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ABSTRACT. We prove that solutions u of the equation f = u — wo T are au-
tomatically Holder continuous when f is Holder continuous and 7' is nonuni-
formly expanding and Markov. This result applies in particular to Young
towers and to intermittent maps.

1. RESULTS

Let (X, m) be a probability space and let T : X — X be an ergodic measure-
preserving transformation. Also let G be a locally compact abelian group, endowed
with an invariant metric that we denote by |z — y|. It is often important to know
whether a function f : X — G is a measurable coboundary, i.e., there exists a
measurable function u : X — G such that

(1) f=u—uoT

almost everywhere. For G = R, this condition is indeed often the only obstruction
to have a nondegenerate central limit theorem for the Birkhoff sums of f (see e.g.
[Leo60)], [GHSS|, [Liv6]). For G = S*, it is relevant to prove local limit theorems
(see [ADOI] and [ADSZ04] when f is locally constant, in the Markov and non-
Markov case).

When T is uniformly hyperbolic and f is Holder continuous, the Livsic regularity
theorem ([Liv72]) states that u must have a Hélder continuous version, for which ()
holds everywhere. In particular, if there exists a point = such that T™(z) = x and

Z;é (T*z) # 0, then f is not a measurable coboundary. Hence, it is possible to
prove in practice that a function is not a coboundary (see also [PY99] and [NS03]).

In this note, we extend the aforementioned result of Livsic to nonuniformly
expanding Markov dynamical systems, without any additional assumption on the
functions f or u. The result will first be given in the abstract setting of Gibbs-
Markov maps (see [Aar97]). Applications to Young towers, intermittent maps in
dimension 1 and positive recurrent Markov shifts will also be described.

The proof is quite flexible since it is completely elementary and does not use
spectral theory. Hence, the same kind of arguments may be used in other settings.
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1.1. Results for Gibbs-Markov maps. In this paragraph, we will work in the
setting of Gibbs-Markov maps, defined in [Aar97, Section 4.7].

Let us recall briefly the definitions. Let (X, d, B,m) be a bounded metric space
endowed with its Borel o-algebra and a probability measure. A nonsingular map
T:X — X is Gibbs-Markov if there exists a partition o of X (modulo 0) by sets
of positive measure, such that

(1) For all @ € o, T'(a) is a union (modulo 0) of elements of « and T : a — T'(a)
is invertible.

(2) There exists a finite subset {a1, ..., a,} of & with the following property: for
any a € o, there exist i,j € {1,...,n} such that a C T'(a;) and a; C T'(a)
(modulo 0).

(3) Expansion: there exists A > 1 such that Va € «, for almost all z,y € a,
d(Tx, Ty) > Ad(z. ).

(4) Distortion: for a € a, let g be the inverse of the jacobian of T on aq, i.e.,
dm|,

g(z) = d(Tﬂ)(x) for z € a. Then there exists C such that, for all a € a,

92) | < Cd(Tx, Ty).

for almost all z,y € a, ‘1 o)

Property (2), also known as the BIP (big images and preimages) property, is
apparently stronger than the usual big image property inf,co, m(Ta) > 0. How-
ever, when (4) is satisfied and T is probability preserving, these two properties are
equivalent by [Sar03].

Usually, Gibbs-Markov maps are endowed with a distance given by d(z,y) =
75@Y) where 7 € (0,1) and s(z,y) is the separation time of = and y. Here we have
chosen to use a general distance, since it will be more convenient in the applications:
our main result will say that a function is Lipschitz continuous with respect to d,
which means that having more freedom to choose the distance will give more precise
results. In particular, when the Gibbs-Markov map is obtained by coding another
dynamical system, it is natural to use the distance induced by the original distance
(see Sections and [[3] for illustrations of this phenomenon).

For ag,...,an—1 € a,let [ag,...,an_1] = gil T~%(a;). It is a cylinder of length
n. For f: X — G and Z C X, set

Df(Z) =inf{C >0 : 3IQ C Z with m(Z\Q) = 0 such that

The main result of this note is the following theorem:

Theorem 1.1. Let (X, T, m,«) be a probability-preserving Gibbs-Markov map. Let
[+ X — G satisfy 2 ,.,m(a)Df(a) < +oo. Letu : X — G be a measurable
function such that f = u—uoT almost everywhere.

Then sup, o, Du(a.) < oo, where o is the partition generated by the images
of the elements of a. Moreover, the function u is essentially bounded.

Remarks.

(1) Since T is Markov, a, is coarser than «. In particular, sup,c, Du(a) < oo,
i.e., u has a version which is uniformly Lipschitz on each element of the
partition a.

(2) The map T is also Gibbs-Markov for the distance d(z,y)” when v € (0, 1].
Hence, Theorem [Tl implies a similar statement for Holder functions.
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(3) The proof will in fact show that there exists a constant C' depending only on
T such that sup, .. Du(a.) < C),c,m(a)Df(a). In particular, when
f is constant on each element of «, we get Du(a.) = 0, i.e., u is essentially
constant on the elements of a,. When G = S*, we get a completely different
proof of [ADOI, Theorem 3.1].
(4) The proof would be easier under the stronger assumption
sup D f(a) < oo.
acx
However, this assumption is too strong, since it is not compatible with the
induction process which will enable us to extend Theorem [I.1] to nonuni-
formly expanding settings.

In this paper, N = {n € Z,n > 0} and N* = N\{0}.

1.2. Application to Young towers. Let (X,d,m) be a probability space en-
dowed with a bounded metric d. A map T': X — X is a Young tower ([You99)) if
there exist integers R; € N* and a partition {Ag}ien reqo,...,r,—13 of X such that
(1) For alll and k < R, — 1, T is a measurable isomorphism between Ay ; and
Ag41,, preserving m.
(2) For all I, T is a measurable isomorphism between Apg,_1; and Ag :
Um AO,m~
(3) There exists A > 1 such that, for all [, for all z,y € Ao, d(TFiz, TRiy) >
Ad(z,y).
(4) There exists C' > 0 such that, for all [ and k < Ry, for all z,y € Ay,
d(z,y) < Cd(TFi=Fg TRi=ky),
(5) For x € Ag,_1,, let g(x) be the inverse of the distortion of T at z, i.e.,

dm
g(x) = 2y -1 (z). There exists C > 0 such that, for all {, for all
d(moT
(mo ‘ARl—l,l)
T,y € Ap,—1y, |1 - % < Cd(Tx,Ty).

The third and fifth conditions mean that the returns to the basis are expanding
and have a controlled distortion. Hence, Young towers are a good model for many
nonuniformly expanding maps: the map has good properties, but after some waiting
time, which can be arbitrarily long.

Theorem 1.2. Let (X,T,m,d) be a Young tower, and let f : X — G satisfy
> m(Ar)Df(Ary) < 0.

Ifu: X — G is such that f = u—wuoT almost everywhere, then the function u has
a version which is Lipschitz on Ag, i.e., there exists C > 0 such that, for almost
all z,y € Ay, |u(z) —u(y)] < Cd(z,y).

This result applies in particular when the function f is Lipschitz.

Proof. By [You99], we can assume without loss of generality that m is invariant.
Let Y = Ay with the partition o = {Ag;}, let ¢ : ¥ — N* be the first return
time to Y (i.e., on Ag, ¢ = R;), and let Ty = T'¥ be the map induced by T on Y.
Also define a distance d’ on Ag; € a by d'(z,y) = d(TFiz, TRiy). If x and y are
in two different elements of the partition «a, also set d'(x,y) = Asupx,x d. Then
(Y, Ty, my /m(Y),d’) is a Gibbs-Markov map for the partition a. Moreover, Ty
preserves the measure my /m(Y’), and the partition a is the trivial partition.
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Let f: X — G satisfy > m(Ag ) Df(Ag,) < 00, and assume that f =u—wuoT.
Define a function fy on Y by fy(x) = W(x) ' f(T*z). On AYE

R;—1 Ri—1
|fy (@) — fr(y)] < Z [f(T z) — f(T"y)| < Z d(T"z, T*y) D f(Ak1)
k=0
Ri—1 Ri—1
< Cd(T™, Thy) Z Df(Ar) = Cd'(z,y) Y Df(Axy).
k=0
Hence, > ., m(a)D fy(a) < CY m(Ag)Df(Ag;) < oco. Moreover, fy =u—uo
Ty.

Theorem [IT] applies and proves that w is almost everywhere Lipschitz on each
element of a, for the distance d’. In particular, on any element Ag; of o, we get
u(z) — u(y)| < Ed'(z,y).

Finally take 2’,y’ € Ag. They have preimages =,y under T% in Ag;. As
fy (@) = u(z) —u(a) and fy(y) = u(y) — u(y’), we get

lu(a") —u(y)] < |fy (@) = fr W)+ Ju(z) — u(y)| < Cd'(z,y) + Ed'(x,y)
=C'd(2',y). O

1.3. Applications to intermittent maps. For a € (0, 1), let T be the map from
[0,1] to itself given by

[ a(1420) if0<a<1/2
T(x){ 201  if1/2<z<l.

This map has been studied by [LSV99]. It is nonuniformly expanding since the
fixed point 0 satisfies 77(0) = 1, and admits an absolutely continuous invariant
probability measure.

Proposition 1.3. Let f : [0,1] — G be Hélder with exponenty > 0 on the intervals
[0,1/2] and (1/2,1]. If uw : [0,1] — G is measurable and satisfies f = u — u o
T Lebesque almost everywhere, then there exists a function 4, equal to u almost
everywhere, Holder with exponent v, and such that f =14 — woT everywhere.

Proof. Let Y = (1/2,1], let ¢ be the first return time from Y to itself and let
Ty : Y — Y be the induced map. Then Ty is Gibbs-Markov for the partition
B, ={y €Y : p(y) = n}, by [LSVI9]. Hence, the arguments in the proof of
Theorem apply and prove that w is a.e. Hélder on Y. As T': (1/2,1] — (0,1]
is Lipschitz and has Lipschitz inverse, the coboundary equation implies that u is
a.e. Holder on (0, 1], i.e., there exists a set V' of full measure and a constant C' such
that, for all z,y € V, |u(z) —u(y)| < Clz —y|".

The function w is uniformly continuous on V', whence it can be extended to a
continuous—and even Holder—function @ on [0,1]. On VNT~(V), which is dense,
we have f(z) = (z) — @(Tx). Since both members of this equality are continuous
on the intervals [0,1/2] and (1/2, 1], this equality in fact holds everywhere. d

In particular, if f is a measurable coboundary, it satisfies > ! f(TFz) =
4(T"x) — a(z) = 0 at any point = such that T"(z) = x.

Corollary 1.4. If f :[0,1] — R is Holder continuous on [0,1/2] and (1/2,1] and
satisfies f(0) # 0, then f is not a measurable coboundary.
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This solves a conjecture stated in [FHVO03|: in this article, the authors need to
know that f = log|T'| — [log|T"| is not a coboundary to get a nonzero variance
in the central limit theorem. As f is a-Hdlder on [0,1/2] and (1/2,1], and f(0) =
— [log |T"| < 0, the corollary applies and proves that it is indeed never the case.

Using Theorem [Tl with G = S, in the same way we can get a stronger result:

Corollary 1.5. The function f(z) =log|T"| — [log|T’| cannot be written as f =
u—uoT + g+ p almost everywhere, where u : [0,1] — R is measurable, ¢ : X — 7
and A\, € R.

The proof is the same, using the behavior at the fixed points 0 and 1 to get a
contradiction. This is a strong aperiodicity result on the function f. By [Gou03,
Theorem 1.2], it implies that f satisfies a local limit theorem when o < 1/2.

1.4. Application to positive recurrent Markov shifts. Let T : X — X be a
positive recurrent Markov shift with Holder potential, as defined in [Sar01], pre-
serving the probability measure m. The map T satisfies the same assumptions as
a Gibbs-Markov map, except the BIP property. We also assume that the distance
d is given by d(z,y) = 7°®¥) where 7 € (0,1) and s(z, y) is the separation time of
x and y. Such maps have in general more complicated combinatorics than Young
towers, but they enjoy uniform expansion (since d(Tx,Ty) = 7 'd(z,y) for all
x,y in the same element of «), while Young towers are expanding only after many
iterates.

Theorem 1.6. Let f: X — G satisfy )., m(a)Df(a) <oo. Letu: X — G be
a measurable function such that f = u — uoT almost everywhere. Then, for all
a € a, Du(a) < oo. Moreover, if T is transitive, ), ., m(a)Du(a) < occ.

Proof. For a € «, let T, be the map induced by T on [a]. It is Gibbs-Markov.
Using Theorem [LLT] we show as in the proof of Theorem that Du(a) < oco. T
is transitive, the proof of Lemma 2.3 applies and gives > m(a)Du(a) < oo. O

2. ProoF oF THEOREM [I.1]

A Gibbs-Markov map is transitive if, for all a,b € «, there exists n such that
b C T"(a) mod 0. When T preserves a probability measure, there exists a finite
decomposition a = a1 U. . .Uq, such that the image of an element of «; is contained
in Xi; = U,eq, @ and such that T is a transitive Gibbs-Markov map on X; ([Aar97]).
To prove the theorem, it is sufficient to prove it on each X;. We can therefore assume
that T is transitive.

The main step of the proof is the following lemma:

Lemma 2.1. There exists a; € a such that Du(a;) < co.

Proof. Let ®(z) = Df(a) when 2 € a. This function is integrable by assumption.
In particular, there exists a set X; of full measure such that the Birkhoff sums
Sp®(x) = Y1 ®(Thz) satisty S,®(x) = O(n) when z € X,.

There exists X5 of full measure such that, if x € X5, all its iterates satisfy:
for almost all y in the same element of partition a as T"z, |f(y) — f(T"z)| <
Df(a)d(y, T"z).

The martingale convergence theorem implies that almost every point is a measur-
able continuity point of u: there exists X3 of full measure such that, if z € X3 and
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agp,ai, - .. denotes the sequence of elements of a containing respectively z, Tz, . . .,
then, for all € > 0,

miy € [ao, .- ani] : July) —u(@)] > e}
mlag, ..., an_1]

As T is Gibbs-Markov, all its iterates have a bounded distortion ([Aar97, Propo-
sition 4.3.1]). Hence, there exists B > 0 such that, for any measurable set Z and
for any cylinder of length £,

2) B_lm(T(ak,l) Nn2) < m(lag,...,ax_1]NT*2) < Bm(T(ak,l) N Z).
m(Tag—_1) mlag, ..., ax_1) m(Tag—_1)

Since T has the big image property, this implies that there exists B’ > 0 such that

m([ao, R ak_l] N T_kZ)

0.

3) mlag, ..., ax_1] < B'm(2).

Let A > 1 be the expansion factor of T" and let K > 0 be large enough so that

(4) Klog A > 3.

Let aq,...,an be a finite number of elements of « such that m(X\|Ja;) < &

where ¢ satisfies K log(1 — B’eg) > —1/2. Write

Zn={x :Vn® <k<n®+|Klogn|,TF(x) €y U...Uan}.
Finally let X4 be the set of points belonging to infinitely many Z,.
Lemma 2.2. The set X4 has nonzero measure.

Proof. Write A = a1 U...Uay. Let us first bound m(Z,) from below. For any

cylinder [ag, ..., ar—1], we apply @) to X\ A, of measure at most €y, and we get
m([ao, ceey Cbkfl] N T_kA) > (1 — BIEQ)m[ao, ey akfl].
Summing these inequalities for ax_1 = a1, ..., ay yields

m([ao, ceey CL]C,Q] N T_k+1A N T_kA) > (1 — B/E())m([ao, ey a,k,,g] N T_k+1A).

This last term is larger than (1 — B’gg)?mlao, . . ., ar—_2], again by @)). In this way
we get by induction

m([ag,...,a]NT"TAN...NTFA) > (1 — B'eg)* 'mlao, . ... al.

In particular, for [ = —1 and k = | K logn] — 1, we get using the invariance of m
that )
m(Zn) > (1 . B%Q)Klogn _ nKlog(l—B’so) > %

Hence, Y m(Z,) = oco. We will use a version of the Borel-Cantelli Lemma to
conclude. Since the sets Z,, are not independent, we will use the following version
of this lemma, due to Lamperti ([Spi64, Proposition 6.26.3]):

If S m(Z,) = 0o and

lim inf Z?’kzl mZ; N Z)

noee (Y m(Zk))?

then the set of points belonging to infinitely many Z, has nonzero measure.
To estimate m(Z; N Zy), we will use the transfer operator 7', defined on L2
as the adjoint of the composition by 7. It acts continuously on the space L of

)
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functions which are bounded and Lipschitz on any element of . Moreover, by
[Aar97, Proposition 4.7.3], there exist M > 0 and n < 1 such that, for any h € L,

(5) 177h]| , < M (IR 2 + ||R],)-

Let x be the characteristic function of A, and let ~, = H0<k<[Klog ] X O Tk,

Hence, m( = [ mo ™ = [V, and m(Z, N Z,) = [n 0 ™ “Yp © T?°. The
function x belongs to L. For k > j,

.3 3 ~,3_ .3 ~,3 .3
(6) m(Z;NZy,) Z/%‘OT] ApoT* Z/Tk () < HTk - (’Yj)HE"n(Zk)-

As T acts continuously on £, the function
§; = TUE18Il (7)) = T(XT(x - T(x)) - --)

satisfies ||6;]| , < (2M)*%1°8J. The inequality (E]) applied to p = k* — j3 — | K log j]
and h = §; yields

~1.3_ .3 3_:3_ og ]
. |57 55 o < M (077 ) + 951, )
<M (nk3_j3—Klogj(2M)K10gj —|—m(Zj))

since ||0;]|, = [d; = [ ~;, for all these functions are nonnegative. Hence, (@) and
give
(25 0 Zy)] < M5 (2M )95 4 Min(Z;)m(Z).
Finally,

Z m(ijZk)SMZm( m(Zy,) +M277 2M/77 yKlogy Z n*’

j<k<n <k j=1 k=j+1
2

<M (Y m(Z) | + MY p T @MpKle N )

k<n j=1 1=(j+1)3

The last sum is bounded by

(G+1)°
Sl <

which shows that the aforementioned Borel-Cantelli lemma applies. O

We can take 2y € X1 N Xo N X3 N Xy since this set has positive measure. Let
my — 0o be such that zg € Z,,,,, and ny = mk | K logmy| — 1. Then T™ (xq)
belongs to one of the sets ay,...,ay. In particular, one of these sets is used
infinitely many times, and taking a further subsequence we can for example assume
that T™ (xz¢) € ; for all k. We will show that Du(a;) < oco. Denote by ag,aq, ...
the elements of « containing respectively xg, T(xo),.... Let [a,] = [ao, ..., an-1],
and let v, : Ta,—1 — [a,,] be the inverse of T" : [a,] — Ta,—_1.

Let € > 0. As 2y € X3,

m{y € [a,,] : [u(y) — u(zo)| > €}
mla

— 0.

nk]
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Taking a further subsequence of ny, we can assume that

) m{y € la,,] : |u(y) —u(zo)| > €} =

mla,, |

For all k € N, the distortion control (2)) implies that

m{y € Tan, 1 : |u(vn,y) —ulxzo)] > e} _ miy€la,,] : [uly) —ulzo)| > 5}'

m[Tan, ] - mlay, ]

Hence, >, m{y € Tan,—1 : |u(vp,y) —u(zo)| > e} < +o00. Therefore, U, := {y €
X : Ik, Vk >k, ify € Tap, 1, then |u(v,,y) — u(zo)| < e} has full measure.

Let y1,y2 € Us Nay. If k is large enough, the preimages y| and y5 of y; and ys
under 7™ in [a,, | satisfy |u(y}) — u(zo)| < €, whence |u(y]) — u(yh)| < 2e. Then

nw)

Julys) = u(ge)| = luo T™ (41) = wo T (4p)
) S
< 31T 0h) = o T 5)| + o) ~ o)

Recall that ny = m3 + |Klogmy| — 1, and that ® is defined by ®(z) = Df(a)
when = € a. Then

mi—l mi—l
Do AfoTiWh) = foT ()l < > (T (wo))d(T y,, T'yh)
i=0 =
(9) mel ,
< D0 BT o)) N AT T )
=0

< Aleogkar?sz(I)(:Co)d(yla Ya)-

Since g € X7, there exists C' such that S, ®(xg) < Cn for all n. As —Klog\ < —3
by @), we get that (@) tends to 0.

Finally, set D = supDf(a;) for 1 < j < N. By definition of my, we have
T'(z0) € Uy<jen @ for all mif < i < ny, whence

nE—1 nE—1 nE—1
S IfoTi(yh) = foT (yh)l < Z DA(T'yy, T'ys) <D Y N " d(yy, o)
i=m3 i:m%
D
< ——d .
SN (y1,2)

Equation (B) then yields

lulyr) — ulye)] < o(1) + %d(yl,yg) o,

Finally, on oy N (.. Ue, we have |u(y1) — u(y2)| < 21d(y1,y2). O

Lemma 2.3. We have 3" .., m(a)Du(a) < co.

aca

Proof. Let us show that, for any a € o, Du(a) < co. As T is transitive, there
exists n such that a C T"(aq). Let [ag, - .., an—1] be a cylinder included in a; such
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that a C T(an—1). For y1,y2 € a, let y; and g5 be their preimages under T in
[ag,...,an—1]. Then

lu(yr) — u(yz)| < i: |F(T'y1) = F(Tys)| + lu(yy) — u(ys))|
(10) =0

n—1
<> Df(a)N " d(y1, y2) + A" Dulon)d(y1, y2),
=0

which proves that Du(a) < co.
Let (3 be a finite nonempty subset of a. For a € a\3, let us show that

(11) m(a) = Z Z mlag, a1, ..., an_1,al.

n=lag€f,a1,...,an_1€a\f

LetY = Ubeﬁ b. Write Ag = a, and A,11 = T~ 1(A,)\Y and B,,11 = T~ (A4,)NY.
We get

An: U [a’Ov”wanflaa] and B, = U [ao,...,an,l,a}.

a0, sn—1€\B a0€B,a1,..,an—1€\B

Thus, we want to show that m(a) =Y., m(B,). The equality T-'(A,) = A1 U
By, 41 implies m(A,,) = m(Ap41)+m(Byy1). By induction, we get m(a) = m(By)+
.o+ m(Bp) + m(4,). It remains to prove that m(A,) — 0. Note that A, C
Cp={r:VY0<k<nTKxz)¢Y} We will show that m(C,) — 0 by proving
that C = [ C,, has 0 measure. Since the measure is invariant and C C T-1(C),
C =T7YC) mod 0, whence m(C) = 0 or 1 by ergodicity ([Aar97, Theorem 4.4.7)).
The set C does not intersect Y, which has nonzero measure, hence m(C) = 0. This

proves ([ITI).

Let [ag, . ..,an—1,a] be a cylinder of nonzero measure. By (I0),

n—1
Du(a) < Z N"Df(a;) + X" Du(ag).
i=0

Hence, () yields

M8

m(a)Du(a) <

n—1
Z mlag,...,an_1,4a] (Z )\i_”Df(ai)>

n=1lag€P,a1,...,an_1 €\ =0
+ m(a) sup Du(b).
bep

As Y m(a)supyes Du(b) < oo, we will show that ) m(a)Du(a) < oo by showing
that

o

(12) > > mlag, - - -, an_1] (i Ai—"Df(ai)>
=0

n=1ao€f,ai1,...,an_1€x\B
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is finite. In this expression, for a’ € o\ 3, the prefactor of a term A"*Df(a’) is

o

!/
E § m[a/O?"'?a/’nflaa)an+1)"'7an+k¢71]

n=lao€f,a1,...,an_1€a\[
GnglseensOngpk—1€a\(

o0
gz Z mlag, ..., an_1,a].

n=lag€f,a1,...,an—1€x\J3

By (@), this last term is equal to m(a’). In (IZ), the prefactor of a term A=%D f(a’)
with ¢’ € 3 is also at most m(a’). Hence,

@ < > ma)A*Df(a’),

a’ca k=1
which is finite since > m(a’)Df(a) < . O

Proof of Theorem[L1l For almost all @, > 7, _, g(y) = 1. Let us write TYz) =
{zo,z1,...}, and let a; be the element of o containing x;. By bounded distortion
and the big image property, there exists C' > 0 such that, for all n, g(z,) < Cm(a,).
As > g(x,) = 1, this implies C' > m(ay) > 1.

Let a, be an element of a,. Let z,y € a.. By definition of «,, their preimages
o, T1,- .- and yg,¥y1,... belong to the same elements ag,aq,... of a. Since f =
u —uo T, we have for any n

lu(z) —u(y)| < |f(@n) = f(yn)] + [u(zn) — u(yn)| < (Df(an) + Dulan))d(@n, yn)
< (Df(an) + Du(a,)) A" td(z, y).

Hence,
u(e) —u(y)| < CY_ mlan)|u(z) - u(y)]
< CY mlan)(Df(an) + Dulan))A " d(z,y).

Finally, Du(a.) < £ 3 ,c,m(a)(Df(a) + Du(a)), which is finite by Lemma 23|

To prove that u is essentially bounded, we use the big preimage property. Let
ai,-..,a, € a be such that every element of « is contained in the image of some
a;. Let a € a, and let i be such that a C T(a;). For z € a, let 2’ be its preimage
in a;. Then we get

u(z)] = [u(a’) = f(2)] < [|uja, || oo + || fia: ]l o -
This last quantity is uniformly bounded. (I
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