI'-Huti's ddic

e A is isomorphic to the free product
(Z2=22)?(2=22)?(Z2=22) = [S\3[§2EL]

e Ais of nite index in Aut[Y;

e Aut[g is generated byA and the group of projective transformations
of P3(C) which preservéS andD (i.e., by af ne transformations of
C3 that preserve).

We already know thaf\ and the image oGZ‘:i'n Aut[S] coincide. We now
need to study the index &k in Aut[S]. Let f be an af ne invertible trans-
formation ofC; that we decompose as the composition of a linear lart
and a translation of vectdr. Let Sbe any member dfam. If f preserves,
then the equation ddis multiplied by a non zero complex number when we
apply f: Looking at the cubic terms, this means thais a diagonal matrix
composed with a permutation of the coordinates. Lookindnatquadratic
terms, this implies that is the nul vector, so that = M is linear. Coming
back to the equation @&, we now see tha¥l is one of the 24 linear transfor-
mations of the typs - ewheree either is the identity or changes the sign of
two coordinates, angl permutes the coordinates.(i; B;C; D) are generic,
SaBc:p) is not invariant by any of these linear maps. Moreover, orsglyea
veri es that the subgrouf\ is a normal subgroup dut[S: If such a linear
transformatiorM = s - e preserves, then it normalize#\: This shows that
A is a normal subgroup &ut[g; the index of which is bounded by 24 1

3.2. Consequences and notationsAs a corollary of theorem 3.1 and propo-
sition 2.5, we get the following resulfhe mapping class grOLMCG(‘%Sﬁ)
acts on the character varieI(/Sﬁ); preserving each surfa8.g.c;py; and its
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image inAut[Sa.g.c.p)] coincides with the image tﬁzz;‘and therefore with
the nite index subgroupA of Aut[Sagc.p)l: In other words, up to nite
index subgroups, describing the dynamic848G '%Sﬁ) on the character va-

riety c(Sﬁ) or of the groupAut[§ on Sfor any membef of the family Fam
is one and the same problem.

Let H be the Poincaré half plane. The group of isometrield &f isomor-
phic toPGL (2;R): If M is an element oL (2;R), its action orH is de ned
by
M1Z+ M2

Mp1Z+ NMpo

if the determinant oM is positive, and by the same formula but withe-
placed byzif the determinant is negative. In particul@zl%cts isometrically
onH. Let jy, jy andj, be the three points on the boundarytbfvith coor-
dinates—1, 0, and¥ respectively. Lety (resp.ry andr;) be the re ection
of H around the geodesic betwe@nand j, (resp. j, and jx, resp. jx, and
jy). These isometries are respectively induced by the thregaess,; sy,
ands; given in section 2.2.2. As a consequer@g¢oincides with the group
of symmetries of the tesselation Bif by ideal triangles, one of which has
verticesjy, jy andj; (see the left part of gure 3.3).

In the following, we shall identify the subgrou@-6f PGL(2;Z) and the
subgroupA of Aut[Sagc.p)l - If fis an element oA, M will denote the
associated element G (either viewed as a matrix or an isometryHbf, and
if M is an element oG;, f; will denote the automorphism associatedvto
(for any surfaces of the familyFam). If f is one of the three involutiors;

Sy; Or s, (resp. the three elemerdsg gy, or g;), we shall use exactly the same
letters to denote the elemehtof G;-or the corresponding automorphism
f AL The only place where this rule is not followed is when we sttdy
action ofGE)n the PoincdD disk: We then use the notatiog ry; andr, to
denote the involutive isometrys induced §ys,; ands;:

M(2) =

3.3. Elliptic, Parabolic, Hyperbolic. Non trivial isometries oH are clas-
si ed into three different species. L& be an element d?GL (2; R) \ {ld},
viewed as an isometry ¢i. Then,

e M is elliptic if M has a xed point in the interior oH. Ellipticity
is equivalent to déM) = 1 and|tr(M)| < 2 (in which caseM is a
rotation around a unique xed point) or &) = —1 andtr(M) = 0
(in which caseM is a re exion around a geodesic of xed points).

e M is parabolic ifM has a unique xed point, which is located on
the boundary oH; M is parabolic if and only if d§tM) = 1 and
tr(M) = 2 or—2;
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« M is hyperbolic if it has exactly two xed points which are oneth
boundary oH; this occurs if and only if d¢M) = 1 and|tr(M)| > 2,
or de{M) = —1 andtr(M) & 0.

An elementf of A\{ld} will be termed elliptic, parabolic, or hyperbolic,
according to the type d¥1;. Examples of elliptic elements are given by the
three involutionss,, s, ands,. Examples of parabolic elements are given by
the three automorphisngg; gy andg; (see section 2.2.2). The dynamics of
these automorphisms will be described in details in 85.1ukgust mention
the fact thatgy (resp. gy, g;) preserves the conic bratiofix = c>¢} (resp.
{y= ¢}, {z= c'®}) of any membes of Fam.

Proposition 3.2. Let S be one of the surfaces in the fanfilyn (S may be
singular). An element f dA is

= elliptic if and only if f is conjugate to one of the involut®g, s, or
s, ifand only if f is periodic;

e parabolic if and only if f is conjugate to a non trivial powef one
of the automorphisms,ggy or g,

< hyperbolic if and only if f is conjugate to a cyclically redaeccom-
position which involves the three involutions s, and s.

Proof. SinceGZDand the image oA in Aut[S] are isomorphic for anin
Fam, we just need to prove the same statementdpt The groupGsis a
subgroup ofPGL(2;Z). As a consequence, any elliptic elementc&is
periodic. Since

Gy= (Z2=22) ?(2=22) ?(Z=2Z);

any periodic element (ﬁsz':i's conjugate to one of the involutiomg, ry, r,
(see for example [43]), and the rst property is proved.

If M is a parabolic element dBZE,‘its unique xed point on the boundary
R (¥} of H is a rational number. The action G-0n the seQ [{¥} of
rational numbers has three distinct orbits: The orbitgef —1, jy= 0 and
jz= ¥. This implies that there exists an elem&nof GZQ;,uch theeMF~Lis
parabolic and xes one of these three points, $ayAny parabolic element
G of Gy that xes¥ is of the type

1 2%
* 0 1

wherek is an integer. This fact shows thisk is conjugate to a power af,
(see section 2.2.2) and concludes the proof of the secomd poi

Let M be a hyperbolic element @EAﬂer conjugation, we can writ#
as a cyclically reduced word in the involutive generateysy andr,. If the
number of involutions that appear in this composition issedo 1 or 2, then



24 SERGE CANTAT, FRANK LORAY

FIGURE 4. Conjugation for the Markov example. The
right hand part of this gure depicts the dynamics@fbn
Su+ (R), but viewed inP?(R) after the birational change
of variables[x:y:z:w] =[XQ:YQ:ZQ: XYZ, with
Q= X2%+ Y2+ 72, This change of variables sends the interior
of the triangle{X = 0;Y = 0;Z = 0} ontoSu+ (R).

M is an involution or a power ady, gy or g,. The third property follows from
this remark. 1

Remark 3.3. The three verticegx, jy and j, disconnectfH in three seg-
mentsjy; 2, [jz jx] and[jx; jy]. LetM be a hyperbolic element @2‘;' Let

aym be the repulsive and attrating xed points B on the boundary oH.

The Fricke-Klein ping-pong lemma, as described in [15],2§, shows
that M is a cyclically reduced composition of, ry, andr; if and only if

the xed points ofM are contained in two distinct connected components of

TH\{jx: Jy: jz}-

3.4. The Markov surface. Let Sy be the element dfam corresponding to
the parametefA; B;C; D) = ( 0;0;0;0). After a simultaneous multiplication
of each coordinate by-3, the equation 0%y is

X2+ Y2+ 22 = 3xyz

This surface has been studied by Markov in 1880 in his paperserning
diophantine approximation. The real p&ji(R) of the Markov surface has
an isolated singular point at the origin and four other catedcomponents,
each of which is homeomorphic to a disk. One of these compsrien

Su+(R)= Su(R) n (R*)*:
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Proposition 3.4 (Markov, [14]). The action ofA = Gz%n the Markov sur-
face $ preserves each connected componentydfRg. There exists a dif-
feomorphisnt: H - Sy+ (R) such that(i) the image of the (closed) ideal
triangle with vertices y, jy and | is the subset ofyp. (R) de ned by the
three inequalities

Xys2z, yzs2x; and zx<2y,

and (ii) c conjugates the action @;6nH with the action ofG;6n Sy (R)
in such a way that

Cofx= S°C; Cefy=syoC; and Cer;= s;°C

Remark 3.5. We refer the reader to [14] or [22] for a proof (see gure 3.8 fo
a visual argument). This result is not surprising if one cegithaiSy+ (R)

is a model of the Teichmdiller space of the once puncturedtoith a cusp
at the puncture, and nite areg?2

3.5. An (almost) invariant area form. The monomial action of the group
GL(2;Z) onC5k CHalmost preserves the holomorphic 2-form

W= % I__QY:
Xy
More preciselyM™W= +W for any elemenM of GL(2;Z). This form is
invariant under the action df and determines a holomorphic volume form
on the Cayley cubic, that is almao&tit[S:] invariant. This property is shared
by all the members dfam (the proof is straightforward).

Proposition 3.6. Let S[CFam be the surface corresponding to the parame-
ters (A;B;C; D). The volume fornw, which is globally de ned by the for-
mulas _dx[dy  dyCdz  dz[dx

© 22+ xy—C  2x+yz—A 2y+ zx—B
on S\ Sing(9), is almost invariant under the action &ut[g, by which we
mean that fW= +Wfor any f inAut[S].

3.6. Singularities, xed points, and an orbifold structure. The singulari-
ties of the elements dfam will play an important role in this article. In this
section, we collect a few results regarding these singidari

Lemma 3.7. Let S be a member &8am. A point m of S is singular if and
only if mis a xed point of the group\.

Proof. This is a direct consequence of the fact times a xed point of sy if
and only if X+ yz= Ax, if and only if the partial derivative of the equation
of Swith respect to the-variable vanishes. L1
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Example 3.8. The family of surfaces with parameteié+ 2d;4+ 2d;4+

2d; —(8+ 8d+ d?)) with d [Clis a deformation of the Cayley cubic, that cor-
responds tal = —2, and any of these surfaces has 3 singular points (counted
with multiplicity).

Lemma 3.9. If m is a singular point of S, there exists a neighborhood of m
which is isomorphic to the quotient of the unit balld3 by a nite subgroup
of SU(2).
Proof. Any singularity of a cubic surface is a quotient singulgrixcept
when the singularity is isomorphic 16+ y3+ 22+ | xyz= 0, for at least one
parametel (see [8]). Since the second jet of the equatioSéver vanishes
whenSis a member oFam, the singularities oS are quotient singularities.
Since S admits a global volume forriV, the nite group is conjugate to a
subgroup oSU(2;C). 1
As a consequence, any memisasf Fam is endowed with a well de ned
orbifold structure. IfSis singular, the groug\ xes each of the singular
points and preserves the orbifold structure. We shall clamghis action in

the orbifold category, but we could as well extend the aabioito a smooth
desingularization o&:

Lemma 3.10. The complex af ne surface S is simply connected. When S is
singular, the fundamental group of the complex surfa&&igg(S) is nor-
mally generated by the local nite fundamental groups ardtine singular
points.

Proof. First of all, recall that a smooth cubic surfacd™{(C) may be viewed
as the blowing-up oP?(C) at 6-points in general position. Let us be con-
crete. After a projective change of coordinates, one camasshat those 6
points lie on the trianglXY Z= 0 and are labelled as follows

pi=[0:1:y]; gi=[vi:0:1 et ri=[1:w;:0]; i=12
where[X :Y : Z] are projective coordinates Bf: One can moreover assume
that the three following products take the same value
Uil = ViVo = WiWo = | :
Now, consider the map
P .Q R
YZ XZ' XY
wherePBQ andR are degree 2 homogeneous polynomials given by
2P = X2 Y21 Z2+ (o )XY+ (vt V) XZ
Q= - X2=Y2— 172+ (Wi + W)XY+( &+ 1)YZ
"R = PP Y2224 (o DXZH (Ut W)Y Z

F:P?Im®; (X:Y:2)B
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Foru;, vi andw; generic, the map sends the triangl¥Y Z= 0 to the triangle
atin nity xyz= 0 of P> [.C¥ and has simple indeterminacy points exactly
atp;; gi; andri; i = 1;2: Let Sbe the surface obtained by blowing-up the 6
indeterminacy points df : One can check that the imageff. S — P3(C)

is exactly the cubic surfac®= Sag,c.py; With parameters

A= R+ R+ 2o— ol +g |+u2l+ﬁ
= R+ 2= vl vl
= RERTetE - owl g |+W2|+ﬁ

%D = &ijkrgnzy UViWt o,

Uy Uy Vag You Wy Woyu 34 14y
Up Uy Vo V1 Wy Wy 3

Singular cubics arise when 3 of the 6 points lie on a line, bofalhem lie
on a conic. In this case, the corresponding line(s) and/oicdtave negative
self-intersection ir§, and are blown-down b to singular point(s) o&: A
smooth resolution o&is therefore given b

Our claim is that the quasi-projective suﬁaﬁ%)btained by deleting the
strict transform of the triangl¥Y Z= 0 from Sis simply connected. Indeed,
the fundamental group d# — {XY Z= 0} is isomorphic toZ?, generated
by two loops, say one turning arouXd= 0, and the other one arouid= 0.
After blowing-up one point lying oiX = 0, and adding the exceptional divi-
sor (minusX = 0), the rst loop becomes homotopic to 0; after blowing-up
the 6 points and adding all exceptional divisors, the twoegators become
trivial and the resulting surfacg-is simply connected. _The af ne surface
Sis obtained after blowing-down some rational curveSend is therefore
simply connected as well.

The second assertion of the lemma directly follows from Vaampen
Theorem. 1

4. BIRATIONAL EXTENSION AND DYNAMICS

4.1. Birational transformations of surfaces. Let f be a birational trans-
formation of a complex projective surfageand Ind f) be its indeterminacy
set. The critical set of is the union of all the curve€ in S such that
f(C\Ind(f)) is a point (in fact a point of Ingf~1)). One says thaf is
not algebraically stable if there is a cur@ein the critical set and a pos-
itive integerk such thatfX(C\ Ind(f)) is contained in In¢f): Otherwise,
f is said to be algebraically stable (see [16]). IH4(X:Z) be the sec-
ond cohomology group oX and f = H2(X:Z) - H?(X;Z) be the linear
transformation induced by It turns out thatf is algebraically stable if and
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only if ()= ( 5 for any positive integek (see [16]). More generally,
(f e g)=% g3 fHif and only if g does not blow down any curve onto an
element of Indf):

The (rst) dynamical degreé (f) of f is the spectral radius of the se-
quence of linear operatof$¥) “Af f is algebraically stablé,( f) is therefore
the largest eigenvalue df-It follows from Hodge theory that

Iimsup% log [(1*) "W = logl (f):

for any clasqV] that is obtained through a hyperplane sectiorXofThe
dynamical degree of is invariant under birational conjugation (see [16,
24]), and provides an upper bound for the topological entafpf (see [16,
24)).

Example 4.1.1f M is an element o6L (2;Z); M acts onC~k C~Mnonomi-
ally (see equation 1.11). The dynamical degree of this maalamansfor-
mation is equal to the spectral radiudv) of M: If fy is the automorphism
of the Cayley cubic&: which is induced by ; the dynamical degree diy
coincides also witln (M) (see [20], or the survey article [24]).

4.2. Birational extension. Let Sbe a member of the famikam: The group
A acts by polynomial automorphisms 8and also by birational transforma-
tions of the compacti catiorsof Sin P3(C): Let D be the triangle at in nity,
D= S\S The three sides of this triangle are the lifs= {x= O;w= 0};
Dy = {y= O;w= 0} andD, = {z= O;w= 0} the verticesargx=[1:0:0:
0; w=[0:1:0:Qandv,=[0:0:1:0: The “middle points” of the sides
are respectively

my=[0:1:1:0; my=[1:0:1:Q0;andm,=[1:1:0:0
(see gure 3.3in §3.4). Le¥ be the subspace 6f3(S Z) de ned by
V = Z[Dy]+ Z[Dy]+ Z[D];

where[Dy] denotes either the homology classf in Hy(S Z) or its dual
in H2(S Z): SinceD is A-invariant, the action of any elemeritin A on
H2(S Z) preserves the subspade

Lemma 4.2(see [19] or [32]) The involution gacts on the triangl® in the
following way.

« The image of the side,0s the vertex yand the vertexyvis blown
up onto the side R

= the sides [) and D, are invariant and g permutes the vertices and
xes the middle point of each of these sides.
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Of course, we have the same resultdpands,; with the obvious required
modi cations. In the following, we shall denote ksy{resp. s,-or s;)'the

restriction of(sy) Hresp.(s,) “or (s, Blon the subspacé of H%(S Z):

Remark 4.3. The “action” of A on the triangleD does not depend on the
choice of the paramete(#\; B;C;D): Let f = w(sy;s,;S,) be an element of
A; given by a reduced word in the lettesg s, ands;: Sincesy (resp. sy;
s;) does not blow down any curve on indeterminacy points of themtwo
involutions, the linear transformationV - V is the compositiorf =+

W (55750 wherew! is the transpose aff (see section 4.1). I ends with
Sk (resp.sy or s;), thenf contracts the sid®y (resp. Dy or D;). If w starts
with s, (resp.sy or s;), the image of the critical set dfis the vertex (resp.
Vy Or V7). In particular, Inqdf) and Ind f~1) are not empty iff is different
from the identity.

Example 4.4. The elementy = s, ° S, preserves the coordinate variabie
Its action onD is the following: gx contracts bottDy and D\ {w} onv;;
and preserveBy; its inverse contract®y andD,\{v,} onw: In particular
Ind(gx) = vy and Indgyt) = v The elementsgy andg; act in a similar way.
In particular,gx; gy andg, are algebraically stable.

Let us now present a nice way of describing the “actionAofi.e. of C—)ZE;I
on the triangleD: Since this action does not depend on the parameters, we
choose(A;B;C; D) = ( 0;0;0;0) and use what we know about the Markov
surfaceSy (see §3.4). The closure &+ (R) in Sy contains a part of the
triangle at in nity, namely the seb; (R) of points[x:y: z: 0] such that
xyz= 0; andx; y; z= 0: This provides a compacti cation dh+ (R) by the
triangleDs (R): The conjugation

c:H - Su+(R)
between the Poincaré half plane afd.: (R) described in 83.4 does not
extend up to the boundary of this compacti cation. Neveleghs, one can
“extend” the map in the following way (see gure 3.3):
= the three segment(gy; j2); (jz jx) and(jx; jy) of TH are sent to the
three verticesy; vy andv; of D,
= the three pointgy; jy; andj, are “sent” to the three sidd3;; Dy and
D, of D+ (R) by c (or equivalently to the middle pointsy; m, and
my);
Then, ifM is a hyperbolic element cIBZE;‘the two xed points ofM on the
boundary ofH are sent to the indeterminacy points fgf and f,\]l: If M is
hyperbolic, with one attractive xed poimy, and one repulsive xed point
awm, then
Ind(fv) = c(am); Ind(fy) = c(wm):
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Remark 4.5. Let us consider the surface obtained by blowing up the \estic
of the triangleD: This is a new compacti cation of the af ne cubig, by

a cycle of six rational curves. Then we blow up the six vegicé this
hexagon, and so on : This de nes a sequence of rational aggclLet S*

be the projective limit of these surfaces. The gr@ghcts continously on
this space, and we can exterid so as to obtain a semi-conjugation between
the action orS‘Q \ Su and the action oGZ‘ff')n the circle. Such a construction
is presented in details in a similar context in [27], chagtésee also [9] for

a related approach).

The following proposition reformulates and makes more iggecsection
7 of [32].

Proposition 4.6. Let S be any member of the familgm and f an element
of A:

= The birational transformation fS — S is algebraically stable if, and
only if f is a cyclically reduced composition of the threedlwtions
S, Sy and s of length at leasg:

e Every hyperbolic element f & is conjugate to an algebraically
stable element oA:

- If f is algebraically stable and hyperbolic, IGf) and Ind f 1) are
two distinct vertices ob; and f" contracts the whole triangl®\
Ind(f) onto Ind f~1) as soon as n is a positive integer.

Proof. If Ind(f) = Ind(f~1) & 0; f is not algebraically stable. This shows,
for example, that an involution with a non empty indeterrsinaet is not
algebraically stable.

Let M be an element dEZW{Id} and fyy the corresponding element Af
viewed as a birational transformation &fFrom remark 4.3, we know that
Ind( fp) is non empty, and from proposition 3.2 that any elliptic edertnof
Gﬁs an involution. This shows thdi, is not algebraically stable ¥ is
elliptic.

Let us now x a non elliptic elemen¥ of Gy;which we write as a reduced
word w(ry; ry; rz) in the generators,; ry andr; of Gﬁsee 83.3).

Let us rst assume thatl is parabolic. Iffy is a non trivial iterate oy
(resp. gy or gz), we know from example 4.4 thadl is algebraically stable.
If not, the unique xed point oM on YH is different fromjy; jy andj, and
its image byc is a vertex ofD: This vertexv coincides with Indfy) and
Ind( f,\]l); and fy is not algebraically stable. Sind# is cyclically reduced
if, and only if M is an iterate ofgy; gy; or gz the result is proved in the
parabolic case.

Let us now suppose thM is hyperbolic : The xed pointay andwy
de ne two distinct elements ofH \ {jyx; jy; j-} and the indeterminacy sets
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of fy and f;* are the vertices Indu) = c(am) and Ind fy;!) = c(wwm) of

D: These vertices are distinct if, and onlyafs andwy, are contained in
two distinct components dfH \ {jx; Jy; j2}; if, and only if fy is a cyclically
reduced composition of the three involutianssy; s; (see remark 3.3). This
shows thaffy, is not algebraically stable W is not cyclically reduced. In the
other direction, ifwis cyclically reduced, thea(wy) is not an indeterminacy
point of fy; fm xes this point, and contracts the three sidesbbn this
vertex. As a consequence, the positive orbit of(lf@pl) does not intersect
Ind(fp); and fy is algebraically stable. 1

Theorem 4.7. Let f be an element dk and M; the element oPGL (2;2Z)
which is associated to: fThe dynamical degrde( f) is equal to the spectral
radius of M:

This result is different from, but similar to, the main thewr of [32],
which provides another algorithm to compuifef):

Proof. Let f be an element of\: After conjugation insidéA (this does not
change the dynamical degree and the spectral radiig hfwe can assume
that f = w(sy; S);S;) is a cyclically reduced word. If is periodic, thenf is
one of the involutive generators and the theorem is proveflid parabolic,
then f is conjugate to an iterate of; gy or g,; f preserves a bration 06
into rational curves, and(f) = 1: If f is hyperbolic, proposition 4.6 shows
that f is algebraically stable. Lew] =[Dx]+[Dy]+[D;] be the class of
the hyperplane section &which is obtained by cuttin§ with the plane at
in nity. We know that

limsup %Iog [ T = log(l (f)):
k¥

Since the action of =bn the subspac¥ of H2(X;Z) does not depend on

the parameter§A; B;C;D); and sincev] is contained inv; | (f) does not

depend or(A; B;C;D): Consequently, to calculatg f); we can choose the

parameterg0;0; 0;4) and work on the Cayley cubic. The conclusion now

follows from example 4.1. 1

4.3. Entropy of birational transformations. Let f be a hyperbolic ele-
ment ofA (see section 3.3). Up to conjugation, the birational tramsation

f : S - Sis algebraically stable, I{d) is a xed point of f ~ and Inq f 1)

is a xed point of f: As remarked in [32], this enables us to apply the main
results from [2] and [18].

Theorem 4.8. (Bedford, Diller, Dujardin, Iwasaki, Uehara) Let f be an el-
ement of the grouf\ and S be an element BaAm: The topological entropy
of fy : S - S is equal to the logarithm of the spectral radiusf) of Mg;
the number of periodic (saddle) points of f of period n groiksll (f)" and
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these points equidistribute toward an ergodic measure ofimal entropy
for f:

In [10], we shall explain how the dynamics bis related to the dynamics
of Hénon mappings, and deduce a much more precise desoripitithe
dynamics.

Example 4.9.Let M be an element d6L(2;Z): LetU be the unit circle in
CTandT?2 be the subgroup xU of C=k CE:The monomial automorphism
M of Ck CHreserved and induces a “linear” automorphism on this real
torus. The entropy of1 : T2 - T2 is equal to the logarithm of the spectral
radius ofM: If (x;y) is a point ofC=k CJthe orbitM"(x;y); n = 0; con-
verges toward 2 or goes to in nity. The same property remains true for the
dynamics offy on the Cayley cubi&:: the role played byl is now played
by T?=h = S(R) n[—2; 2)3:

5. BOUNDED ORBITS

5.1. Dynamics of parabolic elements.Parabolic elements will play an im-
portant role in the proof of theorem 1.8. In this section, vesatibe the
dynamics of these automorphisms, on any menSafrour family of cubic
surfaces. Since any parabolic element is conjugate to anuivgg, gy or gz,
we just need to study one of these examples.

Once the parametess B, C, andD have been xed, the automorphisgp

is given by 0o 1 0 1
X A—Xx—zy
0, @y A =@B—Az+ zx+(Z—1y A:
z z

This de nes a global polynomial diffeomorphism 6f, that preserves each
horizontal plané® ;, = {(X;y; 20); x CCl'y LCR}. On each of these planeg,
induces an af ne transformation

X -1 - X A
= + :
y n -1 Y B—Az
which preserves the conf;, = Sn P,. The trace of the linear part of this
af ne transformation i3 — 2 while the determinant is 1.

Proposition 5.1. Let S be any member of the family of cubic surfdess.
Let g be the automorphism of S de ned by the compositjsrsg On each
ber S, of the bration

Pz:S- C; pAXY, 2= z
0z induces a homographic transformatigg, and
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* Oz Is an elliptic homography if and only ifozZL(+2;2); this ho-
mography is periodic if and only ifozs of typex2cogpq) with q
rational;

* 0 is parabolic (or the identity) if and only ifoz= +2;

* Oz Is loxodromic if and only if gis not in the interva[—2; 2].

If 7o is different from 2 and-2, g, has a unique xed point inside ,, the
coordinate of which aréxo; yo; z0) where

_Ban—-2A  _ An—2B

- 202 _4 ’ y0 - 202 _4 .
This xed point is contained in the surfac®if and only if zy satis es the
guartic equatior,(zp) = 0 where

(5.1) P,= 2—CZ—(D+ 4)Z+(4C—AB)z+ 4D+ A%+ B?:

In that case, the union of the tvgp-invariant lines ofP ,, which go through
the xed point coincides witts,; moreover, the involutions, ands, per-
mute those two lines. If the xed point is not contained3rthe conicS, is
smooth, and the two xed points of the (elliptic or loxodrasphomography
Oz, are at in nity.

If zo= 2, the af ne transformation induced lgy onP , is

X -1 —2 X A
y 2 3 y B—2A

Eithergz, has no xed point, orA = B and there is a line of xed points,
given byx+ y= A=2. This line of xed points intersects the surfaSé and
only if S, coincides with this (double) line. In that case the invalo8s,
andsy also x the line pointwise. When the line does not inters8cthe
conic S, is smooth, with a unique point at in nity; this point is the igne
xed point of the parabolic transformatiagy,. In particular, any point 0§,
goes to in nity under the action af;.

If zg= —2, then
X _ -1 2 X . A
9 y T 2 3 y B+ 2A
Eitherg, does not have any xed point iR, orA= —B andg, has a line
of xed points given byx—y = A=2. This line intersectSif and only if S,

coincides with this (double) line. In that case the invalngs, ands, xe
the line pointwise.

Oz

Lemma 5.2. With the notation that have just been introduced, the homo-
graphic transformatiort, induced by gon §, has a xed point in § if
and only if z satis es equation (5.1). Moreover
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= when 3 & 2, -2, S, is a singular conic, namely a union of two lines
that are permuted byxsand s, and the unique xed point af, is
the point of intersection of these two lines, with coordasat

_ Bzp—2A _ Anp—2B
= when g = 2, then A= B; S, is the double line x y= A=2, and this
line is pointwise xed by, Scand s,
= when 3= —2, then A= —B; S, is the double line x y = A=2, and
this line is pointwise xed by, scand s;

The dynamics ofy; on Sis now easily described. Lgiy = ( Xo;Yo; 20)
be a point ofS If zg is in the interval(—2;2), the orbit of pp underg; is
bounded, and it is periodic if, and only if, eithpg is a xed point, orz is
of type £2cogpq); whereq is a rational number. lfp = x2, and ifpg is
not a xed point,g"(po) goes to in nity whenn goes to+¥ and—¥. If zy
is not contained in the interv@l-2; 2], for instance if the imaginary part of
Zp is not 0, eithempg is xed or g"(po) goes to in nity whenn goes to—¥
or +¥: Of course, the same kind of results are validdeandgy, with the
appropriate permutation of variables and parameters.

5.2. Bounded Orbits. There is a huge literature on the classi cation of al-
gebraic solutions of Painlevé VI equation (see [7] and ezfees therein).
Such solutions give rise to periodic orbits for the actionfobn the cubic
surfaceSag.c:p), Where the parameters are de ned in terms of the coef-
cients of the Painlevé equation (see 89). Of course, peciadbits are
bounded. Here, we study in nite bounded orbits.

Theorem 5.3.Let S= Sagc:py be a surface in the famillyam, and p be a
point with an in nite and bounder%rbit Orb(p). Then AB; C; and D are

real numbers, the orbit is contained jr-2; 2] and it forms a dense subset
of the unique bounded component GRP\ Sing(S).

We x a point p in one of the surfaceS and denote it$S2)-orbit by
Orb(p). Let us rst study orbits of small nite length. Recall thatlits of
length 1 are singular points of the culSc

Proposition 5.4. Modulo Benedetto-Goldman symmetries (see §B§,
orbits of length2 are equivalent to

{(0;0;21);(0;0;2)} CSh.ocpy; C*+4DEO0

where 7 and 2 are the two roots ofZ= Cz+ D; Gs-brbits of length3 are
equivalent to

{(6;0;1);(A0;1); (0, A D)} CSha2—1):
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and Gz%rbits of lengthd4 are equivalent to
{11, (A-2LD;(LA-21);(LLA-2)} CShaaa—an):
Example 5.5. An orbit of length 2 is for instance provided by the represen-
tationr de ned by
r:(a;b;gd) B (M;N;M;—N)

whereM: N [SIL(2; C) are any element satisfyimg(MN) = 0i.e.(MN)?=
—I. Trace parameters are given (g, b;a; —b) wherea= Tr(M) andb =
Tr(N) : we getC= a®—b?, D = (a?2—2)(b?—2) andz= a?— 2. The other
representation in the orbit, given By= 2—b?, is de ned by

rY: (a;b;gd) B (M;M™INM;NMN™%; —N):
To this length 2 orbit corresponds a two-sheeted algebmdigien of Ry|-
equation, namely

q(t)= 1+ 1-t; for parametersq=(qo;0ds;do; —01);
with a= 2cogpgo) andb = 2cogpqi). This representation was already
considered in [39] : for convenient choice of parameteandb, the image

of the representation is a dense subgrouplbf2).
Other choice of the trace parameters are provided by

P —— P ——

(@7pb“a?—by witha= 4—b2andb™= 4-a2

giving rise to a representation of the same kind, and
bP

p___
(a™o; c™0) Witha[']?cmjzgl 4—bzi§ 4—a2:

The later one corresponds to a dihedral representatioredbtim
IO_Ou_t_lo_O—n_l)
ol —yg*o’ 0ot ’>n O

(a;b;gd B

with | unt = 1.

Proof. Let p = (Xo;Yo;Z0) be a point ofSag.c.p). Recall thatp is xed if,
and only if, p is a singular point ofs. On the other handp is periodic of
ordern> 1 for g, if, and only if,

Znp= Zcos{piﬁ(); k[n¥ 1

and at least one of the equalitiBgzy) = 0, 2+ Yozo = A, 2yo+ XoZp = B
does not hold. In particular, denoting by @jp) the orbit of p under the
action ofg,, we have:

#Orhy,(p) = 2 L2k O;
#Orhy,(p) = 3 [ ZF *1,
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V_
#Orhy,(p) = 4 L zF = 2,
V_
#Orhy,(p)= 6 [ ZF = 3
Up to permutation of variables y andz (and correspondingly of the pa-
rameterd, B andC), an orbit of length 2 takes the form Qi) = {p; s(p) }-
In this casep and p“= s,(p) = ( Xo;Yo; Z5) are permuted by, and thus by
Ox = Sz°Sy andgy = sc° S ; this impliesxp = yp = 0. On the other hand,
p andp are xed bys;, sy; and therefored = B= 0: Sincep=( 0;0;2) is
contained irS;, we deduce thaty andzgare the roots of2 = Cz+ D.
Up to permutation of the variablesy andz, an orbit of length 3 takes the
form
Orb(p) = {po; P1 = Sx(Po); P2 = Sy(Po)}
with po = ( X0;Yo; 20); P1 = ( Xg:Y0; 20); and p2 = ( Xo; Yo 20): Sincegy (resp.
Oy) permutespe andp, (resp. pp andpy), we getxg = yo = 0. On the other
hand,g; permutes cyclicallypp — p2 - p1; sothatzo= +1. Changing signs
if necessary by a twist (see 2.3), we can assage 1. Now, studying the
xed points of sy, s, ands;, amongsio, p1 andpy; we obtain:
_~  DotXH=B 2x0+ Yoz = A
2725+ XoYo = C; 220+xx§$/0: c and 220+ Xoy5= C

and thu<C = 2, x5'= Bandyg'= A. We also have

X5= A—Xo—YoZ and y5= B—yo—XoZ%

(action ofs, andsy) yielding A= B. Finally, the fact thapg is contained in
Sgives 1= C+ D, whence the result.

Up to symmetry, an orbit of length 4 consistsgg p1 andp, like before
(P1 = sx(po) and p2 = sy(po)) and there are 4 possibilities for the fourth
point p3:

(1) p3=(><§yEEZO)= Sy(p1) = s(P2),

(2) p3=(><%yo,zo)= Sy(p1) B sd(p2),

(3) P3= (X5 Y0:Zp) = SP1),

(4) ps=(X0;Y0:25) = Sz(po)-
The rst case is impossible: Sinag andgy, have order 2 for each;; the
coordinatex andy vanish for each poinp;; and thereforgp = p1 = p2 =
ps, a contradiction. The second case is impossible for the saas®n since
0x andgy have order 2 foipp and py; so thatpp = p1, a contradiction. The
same argument applies in third cagg:has order 2 fopg and p; implying
Po = p1, contradiction.

For the fourth case, sinag, gy andg, have order 3 fopg, we getpg =

(£1;%£1;+1). Up to symmetry, there are two subcaseg:= (1;1;1) or
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po=(—1;—1;—1). Inthe rst sub-case, conditions given by the xed points
of 51, s, ands; yield

A= B=C= 2+ x5= 2+ yg= 2+ 2,

and the fact thap; is contained inS gives 4= 3A+ D. Proceeding in the
same way with the second sub-case, conditions given by tee points of
S, Sy ands; yield

A=B=C= —2—x5= —2—y5= —2—2
and the fact thap; is in Sgives
2= —3A+D and x5= A
implying XE: A= —1andpi = pg, a contradiction. L1

Lemma 5.6. If Orb(p) is bounded andOrb(p) > 4, then A, B, C, and D
are real and pLYR).

Proof. Let po = ( Xo; Yo;20) be a point of the orbit. If the third coordinate
7o [[(#2; 2), the homography induced lgy on the conicS,, is parabolic or
hyperbolic. Since the orbit gby is bounded, this implies thaty is a xed
point ofg,, S ands, (see lemma 5.2). Since (tp) has length» 4; s,(po) is
different frompo, so thatpg is not xed by gx, nor bygy either ; this implies
that xo; Yo [(#+2;2). Moreover, the poinp; := s,(po) = ( Xo; Yo; 1) IS hot
xed by g, otherwise the orbit would have lengthsd thatzy [{3+2;2) and
p1 C(F2;2)3. This argument shows the following: If one of the coordisate
of po is not contained i{—2;2); thenpg is xed by two of the involutions
Sx; Sy ands; while the third one mappg into (—2; 2)3:

Let now p be a point of the orbit with coordinates (r2; 2)3; if the three
pointss(p); sy(p) ands,(p) either escape frorfr—2; 2)3 or coincide withp,
then the orbit reduces #; sx(p); Sy(P); sz(P)}; and has lengtks 4. From
this we deduce that the orbit contains at least two distioat py; p2 1
(—2:2)3: which are, say, permuted Isy. Let (x:y1;z) be the coordinates
of pi;i= 1;2: Then,A= x; + xo+ y1z1 LRl If BandC are also real, thep;
is real and satis es the equation §fso thatD is real as well and Oxm) =
Orb(p;) [IR).

Now, assume by contradiction thBtITRL Then,q; := s,(pi) = ( x;B—
y1—X%z1;z1) [I{F2;2) and is therefore xed by, (otherwise the orbit would
not be bounded): We thus have

2 +(B=—y1—xz)z = A

SinceB is the unique imaginary number of this equatipnmust vanish, and
we getxg = Xo(= %), a contradiction. A similar argument shows tRatust
be real as well. 1
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Proposition 5.7. If Orb(p) is nite and #Orb(p) > 4, then A, B, C, and D
are real algebraic numbers and pSJR) has algebraic coordinates as well.

The proof is exactly the same, replacitg2;2) by (—2;2) n 2cogpQ)
and thuR byRn Q:

Lemma 5.8. Let S be an element of the familgm and p a point of S. There
exists a positive integer N such that, ifip a point of the orbit of p with a
coordinate of the form

k
ZCos(pﬁ); k [n¥ 1,

then n divides N.

Proof. The pointp is an element of the character varieiysﬁ). Let us
choose a representation: pl(Sﬁ) - SL(2;C) in the conjugacy class that
is determined byp. Sincepl(Sﬁ) is nitely generated, Selberg's lemma
(see [1]) implies the existence of a torsion free, nite iRdmibgroupG of
r (p1(S2)). If we de ne N to be the cardinal of the quotien{p1(S3)) =G,
then the order of any torsion elementri(pl(Sﬁ)) dividesN.

If pHs a point of the orbit o, the coordinates gi-are traces of elements
of r (pl(Si)). Assume that the trace of an elemdhtn r(pl(Sﬁ)) is of type

2cogpq): If g= ; andk andn are relatively prime integers, thév is a
cyclic element of (pl(Sﬁ)) of ordern, so thatn dividesN. 1

The subset 08U (2)-representations always form a connected component
of S\ Sing(S) contained intd—2; 2]; the corresponding orbits are bounded,
generally in nite. A bounded component can also consi$iif2; R)-repre-
sentations, depending on the choicd&fb; c; d); for instance, in the Cay-
ley case, the bounded component consis&i.if2; R)-representations (resp.
SU (2)-representations) whda; b; c;d) = ( 2;2;2;—2) (resp.(0;0;0;0)).

Proposition 5.9 (Benedetto-Goldman [4])When A, B, C and D are real,
then R) \ {Sing(S} has at most one bounded connected component. In
this case, a, b, c and d lie iR-2; 2], whatever the choice @g; b; c;d) cor-
responding tdA; B;C; D).

When §R) is smooth, the converse is true: Whanb, c andd lie in
[—2;2], S(R) has a “bounded component” maybe degenerating to a singu-
lar point, like in the Markov case. It is proved in Apendix B.§, that a
bounded component always correpondSt2)-representations for a con-
venient choice of parametefs; b; c;d).

Proof of theorem 5.3Let Orla p) be an in nite and bounde@z%rbit inS=
SaB.c:p)- Following Lemma 5.6A, B, C andD are real and Orfp) [SR).
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We want to prove that the closu@rb(p) is open in§R) \ {Sing(SR)) };
sinceOrhb(p) is closed, it will therefore coincide with the (unique) boleal
connected component 8A {Sing(S)}, thus proving the theorem.

We rst claim that there exists an element (actually in itenany) po =
(Xo;Yo; Zo) of the orbit which is contained if—2;2)2 and for which at least
one of the Mobius transformatiomg,, Gy, or Tz, is (elliptic) non periodic.
Indeed, if a pointpg of the orbit is such thatf, is not of the form above,
then we are in one of the following cases

* P,(z0) = 0 andpg is a xed point of gy,

- 2= 2cogpk) with k CAF 1, n|N andgy is periodic of perioch
(whereN is given by Lemma 5.8). This gives us nitely many possilbég
for zp; we also get nitely many possibilities foxg andyp and the claim
follows.

Let po be a point of Orpp), with, say, Tx, elliptic and non periodic,
so that the closur®rb(p) contains the "circle’'Orbg (po) = S, (R): Let
us rst prove thatOrb(p) contains an open neighborhood @f in SR) \
{Sing(S(R)) }.

Since the poinfg is not xed by gx = S, ° sy, then eithers, or s, does
not X po, saysz; this means that the poinmy is not a critical point of the
projection

Pxxpy : SR) - R?; (x¥:2) B (x):
Therefore, there exists sorae 0 and a neighborhoodd; of pg in S(R) such
that px < py mapsVe diffeomorphically onto the squareg — & Xg+ €) <
(Yo—e€ Yo+ €). By construction, we have

Px < py(Orb(p)) Lpd> py(Orby, (po)) [} < (Yo—€ Yo+ €):

For eachy; [(Mo— €Yo+ €) of irrational type, that is to say not of the form
2cogpQq) with g rational, there existp; = ( Xo;y1;21) COFb(p) (namely, the
preimage ofxo;y1) by px > py) and

Orb(p) LOthy (p1) = S, (R);
in other words, for eaciy Mo — €Yo + €) of irrational type, we have

Px < py(Orb(p)) Lpd> py(Orby,(p1)) LOD—e X0+ €) < {yo}:

Since those coordinatgs of irrational type are dense (lyo—€;yo + €), we
deduce thaV, [COth(p), andOrhb(p) is open atpo.

It remains to prove thadrb(p) is open at any poing [CQrb(p) which is
not a singular point o§R): Let q = ( Xo; Yo; 20) be such a point and assume
thatq [LOrb( p) (otherwise we have already proved the assertion).
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Sinceqis not a singular point d&(R), one of the projections, sqy > py :
S(R) - R?, is regular ag and we consider a neighborhoWgl like above,
Px < Py(Ve) = (Xo— & X0+ €) X (Yo— € Yo+ €). By assumption, Orfp) n Ve
is in nite (accumulatingqg) and, applying once again Lemma 5.8, one can
nd one such pointp; = ( X1;y1;z1) CQArb(p) nVe such that eithexk; or y;
has irrational type, sa¥y. Now, reasonning withp; like we did above with
Po, we eventually conclude thet [COtb(p), andOrb(p) isopenaty. [1

6. INVARIANT GEOMETRIC STRUCTURES

In this section, we study the existencefofinvariant geometric structures
on surfacesS of the family Fam: An example of such an invariant structure
is given by the area forriV, de ned in Proposition 3.6. Another example
occurs for the Cayley cubick is covered byC=k CHand the action oA
on & is covered by the monomial action @t (2; Z); that is also covered by
the linear action o6L (2;Z) on C % C if we use the covering mapping

p:CxC - CHkCh! p(a;f) = (exp(a);exp(f));
as a consequence, there is an obvi@dsvariant af ne structure org::

Remark 6.1. The surfacesx: is endowed with a natural orbifold structure,
the analytic structure near its singular points being lgcslomorphic to
the quotient ofC? near the origin by the involutiosa(x;y) = ( —x;—Y): The
af ne structure can be understood either in the orbifoldglaage, or as an
af ne structure de ned only outside the singularities (dedow).

6.1. Invariant curves, foliations and webs. We start with

Lemma 6.2. Whatever the choice of S in the famflgm; the groupA does
not preserve any (af ne) algebraic curve on S

Of course, invariant curves appear if we blow up singulesiti This is
important for the study of special (Riccati) solutions oirffevé VI equation
(see section 7).

Proof. Let C be an algebraic curve o& EitherC is contained in a ber
of pz; or the projectiorp,(C) coversC minus at most nitely many points.
If C is not contained in a ber, we can choos® = ( Xo;Yo;Z) in C and

a neighborhoodJ of my such thatzy is contained in(0;2) and, inU; C
intersects each bes, of the projectionp, in exactly one point. Let-=
(x2yHZ) be any element & nU such thaiis an element of0; 2): Theng;

is an elliptic transformation db,cthat preserve€ n S since the intersection
of C and S;ocontains an isolated poim this point isg, periodic. As a
consequence-is of the form 2 cofpp=q) (see proposition 5.1). Since any
ZM'[(0; 2) suf ciently close tozy should satisfy an equation of this type, we
obtain a contradiction.
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Since no curve can be simultaneously contained in bersppy andp;;
the lemma is proved.

A (singular) web on a surfack¥ is given by a hypersurface in the pro-
jectivized tangent bundIET X; for each point, the web determines a nite
collection of directions tangent % through that point. The number of di-
rections is constant on an open subsexf dut it may vary along the singular
locus of the web. Foliations are particular cases of webd,aay web is
locally made of a nite collection of foliations in the congrhent of its sin-
gular locus.

Proposition 6.3. Whatever the choice of S in the familgm; the groupA
does not preserve any web on S

Proof. Let us suppose that there exists an invariant Wélon one of the
surfacesS. Let k and| be coprime positive integers amd= ( x;y;2) be a
periodic point ofg, of periodl; with

z= 2cogpk):

LetLy; ..., Lq be the directions determined MY through the pointn; and
Cy; ..., Cq4 the local leaves d#V which are tangent to these directions. The
automorphisng3; with s= I(d!); xes m; preserves the web and xes each
of the directiond.;; it therefore preserves each of e The proof of lemma
6.2 now shows thal = 1 and that the curveS are contained in the ber of
pz throughm: Since the set of point®which areg,-periodic is Zariski dense
in S this argument shows that the web is the foliation by bergpgafThe
same argument shows that the web should also coincide vétfotiations

by bers of py or py; a contradiction. —1

Corollary 6.4. Whatever the choice of S in the fanfthm; the groupA does
not preserve any holomorphic riemannian metric on S

Proof. Let g be an invariant holomorphic riemannian metric. At each poin
mof S; g has two isotropic lines. This determines Arinvariant web, and
we get a contradiction with the previous proposition. L1

6.2. Invariant Af ne Structures. A holomorphic af ne structure on a com-
plex surfaceM is given by an atlas of chars; : U; — C? for which the
transition functiond=; - Fj_1 are af ne transformations of the planiez: A

local chartF : U — C? is said to be af ne if, for alli; F <« F 1 is the re-

striction of an af ne transformation o2 to F;(U;) n F (U): A subgroupG
of Aut(M) preserves the af ne structure if elements®éare given by af ne
transformations in local af ne charts.
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Theorem 6.5. Let S be an element 6&m: Let G be a nite index subgroup
of Aut(S): The group G preserves an af ne structure oN8ng(9); if, and
only if S is the Cayley cubicS

In what follows,Sis a cubic of the familfrFam andG will be a nite index
subgroup ofA preserving an af ne structure d

Before giving the proof of this statement, we collect a fewgibaesults
concerning af ne structures. Let be a complex surface with a holomorphic
af ne structure. Letp: X - X be the universal cover of; the group of
deck transformations of this covering is isomorphic to tedamental group
p1(X): Gluing together the af ne local charts &f we get a developping map

dev: R - C%
and a monodromy representatibton : p1(X) — AL{T?) such that
dev(g(m)) = Mon(g)(dev(m))

for all gin p1(X) and allmin X: The mapdevis a local diffeomorphism but,
a priori, it is neither surjective, nor a covering onto itsaige.

Let f be an element chut(X) that preserves the af ne structureXf Let
mo be a xed point of f; let fng be an element of the bep~1(mp): and let
£:X - X be the lift of f that xesiny: Sincef is af ne, there exists a unique
af ne automorphismAff (f) of C2 such that

deve £= Aff (f) - dev.

6.3. Proof of theorem 6.5; step 1.In this rst step, we show thaB\
Sing(S) cannot be simply connected, and deduce from this fact $hat
singular. Then we study the singularities®&nd the fundamental group of
S\ Sing(9):

6.3.1. Simple connectednesAssume thaB\ Sing(S) is simply connected.
The developping magev is therefore de ned or8\ Sing(S) — C2: Let N

be a positive integer for whioffll is contained irG: Choose a xed pointrg

of g as a base point. Sing! preserves the af ne structure, there exists an
af ne transformationAff (gl) such that

deve gl = Aff (g)) - dev.

In particular,dev sends periodic points @ to periodic points ofAff (gl):
Let m be a nonsingular point db with its rst coordinate in the interval
(—2;2); and letU be an open neighborhood of Section 5.1 shows that
periodic points ofgl form a Zariski-dense subset bf, by which we mean
that any holomorphic functions : U - C which vanishes on the set of peri-
odic points ofgl vanishes everywhere. Sindevis a local diffeomorphism,
periodic points ofAff (g)) are Zariski-dense in a neighborhoodd\(m);
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and thereforeAff (glY) = Id: This provides a contradiction, and shows that
S\ Sing(S) is not simply connected.

Consequently, lemma 3.10 implies ttis singular and that the funda-
mental group oB\ Sing(S) is generated, as a normal subgroup, by the local
fundamental groups around the singularities.

6.3.2. Orbifold structure. We already explained in section 3.6 that the sin-
gularities ofS are quotient singularities. K is a singular point of§5, Sis
locally isomorphic to the quotient of the unit b&lin C? by a nite sub-
groupH of SU(2):

The local af ne structure aroungican therefore be lifted intotd-invariant
af ne structure orB\{(0; 0) }; and then extended up to the origin by Hartogs
theorem. In particulagev lifts to a local diffeomorphism betwedbhand an
open subset oE?: This remark shows that the af ne structure is compatible
with the orbifold structure o§de ned in section 3.6.

Leth be an element of the local fundamental gréird_et us lift the af ne
structure orB and assume that the monodromy actioh iftrivial, i.e. deve
h= dev. Sincedev is a local diffeomorphism, the singularity is isomorphic
to a quotient oB by a proper quotient dfl; namely the quotient dfl by the
smallest normal subgroup containihg This provides a contradiction and
shows thafi) H embeds in the global fundamental groug=3fSing(S) and
(i) the universal cover dbin the orbifold sense is smooth (it is obtained by
adding points to the universal cover®\X Sing(S) above singularities d).

In what follows, we denote the orbifold universal coverby$ — S; and

the developing map bgev: § - C2:

6.3.3. Singularities. Let g be a singular point o&: Let g be a point of the
ber p~1(q): Since the grou\ xes all the singularities of5; it xes g and
one can lift the action oA on Sto an action ofA on Sthat xesg: If f is an
element ofA; fwill denote the corresponding holomorphic diffeomorphism

of & Then we composdev by a translation of the af ne plan€? in order
to assume that

dev(e) = ( 0;0):
By assumptiongeve g = Aff (g) - dev for any elemeng in G; from which
we deduce that the af ne transformatiéif (g) are in fact linear. Sincé&
almost preserves an area forAff (g) is an element o6L (2; C) with deter-
minant+ 1 or —1; passing to a subgroup of index 2@) we shall assume
that the determinant is. Bincedevrealizes a local conjugation between the
action ofG nearg and the action oAff (G) near the origin, the morphism

G - SL(2,C)
g B Aff(g)
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IS injective.

SinceGis a nite index subgroup oAut(S); G contains a non abelian free
group of nite index and is not virtually solvable. Lét be the nite sub-
group ofp1(S\ Sing(9)) that xes the pointg: This group is normalized by
the action ofA on & Consequently, using the local af ne chart determined
by dev, the groupAff (G) normalizes the monodromy groigon(H): If
Mon(H) is not contained in the center 8E (2; C); the eigenlines of the ele-
ments ofMon(H) determine a nite, non empty, anif (G)-invariant set of
lines inC?; so thatAff (G) is virtually solvable. This would contradict the in-
jectivity of g B Aff (g): From this we deduce that any elemenMdn(H) is
a homothety with determinant Since the monodromy representation is in-
jective onH; we conclude that "coincides" with the subgroup+ Id; —I1d}
of SU(2):

6.3.4. Linear part of the monodromyBy lemma 3.10, the fundamental group
of S\ Sing(9) is generated, as a normal subgroup, by the nite fundamental
groups around the singularities 8fSincexlId is in the center oGL (2;C);

the linear part of the monodronion(g) of any elemengyin p1(S\Sing(S))

is equal to+ Id or —Id:

6.4. Proof of theorem 6.5; step 2.We now study the dynamics of the par-
abolic elements ofs near the xed poing:

6.4.1. Linear part of automorphismd.et g be an element of the group:
Letmbe a xed point ofg andm a point of the berp~1(m): Let gg be the
unique lift ofgto § xing m (with the notation used in step 8, = g): Since
g preserves the af ne structure, there exists an af ne tramsationAff (ge)
such that

deve gu = Aff (ge) ° dev.

Note thatAff (@) depends on the choice af and®; but thatAff (ge) is
uniquely determined by up to composition by an element of the mon-
odromy groupgMon(p1(S\Sing(9)): Since the linear parts of the monodromy
are equal te- Id or —Id; we get a well de ned morphism

G - PSL(2,0)
g B Lin(g)

that determines the linear part Aff (@) modulo=Id for any choice oim
andm:
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6.4.2. Parabolic elementsSince the linear paitin (g) does not depend on
the xed pointm; it turns out thatin preserves the type gf We now prove
and use this fact in the particular case of the parabolic etesyy; gy and
872

Let N be a positive integer such thg} is contained inG: For m; we
choose a regular point & which is periodic of period for gi and which
is not a critical point of the projectiopy: Thengl! xes the ber S of px
throughm pointwise. Sincey is not periodic and preserves the bersmf
this implies that the differential of' at mis parabolic. Lete be a point

of p~(m) and(é{}“)m the lift of g' xing that point. The universal cover
p provides a local conjugation betweg})' and(é)’}”)m aroundm and

and the developping map provides a local conjugation bet\@')ﬁ)m and
Lin (g)’}”): As a consequencejn (g)’}”) is a parabolic element #SL (2; C):
Since a power otin (gY) is parabolic,Lin (gY) itself is parabolic. In

particular, the dynamics @Q‘ nearegis conjugate to a linear upper triangular
transformation of2? with diagonal entries equal ta 1

As a consequence, the I is locally conjugate neag to a linear para-
bolic transformation with eigenvaluesl: The eigenline of this transforma-
tion corresponds to the be$, throughg: Since the local fundamental group
H coincides with%Ild; this eigenline is mapped to a curve a xed point by
the coveringp: In particular, the berS, throughqis a curve of xed points
for gx:

Of course, a similar study holds fgy andg;:

6.4.3. Fixed points and coordinates of the singular poifithe study of xed
points ofgy; gy andg, (see lemma 5.2) now shows that the coordinates of
the singular poingy are equal ta+2: Let &; ey ande, be the sign of the
coordinates of; so that

q=(2ex; 28y, 26,).

Recall from section 3.6 that the coef cienfs B; C; andD are uniquely
determined by the coordinates of any singular poir8 ¢ffthe productyeye;
is positive, then, up to symmetry= ( 2;2;2) andSis the surface

X2+ Y2+ 22+ xyz= 8x+ 8y+ 82— 28;

in this caseg is the unique singular point d& and this singular point is
not a node: The second jet of the equation reer (x+ y+ 2)2 = 0: This
contradicts the fact thaf has to be a node (see section 6.3.3). From this we
deduce that the produeteye; is equal to—1; and thatSis the Cayley cubic.
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7. IRREDUCIBILITY OF PAINLEVE VI EQUATION.

The goal of this section is to apply the previous sectioneartteducibility
of Painlevé VI equation.

7.1. Phase space and space of initial conditionsThe naive phase space
of Painlevé VI equation is parametrized by coordingtes(t); q'¢t)) C(B\
{0;1;¥}) x C? the “good” phase space is a convenient semi-compactocati
still bering over the three punctured sphere

M(a) - P'\{0;1;¥}

whose bre My,(q), at any pointg [PE\{0;1;¥}, is the Hirzebruch sur-
face F2 blown-up at 8-points minus some divisor, a union of 5 rationa
curves (see [37]). The analytic type of the bre, namely tlusipon of
the 8 centers and the 5 rational curves, only depends onevéiphrameters

d = (da;0p; dg: dg) [CCT andto. This bre bundle is analytically (but not al-
gebraically!) locally trivial: The local trivializatiorsi given by the Painlevé
foliation (see [41]) which is transversal to the brationh& monodromy of
Painlevé equation is given by a representation

p1(P*\{0;1;¥};tg) — Di My, (q))
into the group of analytic diffeomorphisms of the bre.

7.2. The Riemann-Hilbert correspondance and?,;-monodromy. Onthe
other hand, the space of initial conditiolk, () may be interpreted as the
moduli space of rank 2, trace free meromorphic connectimes @ hav-
ing simple poles afpa; Py; Pg Pg) = ( O;to; 1;%¥) with prescribed residual

eigenvalueigzé, iq—zb, i% and+=%, The Riemann-Hilbert correspondance
therefore provides an analytic diffeomorphism

Mi(a) - Sascp)

whereé(A;B;C;D) is the minimal desingularization &= Sa.gc;p), the pa-
rameters(A; B;C; D) being given by formulae (1.9) and (1.5). From this
point of view, the Painlevé VI foliation coincides with thgomonodromic
foliation: Leaves correspond to universal isomonodrongfodmations of
those connections. The monodromy of Painlevé VI equatiorespond to

a morphism

pl(P1 \{0;1;¥};tog) - AUt(S(A;B;C;D))

and coincides with th&,-action described in section 2.2.2. For instargze,
(resp.gy) is the Painleve VI monodromy whegturns around O (resp. 1) in
the obvious simplest way. All this is described with muchaden [29].
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7.3. Riccati solutions and singular points. WhenSa.g.c;p) is singular, the

exceptional divisor irfS(A;B;C;D) is a nite union of rational curves in restric-
tion to whichG, acts by Mobius transformations. To each such rational curve
corresponds a rational hypersurfddeof the phase spadd (q) invariant by

the Painlevé VI foliation. O, the projectiorM (q) — P2\ {0;1;¥} re-
stricts to a regular rational bration and the Painlevé dgurarestricts to a
Riccati equation of hypergeometric type: We get a one patemfi@mily of
Riccati solutions. See [45, 42, 29] for a classi cation afiguilar points of
Saec:p) and their link with Riccati solutions; they occur preciselijen
either one of thej-parameter is an integer, or when the séimg is an inte-
ger. SinceSag.c.p) is af ne, there are obviously no other complete curve in

M, () (see section 6.1).

7.4. Algebraic solutions and periodic orbits. A complete list of algebraic
solutions of Painlevé VI equation is still unknown. Aparrnt those solu-
tions arising as special cases of Riccati solutions, theateell known, they
correspond to periodiG-orbits on the smooth part &a.g.c.p) (see [31]).
Following section 5.2, apart from the three well-known fiesi of 2, 3 and
4-sheeted algebraic solutions, other algebraic solutawascountable and
the cosines of the correspondiggparameters are real algebraic numbers.
In the particular Cayley cas& = S.0,0.4), Periodic G-orbits arise from
pairs of roots of unity(u;v) on the two-fold cove(CH? (see 2.1); there
are in nitely many periodic orbits in this case and they aemsk in the real
bounded component & \ {Sing(S)}. The corresponding algebraic so-
lutions were discovered by Picard in 1889 (before Painleégéadered the
generalR,-equation !); see [34] and below. All algebraic solutioness(.
periodicG-orbits) have been classi ed in the particular case( 0;0; 0; D1
(resp. (A;B;C;D) = ( 0;0;0; D)lin [17, 34]: Apart from Riccati and Picard
algebraic solutions, there are 5 extra solutions up to symynigee also [6]
for nite orbit coming from nite subgroups oSU (2)).

BoundedGy-orbits correspond to what Iwasaki calls “tame solutioms” i
[30].

7.5. Nishioka-Umemura irreducibility. In 1998, Watanabe proved in [45]
the irreducibility of Painlevé VI equation in the sense o§Nbka-Umemura
for any parameteq: The generic solution oR,(q) is non classical, and
classical solutions are

 Riccati solutions (like above),
» algebraic solutions.

Non classical roughly means “very transcendental” wittardg to the XIXth
century special functions: The general solution cannotXpeessed in an



48 SERGE CANTAT, FRANK LORAY

algebraic way by means of solutions of linear, or rst ordendinear dif-
ferential equations. A precise de nition can be found in][13

7.6. Malgrange irreducibility. Another notion of irreducibility was intro-
duced by Malgrange in [33]: He de nes the Galois groupoidmaégebraic

foliation to be the smallest algebraic Lie-pseudo-grougt ttontains the
tangent pseudo-group of the foliation (hereafter refetceds the "pseudo-
group"); this may be viewed as a kind of Zariski closure farpseudo-group
of the foliation. Larger Galois groupoids correspond to exomplicated fo-

liations. From this point of view, it is natural to call irredible any foliation

whose Galois groupoid is as large as possibée,coincides with the basic
pseudo-group.

For Painlevé equations, a small restriction has to be takeraiccount: It
has been known since Malmquist that Painlevé foliations beagle ned as
kernels of closed meromorphic 2-forms. The pseudo-groungh tiae Galois
groupoid, both preserve the closed 2-form. The irredutytsbnjectured by
Malgrange is that the Galois groupoid of Painlevé equatmmiscide with
the algebraic Lie-pseudo-group of those transformationthe phase space
preservingwn. This was proved for Painlevé | equation by Casale in [11].

For a second order polynomial differential equatiqt;y,y5y™ = 0, like
Painlevé equations, Casale proved in [13] that Malgrangehicibility im-
plies Nishioka-Umemura-irreducibility; the converse & true as we shall
see.

7.7. Invariant geometric structures. Restricting to a transversal, e.g. the
space of initial conditionM;,(q) for Painlevé VI equations, the Galois grou-
poid de nes an algebraic geometric structure which is irar@runder mon-
odromy transformations; reducibility would imply the ebeisce of an extra
geometric structure oMy,(q), additional to the volume formw, preserved
by all monodromy transformations. In that case, a well knaoesult of
Cartan, adapted to our algebraic setting by Casale in [5%grés that mon-
odromy transformations

» either preserve an algebraic foliation,
e or preserve an algebraic af ne structure.

Here, “algebraic” means that the object is de ned over arlatgic exten-
sion of the eld of rational functions, or equivalently, moes well-de ned
over the eld of rational functions after some nite rami edover. For
instance, “algebraic foliation” means polynomial web. Asaollary of
proposition 6.3 and Theorem 6.5, we shall prove the follgwin

Theorem 7.1.The sixth Painlevé equation is irreducible in the sense df Ma
grange, except in one of the following cases:

- qw 3W Z,w= a;b;gd,
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e gw [LZw= a;b;gd, anda,qwis even.

All these special parameters are equivalent, modulo Okaraptnmetries,
to the caseq = (0;0;0;1): The corresponding cubic surface is the Cayley
cubic.

Of course, in the Cayley case, the existence of an invarfarg atructure
shows that the Painlevé foliation is Malgrange-reducidéz([12]). This will
be made more precise in section 7.9.

Before proving the theorem, we need a stronger version ofmha1®.2

Lemma 7.2. Let S be an element of the famigm: There is ndA-invariant
curve of nitetypein S

By "curve of nite type" we mean a complex analytic curve $with a
nite number of irreducible componen€; such that the desingularization
of eachC; is a Riemann surface of nite type.

Proof. Let C [CSlbe a complex analytic curve of nite type. Sin&is
embedded irC2; C is not compact. In particula€ is not isomorphic to
the projective line and the group of holomorphic diffeontagms ofC is
virtually solvable. Sincé\ contains a non abelian free subgroup, there exists
an element in A\{ld} which xes C pointwise. From this we deduce that
Cis contained in the algebraic curve of xed pointsfofThis shows that the
Zariski closure ofC is anA-invariant algebraic curve, and we conclude by
Lemma 6.2. L1

7.8. Proof of theorem 7.1.In order to prove that Painlevé VI equation,
for a given parameteq CQF* is irreducible, it suf ces, due to [11] and
the discussion above, to prove that the space of initial itiomg My, (q)
does not admit any monodromy-invariant web or algebraioafstructure.
Via the Riemann-Hilbert correspondance, such a geométuctare will in-
duce a similaGy-invariant structure on the corresponding character tarie
SaB.c:p)- But we have to be carefull: The Riemann-Hilbert map is ngeal
braic but analytic. As a consequence, the geometric stretue have now
to deal with on§a;g.c.p) are not rational anymore, but meromorphic (on a
nite rami ed cover). Anyway, the proof of proposition 6.3 istill valid in
this context and exclude the possibility@f-invariant analytic web.

7.8.1. Multivalued af ne structures We now explain more precisely what is

a G-invariant multivalued meromorphic af ne structure in thbove sense.
First of all, a meromorphic af ne structure is an af ne sttuce in the sense

of section 6.2 de ned on the complement of a proper analytiisetZ, hav-

ing moderate growth alongin a sense that we do not need to consider here.
This structure is said to B&-invariant if bothZ, and the regular af ne struc-
ture induced on the complementof areGy-invariant. Now, a multivalued
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meromorphic af ne structure is a meromorphic structuretifwaolar locus
ZY de ned on a nite analytic rami ed covep™: S-- S; the rami cation
locusX is an analytic set. This structure is said to@®einvariant if bothX
andZ = p'{zY are invariant and, over the complemenXofZ]G, permutes
the various regular af ne structures induced by the variosiches op"

Let us prove that the multivalued meromorphic af ne struetunduced on
S by a reduction of Painlevé VI Galois groupoid has actuallypote, and
no rami cation apart from singular points & Indeed, leC be the union
of Z andR; thenC is analytic inS but comes from an algebraic curve in
M, () (the initial geometric structure is algebraichf,(q)), so that the 1-
dimensional part o€ is a curve of nite type. Lemma 7.2 then show tl@t
is indeed a nite set. In other word§; is contained irSing(S); R itself is
contained irSing(S) andZ is empty.

7.8.2. Singularities of S.Since the rami cation seRis contained irging(S);
the coverplis an étale cover in the orbifold sense (singularitieS@fre also
quotient singularities). Changing the coyet S-— Sif necessary, we may
assume thattis a Galois cover.

If Sis simply connected, then of courp€lis trivial, the af ne structure
is univalued, and theorem 6.5 provides a contradiction. e tberefore
choose a singularitg of S; and a pointg~in the ber (pY~1(q): Since
p1(Sq) is nitely generated, the number of subgroups of index (@&gin
p1(S; ) is nite. As a consequence, there is a nite index subgré@um G,
which lifts to S“and preserves the univalued af ne structure de nedsdn

We now follow the proof of theorem 6.5 fd; S-and its af ne structure.
First, we denot® : S - S’the universal cover 087 we choose a poirg ~
in the ber p~1(qY; and we lift the action o6 to an action on the universal
coverS xing §: Thenwe x a developplng magev: S - C2with dev(q) =
0; these choices imply tha&ff (g) is linear for anyg in G: Section 6.3.3
shows that the singularities 8fandS-are simple nodes.

Now comes the main difference with sections 6.3.4 and 6.4:riérip
the fundamental group @&-is not generated, as a normal subgroup, by the
local fundamental groups around the singularitieSiofy(S): It could be
the case tha-is smooth, with an in nite fundamental group. So, we need
a new argument to prove that (resp.gy andg) has a curve of xed points
through the singularity:

7.8.3. Parabolic dynamicsLet g = gy be a non trivial iterate ofj that is
contained inG: The af ne transformatio\ff (g) is linear, with determinant
1 ; we want to show that this transformation is parabolic.

LetU be an open subset &on which bothdev and the universal cover
pts p are local diffeomorphisms, and let be the projection ol on Shy
p™s p: We choosaJ in such a way thalt) contains pointsn= ( x;y;2) with
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xin the interval[—2;2]: The bration of U by bers of the projectiompy is
mapped onto a bratiofr of de\(U) by the local diffeomorphisrdeve (pt
p)~L: Let us prove, rst, thaF is a foliation by parallel lines.

Let m be a point olJ which isg-periodic, of period: Then, the ber of
px throughm is a curve of xed point forg': If fis a lift of min S one
can nd a lift go § of gto S(gin p1(S;q) = Aut(p)) that xes pointwise the
ber throughrii: As a consequence, the ber bf throughdeV() coincides
locally with the set of xed points of the af ne transformati Aff (g') °
Mon(g): As such, the ber ofF throughdev(h) is an af ne line.

This argument shows that an in nite number of leaved-ofare af ne
lines, or more precisely coincide with the intersection b lines with
dev(U): Sinceg preserves each ber gdy; the foliationF is leafwise(Aff (g') -
Mon(g))-invariant. Assume now thatis a line which coincides with a leaf
of F ondev(U): If L is not parallel to the line of xed points oAff (g') -
Mon(g); then the af ne transformatiorff (g') - Mon(g) is a linear map
(since it has a xed point), with determinagtl; and with two eigenlines,
one of them, the line of xed points, corresponding to theeeigplue 1 This
implies thatAff (g') - Mon(g) has niter order. Sincey is not periodic, we
conclude that is parallel to the line of xed points oAff (g) - Mon(g);
and that the foliatiof- is a foliation by parallel lines.

By holomorphic continuation, we get that the imagedey of the bration
px © p is a foliation of the plane by parallel lines.

Let us now study the dynamics gf riear the xed pointg™ Using the
local chartdey; § is conjugate to the linear transformatigiff (g): Sinceg
preserves each ber gby; Aff (g) preserves each leaf of the foliatidn:
Sinceg is not periodic Aff (g) is not periodic either, anaff (g) is a linear
parabolic transformation. As a consequergéas a curve of xed points
throughaq:

7.8.4. Conclusion.We can now apply the arguments of section 6.4.3 word
by word to conclude theiis the Cayley cubic.

7.9. Picard parameters of Painlevé VI equation and the Cayley cuig.
Let us now explain in more details why the Cayley case is sciapwith
respect to Painlevé equations. Consider the universal cove

pr: C - {y*= x(x—1)(x—1)}; zB (X(t;2);y(t;2)

of the Legendre elliptic curve with periodst tZ - this makes sense at least
on a neighborhood df CPF\{0;1;¥}: The functiong = t(t) andp; are
analytic int.



52 SERGE CANTAT, FRANK LORAY

The following theorem, obtained by Picard in 1889, showstti@Painlevé
equations corresponding to the Cayley cubic have (almdstgical solu-
tions.

Theorem 7.3 (Picard, see [12] for example)The general solution of the
Painlevé sixth differential equation/R0; 0;0; 1) is given by

tB x(t;cr+ co-t(t)); cp;c0 CCH

Moreover, the solution is algebraic if, and only if and ¢ are rational
numbers.

Note thatcy;co; [Qlexactly means thad;(cy + c-t(t)) is a torsion point
of the elliptic curve.

Finally, R/|(0;0; 0; 1)-equation can actually be integrated by means of el-
liptic functions, but in a way that is non classical with respto Nishioka-
Umemura de nition. Coming back to Malgrange's point of vietle cor-
responding polynomial af ne structure on the phase spdd@®; 0;0; 1) has
been computed by Casale in [12], thus proving the redutylafiR,(0; 0; 0; 1)
equation (and all its birational Okamoto symmetrics) in sease of Mal-
grange.

8. APPENDIX A

This section is devoted to the proof of theorem 2.1, accgrtiirwhich the
unique surface in the famillyjam with four singularities is the Cayley cubic
<

Proof. I. The pointq= (XY, 2) is a singular point 0§ a.g.c.p) if, and only if
qis contained ir§ s g.c.p) and

2x+yz= A, 2y+zx=B; and Z+ xy= C:

In particular, any pair of two coordinates qfdetermines the third coordi-
nate.

[I. If (u;v) is a couple of complex numbers,,(X) will denote the fol-
lowing quadratic polynomial

ku(X) = X2 —uvX+(Uu?+ 2 —4):

This polynomial has a double root, namaly uv=2; if and only if ky(X) =
(X —uv=2)?; if and only if (U2 —4)(V2—4) = 0:

Letus now x asetofa;b;c;d) parameters that determings B;C;D): It
is proved in [4] that the coordinates of a singular pajsatisfy the following
properties:

(i) Thex coordinate satisfy one of the following conditions
— xis a double root okap(X);
— xis a double root ok¢q(X);
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— X is a common root ok gy andkcq(X) ;
(i) y satis es the same kind of conditions with respecktg andkp;
(i) zalso, with respect tlizc andkpg:

This shows that the number of possilléresp.y; 2)-coordinates fon is
bounded from above by Zogether with step, this shows tha§ag,c.py has
at most four singularities.

When§ag.c;py has four singuarities, there are two possibilities forthe
coordinate, and eithdeyp andk.q both have a double root, &, andkcg
coincide and have two simple roots.

lll. Let us assume th&t, andk.q have a double root. After a symmetry
(see 82.3), we may assume tlaat c= 2: Then,kyc; kag andky all have
a double root. In particular, sincga.g.c.p) has four singularities, the two
choices for the-coordinate of singular points are two double roots, thé roo
of kac; and, necessarily, the double rootlgfy: This implies thato or d is
equal tox2: Applying a symmetry of the parameters, we may assume that
b= 2; so that(a; b;c;d) is now of type(2;2; 2;d):

Under this assumption, the y andz coordinates of singular points are
contained in{2; d} (these are the possible double rootsd3& 4; the equa-
tions of step show that two of the coordinates are equal tevBen one is
equal tod: This gives at most three singularities. As a consequahee?
ord = —2; and the conclusion follows from the fact that wheés 2; there
is only one singularity, namel{2; 2; 2):

IV. The last case that we need to consider is when all polynorkigls
u; v [{&; b;c;d}; coincide. In that case, up to symmetrias; b= c= d:
Then, a similar argument shows tlaat O if Shas four singularities (another
way to see it is to apply the covering QuaQuad from section 9.4). [1

9. APPENDIX B

9.1. Painleve VI parameters (da;dp; dg; dq) and Okamoto symmetries.
Many kinds of conjugacy classes of representatironsth

c(r)=(ab;cd;xy;2)

give rise to the sam@A; B;C; D; x;y; 2)-point ; in order to underline this phe-
nomenon, we would like to understand the rami ed cover

ct 5 ct
(a;b;c;d) B (AB;C;D)

de ned by equation (1.5).

P :

9.1.1. Degree ofP.
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Lemma 9.1. The degree of the covering mB&p that is the number of points
(a; b; c;d) giving rise to a given generi@A; B; C; D)-point, is24.

Proof. We rstly assumeB £ +C so thata & £b. Then, solvingB = bc+ ad
andC = ac+ bdin c andd yields

_aC—DbB _aB—bhC
= 22 and d= 2=
Subsituting inA= ab+ cd andD = 4—a?—b?—c?—d?—abcdgives{P =
Q= 0} with
P = —ab(a®—b%?+ A(@®—b?)%+(B*+ C?)ab—BC(a’+ b?)
andQ = (a’+ b?)(a’>—b%)2+(D—4)(a®—b?)?
+(B?+ C?)(a®—a’b?+ b?) + BCal{a® + b*—4):

These two polynomials have both degree ganb) and the corresponding
curves must intersect in 36 points. However, one easilylctieat they in-
tersect along the line at in nity with multiplicity 4 at eadf the two points
(a:b)=(1:1 and(1:—1); moreover, they also intersect along the for-
bidden linesa= =b at (a;b) = ( 0;0) with multiplicity 4 as well, provided
thatBC €1 0. As a consequence, the number of preimagd®\mB; C; D) is
36—4—4—4= 24 (counted with multiplicity). 1

Remark 9.2. P is not a Galois cover: The group of deck transformations is
the order 8 grou® = [B;Py; [(—4_1.—1.—1)[(see §2.3).

9.1.2. Okamoto symmetrieslo understand the previous remark, it is conve-
nient to introduce the Painlevé VI parameters, which argeelto(a; b; c; d)
by the map

8
3a = 2c0gpga)
c -~ ¢t b = 2co{pay)
(0a;Ob;dg:da) B (ab;cd) 3Cc = 2cogpqy
~d = 2cogpdq)

The composite mafda;dy; dg; dg) B (A;B;C; D) has been studied in [28]:

It is an in nite Galois rami ed cover whose deck transfornmats coincide
with the groupG of so called Okamoto symmetries. Those symmetries are
"birational transformations" of Painlevé VI equation; yHeave been com-
puted directly on the equation by Okamoto in [38] (see [36pfmodern pre-
sentation). LeBir(Ry|) be the group of all birational symmetries of Painlevé
sixth equation. The Galois growpis the subgroup dBir(R/|) generated by
the following four kind of af ne transformations.
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(1) Even translations by integers
8
3 la B gatm
o @ B gty e N=(N5N;Ngng) Zf,
20y B3 Qgt+ns nm+ny+n3+ ng C2F:
"0y B Ogt g

Those symmetries also act on the space of initial conditadrizy,
in a non trivial way, but the corresponding action (©qy; 2) is very
simple: We recover the twist symmetriés df section 2.3 by con-
sideringn modulo Z*.

(2) An action ofSym, permuting(da; dp; dg; dg): This corresponds to the
action ofSym, on (a; b; c; d; x; y; 2) permuting(a; b; c;d) in the same
way. This group is generated by the four permutationg,, P, and
P, (see sections 2.2.1 and 2.2.2).

(3) Twist symmetries on Painlevé parameters

8
3 la S €10a
Qb €20pb
te 20y B es3qg
" 0o B esq

with e= (e e;ese;) {1}

The corresponding action d@a; b; c; d; x;y; 2) is trivial.
(4) The special Okamoto symmetry (callgdn [36])

% Jda B Qa_Qb;%_Qd +1
Ok - q B —Qa+%2—QQ_Qd +1
E gy DB _Qa_sz"'QQ_Qd +1
“qq D —Qa—Qt)z—Qg+ U 1

The corresponding action qi; B;C;D;X;y; 2) is trivial (see [28]),
but the action orfa; b; c; d) is rather subbtle, as we shall see.
The rami ed cover(da;dy;dg dg) B (& b;c;d) is also a Galois cover: Its

Galois groufK is the subgroup o0& generated by those translatiohgwith
n [{22)* and the twistse._I0ne can check thd6 : K] = 24 butK is not

a normal subgroup d&: It is not Ok-invariant. In factK is normal in the

subgroupG™ CGlwhere we omit the generator Ok a@= G'2K coincides

with the order 8 group of symmetries xinfA;B;C;D). Therefore,G=K

may be viewed as the disjoint union of left cosets

G=K = Q [0Ok-Q [k -Q
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wherebk is the following symmetry (calleg;sys; in [36])

% Ja B Qa—%;%ﬁ dd
bi - b 3 Qat sz gt dd
E 0g 0o _Qa_%2+ Ogt dd
“qq B Jat Qb’zf g+ dd

9.1.3. From (A;B;C;D) to (a;b;c;d). Now, given a(a;b;c;d)-point, we
would like to describe explicitly all other parametds’bc?dY in the
sameP - bre, i.e. giving rise to the same parametdy; B;C; D). We already
know that theQ-orbit

(a;b;c;d) (—a;—b;—c;—d) (d;c;bja) (—d;—c;—b;—a)
(bia;d;c) (—b;—a;—d;—c) (cid;a;b) (—c;—d;—a;—b)
, Which generically is of length;8s contained in the bre. In order to

describe the remaining part of the bre, let us cho¢ag be; Ce: de) CCF,
e= 0;1, such that

8 \/2+a 8 \/ﬁ
D/ TR N =
bp = by = —
° _ VEg and T _ VI
. TR =
do = 5 dl = 5

If g4 is such thafap; a1) = ( cos(p%‘);sin(p%)), thena= 2cogpd,); there-
fore, the choice ofag; a1) is equivalent to the choice ofRy,-parametery
modulo Z, i.e. of%a moduloZ. Then, looking at the action of the special
Okamoto symmetry Ok on Painleve paramet@s; dy; dg; dq), We derive
the following new poin{a-b"c“dY in theP- bre

%aﬂ = —28(—1)7" Clag be,Cey e,

b = —2&(—1) 2 * 2ag,he,Ce,e,
307 = —28(—1) 7 Sag,be,Ce e,
Cd7 = —28(—1) 7t g, be,Cey e,

where the sum is taken over a@l= (er;e;es;e4) [C({0;1})* for which
&, is even. One can check that the different choiceq#grbo; co; do)
and (a1;by;cy;d1) lead to 16 distinct possiblea?bcdY, namely 2 dis-
tinct Q-orbits, which together with th@-orbit of (a;b;c;d) above provide
the wholeP - bre.
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Example 9.3.When(a; b; c;d) =( 0;0;0;d), we havd A; B;C; D) = ( 0;0;0; D)
with D = 4—d2. TheP- bre is given by theQ-orbits of the 3 points
q

..~ ~ P S —
(0;0;0;d) and (d;d;d;—d) where d= 2+ 4—d?
(only the sign of the square root inside is relevant ugjo The bre has
length 24 except in the Cayley cade= 0 where it has length 9, consisting
of the twoQ-orbits of
(0;0;0;0) and (2;2;2;—2)

(note that(0; 0;0; 0) is Q-invariant) and in the Markov cask= 2 where it

has length 16, consisting of the t@®orbits of
| gotthe npprdls Q)

(0;0;0;2) and ( 2, 2, 2,— 2):
9.2. Reducible representations versus singularities.
Theorem 9.4([4, 29]). The surface & g.c.p) is singular if, and only if, we
are in one of the following cases
e D(a;b;c;d)= Owhere
D=(2(a’+ b?+ ¢+ d?) —abcd—16)2— (4—a?)(4—b?)(4—c?)(4—d?);
« at least one of the parameters a, b, c or d equaks

More precisely, a representatianis sent to a singular point if, and only if,
we are in one of the following cases :

« the representation is reducible and the® = 0O,
« one of the generatons(a), r (b), r (g) or r (d) equalsxl (the corre-
sponding trace parameter is then equaktt@).

In fact, itis proved in [4] that the s& of parameter§A; B; C; D) for which
SaBc:p) is singular is de ned byd = 0 whered is the discriminant of the
polynomial

P,= *—CZ—(D+ 4Z2+(4C—AB)z+ 4D+ A%+ B?

de ned in section 5.1:P, has a multiple root at each singular point. Now,
consider the rami ed cover

P:C* . C%(ab;c;d) B (A;B;C;D)
de ned by (1.5). One can check by direct computation that
deP = 1—16(a2—4)(b2—4)(c2—4)(d2—4)02:

One also easily veri es that the locus of reducible représtgons is also the
rami cation locus ofP:

1
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It is a well known fact (see [29]) that Okamoto symmetriesypgte the
two kinds of degenerate representations given by Theorén¥9r instance,
a singular point is de ned by the following equations:

A= 2x+yz B=2y+xz C= 2z+xy
and X2+ y?+ 2+ xyz= Ax+ By+ Cz+ D:
Now, a compatible choice of parametéasb; c; d) is provided by
(abicd)=(y.zx2)
and one easily check that the corresponding represensatadisfyr (d) = 1.

9.3. SU(2)-representations versus bounded components/hena, b, c,
andd are real numbergh, B, C, andD are real as well. In that case, the
real partSa;g.c;p)(R) stands forSU (2) andSL (2;R)-representations; pre-
cisely, each connected component of the smooth pagfc.p)(R) is ei-
ther purelySU (2), or purelySL (2; R), depending on the choice (d; b; c; d)
tting to (A;B;C;D):

Moving into the parameter spagéa; b; c;d) }; when we pass frorSU (2)
to SL(2;R)-representations, we must go through a representationeof th
groupSU(2) nSL(2;R) = SO(2;R): Since representations in®0D (2; R)
are reducible, they correspond to singular points of theccsbrface (see
89.2). In other words, any bifurcation betwen(2) andSL (2; R)-represen-
tations creates a real singular point3f g.c.p)-

SinceSU (2)-representations are contained in the c[ib; 2]°, they al-
ways form a bounded component of the smooth pa&gk.c.p)(R): Un-
bounded components always corresponfili¢2; R)-representations, what-
ever the choice of parametdig b; c;d) is.

The topology ofSa;g.c:p)(R) is studied in [4] when(a; b;c;d) are real
numbers. There are at most four singular points, and the gnpawt has at
most one bounded and at most four unbounded components. eQuittér
hand, ifA, B, C, andD are real numbers, then b, ¢, andd are not necessar-
ily real.

Example 9.5.1f a, b, ¢, andd are purely imaginary numbers, thénB, C,
andD are real numbers. In this speci c example, there are reptatens
r :pi(S3) — SL(2;C) with trace parameters

(ab;c;d;xy;2) COR)* % (R)?;
the image of which are Zariski dense in the (real) Lie gr6up2; C): Such
a representation correspond to a pdity; z) on §a.g.c.p)r) Which is not
realized by a representation irga (2; R):

The goal of this section is to prove the following theorem jchhpartly
extends the above mentionned results of Benedetto and @aol{#h
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Theorem 9.6.Let A, B, C, and D be real numbers, for which the smooth part
of Sae.c:p)(R) has a bounded component. Then for any choice of parame-
ters(a; b;c;d) ttingto (A;B;C;D), the numbers a, b, ¢, and d are real, con-
tained in(—2;2) and the bounded component stands30K(2) or SL(2; R)-
representations. Moreover, for any such paramgigyB;C;D), we can
choose betweefU (2) and SL(2;R) by conveniently choosing@; b;c;d):

The two cases both occur.

In particular, bounded components of real surfa§gsc.p)(R) always

arise fromSU (2)-representatiorfs

Denote byZ [R1the subset of those paramet@dsB; C; D) for which the
corresponding surfacga.g.c;p)(R) is singular (see section 9.2). Over each
connected component 8*\ Z, the surfaceag.c:p)(R) is smooth and has
constant topological type. L& be the union of connected components of
R*\ Z over which the smooth surface has a bounded component.

The rami ed coverP : C* - C*(a;b;c;d) B3 (A;B;C;D) has degree 24;
Okamoto correspondences, de ned in section 9.1, “act’sitauely on bers
(recall thatP is not Galois). Because of their real nature, these correspo
dences permute real paramet@d; c; d): ThereforeP restricts as a degree
24 rami ed coverP |zs : R* - P(R%. Following [4], we have

P YB)nR*=(—-2;2*\{D= 0}:

Using again thafU (2) n SL(2;R) = SQ(2) is abelian, and therefore corre-
sponds to reducible representations, we promptly deduate @fong each
connected component @~2;2)*\ {D = 0}, the bounded component of
the corresponding surfac®a.g.c.p)(R) constantly stands either f&U (2)-
representations, or f@L (2; R)-representations. We shall denote®y¥(?

andBSLH(2R) the corresponding componentsBf Theorem 9.6 may now be
rephrased as the following equalities:

B= BSU(Z) — BSL(Z;R):
To prove these equalities, we rst note th&%¥Y(? [BPLCER) [p([—2;2]%

is obviously bounded by-8 < A; B;C < 8 and—20=< D < 28 (this bound is
not sharp !).

Lemma 9.7. The setB is bounded, contained inte8 < A;B;C < 8 and
—56<D <68

Proof. The orbit of any poinp belonging to a bounded componen8y g.c.p)(R)
is bounded. Applying the tools involved in section 5, we dalthat the

2This strengthens the results of [40] where the bounded coemtavas assumed to arise
from SU(2)-representations.
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bounded component is contained ifite2; 2]°. Therefore, foranp=( X;y; 2)
ands,(p) = ( X“'y; 2) belonging to the bounded component, we A&t X+
X+ yzand thenr—8 < A<38. Usings, ands,, we get the same bounds fér

andC. Sincep is in the surface, we also gBt= x>+ y?+ z°+ xyz— Ax—
By—Cz L1

The order 24 group of Benedetto-Goldman symmetries actopdahame-
ters(A; B;C; D) by freely permutting the tripl€A; B;C), and freely changing
sign for two of them. This group acts on the set of connectedpaments of
R*\Z, B, BSY(@ andBSLH(2R) The crucial Lemma is

Lemma 9.8. Up to Benedetto-Goldman symmetri&\ Z has only one
bounded component.

Proof. Up to Benedetto-Goldman symmetries, one can always assume 0
A=B<=C. Thisfactis easily checked by looking at the action of syriias

on the projective coordinat¢s : B: C]=[ X :Y : 1]: the triangleT = {0 <

X <Y < 1} happens to be a fundamental domain for this group action. We
shall show thaR*\ Z has at most one bounded component over the cone

C={(AB,C); 0=A<B=<=C}

with respect to the projectiofd; B;C; D) 5 (A;B;C).
The discriminant ofl with respect td reads

disqd) = —65536(B—C)?(B+ C)?(A—C)?(A+ C)*(A—B)?(A+ B)d}
whered; is the following polynomial (with(X;Y) = ( &; &))
di = —COX3Y3+ 27Y4+ 27X 4—6X2Y4—6X4Y2+ 27X*—6X2Y? C8
+ —768X%Y + 192Y3X — 768X Y + 192X3Y — 768Y°X + 192x3y3 C’
+ 4096Y%—1536Y2+ 4096+ 23808X2Y2 —1536X* —1536X2Y4

—1536X4Y2+ 4096X°® — 1536X2—1536Y4 C°

+ —86016X3Y —86016Y3X —86016XY C°+ 712704X2Y2
—196608r* — 196608— 196608K*+ 712704X2%+ 712704v2 C*

—55050243XY + 31457282+ 3145728 31457282 C2—16777216

First, we want to show thdE\ {disqd) = 0} has 5 connected components,
only two of which are bounded. The polynomal has degree 9 i€ in
restriction to any lind.x.y = {A= XC;B= YC} [Clwith0< X< Y < 1;
we claim that it has constantly 3 simple real roots (and 6 eahanes)

c1(X;Y) < 0< c(X;Y) < c3(X;Y):
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In order to check this, let us verify that the discriminantgfvith respect to
C does not vanish in the interior of the triandle After computations, we
nd

disa(dy) = k(X2 —=Y?)®(X?—1)8(Y2—1)8(Yd,)?
wherek is a huge constant arti} is given, setting = tY, by

d,= 222728+ 40337%+ 1638410+ 163842+ 222724 Y10

+ —59233%+ 163841°—59233%+ 404488+ 16384+ 404482 Y®
+ 22272+ 222728 —-5092332—-59233%—-118893% Y°

+ 40337%+ 40337—592332—59233% Y4

+ 22272+ 22272%+ 404482 Y%+ 16384+ 163842

This later polynomial has non vanishing discriminant wiglspect tor for
0< t < 1 and has a non real root, for instance, whenl=2: Thus dis¢d,)
does not vanish in the interior of the triandle Therefore, the polynomial
d; has always the same number of real roots wi¥€rY) lie inside the tri-
angleT and one can easily check that O is never a root, and by spzcali
(X;Y), that there are indeed 3 roots, one of them being negative clHim
is proved.

The coneCis cutted off by dis¢d) = 0 into 5 components, namely

G={C<aXiNN} G={a(X;Y)<C<0}; G={0<C<c(X;V)}
G = {eaX;Y) < C<ca(X;Y)} and G = {c3(X;Y) < C}:

Butd; has degree 8 whexi= 0 and one of the rootg(X;Y) tends to in nity
whenX - 0. One can check thag — ¥ and onlyG andG are bounded.

We now study the possible bounded componenR’fZ over the con&;
they necessarily project onfd, G or the union (together withA; B;C) =
0). The polynomial de ning Z has degree 5 iD. After several numerical
specializations, we obtain the following picture:

 the polynomial has 5 real rootd; < dy < d3 < ds < ds overG and

e overC=c,orC= ¢y, 0< A< B< C, the 5 roots extend continu-
ously, satisfyingd; = do< d3< dsg < ds
e over(A;B;C) = 0, the 5 roots extend continuously as @, < do =
d3 = d4 = 4.
Among the 6 connected componentsRIN\ Z overG (resp.G), only that
one de ned by{di1(A;B;C) < D < dy(A;B;C)} does not “extend” over the
unbounded componefi; (resp. G). The unique bounded component of
R4\ Z over the cond& is therefore de ned ove€; [{A= B= C= 0} [(J
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by {d1(A;B;C) < D < do(A;B;C)}. The corresponding connected compo-
nent ofR*\ Z must be bounded as well, since there is at least one bounded
component, given b3SY(@  or BSLZR, 1

We thus conclude thd® = BSUY( = BSL(ZR gnd Theorem 9.6 is proved
in the case the real surfag,g.c.p)(R) is smooth. The general case follows
from the following lemma, the proof of which is left to the dea.

Lemma 9.9. Let (A;B;C; D) be real parameters such that the smooth part
of the surface @.g.c;p)(R) has a bounded component. Then, there exist an
arbitrary small real perturbation ofA; B;C; D) such that the corresponding
surface is smooth and has a bounded component.

We would like now to show that there is actually only one baahdom-
ponent inR*\ Z (up to nothing).
Inside[—2; 2]*, the equatiorD splits into the following two equations
q
2(a%+ b?+ c?+ d?) —abcd—16= + (4—a?)(4—b?)(4—c?)(4—d?):

Those two equations cut-off the parameter splaez 2]* into many con-
nected components and we héve

Theorem 9.10(Benedetto-Goldman [4])When a, b, ¢ and d are real and
Sagc:p)(R) is smooth, then ®g.c.p)(R) has a bounded component if, and
only if, a, b, c and d both lie i{—2; 2). In this case, the bounded component
corresponds t&L (2; R)-representations if, and only if,

2(a%+ b?+ c?+ d®) —abcd—16>  (4—a?)(4—b?)(4—c?)(4—d?):

When we cross the boundary
q
2(a%+ b?+ 2+ d?) —abcd—16=  (4—a?)(4—b?)(4—c?)(4—d?)

inside (—2;2)%, we pass fronSL(2;R) to SU(2)-representations: At the
boundary, the bounded component must degenerate downrgudasi point.
We now prove the

Proposition 9.11. The se(—2; 2)*\{D= 0} has24 connected components,
8 of them corresponding tBL (2; R)-representations. Okamoto correspon-
dence permute transitively those components.

Recall that the group of cover transformaticdQshas order 8 and does
not change the nature of the representation: The innz(lgg(Sﬁ)) remains

3In [4], the connected components[ef2; 2]* standing forSL(2; R)-representations are
equivalently de ned byD> 0 and Za®+ b®+ ¢+ d?) —abcd— 16> 0.
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unchanged ifPGL (2; C). Therefore, up to this tame action, Okamoto corre-
spondence provides, to any smooth pd¢istB;C; D; x;y; 2) of the character
variety, exactly 3 essentially distinct representatidws, of them inSU (2),
and the third one iISL (2;R). It may happens (see [39]) that one of the two
SU(2)-representations is dihedral, while the other one is dense!

Proof. We shall prove that th8L (2;R)-locus, i.e. the real semi-algebraic

setX of [-2;2]* de ned by
q
2(a%+ b?+ c?+ d?) —abcd— 16>  (4—a?)(4—b2)(4—c?)(4—d?);

consist in connected neighborhoods of those 8 verticeegponding to the
Cayley surface

(abcd)=(e1-2e-263-2,64-2); &= £1; erepeze4= L

Benedetto-Goldman symmetries act transitively on thosepoments. On
the other hand, the Cayley surface also arise(fb;c;d) = ( 0;0;0;0),
which is in theSU (2)-locus: the Okamoto correspondence therefore sends
any of the 8 components above into ®lg(2)-locus, thus proving the theo-
rem.

By abuse of notation, still denote t&/the discriminant locus de ned by
{D= 0} [(3F2;2)* The restrictiorZ,, of Z to the slice

Papn= {(a;bc;d); cd (322} (ab) [(F2,2)%
is the union of two ellipses, namely those de ned by

q
c*+ d°—dcd+ d*—4= 0; whered= % ab+ (4—ad)(4—b?)

Those two ellipses are circumscribed into the sqirag (see gure 9.3)
and, for generic parameteaasindb, cut the square into 13 connected compo-
nents. One easily verify th8L (2; R)-components (namely those connected
components 0Ka.p = X n P 4 de ned by the inequality of the previous the-
orem) are those 4 neighborhoods of the vertices of the square

This picture degenerates precisely wieen +2, b= £2 ora= xh. We
do not need to consider the rst two cases, since they are ®bdldary of
(—2:2)%. Anyway, in these cases, the two ellipses coincide; theyemar
degenerate to a double line whar +b.

In the last cas@ = =*b; the picture bifurcates. Whem= b, one of the
ellipses degenerates to the double lowe d, and the two components of
Xap near the vertice2; 2) and(—2; —2) collapse. Whem = —b, the com-
ponents oiXyp near the two other vertices collapse as well. This means that
each component ofy, stands for exactly two componentsXf We nally

obtain 8 connected components for 8le(2; R)-locusX [{F2;2)*. One
easily verify that there are sixte&t (2)-components iff—2;2)*\ Z. L1
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Zyp = {D= 0}

2a%+ 2b%+ 2c¢%2+ 2d?—abcd—16= 0

FIGURE 5. Z restricted to the slice P 4.

9.4. Rami ed covers. Here, we would like to describe other kinds of cor-
respondences between surfa&gg.c.p); that arise by lifting representa-
tions along a rami ed cover cﬁﬁ: Letr ER]ep(Sﬁ) be a representation with
a= d= 0, so thatr (a)? = r(b)?= —I, and consider the two-fold cover
p:S? - S? ramifying overp, andpy.

The four punctures lift-up as six punctures labelled in theious way

8
3 ~F~)a~|j 5 pa
p: PoiPp B Po
- 3 ﬁg; ﬁg = Pg

Ba B Pg
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QD
o
«

FIGURE 6. The two-fold cover. (the pointpy is at in nity)

After twisting the lifted representatione p by —I at p; and gy, we get a
new representation ER]ap(Sﬁ) ; the new punctures are respective& Bgs
P, and p"E and the new generators for the fundamental group are given by

abgb~la~1: aba~1; b; andg After computation, we get a map
8

8
Eg S g <x B y
cpnQ p ad yo 2—x?
.30 0 o "z B xX%y+xz—y+ bc

de ning a two-fold cover
Quad : §oB:0,0) » J28,4-D:2B:20-B2—4)

whereB = bcandD = 4—b?—c?. This map corresponds to the so-called
“quadratic transformation” of Painlevé VI equation.



66 SERGE CANTAT, FRANK LORAY

When moreover = 0, we can iterate twice this transformation and we
deduce a 4-fold cover

QuadeQuad : §g,0,00) ~ 8-20:8-20:8—2D;—28+ 120-D?)

8 8
Eg S E <x O 2-—x2
50 0 b and y O 2—y?

For instance, wheb = 0, we get a coverin§o,0.0,0) ~ Ss:8,8.—2g- Another
particular case arise whdh= 4 where Quad de nes an endomorphism of
the Cayley cubic surfac§q.0,0.4) — S0.0,0.4, Namely that one induced by
the regular cover

cbkctH, etk e™ (uv) B (vud):

Example 9.12.By the way, we note that, up to the action@fthe following
traces data are related :

(0;0,0;d) o (d¥d¥d¥—dTy -, X0,0,0,4-d?)

| !
(0:0;d:d) o (22dY-dy - Sd2:0,0:4-2d2)

| !
(dididid) o (222d°=2) - Soqzagoda-ade—dt

whered™= v4—d2 andd™= 2+ d¥ In the previous diagram, horizon-
tal correspondences arise from Okamoto symmetries, whitgcal arrows,
from quadratic transformatioQ.

More generally, we have related

(0;0;c;d) o (cPcPdP-dT Sicd:0:0:4—c2—?)
! !
(c.cdid) o (2,2;c5dY — 2+ d2;2cd; 24— 262 —2d2—c2l2)
Vv

aoad—a o~ vy V
wherec = o (EAETY g G (AT (e T2 cPandd =
2—ct
Remark 9.13. One can check by direct computations that the quadratie tran

formation Quad is equivariant, up to nite index, with respeo theGZEI
actions. Precisely, we have

8
<QuadB? = B,'-Quad
. QuadeB, = B;%-Quad
" Quades, = s,2Quad
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The group generated 72, B, ands,, acting on both sides, contaiﬁ?,a':“as
an index 2 subgroup (recall thB2 = g« = ;o5 andB3 = gy = Sc° ).
Therefore, ifg= Quadp) (for some parameter®;B;0; D)), thenp is GZ';'
periodic (resp. bounded) if, and only dis.
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