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ABSTRACT. This report considers mathematical properties, important for prac-
tical computations, of a model for the simulation of the motion of large eddies
in a turbulent flow. In this model, closure is accomplished in the very simple
way:

uu ~ uu, yielding the model

V-w=0, w¢+V-(Www)—vAw+Vqg=F.
In particular, we prove existence and uniqueness of strong solutions, develop
the regularity of solutions of the model and give a rigorous bound on the
modelling error, || — w]||. Finally, we consider the question of non-physical
vortices (false eddies), proving that the model correctly predicts that only a
small amount of vorticity results when the total turning forces on the flow are
small.

1. Introduction. The great challenge in simulation of turbulent flows from ap-
plications ranging from geophysics to biomedical device design is that equations
for the pointwise flow quantities are well-known but intractable to computational
solution and sensitive to uncertainties and perturbation in problem data. On the
other hand, closed equations for the averages of flow quantities cannot be obtained
directly from the physics of fluid motion. Thus, modeling in large eddy simula-
tion (meaning the approximation of local, spacial averages in a turbulent flow)
is typically based on guesswork (phenomenology), calibration (data fitting model
parameters) and (at best) approximation.

If u(t,r) = (u'(t,z),u?(t, x),u®(t,z)) and p(t,x) are the velocity and pressure
in an incompressible turbulent flow, then (u,p) satisfy the Navier-Stokes equation
for t > 0,

u+V-(uu) —vAu+Vp=f and V- -u=0in R (1)
where f is the body force driving the flow, V- is the divergence operator, uu is

the tensor (u'u?)1<; j<3. If overbar denotes a local, spacial averaging operator that
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commutes with differentiation, then, averaging (1) gives the following non-closed
equations for u, 7 in 0, oo[x IR3:

V-u=0 and w+V-(uu)-—vAu+Vp=f. (2)

The famous closure problem which we study herein arises because wu # u u. To
isolate the turbulence closure problem from the difficult question of wall laws for
near wall turbulence, we study (2) subject to periodic boundary conditions (and
7ero mean)

u(z + Lej, t) = u(t,x)
/Quo(x)dx = /Qu(t,x)dx = /Qf(t,ac) dx =0, (3)

where @@ = [0, L]®. The closure problem is to replace the tensor WU with a tensor
S(u,u) depending only on @ (and not u). There are very many closure models
proposed in large eddy simulation (or LES) (see Sagaut [21] and [10] for exam-
ples) reflecting the centrality of closure in turbulence simulation. Calling w, ¢ the
resulting approximations to u,p, we are led to considering the model,

V-w=0 and w;+V-S(w,w)—vAw +Vq="f. (4)

With any reasonable averaging operator, the true averages, u,p are smoother than
u, p. Thus, solutions of any derived model such as (4) should be more regular than
the Navier-Stokes equations. However, in spite of the intense interest in closure
models for turbulence, there are very few whose mathematical development even
parallels that of the NSE, e.g., [18], [10], [11] [21], [16].

In this report, we consider the simplest, accurate closure model. If u is a constant
flow then u = w. The simple closure model (that is exact on constant flows) is

W T (= S, W), (5)

leading to _
V-w=0 and w,;+V-(wWww)—vAw+Vg=H{. (6)
In some sense, (5) is the most basic (hence zeroth) model in LES. It can arise
by dropping the cross and Reynolds terms and keeping only the Leonard/resolved

term [12]. It is the zeroth Stolz-Adams ADM model [19], [20]. It is the rational
model [7] truncated to O(6?) terms.

We shall show that the model (6) has the mathematical properties which are
expected of a model derived from the NSE by an averaging operation and which
are important for practical computations using (6).

The averaging operator chosen in (6) is a differential filter, [6], [3], [7], [16]. Let
d > 0 denote the averaging radius (typically related to the finest computationally
feasible mesh used in a simulation of (6)). Given a periodic function ¢(z) € L?(Q),
define its average ¢ to be the unique Q-periodic solution of

Ap:=—3Np+p=¢ in IR o(x+ Lej,) = ¢(x).
Because of the zeroth order term in A, this periodic problem is well posed without
the assumption of zero mean on the RHS. With this averaging, the model (5) has
consistency O(6?):
wa = uu + 0(6?), for smooth u.

We prove that the model (6) has a unique, strong solution and that the smooth-

ness of this solution is limited only by the smoothness of the problem data ug and f.
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These properties are essential for numerical simulations. We prove that as 6 — 0,
the solution of the model is such that w — u (the solution of the NSE) in the
appropriate sense. This property is critical for consistency of the solution of the
model with the true flow averages. Finally, we introduce the question of spurious
vorticity/eddies generated by the model and give one weakly positive result.

The development of these mathematical properties is based upon a skew sym-
metry property of the model’s nonlinearity and the energy estimate it induces. To
be specific, for sufficiently smooth functions which are periodic and divergence free

/ V. (ww)- - Awdx = / V- (ww) - A ' Awdr = / V. (ww).wdz = 0.
Q Q Q
Thus, (loosely speaking) multiplying the model by Aw and integrating over the
domain shows that w satisfies the very strong stability property
sup {[[w(t,)|* + 0%||Vwi(t, )| |*}
0<t<T,

(7)
er/ (IIVw(t,)[|* + 6*|Aw(t, )|[*)dt < C(v, T, g, £),
0
where || - || is the L? norm defined by
Vv e (L (R?)?, visQ — periodic, |[|v||? :/ |v(z)|>de.
Q

This property is also shared by suitably defined weak solutions of the model proven
to exist in [17]. Exploiting this strong stability property, we shall first prove exis-
tence and regularity of strong solutions to the model. Before giving the statement
of our main result, we first define the spaces we shall use. Being given k& > 0, let
Wi denote the space

Wi, = {v € (Hf (R*)3 v is Q — periodic,/ v = 0}, (8)
Q
and let V} denote the space
VkZ{VEWk,V-VZO}. (9)
We shall also consider the spaces

W= {V € (CR(RY))3, v is Q — periodic,/
Q

v = 0}, (10)

and

V={veW,V.-v=0}. (11)
Theorem 1. For any uy € Vo, £ € L?([0,T],V/) the model (6) has a unique
solution

(w,q) € [L*([0, 7], V2) N L¥([0, T], Va] x L*([0, T, Lio(IR?)), (12)

where for all t €]0,T], / q(t,z)dx = 0 and the energy equality holds:
Q

1

§/Q(|w(t,z)| + 0°|Vw(t, z)|*)dx

+u/0 /Q(|Vw(x,t')|2+62|Aw(x,t')|2)dxdt' (13)

— % (/Q(|ﬁ0(z)|2 +52|Vﬁ0(z)|2)dx) +/Ot/Qf.wdasdt’.



114 WILLIAM LAYTON AND R. LEWANDOWSKI

In addition, let k > 0. If ug € Vyyp(o,k—1) and f € L2([0,T),Wk_1), then the solu-
tion is such that w € L*([0,T], Vi+2)NL>®([0, T), Vi+1) and g € L*([0,T], HE (IR?)).

Remark 1. On the left-hand side of (13) for ¢ fixed and the viscosity v — 0, we
retain a quite strong regularity property w € L°°(0,T; V). Using this observation,
existence can also be proven for the Euler model that arises by setting the viscosity
coefficient v = 0 in (6). (This fact was pointed out to the author W.L. by D. D.
Holm and E. Titi.)

Corollary 1. Consider the model (6) with v = 0 and 6 > 0. For any ug € Vj,
f € L([0,T], W), the Euler LES model

V-w=0, and w;+V-(Ww)+Vg="f

has a unique weak solution. That weak solution satisfies the energy equality:
1
SUIW (I + %[ Vw(t, )|I) (14)
1 t
- 1 (/(|ﬁ0(:c)|2+62|Vﬁ0(ac)|2)dx) +/ /f(t’,x)w(t’,x)dxdt’.
Q 0 J@Q

One of the most important criteria in evaluating a model is that it be accurate.
Yet, there are few analytical studies of ||[w — || primarily because of deficiencies
in the analytical tools available. We are not able herein to give a complete and
comprehensive, & priori proof of the model’s accuracy. Nevertheless, we prove some
partial results that confirm that the model has properties expected of one derived
by averaging from the NSE. For example, we show in Section 3 that as 6 — 0 there
is a subsequence d; with

w — u, a weak solution of the NSE, as §; — 0
and if that weak solution u is unique
w—u as J—0.

This result addresses the issue of “consistency in the limit” [11] as § — 0 of the
model. The model (6) and Camassa-Holm model ([5]) have a similar energy balance
and both satisfy a limit-consistency result.

Let 7 denote the modeling consistency error tensor
7(u,u) :=Wu — wua
then it is straightforward to see that the true flow averages u satisfy
W +V-(@u) —vAu+Vp=f+V-7
and the error in the model e = W — w satisfies an equation driven only by the
averaged consistency error V - 7T:
ee+V-@u—ww)—vAe+V(p—q) =V T

Thus, ||e|| being small depends upon two factors: a small consistency error, ||7||
small, and a strong enough stability property that ||e|| is bounded by some norm of
7. If the stability constants in this bound are to be independent of §, then (with the
analytic tools available at this time) an extra condition ensuring global uniqueness
of u is necessary. In Section 3, we prove such a bound (which ensures the model
is verifiable in the sense of [10]. The other criteria is that ||7|| is small as § — 0.
This is often performed by computational experiments, see the discussion in [9].
Herein, we give in Section 3, analytical bounds verifying that 7 — 0 (with rates) as
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0 — 0 for smooth enough solutions u of the NSE. One main open question is that
the natural norm on 7 for verifiability is stronger than the natural norm on 7 for
evaluating the model’s consistency error.

Lastly, we consider the question of spurious vorticity w = V x w. Our result
on this question is positive but weak. We show that if Vxug=0and Vxf =0
then (correctly) w = 0 and that the zero vorticity state is stable: if V x uy = 0 and
V x f =0 are both small then w is comparably small.

2. Uniqueness, Regularity and Stability of the Model.
2.1. Background. Let p > 1, and let Lﬁ’ the space defined by
LY = {o € L? (IR®), ¢ is Q — periodic}

loc

equipped with the norm

lelzg = ( / |so<x>|pdx);

Let Wﬁk’p (k > 1) denote the space defined by

loc

Wﬁk,p _ {50 c Wk,p(BB), @ is Q — periOdiC} ,

equipped with the norm
k

1
lelhgs =3 ([ 19%@iPds) " +lielzy

q=1

We also note Hé“ = Wﬁk’Q. Notice that if

Wﬁ%p = {(p € Wﬁk’p,/ o(z)dx = 0} )
Q

then the space W‘fbp can be equipped with the norm

k

lellwry =D (/Q |vq¢(x)|pdm) ’

q=1

In particular, the space Wy, introduced by the definition (8) is the space (Wibk)3 =
(k)
The averaging operator A is defined by
Ap:=—-8Np+d=¢ inIR® and ¢(z+ Le;j) = ¢(x). (15)
defining an operator A : Wﬁl’p — (Wﬂl’p/)’. One easily sees that A is self-adjoint
and has the regularity property
Vr, VéeH, ¢=A"'peHT (16)

Recall that the function spaces Wy, Vi, W and V are defined by (8), (9), (10) and
(11). In particular Vi, = {v € W,V - v = 0}. It has been shown in [17] that when

up € ‘/Oa fe LQ([OaT]v‘/ll) (17)
then (6) has a weak solution (w,¢) where w is such that

w € L*([0,T], V2) N L>([0, T, VA).
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Notice such a result makes sense because light modification of the results in 8]
yield V = V.
Throughout the section, we assume that (17) holds. The pressure term is sub-
jected to satisfy / q=0.
Q

2.2. Uniqueness. We first prove the following uniqueness result.

Theorem 2. Assume that (17) holds. Then there exists at most one solution to
(6).
Proof. Let (w1,q1) and (wa,g2) be two solutions to (6). Write ¢ = wy — wy,
r = q2 — q1. Thus ¢ is solution to the problem

¢, + V- (Waws —wiwy) — vAg + Vr =0,

V.-¢p=0, (18)

¢t:0 =0,
subject to periodic boundary conditions with zero mean. Notice that by using
Schartz rule in the absence of boundaries one has in the sense of the distributions
(see in [22]),

V- (Waws —wiwy) = A7V - (waws — wiwy).
Using A¢ as test function in (18) and integrating in space on a cell yields
d

2 2 2 2 2 2
i (6 + 01V af) v [ (V9 +1a9)

= 7/ A71V . (WQWQ - W1W1).A¢
Q
We focus our attention on the r.h.s of (19). By using self-adjointness of A one has

/A71V . (W2W2 - W1W1). A¢ = /V . (W2W2 - W1W1). ¢

Furthermore, using the incompressibility constraint, one obtains after an easy al-
gebraic computation and an integration by parts,

/QV'(W2W2 —Wiw1). ¢ = —/Q(¢V)¢>-W1-

(19)

Finally,
d
o (8P + VR v [ (VP + a0l = [ @V)o.w (20
By Cauchy-Schwarz inequality,
[ @906 wi| < Iwillgpliollagel 98l
Since

wi,wa, ¢ € L*([0,T], V2) N L>((0, 7], V1)  L>([0, T}, (L;)°),
(by using Sobolev embedding theorem) it follows that
IwWillasllll a1Vl 1) < C||V¢||?L§)s,

where C' is a constant which only depends on the data f and ug. Finally, with

o' = C'(6)
ClIVel[2. < C'( / (16 + IV P)).
Q
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By putting all of this together, one sees that (20) implies that
d

2 2 2 / 2 2 2
s [, (9 + #1998 < (| (10 + 5701

Since |@|?+6%|V|? vanishes when ¢t = 0, Gronwall’s Lemma implies that it vanishes
for almost every ¢t. Hence, uniqueness follows and the theorem is proven. O

2.3. Regularity. The aim of this subsection is the proof of the following regularity.

Theorem 3. Let k > 0. Assume that ug € Viupo,k—1) and £ € L*([0,T], Wy_1).
Then the solution (w,q) of problem (6) is such that

{ w € L([0,T), Vi) N L°°([0,T], Viet1),

q € L2([0, T, HY). (21)

In the result above, one uses the convention W_; = V7.

Corollary 2. When k > 2, w is continuous in time and space. When £ and ug
are C, then (w,q) is C* in space and time.

Proof. In the following, D* denotes any partial derivative of total order k. The
result is already proven when k = 0. Let k£ > 1. Assume

uo € Vapo—1) and £ € L*([0,T], Wy—1). (22)
Assume also that:
forany ¢=0,.....k—1
and for any derivative operator of order ¢, D4, (23)
Dw € L*([0,T], Vo) N L>([0,T], V1).
In addition to (23), one assumes that all the constants involved only depend on the
data ugp and f.
It remains to prove that (23) implies
DFw € L2([0,T],V2) N L>([0, T, ). (24)
By taking the k' derivative of (6) and using the classical Schwartz rule, one has
in the sense of the distributions
DFw, + V - (D¥(ww)) — vAD*w + VD*q = DFf,
DkWt:() = DkWO = Dku_o,
where boundary conditions remain periodic and still with zero mean and the initial

condition with zero divergence and mean. Taking AD*w as test function in (25)
and using the self-adjointness of the operator A yields

d
5 / (|D*w|? + 82|V D*w|?) + y/ (|VDFw|? 4 62| ADFw])?
? e (26)
= y< D€, D*w >y, 7/ V - (DF(ww)). AD"w,
Q
where we note that because f € L2([0, 7], Wy_1), then D*f € L2([0,T], V{).
One first notes that
| v; < D', Dfw >y, | < [|D*[[vy ]| D wl|v,
v (27)

1
< ool + 5 [ 190w
v Q

2
The second term of the r.h.s of (26) has to be estimated.
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We show in the following that (23) implies

/T/ V - (D*(ww)). AD*w| < C, (28)
0o JQ

where the constant C' involves only the data f and ug. Inequality (28) combined
with (26) and (27) gives obviously (24).

First, by Schwartz rule,
V- (Dk(ww)). ADFw = A7V - (D*(ww)). AD*w.
Then,
/ V - (Dk(ww)).AD*w = / V - (D*(ww)). D*w. (29)
Q Q
As one notes w = (wy, wa, w3),
V - (D*(ww)). D*w = 8;(D* (wsw;)) D w;,
(summation convention). Leibnitz formula reads
Dk(wzwj) == Cqu’wkaiq’LUj.
When combining this with the constraint V - D*~9w = 0, one has
V- (D*(ww)). D*w = C{(9; D%w;) D*~9w; D*w;.
Therefore, k being fixed,
/ V - (Dk(ww)).AD*w = C;j/ (8; D%w;) D* 9w ; D w;. (30)
Q Q
In the summation with respect to the ¢ index of the r.h.s of (30), one treats the
case ¢ > 1 and ¢ = 0 one after each other.
Case ¢ > 1. By the induction hypothesis (23),
D" w; e L>®([0,T], H}) C L>([0,T], LY)

by using Sobolev imbedding theorem. Furthermore, always by (23), DFw; €
L2([0,T], HY) N L*([0,T],L?). Classical interpolation inequalities using Holder
inequality (see [14]) implies
D*w; € L*([0,T7, H}) N L>([0,T7, L) C L*([0,T], L).
Finally always by (23),
9;D%w; € L*([0,T], L7).
Putting all together and using Holder inequality shows that for fixed ¢ > 1, ¢ and

75
(0; D%w;) D*~%w; D*w; € L*([0,T], L}) C L'([0, T, L}).

Therefore,

T
/ /((’)quwi)Dk_qijkwi SC, (31)
0 JQ

for a constant C' which only depends on the data f and uyg.

Case ¢ = 0. One has to consider the term 9;w;D*w;D*w; for fixed index. On
one hand, one still has w € L([0,T], V2) N L>([0,T], V1). Therefore,

dyw; € L=([0,T], L3).
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On the other hand, by (23),
D*w;, D*w; € L*([0,T], L§).

Therefore,
d;w; D*w; D w; € L([0, T, Ly'°) < L([0,T], L}),

T
/ / ijkaijkwi
0 JQ

for a constant C' which only depends on the data f and uy.

When combining (31) and (32) to (30), one have proven (28) and the proof is
finished.

yielding
<C, (32)

The regularity of the pressure term is deduced from classical considerations, e.g.,
[1], [24].

The corollary is a classical consequence of Theorem 3. O

3. Accuracy of the Model.

3.1. Orientation. There are many questions that now arise. The first concerns
the consistency error; we show herein that the solution of (6),

V-w=0, w;+V:(Ww)—vAw + Vg =T,

converges to a weak solution to the Navier-Stokes equations when § goes to zero
(stated precisely in Theorem 4 below) proving that the model is consistent in the
limit as § — 0.

Let 7 denote the model’s consistency error
7(u,u) :=TWU — uu, (33)

where u is a solution of the Navier-Stokes equations obtained as limit of a subse-
quence of the sequence (Ws)s>o.

We also prove in Theorem 5 that |[@—w/|| o, 1;v;) is bounded by || 7| |L2([0,T],L§)-

We turn to estimates of ||7|| in the next section.

3.2. Limit Consistency of the Model. Throughout the section, we assume that
(2.3) holds. Let (ws, gs) be the solution of (6) for a fixed ¢.

Theorem 4. There is a subsequence d; — 0 as j — oo such that
(W5jaqt5j) - (U.,p) as 0; =0

where
(u,p) € [L*=([0, T, Vo) N L2([0,T], V1)] x L3 ([0, T], L3) (34)

is a weak solution of the Navier-Stokes equations in IR® with periodic boundary con-
ditions and zero mean value constraint. The sequence (Ws,)jen converges strongly

to u in the space L3 ([0,T], (LF)?) and weakly in L*([0,T], V1) while the sequence
(g5,)jev converges weakly to p in the space L3 (0,77, L?)

Before proving Theorem 4, we first prove the following two lemmas.
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Lemma 1. Let (hs)so be a sequence in L3 ([0,T], L3). Assume that (hs)s>o con-
verges weakly to some h in the space L3 ([0,T), L?) when 0 goes to zero. Then the
sequence (hs)s=o converges weakly to h in the space L3 ([0, T, L3).

Proof of Lemma 1. The sequence (hs)s0 is obviously bounded in the space
L3 ([0, 77, L?) Thus from this sequence one can extract a subsequence (still denoted

by (hs)s>o) which weakly converges to some g € Lg([O,T],Lg). By taking ¢ €
C>([0,T] x Q), space periodic, one obtains after two integrations by parts in space
in the equation satisfied by hgs, Ahg = hs,

5/OT/QA¢E,;+/OT/Q¢h5/OT/Q¢h,;. (35)

T
In (35), / / A¢ hs remains bounded because of the bound of (hs)sso in the
0 JQ

space L3 ([0, T, L3). Thus, one has

T
g%a/o /Ath,;:().

Passing to the limit in (35) for 6 — 0 yields

/OT/¢9=/OT/¢h, (36)

an equality which holds for each ¢ space periodic and smooth. Therefore g = h.
The possible weak limit being unique, all the sequence converges. [l

Lemma 2. The sequence (gs)so is bounded in the space L3 ([0, T, L?)

Proof of Lemma 2 . Taking the divergence of equation (6) yields
—Ags =V - (V-wWsws) =V -f, (37)

with periodic conditions and mean value equal to zero, / qs = 0.

The energy estimate for w shows that the sequence (ws)s>o is bounded in the
space L>°([0, 1, V2) N L2([0, 77, V3) included in L>([0,T], (L2)*) NL2([0, 1, (L§)®).
Hoélder inequality implies

0 5
L([0, T, (£§)*) N L2([0, 71, (L§)*) € L3 ([0, 7], (Lg)?).
Consequently, the sequence (wWsws)ss0 is bounded in L3 ([0, T, (L)), from which
one deduces that

The sequence (WsW;)s>0 is bounded in L3 ([0, 77, (L?)g). (38)
One concludes from the classical elliptic theory and from (37) that (gs)s>o is
bounded in

4 4
La([0, 7], Lg) + L*([0, 7], L) < L5 ([0, T], L)
and the lemma is proven. [l
Remark 2. Note that it is easy deduced from the considerations above that
the sequence (0;ws)s>0 is bounded in L3 ([0, 7], Wy), (39)

where we recall that the space W is defined by (8).
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Proof of Theorem 4. Because of the bound of the sequence (ws)s=0 in the space
L?([0,T7], V1), uniform in §, one can extract a subsequence (still denoted (ws)s=0)
which converges weakly to some u € L?([0,T7], V1) when § goes to zero. Thanks to
Lemma 2, one can extract from the sequence (gs)s>o a subsequence (still denoted
by (gs)s>0) which converges weakly to some p in L3 ([0, 7], Lﬁ)

We shall show that (u,p) is a weak solution to the Navier-Stokes equations in
IR? with periodic boundary conditions. We shall pass to the limit in each term of
the equations for proving our claim. Let (v,q) € C*°([0, T, W) x C*([0,T], CF°).

One has
T T T
/ /atW(;.V*/ /W5W5.Vv+1// /VWg.VV
o Ja o Jg 0o JQ
—/ /qav-v:/ <f,v>, (40)
0 JQ 0
T
/ /Vq.ngo.
0 JQ

Note at first that by an integration by parts one has

T T T
0:/ /qV'WzS:*/ /Vq-Wst*/ /Vq.u:(). (41)
0 JQ 0 JQ 0 JaQ

V-u=0. (42)
The weak convergence of the sequence (gs)s=o in Lz ([0, T, L?) yields

T T
lim/ /q(sv-vz/ /pV-v. (43)
5—0 0 Q 0 Q

Estimate (39) makes sure that one can extract a subsequence from the sequence
(8;ws)s>0 which converges weakly in L3 ([0,7], W]) to some g. When v has a
compact support in time,

T T
/ /atw(;.v: —/ /W(;.@tv.
0 JQ 0 JQ
Consequently,

T T
lim/ /W(;.@tv:/ /u.@tv:—<8tu,v >=—-<g,Vv>,
5—0 0 Q 0 Q

the last braket having to be considered in the sense of the distributions. Then
g = dyu in the sense of the distributions. Then dyu € L3 ([0, T], W) and one has

T T
lim/ /&Wg.v:/ /Qtu.v. (44)
6—0 Jg Q 0 Q

Finally one has obviously,

T T
lim/ /VWg.VV:/ /tVu.Vv. (45)
5—0 0 Q 0 Q

It remains to pass to the limit in the nonlinear term V - wswy.

Thus

We already know that the sequence (wsws)sso is bounded in L3 ([0, 77, (L7)%)
(see the proof of lemma 2). Thus, up to a subsequence, it converges weakly to some
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W in L3 ([0, 7], (LF)%). Applying lemma 1, (W5Ws)s>0 converges weakly to ¥ in
L3 ([0, 7], (L?)g). We have to prove that ¥ = uu.

The bound of the sequence (ws)s=o in L?([0,T], V1) combined with the bound
of (8, ws)s=0 in L3 ([0, T], W]) make sure that the sequence (Ws)s>o is compact in
L3 ([0,T7, (L7)?), and the convergence is strong in L3 ([0, 7], (L?)?) by using Aubin-
Lions’s Lemma (one point that we claimed in the statement of Theorem 4). By
classical arguments using inverse Lebesgue’s Theorem, see e.g., [14], one can extract
a subsequence (without change of the notation) which converges a.e. in [0,7] X Q
to w. Consequently, (Wsws)s~o converges a.e to uu and this suffices to make sure

that ¥ = uu. Then
T T
lim/ /W5W5.Vv:/ /uu.Vv. (46)
5—0 0 Q 0 Q

When one puts together (40), (41), (43), (44), (45) and (46), one has

T T T
/ atu.v—/ /uu.Vv—i—u/ /Vu.Vv

0 TQ 0 % 0 Q
—/ /pV-v:/ <f,v>, (47)

0o JQ 0

T
/ /Vq.uzO.

0 JQ

Therefore (u,p) is a weak solution to the Navier-Stokes equations in IR® with pe-
riodic boundary conditions. The proof of Theorem 4 is complete. (|

3.3. Verifiability of the Model.

Theorem 5. Suppose the true solution of the NSE satisfies the regularity condition
||[Vu|| € L*(0,T). Let 7 :=uu — uu. Then u — w satisfies

1@ — w)(t, )| +V/O V(@ — w)(s, )| |*ds (48)

. t
gcy*e"’““)/ ||| [2ds,
0

¢
where A(t) ::/ || Vul||*ds.
0
In the result above, || - || stand for the L? spacial norm.

Remark 3. It is straightforward to weaken the assumption ||[Vu|| € L*(0,7) to
the Serrin [23] condition that u € L"(0,T;(L})?). The main problems with the
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estimate (48), however, are (1) the multiplier e~ “A(*) is huge for small v, and (2)
the natural analytic norm for measuring the consistency error is L*([0, T, (L3)?).
However, (as we shall see) giving analytic bounds on ||7||L2((0,1),( 3)) depends
(since T is quadratic in u) on & priori bounds on first and second derivatives of u.
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3.4. Accuracy of the Model. Proof of Theorem 5. As noted in the intro-
duction e = W — w satisfies (in the sense of its variational formulation), V -e =
0,e(0) =0 and

e+V-@u—ww)+V(P—¢q) —vAe=V. T,

where 7 := uwu — uu. This is exactly the perturbation equation for the model we
study. Under the stated assumption on u, u is a strong solution of the NSE and
w is a strong solution of the model. Thus, this equation holds in the strong sense.
Taking the inner product with Ae and following the proof of the model’s basic
energy estimate gives

1d

5 g lell” + 0% Vel "} + v{|[Ve[* + 6%[|Ael[*} + (V - (WH — ww), e) < —(r, Ve)

Writing T — ww = we + el and using (V- we,e) =0 and |(7, Ve)| < £[|Ve|[> +
=||7||*> we then have
d
S {lell® + 0%[[Vel[*} + v{[[Vel|* + 6%||Ae[|*} < v = (e VE )
< vHITl]? + ClIVel P2 el |2 V.

Thus, using ab < ea®/3 4+ Ce3b*, we obtain
d _ _ _
T {lell? + 0%[[Vel[*} + v{[[Vel|* + 6%[|Ae|?} < CvHI7[* + Cv 2| V][ *[[e] |,

Gronwall’s inequality then implies

t
lle(t, )II” + 6% Ve(t, )[|* + V/ IVe(s, )||* + 62| Ae(s, )[|ds
0

¢
< Cyler AWM / |7 (s,-)||?ds,
0
¢
where A(t) = [ ||Vu(s,-)||* ds. Since we are searching for a result which is uniform

0
in 4, the d-terms on the inequalities LHS are dropped and, on the RHS, the stability
bound

[IVa]] < [[Vull,

(see lemma 3 and estimate (50) below) is used with the assumption that ||Vul| €
L*(0, 7). O

4. Consistency error estimates. Recall that
7(u,u) :=Uu — uu. (49)

In this section, we shall give bounds on ||7||z1(j0,7]x@) as 0 — 0 in the general
case. An estimate of |[7||z2((0,7)x@) Will be provided under additional regularity
properties.

First, classical results on singular perturbations are needed. They are recalled
in the next subsection.
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4.1. Some singular perturbations results.
Lemma 3. Let p € L, 1 <p < oo. Then

145l < ligllip- (50)
Moreover, when p > 1, (Aglgp)5>0 converges towards ¢ strongly in Lg.

This is a direct consequence of classical stability results in elliptic theory. For
completeness, we give a short proof below, condensed from [13].

Proof. Put ¢ = Aglcp. Recall that
—0’AT+ P = . (51)

Take ¥(p) = P|p|P~2 as test function in (4.3) when p > 1, (with the modification
that if p = 1 we take (%) = sgn(®) and use some technical tools) and integrate by

parts. This yields
52 @@+ | [@lP = 7). 52
Lot | wr=[ e (52)

Because 1 is a non decreasing function, we can deduce from (52) that

/Q 7P < /Q oU(). (53)

Inequality (50) is directly deduced from (53) when p = 1. Assume now that p > 1.

Then (53) yields
[ ier < [ el (54)

We use Holder inequality in the r.h.s of (54). Then (54) becomes
el < ||90||L§||¢||’£§ : (55)
yielding (50). O
The next result is easily proven as well, see e.g., [15].

Lemma 4. Let ¢ € L. Then

_ 0
7= ¢l < 59l (56)

4.2. L' Consistency error. Throughout this subsection, one assumes that f ¢
L?([0,T7],V{). Let u be any solution to the Navier-Stokes equation. Recall that

7(u,u) :=uu — uu. (57)

/|u0 )Pdx + — /||f||vfdt (58)

Lemma 5. The following holds
Il L o7, 22)9) < V26T 2 W(T). (59)

Introduce
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Proof. Because u is a solution to the Navier-Stokes equation then the classical
energy estimate holds for all t < T,

/Q|u(t,ac)| dx-l—u/o /Q|Vu(t,x)| dudt’ < W(T). (60)

Next write

T=d(W—u)+u(@-—u).

Thus, by using (50), one has
Il o,ry.ehyoy < 2Mlllpzo,r, 2o @ = ullp2o,r,£2)2)-

Therefore, (59) is a consequence of (56) combined to (60). O

4.3. L? Consistency error. Because estimate (3.16) involves L? norm of T, we
are lead to seek for an estimate of this quantity. As already mentioned in Theorem
5, a regularity assumption on the velocity is needed to derive estimate (48). Due to
the nature of the filter, an other regularity assumption has to be introduced. This
regularity is known in the 2D case, but not in the 3D case. We stay here in the 3D
case.

However, we stress that such kind of estimates can be found in [21] and references
therein, in the 1D case and for C*° fields. Our result complements these since it
considers solutions with the (limited) regularity typical of solutions of the NSE.

Proposition 1. Let u be a solution to the NSE. Assume that
we LY([0,T], (L3)*) n L'([0, T}, (Hf)). (61)
Then one has
7l (0,7),(22)9) < €9, (62)
where C = C(|[ul|zao,7y,Ly%)s |1l L1 o7, 112)2) -
Proof. Observe first that by Cauchy-Schwarz inequality and (50),
(22 (o,71,22)9) < 2llullzays @ —ul[zs)s- (63)
Next, it is known that

1 _ 3
T = wllgpge < O =l [V = w10 (64)

3
Because we are in a periodic case, then (56) applies to ||V (W — u)| |(4L2)9. Then (62)
;

is deduced from (63) combined to (64) and (56), a time integration and the use of
Holder inequality.

5. Vortex Structures of the Model. In under-resolved simulation of fluid flow
at higher Reynolds numbers vortices often appear that seem to be spurious. Are
these the result of backscatter in the true flow equations, so that the extra vortices
are physically correct for a small physical perturbation? Are they non-physical vor-
tices excited by truncation error terms? Are they non-physical vortices that appear
as solutions of a turbulence model used that do not reflect appropriate averages
of the true flow’s eddies? Studies of the second question have been pioneered by
Brown and Minon [2] and Drikakis and Smolarkiewicz [4]. Our aim here is to be-
gin considering the third question in an (admittedly quite simplified) setting which
admits analytical attack.
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Taking the curl of the model we obtain an equation for the vorticity predicted
by the model. If the model is appropriate, V x w should be a non-spurious approx-
imation of the true vorticity V x u. The question is: does the model so-derived
for w make non-physical predictions of V x u? Since such questions center on the
relationship between V x u and V x w we first note that equations for the vorticity
predicted by the model are easily derived. Indeed, taking the curl of the LES model
shows that V x w =: w satisfies, w(0) =V X ug and

Wi+ W-Vwtw Vw—vAw =V xTf, if w C R?, (65)
and
wi +w-Vw —vAw =V x f, if w c R% (66)

First, we consider the simplest (and easiest) case: we show that if V x ug =
V x f =0 then w = 0, i.e., no spurious vorticity is generated by the model of the
nonlinear interaction.

Proposition 2. Let f and ug be smooth. If V x uy = 0,V x f = 0 then w =
V xw=0.

Proof: Recall first that the symbol || - || without subscript denote general L? spacial
norms. First we note that by the estimates of the previous sections, w (and hence
w) is smooth. Adapting the proof of the energy estimate of the model, take the
inner product of (65) with Aw. This gives, after integrations by parts,

1 d
5 ZrUllwll” + %[V} + v{|[ V| [* + 62| Aw][*}

= —(w Vw, Aw) — (w- Vw, Aw)
= —(w: Vw,w) < [[Vw]| |[Vew]]*.
Since ||[Vw(t,-)|| € L°(0,T), the result follows by Gronwall’s inequality. O

Naturally, it is more important that small perturbations remain small. This fact
also follows by essentially the same energy argument.

Proposition 3. Let ug and f be smooth and suppose
IV x| <€, [V x £l o,1),w2) < €
Then ||w(t,-)|| satisfies in 3d:

1 t
SO + TwOIP) + [ vIVwl? + 2ulawlas < | (14 5) 4] &
0
" t
where A(t) = 3 +/ [|[Vw]||(s)ds < oo, and, in 2d:
0
1 t
S Ulw®I” + 0%V (®)]*} +/ V||Vwl]? + 6°v]|Aw|*ds < (1 +t)e”.
0
Proof: First we note that, by integration by parts,
1w (0)[] + 0% Vw(0)|[* = (w(0), w(0) — 6*Aw(0))

(@(0), Aw(0)) = (V x g, A ¥ x 10)
= (Vxug,V xug) <||V xugl|>.
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By the same argument as in Proposition 1 we have, in 3d,

1d
5 ZrUllwll” + %[V} + v{]| Vel * + 67| Aw][*}

= —(w-Vw,w)+ (V xf,w)

1 1
(5 -+ 19wl ol + 3119 < P

IN

Thus, by Gronwall’s inequality

1 t
S Ulw®I” + 0%V (n)]*} +/0 P{lIVw]]? + 07| Awl[*}ds

IN

1 t
ANV x |2 + §ef4<t>/ [V x f]|%ds
0

1
eA(t) (1 + 51/.) 62,

where A(t) = % —l—/o [[Vw]||(s)ds (< o).

In 2-d, the same argument can be used but the term (w-Vw, w) does not appear
on the RHS. Thus, the 2-d estimate does not display exponential growth. (|

IN

Remark: An Open Problem. There is one more case for which the question
can be formulated mathematically. In 2-d, the true vorticity equation is:

(Vxu)+u-V(Vxu)—vAV xu)=V xf.

This equation satisfies a maximum principle. Thus, when V xuy and V x f have one
sign, V X u must also have one sign. Thus, it is reasonable to ask the question: if
the initial condition and the body force exert only a counterclockwise rotation force
on the flow, does the LES model (correctly) predict that only a counterclockwise
rotation of the flow results?

The above proofs can be attempted to be combined with generalized maximum
principle arguments. Unfortunately, the obvious combination fails (for a subtle
reason we describe below). The mathematical treatment of this last question is an
open problem.

To understand the point of failure, define w_ := —max{—w,0}. Taking the
inner product of (66) with Aw_ (and ignoring boundary terms) gives (following
the above proofs)

1d

2 dt
Unfortunately, (Aw,Aw_) does not have one sign. A calculation of (Aw,Aw_)
from the definition of Aw_ as a distribution in H~!(w) gives

(Aw,Aw_) = /w |Aw_|“dx — /asupp(w)(Aw)(s)Vw -n(s)ds.

The last term on the RHS can have any sign. Thus, direct proof fails.

{llwo—|P + 8[|V |7} + ]| Ve| > 4+ 18 (Aw, Aw_) = (V x f,w_) < 0.
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