
BIRATIONAL PERMUTATIONS

SERGE CANTAT

ABSTRACT. We prove that every permutation ofP
n(K), whereK is a fi-

nite field with odd characteristic, is induced by a birational transformation
with no rational indeterminacy point.

RÉSUMÉ. Nous montrons que toute bijection deP
n(K), pourK un corps

fini de caractéristique impaire, est induite par une transformation bira-
tionnelle sans point d’indétermination rationnel.

1. VERSION FRANÇAISE ABRÉGÉE

Soit p un nombre premier. SoitK un corps fini de caractéristiquep, et m
l’entier positif tel que le cardinalq deK soit égal àpm. Le groupe de Cre-
monaCrn(K) est le groupe desK-automorphismes du corpsK(x1, ...,xn).
Ce groupe coïncide avec le groupe des transformations birationnelles de
l’espace projectifPn

K. Si f : P
n
K 99K P

n
K est une transformation birationnelle,

il existe alorsn+1 polynômes homogènesPi(x0, ...,xn) de même degréd et
sans facteur commun tels quef [x0, ...,xn] = [P0 : ... : Pn]. Le lieu d’indéter-
mination Ind( f ) de f est l’ensemble fini des points satisfaisant le système
d’équationsPi(x0, ...,xn) = 0 pour touti = 0, ...,n. Si Ind( f ) et Ind( f−1) ne
contiennent pas de point à coordonnées dansK, alors f induit une bijection
de l’ensemble finiPn(K). Notons

BCrn(K) = { f ∈ Crn(K)| Ind( f )(K) = Ind( f−1)(K) = /0}
le groupe formé de ces transformations rationnelles. Le butde cette note est
de montrer le théorème suivant.

Theorem 1.1. Soit K un corps fini de caractéristique impaire. Toute bijec-
tion de l’ensemble finiPn(K) est réalisée par un élément deBCrn(K).

Lorsque la caractéristique deK est égale à 2, nous montrerons quetoute
bijection alternée est réalisée par un élément deBCrn(K). Si le cardinal de
K vaut 2, toute bijection est en fait réalisable, mais lorsqu’il vaut2m avec
m> 1, je ne sais pas si l’on peut réaliser les transpositions.
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2. INTRODUCTION

Let p be a prime number. LetK be a finite field of characteristicp, let q be
the cardinal ofK andm the positive integer such thatq = pm. The Cremona
group Crn(K) is the group ofK-automorphisms of the fieldK(x1, ...,xn).
It coincides with the group of birational transformations of the projective
spacePn

K.
Let f : P

n
K 99K P

n
K be a birational transformation. There existsn+ 1 ho-

mogeneous polynomialsPi ∈ K[x0, ...,xn], 0≤ i ≤ n, with the same degreed
and without common factor, such that

f ([x0 : ... : xn]) = [P0 : ... : Pn].

The system of equationsPi(x0, ...,xn) = 0, 0 ≤ i ≤ n, determines a (finite)
algebraic subvariety of the projective spaceP

n
K. This algebraic variety is

the indeterminacy locus Ind( f ) of f . When Ind( f ) and Ind( f−1) contain
no rational point (i.e. no point inPn(K)), the birational transformationf
induces a bijectionf of the finite setPn(K). We shall denote by

BCrn(K) = { f ∈ Crn(K)| Ind( f )(K) = Ind( f−1)(K) = /0}
the group made of these birational transformations. Restriction to P

n(K)
defines a morphism

f 7→ f

from the groupBCrn(K) to the groupBij(Pn(K)) of all permutations of the fi-
nite projective planePn(K). Since this plane containsqn+ ...+q2+q+1 ele-
ments, we get a subgroup of the finite permutation groupBij({1,2, ...,(qn+1−
1)/(q−1)}).
Theorem 2.1. If the characteristic of K is different from2, the morphism
f 7→ f fromBCrn(K) to Bij(Pn(K)) is onto.

In other words, every permutation ofP
n(K) is induced by a birational

transformation without rational indeterminacy point (if the characteristic of
K is odd). If the characteristic ofK is equal to 2, we shall prove thatthe
image of f 7→ f contains all even permutations.If K has two elements, then
every permutation is indeed realizable as a birational permutation, but I don’t
know whether transpositions of the finite setP

n(K) are in the image off 7→ f
when|K| = 2m, with m> 1.

Remark 2.2. This result and its proof are analogous to several statements
due to Biswas, Huisman, Kollár, Lukackiı̄, and Mangolte. They proved that
the group of birational transformations of the real projective planeP

2(R)
without real indeterminacy points embeds as a dense subgroup into the group
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of diffeomorphisms of the plane, and actsn-transitively onP
2(R) for all

n≥ 0. The interested reader may consult [2], [4], [7], [5].

Remark 2.3. This result should also be compared to a similar statement due
to Maubach for automorphisms of the affine plane (see [8]). InMaubach’s
case, a set of generators forAut(K2) is known and may be used to prove that
odd permutations are not realized by automorphisms when|K| = 2r , r > 1.

Remark 2.4. The proportion of positive integersn ≤ N that are equal to
|Pk(K)| for at least one pair(k,K) wherek is an integer andK is a finite field
goes to 0 whenN goes to+∞. This proportion is 43/100 forN = 100.

The proof follows easily from the prime number theorem. Integersn≤ N
of type|P1(K)|wherek is a finite field are equal topm+1 wherem≥ 1 andp
is a prime such thatpm < N. The number of primesp≤ N is approximately
N/ log(N). If pm < N and m≥ 2, then p ≤

√
N and m≤ log(N)/ log(2)

becausep≥ 2; in particular, for each primep, the sequencepk+1, k= 1, ...,
counts at most log(N)/ log(2) terms beforeN. This implies that the number
of integersn≤ N of type|P1(K)| is bounded from above by

N
log(N)

+
log(N)

log(2)

√
N.

For integersn≤N of type|Pk(K)|with |K|= pm andk≥ 2 we havep≤
√

N,
m≤ log(N)/ log(2) andk≤ log(N)/ log(2). This gives at most

2 log(N)2
√

N
log(2)2 log(N)

terms. All together, this proves that the proportion of integersn≤ N of type
|Pk(K)| goes to 0 as 1/ log(N) whenN goes to infinity.

3. FROM PROJECTIVE TRANSFORMATIONS TO ARBITRARY

PERMUTATIONS

The group of automorphisms of the projective spaceP
n(K) coincides

with the group of projective transformationsPGLn(K). This group is a strict
subgroup ofBij(Pn(K)). The group of permutations ofPn(K) preserving
collinearity is an intermediate subgroup, that is usually denotedPΓLn(K):

PGLn(K) ⊂ PΓLn(K) ⊂ Bij(Pn(K)).

The groupPΓLn(K) is generated byPGLn(K) and automorphisms of the
field K. Depending onK, PΓLn(K) may be contained, or not, in the group
Alt(Pn(K)) of alternating permutations (i.e. with signature+1).
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Theorem 3.1 (List [6] ; Bhattacharya [1]). Let K be a finite field and n> 1
be an integer. Let G be a subgroup ofBij(Pn(K)) which contains the auto-
morphism groupPGLn(K). Either G is contained inPΓLn(K), or G contains
the alternating subgroupAlt(Pn(K)).

The groupBCrn(K) contains the group of automorphisms ofP
n
K. Hence,

all what we have to do in order to prove theorem 2.1, is to construct a bira-
tional transformationf of P

n(K) such that

(1) f and its inversef−1 do not have any rational indeterminacy point;
(2) f does not preserve collinearity;
(3) the signature of the permutationf : P

n(K) → P
n(K) is−1.

In what follows, we focus on the first non trivial case, namelyn = 2. The
general case is obtained along similar lines.

In order to construct the desired trnasformationf : P
2
K 99K P

2
K, we shall

first construct a birational transformationg of a smooth quadricQ, and then
transport the construction onto the plane by stereographicprojection.

4. A SMOOTH QUADRIC

Lemma 4.1. There exists a field extension K′ of K of degree2, a smooth
quadric Q⊂ P

3
K, a line L⊂ P

3
K, and a rational point N∈ Q(K) (all defined

over K) such that:

• the line L does not intersect Q(K);
• the tangent plane TNQ intersects Q(K′) in two conjugate lines D and

D′, but does not intersect Q(K)\{N};
• the plane TNQ contains the line L;
• there is a rational point M∈ Q(K) such that the plane H spanned by

L and M cuts Q on a smooth conic.

Proof. Let K′ be an extension ofK of degree 2, and leta be an element of
K′ \K. Since the extension has degree 2, there are elementsu, andv in K
such thata and its conjugatea′ are the two roots ofX2+uX+v = 0. Let us
first assume that the characteristic ofK is different from 2. In this case, we
can chooseu to be 0 ; we then chooseQ⊂ P

3
K to be the quadric

x2 +vy2 +z2 = t2,

where[x : y : z : t] are homogeneous coordinates for the projective spaceP
3
K.

The pointN = [0 : 0 : 1 : 1] is on the conicQ, and the tangent plane toQ at
N intersectsQ on the pair of lines(x−ay)(x−a′y) = 0.

The lineL defined byz= t = 0 does not intersectQ(K). ForM, we choose
the point[1 : 0 : 0 : 1]. The planeH which containsL andM is the planez= 0.
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It intersectsQ along the conicx2 + vy2 = t2. This conic is smooth because
the equationX2+uX+v does not have any rational root.

When the characteristic ofK is equal to 2, the previous formula does not
define a smooth quadric, but one can chooseQ to be given by the following
equationx2 +uxy+vy2 +z2+x(z+ t)+y(z+ t)+zt= 0. �

Let us now use this lemma. By a projective change of coordinates, we can
and shall assume thatN is the point[0 : 0 : 1 : 1], M is the point[1 : 0 : 0 : 1],
L is the linez= t = 0, andH is the planez= 0, where[x : y : z : t] are the
(new) chosen homogeneous coordinates ofP

3
K. The planeH is isomorphic

to P
2
K, with projective coordinates[x : y : t].

Let ΦN be the stereographic projection from the poleN to the planeH.
By definition,ΦN : Q→ H = P

2
K is a birational map which blows down the

two lines ofQ throughN on two distinct points ofP2(K′), namely[a : 1 : 0]
and[a′ : 1 : 0], and blows upN into the line through these two points, i.e. to
the lineL.

Let g be a birational transformation ofQ, which is defined overK. Let us
assume thatg does not have any indeterminacy point onQ(K), and thatg
fixes both lines tangent toQ throughN pointwise (in particular, the differen-
tial of g at N is the identity). ThenΦN ◦g◦Φ−1

N does not have any rational
indeterminacy point either. We shall use this fact to construct our desired
birational transformation.

5. CONSTRUCTION AND CONCLUSION

Let π : P
3
K 99K P

1
K be the projection fromP

3
K to the pencil of planes con-

taining the lineL. In coordinates,

π([x : y : z : t]) = [z : t].

This rational map has indeterminacies along the lineL ( i.e. alongz= t = 0).
This line does not contain any rational point of the quadricQ. If [x : y : z : t]
is a point ofQ, we shall denote byH[z:t] the fiber ofπ : P

3
K 99K P

1
K through

[x : y : z : t]; this is a plane which intersectsQ on a conic containing[x : y :
z : t]. For example, starting with the pointM = [1 : 0 : 0 : 1], the planeH[0:1]
coincides with the planeH in lemma 4.1, and intersectsQ along a smooth
conic.

Let G be the group of birational transformations ofP
3
K which preserve

Q and the fibers ofπ, acting in each fiberH[z:t] of π by a projective auto-
morphism which letsH[z:t]∩Q invariant. In affine coordinates(x,y,z), with
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t = 1, elements ofG are of the form

g(x,y,z) = (Az(x,y),z)

whereA : z 7→ Az takes its values in the groupAut(P2
K) = PGL3(K). Let us

now construct an elementg of G without indeterminacy point inQ(K).
Being a smooth conic with a rational point,H[0:1] ∩Q is isomorphic to

P
1
K (the stereographic projection from a rational point is defined overK).

Moreover, ifh is a homographic transformation ofP
1(K) there is a projective

transformationh′ of the planeH[0:1] such thath′ preserves the conic and the
restriction ofh to the conic is conjugate toh by the stereographic projection.
We callh′ a lift of h.

Let c be a generator of the cyclic groupK∗. Multiplication byc determines
a linear transformation ofK, and therefore a homographic transformationhc

of P
1(K), namelyhc([a : b]) = [ca: b]. The multiplicative groupK∗ hasq−1

elements, and multiplication byc is a cyclic transitive permutation of this set.
As a consequence, the signature of the permutationhc is equal to−1 if the
characteristic ofK is odd, and+1 if the characteristic is 2. Let h′c be a lift of
hc to H[0:1].

Remark 5.1. If we replacehc by the translationgc([a : b]) = [a+ cb : b],
wherec is an element ofK, thengc fixes [1 : 0], and the cardinal of all other
orbits is equal to the order ofc in the abelian group(K,+). In particular,
gc is a transposition ifK is the field with 2 elements andc = 1. In all other
cases, the signature of the permutationgc : P

1(K) → P
1(K) is equal to+1.

Interpolation in finite fields shows that there is a rational mapA : z 7→ Az,
with values inPGL3(K), such thatA0 coincides withh′c andAz is the identity
for all other values ofz, z= ∞ included (see [9], chapter I.6 for interpolation
in finite fields). The rational transformationg∈ G which is defined by such
a choice forA

(1) is an element of the groupG;
(2) does not have any indeterminacy point inQ(K);
(3) is the identity at the north poleN (fixing the two lines contained in

Q(K′) throughN pointwise).

As a consequence, the stereographic projectionΦN conjugatesg to an ele-
ment f of BCr2(K), such that

(1) f fixes the whole lineL pointwise (the "image" ofN by ΦN);
(2) f preserves the imageC of the conicQ∩H[0:1]: this conicC is smooth

(isomorphic toP1(K)) and does not intersect the lineL;
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(3) f fixes two points onC, and permutes theq−1 remaining points of
C cyclically;

(4) all other points ofP2(K) are fixed byf ;
(5) if the characteristic ofK is different from 2, the permutationf of

P
2(K) has signature−1, as forhc.

Let m be one of the fixed points off alongC. Let m′ be a point ofC which
is not fixed byf (such a point exist as soon as|K| 6= 2). The line containing
m andm′ intersectsL on a third pointm′′. Both m andm′′ are fixed points of
f , m′ is not fixed, andm′ is the unique point ofC\ {m} on the line(mm′′).
This shows that

(6) if K has more than 2 elements,f does not preserve collinearity.

Hence, if|K|> 2, f is an element ofBCr2(K) that does not preserve collinear-
ity. The existence off and theorem 3.1 show that the image of the morphism

{

BCr2(K) → Bij(P2(K))
f 7→ f

contains the alternating group. Property (5) concludes theproof of the theo-
rem.

Remark 5.2. With the help of remark 5.1, one can changehc into the trans-
lation g1[a : b] = [a+ b : b]. Doing that, the bijectionf of P

2(K) becomes
a transposition. SincePGL3(K) is 2-transitive, all transpositions are in the
image of the morphismf 7→ f , and the image coincides withBij(P2(K)).

6. COMPLEMENT

Higher dimension. The proof is the same in higher dimension. In order
to construct the required elementf : P

n
K 99K P

n
K, we start with a smooth

quadricQ in P
n+1
K and a lineL which does not intersectQ(K). The family

of planes of dimension 2 that containL cutsQ along a family of conics. We
may assume that one of this planesH intersectsQ along a smooth conic.
The birational transformationg of Q is defined as in the previous section: It
preserves the family of planes, coincides withh′c alongH, and is the identity
for the remaining planes. We choose a pointN in Q(K) such that the plane
throughN containingL is tangent toQ at N. We then conjugateg to an
element f of BCrn(K) by a stereographic projectionΦN from the poleN.
The mapf does not preserve collinearity, and its signature is−1 if p is odd
or |K| = 2.

Question. Let us fix the dimensionn and the fieldK. Let BCrn,d(K) be
the finite set of elementsf ∈ BCrn(K) which are defined by homogeneous
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polynomials of degree at mostd. Let σ be an element ofBij(Pn(K)), and
N(d,σ) be the number of elementsf in BCrn,d(K) such thatf = σ. What
is the asymptotic behaviour ofN(d,σ)/|BCrn,d(K)| ? If σ is an element of
Bij(Pn(K)), let L(σ) be the length of its longest orbit. What is the expecta-
tion of L( f ) for f in BCrn,d(K) ? Similar questions have been studied for
projective transformations instead of birational transformations (see [3]).
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