A model for two coupled turbulent fluids

Part II: numerical analysis of a spectral discretization
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Abstract: We consider a system of equations that models the stationary flow of two im-
miscible turbulent fluids on adjacent subdomains. The equations are coupled by nonlinear
boundary conditions on the interface which is here a fixed given surface. We propose a
spectral discretization of this problem and perform its numerical analysis. The conver-
gence of the method is proven in the two-dimensional case, together with optimal error
estimates.
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1. Introduction.

In this paper, we are interested in the numerical analysis of the spectral discretization
of a model for two stationary turbulent fluids coupled by boundary conditions on the
interface:

( —div (a;(k;) Vu;) + grad p; = f; inQ;, 1<i<2,
divu; =0 in Q;, 1 <i<2,
—div (vi(ki) V) = i (k;) [Vug]? in Q;, 1 <i<2,
u; =0 onl;, 1<i<2, (1.1)
k;=0 onl;, 1<i<2,
a;(k;) On,u; —pim; + (u; —uj) |u; —u;| =0 onI, 1<i#j<2,
ki = Juy — usl? onTl, 1<i<2,

where each triple (w;, ki, p;) is defined in the domain Q;, 1 < ¢ < 2. The vector field
u; stands for the velocity of a turbulent fluid in €2;, p; represents its pressure and k;
its turbulent kinetic energy (TKE in what follows). The domains 2; are two- or three-
dimensional bounded open sets with common interface I', while each I'; stands for 9, \ T".

System (1.1) is motivated by the coupling of two turbulent fluids F;, i = 1 and
2, which appears in the framework ocean/atmosphere or in the case of two layers of a
stratified fluid (see e.g. [16, Chap. 1 & 3| or [18]). Note that, in these situations, the
operator —div (;(k;) V) in (1.1) should be replaced by a different one, derived from the
deformation rate tensor [11, §2]. However this change leads to more technical proofs,
involving additional Korn type inequalities, and we prefer to avoid it for simplicity of the
presentation. These fluids F; are coupled through the interface condition on their common
boundary I', which is supposed to be fixed. Indeed, we assume that the so-called “rigid lid
hypothesis” holds, which is standard in geophysics and oceanography. According to this
assumption, I' is a fixed mean interface and in fact the values of u;, p; and k; on I' are
mean values of the velocity, pressure and TKE. This law characterizes mean momentum
exchanges between the fluids, see [16, Chap. 1] and [1], and is derived in a rather different
way from standard wall laws [21] (but the mathematical formulation is rather similar): the
turbulent mixed layer of the two turbulent fluids is modelled by the sixth and seventh lines
in (1.1) which summarize the information related to a realistic interface ocean/atmosphere
(see e.g. [16, §1.4] for more details about this model). Slightly more realistic models,
obtained for instance by adding the convection term w; - Vu; in the first line of problem

(1.1) and/or the dissipative term —7 k/}% (where L represents the mixing length) in the
right-hand side of the third line of this problem, can also be considered. Since their
analysis relies on exactly the same arguments as for problem (1.1), we skip these further
terms for brevity.

The analysis of problem (1.1) is performed in [3], for two- or three-dimensional domains
), which are either convex or of class ¥!''. In that paper, an equivalent variational
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formulation of problem (1.1) is written, where the equations for the TKE are taken in
the transposition sense (see [23] and [17, Chap. 2, §6] for the definition of a solution by
tranposition). Indeed, due to the lack of regularity of the right-hand side in the third line
of (1.1) which only belongs to L(£2;), a standard symmetric formulation cannot be used
here. However, the present weaker formulation allows for deriving some a priori estimates.
Next the existence of a solution is proved. The uniqueness of smooth solutions is also
established under some rather restrictive assumptions on the parameters and the data,
and some regularity properties of the solutions are derived when the domains €2; are two-
dimensional rectangles. Note moreover that the transposition formulation of the equations
on the TKE is equivalent to the standard variational one when the solution is sufficiently
smooth. We also refer to [2] for a different proof of the existence result.

In this paper, we are interested in the spectral discretization of problem (1.1), which re-
lies on the approximation by high-degree polynomials. For simplicity, we only consider the
key geometry where the domains are rectangles or rectangular parallelepipeds. However,
in order to take into account the possible anisotropy of the flows which can be induced by
the large aspect ratios of the domains, we use different degrees of polynomials with respect
to the horizontal and vertical variables. We propose a discrete problem which, as usual
for spectral methods [7, Chap. III], relies on the variational formulation of the equations
for the velocity, the pressure and also the TKE: it combines a conforming approximation
in these spaces of polynomials with the use of numerical integration relying on tensorized
Gauss—Lobatto formulas.

As standard for nonlinear systems, the numerical analysis of the discrete problem
relies on the discrete implicit function theorem of Brezzi, Rappaz and Raviart [10]. As for
the continuous problem, the main difficulty is due to the lack of regularity of the right-hand
sides in the discrete TKE equations, and it seems that the numerical analysis of problems
with data in L' has only been performed in a few number of works (see [14], [13] and
[12]). Thanks to Brezzi-Rappaz—Raviart theory, in the two-dimensional case, we derive
the existence of a solution of the discrete problem in a neighbourhood of a nonsingular
exact solution under some reasonable assumptions on its regularity. We also prove the
convergence of the method, together with optimal error estimates. The same properties
hold in the three-dimensional case, however we think that the assumptions that are needed
to prove them are no longer reasonable. A different analysis, leading to weaker convergence
results, is under consideration.

To conclude, we propose an algorithm for solving the discrete problem. Its convergence
is currently checked via numerical experiments and is likely at least for small variations of
the functions «; and ~;.

The numerical analysis of the finite element discretization of system (1.1) is under
consideration, and its convergence should be proven in the two- and three-dimensional
cases with realistic assumptions.

An outline of the paper is as follows.
e In Section 2, we recall from [3] the variational formulation and the main properties of
problem (1.1). We also write a different formulation in view of the discretization.
e In Section 3, we describe the choice of the approximation spaces and of the discrete
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problem. We also write a different and equivalent formulation of this problem, which is
needed for its analysis.

e Section 4 is devoted to the numerical analysis of the discrete linear Laplace and Stokes
problems with variable coefficients that are involved in the discretization.

e In Section 5, we perform the numerical analysis of the coupled system. We prove the
existence of a solution and derive error estimates.

e In Section 6, we propose some conclusions and present a numerical algorithm for solving
the discrete problem in the two-dimensional case.



2. Main properties of the continuous problem.

In what follows, Q; and € stand for disjoint bounded domains in R?, d = 2 or 3,
which are either convex or of class €'!''. The generic point in R?, resp. in R3, is denoted by
x = (z,2), resp. x = (z,y, z). We assume for simplicity that the interface I' = 91 N 9Qq
coincides with the intersection of both Q; and Q, with the hyperplane z = 0, while
and (29 are contained in the half-spaces z > 0 and z < 0 respectively. We denote by I'; the
part of the boundary 0€2; \ I'. It must be noted that, in a number of practical situations,
the vertical heights of the {2; are much smaller than their horizontal diameters.

Throughout the paper, we assume that the functions a; and v;, 1 < ¢ < 2, are con-
tinuous and bounded on R, and are continuously differentiable with bounded derivatives.
Moreover, we assume that there exists a positive constant v such that, for 1 <7 < 2,

Vk € R, a;(k) >v and (k) > v. (2.1)

We now write a variational formulation of problem (1.1). Next, we recall its properties.
Finally, we write another formulation of it that relies on the introduction of the Stokes
and Laplace operators.

THE VARIATIONAL FORMULATION

Throughout the paper, we use the spaces LP(€2;), 1 < p < oo, and the Sobolev
spaces H®(;) and H{(€;) for any real number s, provided with the standard norm
| - || 2 (2,) and semi-norm | - |gs(q,), together with their analogues on I'. We also need the

1
special space Hg,(I"), defined e.g. in [17, Chap. 1, Th. 11.7].
For 1 <1 <2, we introduce the spaces
Xi = {’UZ' € Hl(QZ)d, V; = 0 on Fz} (22)

For reasons explained in [3, §2], we also define the functions G;, 1 <i < 2, by

Gi(k’):/o vi(k) dk. (2.3)

Problem (1.1) can be written equivalently as the following variational system of two
coupled problems

Find (u;,p;) in X; x L?(Q;), 1 <14 < 2, such that, for 1 <i # j <2,
Yv; € X, sz(’%) Vu; : Vv, dx — / pl(dlv Ui) dx

24
+/|ui—uj|(ui—uj)-vid72/ fi-'vid:c, ( )
T Q;

Vq; € LQ(QZ), —/ ql(dIV ’l.lq) dx =0,
Q;



Find k; in L*(;), 1 < i < 2, such that, for 1 <i <2,
\V/(,OZ € HQ(QZ) N H&(Ql),

Q; T

Q

i

Note that the equations for the velocities and the pressure are of standard variational
type and involve the bilinear forms, for 1 <i < 2,

ai(ti;ui,'vi) :/ O-/i(ti> V’U,Z : V’UZ' d:c, bz('UmQZ) = —/ qz(dIV’UZ) dx. (26)

But the equation on the TKE is formulated in the transposition sense of Stampacchia [23]
and of Lions and Magenes [17, Chap. 2, §6].

As standard for the Stokes problem, we consider the kernel
Vi = {'Ui € X,;; divyv; =0in QZ},

and we observe that, for each solution (u;, p;) of problem (2.4), the velocity u; is a solution
of

Find u; in V;,; 1 <14 < 2, such that, for 1 <i # j < 2:

\V/’Ui € V;;, / Q; k‘l Vu; : Vu; dx
o, 2 (2.7)

+/|ui—uj|(ui—uj)-vidrz/ fzfvzd:c
T Q;

Conversely, we recall from [3, Lemma 3.1] that, for 1 < i < 2, there exists a positive
constant 3; such that the following inf-sup condition holds

bi(vi, ¢
Vg; € L*(Q;),  sup bilvin ) > Billgill 2 (.- (2.8)
v, €EX; |’Uz'||H1(Qi)d

This yields, for any solution w; of problem (2.7), the existence of a unique function p; in
L?(©;) such that the pair (u;,p;) is a solution of problem (2.4). So, for the next results,
we work with the simpler system (2.5) and (2.7).

MAIN PROPERTIES

We first recall from [3, Lemma 3.3] and [3, Lemma 4.2] the following a priori estimates:
for any f; in L?(€;)¢, 1 <i < 2, any solution (w1, uz) of problem (2.7) satisfies

C
will g arye + [Jwell g1,y < ” (1 f1ll 2yye + 1 f2lln2(s)e) (2.9)
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and, for any real number s, 0 < s < L and for1<i< 2, every solution ¢; of equation

2
(2.5) satisfies
1€l zre g0y < es (lwallzp uya + lu2llfno,)e)- (2.10)
The constants ¢ and c¢s depend on the geometry of {2, on v and on the maximal value of
the a; and ~;, moreover the constant c; depends on s.

Indeed, from these estimates, the existence result is proven in [3, Corollary 5.3]. We
only state it.

Theorem 2.1. For any f; in L?(Q;)%, i = 1 or 2, problem (1.1) admits the formulation
(2.4) and (2.5). System (2.4) and (2.5) has a solution (Uy,Us) with each U; = (u;, pi, ki)
in X; x L*(Q;) x L*(Q;). Moreover, each function k;, i = 1 and 2, is nonnegative and
belongs to H*(Q;) for all s < 1.

In contrast, the uniqueness result in [3] (see also [11] for a similar result) is rather
disappointing. It states that, if system (2.4) and (2.5) admits a solution (w;, p;, ki)1<i<2
such that each u; belongs to W'?(£2;)? for some p > 2d and if its norm in this space is small
enough in comparison of the relative variation of the «;, then this solution (wu;, p;, ki)1<i<2
is unique. So our idea is to give up any uniqueness assumption for the analysis of the
discretization.

Let us finally recall the regularity property of the solution which is proved in [3, Thm
7.5] when the domains ©; and €y are two-dimensional rectangles: let (Ul, Ug) be any
solution of system (2.4) and (2.5), with U; = (u;, p;, k;), such that u;, i = 1 and 2, belong
to H®-(£;)? for some s_ > 1; then, this solution satisfies

Uy € HS ()% x H7HQ,) x H*(Q;),  i=1and?2,
for all s < sp ~ 1.5946 (the value of sq is derived from [20, Cor. 4.2]). So, the following

assumption seems reasonable, specially in dimension d = 2.

Hypothesis 2.2. System (2.4) and (2.5) admits a solution (U, U$) such that each U},
1 <i <2, belongs to H* ()% x H* ~1(Q;) x H* () for some s* > 4

Remark 2.3. Assume that the functions w;, i = 1 and 2, belong to H*(Q;)¢, s > 4.
If a solution k; of problem (2.5) belongs to H(;), then it satisfies the more standard
formulation of this problem
Find k; in HY(Q;), 1 < i < 2, with
k;=0 onl; and ki =|u; —ug)> onT,
such that, for 1 <1 < 2, (2.11)
Vi € Hy(),  cilkiskis i) = / ai(k) |Vul” i da,

where the bilinear form ¢;(¢;; -, ) is defined by

Ci(ti;ﬁi,(pﬁ :/ ’)/i(tZ') V& : V(,Oi dx. (2.12)
Q.

K2
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The discretization relies on this last formulation. However, for technical reasons, we con-
sider in what follows its extension to the case where k; is sought for in H'=¢(£;) and ¢;
runs through H'*¢(Q;) for a small positive ¢.

ANOTHER PRESENTATION

For 1 <1 <2, we first introduce a generalized Laplace operator, which we still denote
by L; for simplicity: for a fixed ¢; in L(€2;), the operator £;(¢;) associates with any g; in
L'(€;) and A; in L?(T) the solution k; = £;(¢;)(gi, \i) in H*(;), s < 3, of the problem

k}i =0 on Fi, (213)
]ﬂ:)\z 0nF,1§z§2

The existence and uniqueness of this solution are checked in [3, §4]. Similarly, we introduce
the Stokes operator S;: for a fixed t; in L*(£2;), the operator S;(¢;) associates with any g;

in the dual space of X; and A; in the dual space of H(T") the solution u; = S;(t;)(gs, Ai)
in V; of the Stokes problem

(—div (O-/i(ti> Vul) + gradpi = g; in QZ’,
divu; =0 in €;,
(2.14)
u;, — 0 on Fi,
\ Oéz(tz) (97“’11,2' — Pi Ny = )\z onI.
Next, it is readily checked that problem (1.1) can equivalently be written
U1 81(k1> 0 0 0 (—fl,Al(’Ull,’U,Q))
3} 0 El(kl) 0 0 (_gl(khul)?)‘(ul?uQ))
+ =0, (2.15
U 0 0 Sa(k2) 0 (—F2, A2(u1,uz)) (2.15)
kg 0 0 0 ,CQ(]{JQ) (—gg(kQ,UQ>,/\(U1,UQ>)
with )
Ai(ur, u2) = (u; —uy) lug —ujl,  gilki, uw;) = a;(ki) [Vu,|7,
(wnuz) = (= ) s =y, gukiv ) = (k) [V 216

)\(ul,u2) = — |’U,1 — ’U,2|2.

Let 7 (k1,k2) denote the diagonal matrix made of the operators S;(k;) and L;(k;)
that appear in (2.15), and G(Uy, Us) stand for the last vector in this formula. For technical
reasons, we introduce a small parameter ¢, 0 < € < %, and we consider the spaces

X = X; x H74(), X =X x Xs. (2.17)
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Then, problem (1.1) is equivalent to find a solution (Uy,Us) in X of the equation

(g;) + T (ky, ko) G(Uy, Us) = 0. (2.18)

In view of [10], we work with a solution (Uj,U;) of (2.18) which satisfies the following
hypothesis, as standard for the discretization of nonlinear problems.

Hypothesis 2.4. The solution (U7, Us), of system (2.5) and (2.7), with each U} =
(u;, kY), is such that the operator

Id + DT (k] k3)G(UT, Us) + T(ki, k3)DG(UT, U3, (2.19)

(where D stands for the differential operator) is an isomorphism of X.

The idea is that the conditions for the global uniqueness of the solution (U7, Uy ), if
there exist, are most often too restrictive (see [3, Thm 6.3]). Hypothesis 2.4 only ensures
the local uniqueness of the solution, which is much weaker (the analogous assumption
for the standard Navier—Stokes equations is often used for the numerical analysis of the
discretization and is not at all restrictive). Note that it is equivalent to the well-posedness

of the linearized system, for any data (g;, A;) in the dual space of X; x HO%O(F) and (g, \;)
in H=17=(Q;) x H2—<(T"),
Find (w;,r;) in X; x L*(Q;), 1 <i <2, such that, for 1 <i#j <2,
V’Ui € Xi,
/ a;(k]) Vw; : Vo, d:c-i—/ o (k) Vu) = Vo, dm—/ r;(divv;) dx

Q;

+/ (ui —uj) - (w; —w;)

Py (uj —uj) - v; alT—i-/F|'u,;k —u}| (w; — w;) - vidr  (2.20)
i j

Q; T

7

Vg € L*(Q), —/ gi(divw;) de = 0,
oF

Find ¢; in H'7¢(;), 1 <4 < 2, with
;=0 only and ;=X\ +2(uj —u3) - (w; —ws2) onT,
such that, for 1 <i < 2,
Vi € HyTe (), (2.21)

/ i (kYL - Vgoidac—i—/ Yk VES - Vgpidw:/ gi @i dx

+ 2/ a; (k) Vu; : Vw,; ¢; dx +/ (k) [Vul | o; de.
Even if this is nothing but a linear problem, writing it is rather technical.

In what follows, we always assume that Hypotheses 2.2 and 2.4 hold. These assump-
tions are nearly realistic and seem necessary for proving the convergence of any type of
discretization.



3. Description of the discrete problem.

From now on, we assume that the €2; are rectangles in the case of dimension d = 2,
rectangular parallelepipeds in the case d = 3. More precisely, by an appropriate scaling,
we take 1, resp. Qs, equal to | —1,1[*71x]0, hy[, resp. | — 1, 1[*~1x] — hy, O[, where the h;
are positive real numbers. As already hinted, the h; are often small in practical situations.

Iy £
r
, o
Figure 1

We firstly describe the discrete problem. Secondly, like for the continuous problem,
we write it in a different form, in order to apply the theory of Brezzi, Rappaz and Raviart
[10] for its numerical analysis.

THE DISCRETE PROBLEM.

For each pair of nonnegative integers (k,n), we introduce the space Py, (€2;) of re-
strictions to §2; of polynomials with degree < k with respect to x (and also to y in the
case d = 3) and with degree < n with respect to z. We denote by Py (") the space of
restrictions to I' of polynomials with degree < k with respect to each tangential variable.
We fix a 4-tuple § = (K1, N1, K5, N3) of positive integers, in order to define the discrete
spaces of velocities and turbulent energies,

Xis = Pr, N, ()TN X, Yis = P, n, () N HE (). (3.1)

As for the standard Stokes problem, two different choices exist for the discrete spaces of
pressures M;s, namely

Mjs =Pr, o n,—2() and Mg =Pr,—2,n,—2(2) NPy i) vy (), (32)
for a parameter A, 0 < A < 1, where the brackets [-] denote the integral part.
We denote by (Ly)n>0 the orthogonal basis of L?(—1,1) made by the Legendre poly-

nomials. Each L,, has degree n and satisfies L,,(1) = 1. For any positive integer n, let 3
and p7, 0 < j < n, be the nodes (in increasing order) and weights of the Gauss—Lobatto
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formula on | — 1, 1[, which is exact on all polynomials with degree < 2n — 1. We recall that

o' resp. &, is equal to —1, resp. 1, that the £, 1 < j <n —1, are the zeros of L! and
that the p! are given by

2
n = <j<n. .
Ty EE) ST )

For simplicity, we denote by x;; and p;r, 0 < k < K;, the nodes 6,5 “ and weights pkKi.
In the z—direction, we set, for 0 < j < N,

i = ((=1)"*! +§JN‘) and w;; = Ep;.vl.
We introduce the grids
= S A @i, 2i5); 0< k< Ky, 0<j < Ny} in the case d = 2,
Zis = {(IL’ik,xiZ,Zij>§ 0<k/l<K;,0<j5< Ni} in the case d = 3,

and we denote by Z;5 the Lagrange interpolation operator on the grid =;s with values in
Pk, n,(€;). Two different grids are then defined on the interface I': we denote by Z}; the
Lagrange interpolation operator on the grid Z;s NI with values in P, (T').

Finally we introduce the discrete product, for all functions « and v continuous on ),

(u v) B Zf:io Z;V;'O W(Tik, 2ij)0(Tik, Zij) PikWwij in the case d = 2,
6 K,L' K,L' Ni .
B D k0 2otm0 2 jmo W(Tiks Ties 2i5)V(Tiks Ties 2i5) pikpiewi;  in the case d = 3,
and its analogue on I"
(u U)F _ { Zg:io u(:fgk)v(xzk) Pik in the case d = 2,
) ; i P 1
i Yoo oo W(Tik, Tie)V(Xik, Tie) Pikpie in the case d = 3.

1 1

We fix an operator 1k from HZ) (') into Py, (T') N Hg(T') which will be made precise
later on. We are now in a position to state the discrete problem associated with problem
(1.1). It reads

Find ([715, UQ&), with each [72'5 = (Uié,pié, ki(S) in Xi5 X M5 X PKi,Ni<Qi)7
such that, for 1 < i # j < 2,

kis=0 onI; and k5= H£5(|u15 — u25\2) onT, (3.4)

and
Vvis € Xis,
ais (Kis; Wis, vis) + bis(vis, pis) + (wis — wjs| (wis — wys), 'Uié); = (fi vis) 5
Vais € Mis,  bis(wis, ¢is) = 0,
Vipis € Yis,  cis(kis; ks, is) = (cvi(kis) ‘vui5|27@i5)i57

(3.5)
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where, for any continuous function t;, the bilinear forms a;5(¢;; -, ), bis(+, ) and c¢;5(ts; -, -)
are now defined by

ais (tis wis,vis) = (ilts) Vs, Vis) s, bis(vis, ¢is) = —(is, divvis) 5,

(3.6)
cis (tis kis, 0is) = (vi(ti) Vkis, Vi) j5-

Remark 3.1. A natural choice of operator H{(S would be the Lagrange interpolation
operator Z)s. However, for K; # Ka, since two different discrete products are defined on
the interface I', the trace of w15 on I' must be re-interpolated on the nodes of Zo5 N T
and conversely. Moreover, the convergence of the interpolate of a function ¢ towards this

1

function in H,(I") or even in H 27¢(T) would require too much regularity of the function
¢, see [7, §14]. Other choices of operator Ik, such as orthogonal projection operators, are
possible but seem more expensive to implement.

Remark 3.2. For the choices M} and M3 of discrete pressure spaces introduced in
(3.2), and thanks to the exactness property of the quadrature formula, each b;s(-, ) can be
replaced by b;(+,-) in formulation (3.5).

The numerical analysis of system (3.4) and (3.5) is rather technical. However we begin
with the same simplication as for the continuous problem. For i = 1 and 2, we introduce
the discrete kernel

Vis = {vis € Xis; Yqis € Mis, bis(vis, qis) = 0}.

Note that, for the two choices M;5; = M} and M;; = M2 proposed in (3.2), Vs is not
contained in V;, i.e. is not made of exactly divergence—free polynomials. It is readily
checked with this definition that, for each pair (Uys,Uss) solution of system (3.4) and
(3.5), the reduced pair (Uis, Uas) of discrete velocities and discrete turbulent energies is a
solution of the system

Find (U15, UQ(S), with each Uig; = (’U,ig;, kw‘) in V;'(; X ]PKZ-,NZ-(Qi>;
satisfying (3.4) and such that, for 1 <i # j <2,

r
Vois € Vis,  ais(kis; wis, vis) + ([wis — wjs| (wis — wjs), vis) ;s = (Fi, vis) 50

(3.7)
Vois € Yis,  cis(Kis; kis, pis) = (Oéi(kié) ‘vui5‘2790i6)i5~

The converse property relies on a discrete inf-sup condition, which is derived in two
steps, relying on the arguments in [8] and [9], respectively. For a while, let M} stand for
the subspace of My made of polynomials with a null integral on €2;.

Lemma 3.3. Fori =1 and 2, and for the discrete spaces Mg‘, m = 1 and 2, there exists
a constant 8[5 > 0 such that

. bis (vis, G
VQi(s c MZTgL, Sup 16( 157%6)

> 7 gisll z2(0,)- (3.8)
vis€XisnHL () |[Vis || (0,4
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Moreover these constants [3;” satisfy, for i = 1 and 2,

N=
N=

~ 2—-d —
Bl >cK,;? inf{K,

N, 2} and (2 >ec (3.9)

Proof. Since any ¢;s in Mi(; has a null integral on 2;, there exists [15, Chap. I, Cor. 2.4]
a function v; in Hg (£2;)¢ such that

div V; = ;s in QZ and HUiHHl(Qi)d S C ||Qi5HL2(Qi)-

Next, we recall from [8, Lemmas 3.2 & 3.3] that, for any u, 0 < u < 1, there exists an op-

erator w4 from Hj(—1,1) onto P14, (—1,1) N Hg(—1,1) which preserves all polynomials
in P,_1(—1,1) and satisfies, for all ¢ in Hg(—1,1),

_ 1
||(7T5<P)/||L2(—1,1) < ||90/||L2(—1,1) and ||7T590||L2(—1,1) <cp 2 ||<P||L2(—1,1)-

The idea consists in choosing the operator 77 in the x or y direction equal to W}Q(Ki), with

K;,—1 ifm=1
(1+M(K¢>)M=K¢ and M:{[HQ_ Kz] ifm:2,

(recall that A is introduced in (3.2)) and denoting them by w?;i(x) and W;?i(y), respectively.
In constrast, the operator 7}, in the z direction is equal to W]L\L/}Ni), with

N, —1 ifm =1

and denoted by 7'(';7\;(2)

i

. Next, we set

s W?g_(m) o W?V%_(Z)’vi in the case d = 2,
v5 = v K
' W}?i(x) o Wz(y) o W?Vli(z)vi in the case d = 3.

[

From the properties of these operators, it is readily checked that

bi6<vi67Qi6) = —/ qis (diV’Uz‘)dw :/ (%’5)2 dx,
Q Q

2 s
while the norm of v;s in H ()¢ is bounded by
2-d 1 1-d
vis|| 1 (0;)e < ¢ sup {p(Ky) 2 p(N:) ™2, n(K) 2} lvill gy e

Evaluating the quantities u(K;) and pu(N;) as a function of N; or K; for m =1 or 2 leads
to the desired result.

12



Lemma 3.4. For i =1 and 2, and for the discrete spaces M, m = 1 and 2, defined in
(3.2), there exists a constant 37y > 0 such that

bis(vis, Qs
Vaqis € M3, sup —( ) > Bl ||q16||L2(Qi). (3.10)
Vs €Xis ||’U7;5||H1(Qi)d

Moreover these constants 375 i = 1 and 2, satisfy (3.9).
Proof. Any function g;5 in M]j admits the expansion
- _ . _ 1

qis = qis t qis» with G5 = 557 Gis(x) dex.

Since the function ¢;s belongs to M 7, it follows from Lemma 3.3 that there exists a v;5 in
X5 N HE(Q;)? such that

. ~ - 1 .
bi&(’vié,%(s) = HQiJH%ﬁ(Qi) and H’UmHHl(Qi)d < Bm HQi(SHLZ(Qi)-

10

On the other hand, the function v;5 equal to (0, v;s) in dimension d = 2, to (0,0, v;5) in
dimension d = 3, with

vis = { (Lo(x) = La(x)) (1) hi — 2) Gy . in dimension d = 2,
’ (Lo(z) — La(z)) (Lo(y) — La(y)) ((—1)" h; — 2) G35 in dimension d = 3,

belongs to X;s and satisfies, for a fixed constant cg,
bis(Tiss Gis) = [Tis T2, and  [Tisllar@ie < col[@isllrzon-

Next, we take v;s5 equal to v;5+\ U;5, for a fixed constant \. Indeed, it follows by integration
by parts that b;5(0;s5,q,5) vanishes, so that

bis(Vis, Gis) = bis(Vis, Gis) + A bis (Vis, Gis) + A bis(Vis, Gis)-

The previous properties, together with the continuity of b;5(+,-) (which coincides with
bi(-,-) everywhere in the previous equation), yield

bis(vis, Gis) > ||q~7;5||%2(9i) +A ||§i5||%2(9i) — cM[Vis| g1 (iye [1disl| L2 o)

> (|disl 2 (0,) + AMTislF2ry — ccoM @isllL2 ) T

L2(9)»

whence 5 o
1. . CoCEN . |
bis(vis, Gis) > 5”%6”%2(91-) + A1 - TO) 1511720, -

_1
2,29
c=cj

We now choose A equal to which gives (note that §;5 and ;5 are orthogonal in L?(£2;))

1A
bis(vis, qis) > mf{g, 5} H%HZH(Qi)-

13



We also have
L lo | 2,2\
lvisl g @ye < lvisllanye + AMvisllaye < (5% +coA%)? llasllzz )
10
which concludes the proof.

Remark 3.5. From the previous proofs, the constants 5§ given in (3.9) a priori depend
on h;. However, by using the vertical homothety that maps €2; onto the reference square
or cube, it is readily checked that these constants satisfy

- 2-d 1 1 ~
Bl >cK,? inf{h; K; *,N; *} and (37 >chs, (3.11)
where ¢ is now independent of h;.

So we now work with system (3.4) and (3.7). The first idea consists in writing it in a
more appropriate form which is the discrete analogue of (2.18).

ANOTHER PRESENTATION.

For ¢ = 1 and 2, we introduce the discrete Laplace operator L;s. For a fixed continuous
function ¢;, the operator L;s(t;) associates with any g; in H~1(€;) and any function ); in

Ho%o(r), the solution k;s = L;5(t;)(gs, A;) of the problem
Find k;s in Pk, n,(€2;) such that

kis=0 onl; and k5= HE;)\Z' on I, (3.12)

and
Vis € Yis,  cis(tii kis, pis) = / gi pis dx. (3.13)

K2

It follows from (3.3) that the weights p;; and w;; are positive. When combined with (2.1),
this yields that the only solution of (3.12) and (3.13) for g; = 0 and \; = 0, is zero. Hence,
since problem (3.12) and (3.13) results into a square linear system, the operator L;s5(t;) is
well-defined.

Similarly, we introduce the discrete Stokes operator S;s. For a fixed continuous func-
tion t;, the operator S;5(t;) associates with any g; in the dual space of X; and A; in the
1

dual space of HZ)(T")? the solution u;s = Sis(¢;)(gi, A;) in Vis of the Stokes problem

Find u;s in Vs such that

Vvis € Vis,  ais(ti; wis, vis) = / gi - visdx + / Ai - s dT (3.14)
Q r

There also, it follows from (3.3) and (2.1) that the operator S;5(t;) is well-defined.

14



Finally, the matrix 75(t1,t2) is defined by

S16(t1) 0 0 0
B 0 L5(t1) 0 0
%(tth) - 0 0 825<t2) 0 (315)
0 0 0 Los(ta)

We introduce the vector Gs(Uys, Uss)

(—f15, )\15(11,15, U25))
Gs(Uss, Uss) = (_9(15_(}“21;:;;;g;ﬁf‘;‘;;;fm (3.16)
(=925 (k2s, w2s), AM(u1s, uas))

where the functions f;5, g;,s and A;5 are defined by duality, for smooth enough functions
v; and ¢; (we do not make precise the spaces),

(fis,vi) = (firvi) 50 (Nis(u1s,uas),v5) = (uis — wjs| (wis — ujzi),vi)::;a.

N o (3.17)
<gu‘5(k5167 U,u;), 901> - (az(kz6) |Vuu5| 7901)1-5

The quantity A\(wuq,u2) is defined in (2.16).
Thus, it is readily checked that problem (3.4) and (3.7) can be equivalently be written
Uis

k15

U2s
kas

Us + T5(kis, k2s) Gs(Urs, Uas) = 0, with Us = (3.18)

This formulation is fully appropriate for performing its numerical analysis thanks to the
theory of Brezzi, Rappaz and Raviart [10].
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4. The discrete Laplace and Stokes operators.

As a first step for the numerical analysis of the discrete problem (3.4) and (3.5), we
investigate the properties of the discrete quasi-linear operators £;5s and S;s, more precisely
we prove stability and error estimates. In all that follows, ¢, ¢/, ¢’ stand for generic
constants that may vary from one line to the other but are always independent of §.

THE DISCRETE LAPLACE OPERATOR.

For i = 1 and 2, and for a fixed continuous function t;, let us first consider the operator
L;5(t;) defined from problem (3.12) and (3.13). In order to prove its stability, we first recall
[7, (13.10)] that, for any polynomial ¢,, of degree <n on | —1,1],

lenllZo11) <D 0n (€M) ot < 3lenlfs—11)- (4.1)
§=0

Combined with the boundedness and positivity of «;, see (2.1), this obviously yields some
basic properties of the form c¢;s(-, ), that we now state.

Lemma 4.1. For any continuous function t;, the form c;s(t;;-,-) satisfies the following
properties of continuity

Vihis € Pr, N, (82), Yois €Pk, N, (),

(4.2)
cis (ti; Yis, pis) < cl[is| m i) llwis| v 00

and of ellipticity
Vihis € Yis,  cis(tis iz, Vis) = ¢ l|¢isl g,y - (4.3)

Let R; be a continuous lifting operator form HO%O(F) into H'(€);), defined as follows.

1

For any A in HZ2)(T), R;\ belongs to H*(£2;), is equal to A on T, vanishes on I'; and satisfies
(this is proven by using the analogous lifting operator on the unit square or cube) for all
s>1,

s—% 15
VA€ HIH(T), IRy < chi A (4.4)

1,
o 2(I)
_1 1
where H; 2 (I') stands for the intersection H*~z (') N Hg,(T'), provided with the norm of
1
Hg,y(T) if s is equal to 1, of H*= 2 (') if s > 1. A similar operator R;s, satisfying the same
properties, is constructed in [19] and [4], which maps polynomials in Pg, (I') vanishing on
oI into P, K, (£2;). Moreover, this operator satisfies, for all s > 1,
(4.5)

o Fm)

However, in order to obtain a lifting operator of the same space of polynomials into
Pk, n,(I'), we apply the interpolation operator Z;5 to R;sAs and derive from the stability
properties of this operator on polynomials, see [7, form. (13.27) & (13.28)], that

1 1_g
VAs € Pri (D) N Hgo (D), | RisAs || sy < e [ As]]

1 1 K, 1
VAs € P, () N Ho (L), [ ZisRisAsll i) < ¢ supfhy; 2, —hi} [ As]] (4.6)

N, HZ(T)
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Lemma 4.2. For any continuous function t;, the following stability property holds for
any g; in H=(;) and any continuous function \; on T

-1 K; 1
L5 (t:) (9> M)l a2 ) < ¢ (lgill -1 () + sup{h; 2, = b2} [T

N ). (4.7)

1
HOZO(F)

Proof. The function ks = Lis(t;)(gi, Ni) — Ii(;Ri(;H{a)\i belongs to Y;s, so that applying
the ellipticity property (4.3) leads to

c Hk?&’ﬁil(ﬂi) < cis(ts; ks, kyy) = / 9i ks dx — cis(ti; Tis Ris s, k).
Q;

The continuity property (4.2) gives
k35 ller () < € (Igillr-1(00) + I Zis RisisAil 1 62,))
whence, by a triangle inequality,
1L35(t:) (96, M)l ) < € (lgill =100y + 1 Zis RisTisXill 1 sy ) -
The desired estimate then follows from (4.6).

Remark 4.3. Note from the previous proof that estimate (4.6) can be replaced by

-1 K; 1
1Lis(t:)(gi M)l ey < ¢ (lgillyy, +sup{h; *, == h?} ||H¢Fa/\i||H% ), (48)

N; do(@™)
where the dual norm || - |y is defined in a trivial way by
fQi gipis dx
loilly, = sup 22 IPOT

visevis lPislla )

This modified estimate is needed later on.

Next, we define the integers K/ and N/ as the integral parts of KiQ_l and & i2_1 , Tespec-
tively. For technical reasons, we introduce the modified parameter 6’ = (K7, N7, K}, Nj).

Lemma 4.4. For any continuous function t;, the following error estimate holds for any g;

1
in H=(;) and any continuous function X\; in HZ(T') such that L;(t;)(gi, A;) belongs to
HS(QZ'>, s>1,

1(Li = Lis) (i) (9i:3) | 1. (2,)
-1 K; 1 l—s | ps—1 prl—sy 35
< csup{h; ®, R} (K7 4+ B N BT L8 (90 00 o)

N,
+ [ = N 2 (4.9)
Hg (D)
+ inf 17i(t:) = Yior l| oo (i) 1 £i(Ei) (g, Ai)HHl(Qi))

Vist €EP s a1 (824)
T T

17



Proof. We set: k; = L;(t;)(gi, \i), kis = Lis(t:)(gi, A\i). The proof is performed in several
steps.

1) We introduce an approximation A;s of A; in IP’KZ{(F) which vanishes on OI' and we take
ki = k; — Ri(A\;i — A\is’). It follows from (4.4) that

1
ki — K\ acan < ch: 2 A — Nl 1
I = Kl < by ® A=Al

and also that

ki e 20y < kil + chi " (IIxl + [[Ais

Hs‘%(r) Hs‘%(r))'

Next, we set kis = Li5(ti)(gi, Mis’) and we deduce from Lemma 4.2 that

_1 K. 1
kis — k! )< h 2, =2 h2Y (I — Mg || 2 N =I5\ 2 ).
[kis — Kigll m 0,y < ¢ sup{h, N, 23 (1 aIIHO%(F)JrII is ”Hgo(r))

=

Thanks to the triangle inequality
ki — Kisllmr 0.y < 11k = Killm .y + 1K — Kisl 00 + ks — Kisll e,

it remains to estimate ||k; — kls|| g1 ()
2) The functions kY = k], — R;s' \iss and kY5 = kis — Zis' Ris' Nis» belong to Hg(£2;) and Yis,
respectively, and satisfy

ci(tinky, ;) = / gipi dx — c;(ti; Risr Nist, i) — ¢i(tss Ri(Ni — Nist), ©4),
Q.

K2

(4.10)

Vois € Yis, cis(tis ks, 0is) = / Gipis dx — cis(ti; Lis' Ris' N, Pis)-
Q;

So, denoting by %, the orthogonal projection of kY onto Y;s for the norm of Hj(£2;) and
adding the difference of these equations, we deduce from the ellipticity property (4.3) that

Hk?(s - 90?5/”%11(91.) < ces(ty; k??(s - 90?5/7 k?(s - 90105/)
<c (Cz‘(ti§ ki — 005, kils — @osr) + ciltis Re(As — Nigr ), ks — 05/)
+ ¢;i(ti; (Id — Zis ) Rist Nis k?a - 90?5/)
+ (¢ — cis) (tis oy, kgs — ©35/) + (¢i — cis) (tis Lior Risr Mo, ks — @?5/))-
Thanks to a triangle inequality, this yields
1k; — Eisll e )

_1
<c (Hk? — Pl + ey 2 I — Aiorll ot 1(Id = Zis ) Ris' Mo || 11 ()

00

fQi Yi(t:) V(@Y 4 Lis: Ris: Nist) - Vixis d — cis(ti; 055 + Lisr Risr Mgy Xié))

+
Xis€Y5s ||Xi5||H1(Qi)

18



3) In order to evaluate the last term, we observe that, for any y;s in Yy, ¢;5 in P K/, ng(Qi)
and any ;5 in Pgs nr(9:),

/ Yis' Vbis: - Vxis dx = (%‘6/ Vs, VXié)izS-
Q.

7

Adding and subtracting this quantity and using the continuity property (4.2) leads to, for
any X;s in Yis,

/ Yi(t:) V(@Y + Tis: Ris: Nist) - Vxis de — cis(ts; 055 + Ligr Rigr Mgt Xis)
Q.

< c|vilts) — visr | poe o less + List Risr it || 2 s X || 111 (020 -

Moreover, it follows from the definition of s, that

Hgo%/ + Lis Rist Nist || 1 (04) < Hk?”Hl(Qi) + | Zisr Rist Mist || 1 ()
< kil e o) + [ Risr Nis | ) + 1 Zise Rise Ais || 1. (02,) -

Thanks to (4.5) and (4.6), we obtain

_1r K, o1
0 1
Iz + Zist Rist Nis | e 00,y < K7l 1) + csupiny Q,E h}} ||>\7:6'||H0—;0(F)-

4) To conclude, we note that the trace \; of k; belongs to H*~2 (') and choose the poly-
nomial A;s5: such that (see [7, Thm 7.4])

A=l g < eBIINL,

Ais || oo S e[ A
HET) IXiorll s py < eIl

57%(1")’ Hsf%(r).

Next it can be observed that, for any polynomial r;s/ in PK;, N;(Qi),
1(Id = Zis ) Ris Nio | 1.2y = [[(Xd = Zisr ) (Risr Nisr — 1o ) || 11 (2, -

Using the stability properties of the operator Z;5; on polynomials (see [7, form. (13.27) &
(13.28)]) and taking r;5» equal to the orthogonal projection of R;s N5 in H(€;) yields

-3 Kl 5 —s s— —s
1(1d = Zig ) Rigr i [l 122y < € sup{hy 2, = hEH (K™ + B0 NET2) [ Rig Ao [l 1122,
whence, from (4.5),
101 = Tipr) Ros e L1 ceny < ¢ sup s 2, 8 B3 (K25 4 b=t N2 B3 || .
it ) isr Aist || H(Q,) = Py N, i i i W'l gre=% 1y
Finally, using the previous estimates also yields
K9 = ooy < e (B 4+ B NI oy + hE " asl oy )
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To conclude, we observe that || \; is bounded by a constant ||k;||gs(n,). This ends
H (€4)

i)
the proof.

Remark 4.5. The following estimate can be derived by combining [7, Thm 7.4] with a
Gagliardo—Nirenberg inequality: if the function ; is of class €™ with bounded derivatives
of order < m and if the function ¢; belongs to H*(2;), % < s<m,

d_s s—2 d_s
inf 1Vi(ti) = visr Lo (o) < (K7~ +hg 2 N2 ) |tillme ) (4.11)
'Yié’GPKini ()

Moreover, a more sophisticated argument, using the full regularity of £;(¢;)(gi, A;) allows
to replace when s is > ¢ the last term in (4.9) by the better estimate

¢ (K™% + R NI kil mrs oo 1 £ (80) (96, M) =620 - (4.12)

Remark 4.6. If the function ~; is differentiable with bounded derivative and if the function
t; belongs to H"(£2;) for r > 1, the Aubin—Nitsche duality argument [7, Thm 15.4] leads
to the improved estimate

1(Li = Lis) (i) (gisAi) || 1= (2,
< ¢ (K72 4 b N7 = Lis) ()90 M)l )

Li(t) (90 M) @) ).

(4.13)

inf () — i 1 sores,
%ye%,wgmi)livx i) = Yo [l o ()

Finally, we investigate the dependency of L;5(t;)(gs:, A;) with respect to ;.

Lemma 4.7. For any continuous functions t; and t}, the following stability property holds
for any g; in H=(;) and any continuous function \; on I':

1Li6(ti)(9i, Ai) — Lis(t;)(gi> M) | 71 (2,

/ (4.14)
<cllvi(ti) = vi(t) || Loe (s

Lis(ti)(gis i) |l 52

Proof. Setting kis = Lis(t;)(gi, \i) and kg = L;5(;)(g:, \i), we observe that the function
kis — kis belongs to Y;s and satisfies

Vis € Yis,  (vi(ts) Vkis, Vepis) ;5 = (7i(t5) Vis, Vepis) .50
whence
cis (s kis — Kis, kis — kis) = (vi(t7) (Vkis—Vkis), (Vkis — Vkis)) .5
= —((a(ts) = vit))) Vkis, (Vkis — Vkis)) 5

So the desired estimated follows from the properties of ¢;s(+; -, ), see Lemma 4.1.

THE DISCRETE STOKES OPERATOR.

We now present similar properties for the Stokes operator S;5 defined by (3.14), how-
ever we skip the proofs except for the error estimates.
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Lemma 4.8. For any continuous function t;, the form a;s(t;;-,-) satisfies the following
properties of continuity

Vuis € Xis, Vis €Xis,  ais(ti; wis, vis) < ¢ ||wisl| g1 (q,)allvis || 51 0,)4, (4.15)

and of ellipticity
Vs € Xis,  ais(ti; vis, vis) > CvaH%,l(Qi)d. (4.16)

Lemma 4.9. For any continuous function t;, the following stability property holds for
1
any g; in L*(Q;)? and any \; in the dual space of HZy(T)?

1Si5(t:)(gi, M)l rrr.iye < e (Igill2iye + 1INl 3 ) (4.17)
Hg (T)

Remark 4.10: As for the Laplace operator, the norms of g; and A; in the right-hand
side can be replaced respectively by the dual norms of X;s5 (when provided with the norm

|- |72 (2)2) and of Pg (D)4 N H()%O(F)d (provided with the norm || - ||H% (F)d>'
00

However, the proof of the convergence estimate is slightly different (but simpler).

Lemma 4.11. For any continuous function t;, the following error estimate holds for any
1
gi in L*(Q;)® and any A; in the dual space of H3y(T')?

H (Sz - Si(S)(ti)(gi? )\z) ”H1 (Q4)4

_wael)?wmvi 1S:(£:)(gis Ai) — wis]| (o)

(4.18)

inf i (ti) — ausr [ Lo (@)

w¢5||H1 Q; d).
;50 €P s N7 (€2:) ()

Proof. Setting : u; = S;(t;)(g:, A\i) and w;s = Sis(t;)(gi, Ai), we derive from (4.16) that,
for any w;s in X;5 NV;,

[wis — wist 131 0y < Cais(tis wis — Wwisr, wis — wisr).
Using (2.14) (in variational form) and (3.14), we derive
||U7;5 - wié’”?{l(gi)d <c (ai(ti; Ui, Uis — 'wié’) - aié(ti§ Wis, Wi — ’ww'))-

Next, we deduce from the exactness of the quadrature formula that, for any a;s in
Prr n; (82:),

/ aisr Vw,s - V(s — wis) de = (usr Vwisr, V(uis — Wist))is-
Q;
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Adding and subtracting this quantity yield
|wis — wi&’”?{l(ﬂi)d <c (ai(ti; U; — Wis,Wis — Wis')

+/ (Oéi(ti) — Ozw/) Vwi(;/ . V(’U,u; — 'ww) dx
Q

i

= ((@(ts) = aip) Vwigr, V(w5 — wig))is ).

So the desired estimate follows from the continuity property (4.15), together with a triangle
inequality.

Remark 4.12. In dimension d = 2, it is easy to evaluate the distance of a function w; in
Vi to X5 N'V; by introducing the stream function ; such that u; = curl ;. Indeed, the
functions curl v;5, where ;5 belongs to Pg, n,(€);), satisfies the desired boundary condi-
tions and approximates 1; in H?(€;), belongs X;s NV; and provides a good approximation
of w;. The case of dimension d = 3 is more complex, however the right approximation
properties have been proved in [22] for smooth functions and extended in [5] to general
functions. So the general result reads: for any function w; in H S(Qi)d NV, s>1,

. 1-—s s—1 1—s
oot L 1Si(£:)(gis Ai) — wisl| (o,)0 < ¢ (K" + 077" Ny 7%) |lwillge(o,)a- (4.19)

Note also that the last term in (4.18) can be bounded analogously to (4.11) or (4.12).

Lemma 4.13. For any continuous functions t; and t}, the following stability property
1
holds for any g; in L*(;)?(£%;) and any \; in the dual space of H3Z,(T)%:

1Sis (t:)(gis Ai) — Sis(t7)(Gi> Xi) |2 (25

/ (4.20)
< clla;(ti) — i ()| Lo () 1Sis (£:) (Gis Xi) [ 1 (254
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5. Numerical analysis of the discrete problem.

The aim of this section is now to prove that, if Hypotheses 2.2 and 2.4 hold, problem
(3.4) and (3.5) has a unique solution in a neighbourhood of (U7, Us) and that this solution
converges to (U7, Us). We also derive optimal error estimates. To this aim, we check the
assumptions of the theorem of Brezzi, Rappaz and Raviart [10] in Propositions 5.5 to 5.7.

From now on, we denote by X5, @ = 1 and 2, the space X;5 x P, n,(€;), provided
with the norm of X, and by X5 the product X5 x Xas.

In view of (4.6), (4.9) and (4.19) for instance, we decide to take the N;, i = 1 and 2,
such that, for a fixed constant x,

and we do no longer take into account the dependency of the constants with respect to the
hi. We also choose an approximation (U, Ujs ), with U, = (ujy, kX5 ), of the solution
(Uf,Uy) in H?Zl (Xis X Pcr n7(€2)) which satisfies the following approximation properties

for 0 < r < s*, where s* is introduced in Hypothesis 2.2,

lui — uis HH’"(Qi)d <cK;? HU?HHS*(QZ-)% (5.2)
1k; — ksl ey < e K777 (1B [ 5 0,

The existence of such an approximation is stated in [7, Thm 7.4]. Finally, we assume that
the functions a; and 7; are of class €2, with bounded derivatives up to order 2 and also

that the operators II%j satisfy for all s > 1 (the notation H; 2(T') is introduced in (4.4))

VAEHSTHD), IA-TRA| 4 < eKITA (5.3)

_1 .
H020(Qi) o > 2(F)

In a first step, we must prove the analogue of Hypothesis 2.4 for the discrete operator.
The proof relies on the expansion

Id + D7s(kis:, k25 )96 (Utsr s Usr) + Ts(kisr, ka5 ) DGs (Utsr, Uzsr)
4
=14+ DT (K, )G, US) + T(K, K)DG(UT, UF) + 32 05,
=1
with

Oy = —(DT (k{, k3)G(UY,Us) — DT5(k3, k3)G(Uss, Uss:))
Oy = —(DT5(k}, k3) — DT5(kisr, k35:))G(Ufsr, Ussr)

— (T5(k7, k3) — Ts(kis, k35)) DG(UY, U3),
03 = _7:5<k>1k5’7 k;&’) (Dg<U1*7 UZ*) - Dg<U1*5’7 UQ*(S’))7
Oy = —DT5(kis, k35) (G(Uss, Uss:) — Gs(Uss, Uss:))

— T5(kis, k35) (DG(USs, Uss) — DGs(Ufsr, Uss.)).
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So, we now prove that each O; tends to zero when K; and K3 go to 400, in the norm of
the space .Z (X5, Xs) of linear mappings from X into itself. These properties are stated in
the following lemmas.

Let us first observe that, for any W = (Wy, Ws) in X, with W; = (w;, m;),

)
DG, UZ) - W = 3 :
5

with
DXi(uy, u3).(wy, we) = |u; —ui|(w; —wj) + Pr— (u; —uj),
i j
5.5
Dy (kF,ul).(mi, w;) = 20 (kF) Vul - Vw; + o (k)m; |[Vul|?, (5:5)
DA(u7, u3).(wy, we) = =2 (uy —u3) - (w1 — w2).

Moreover, we have the following formula (which can be derived from the explicit form
(2.20) and (2.21) of the linearized problem)

DT (k1 k2)G(UT, Uy) + T (k1, k2) DG(UY, Uy)

= T(kb kz) (Dg(U1 ) UQ) + DH(U1 U )),
with
(=div (i (k7)m1Vui),0)
. _ | (=div (71(k])m1VE]), 0)
DRUL, U)-(muma) = | (v (af(kg)m Vei3), 0)
(=div (71(k3)m2VE3), 0)
A similar formula would hold for the discrete problem
D75(k1, k3)G(UY, Uy) + 15(k, k3) DG(UY, U3) 57)
5.7

= T3k, k3) (DG(UT, Uy) + DHs (U7, U3)),

where the duality product of the first part of the first and third components with a v;s in
Vis, respectively of the second and fourth components with a £;5 in Yy, are given by the
formulas

(i (k7 )mis Vui, Vvis)is, — (vi(ki)mis VKT, Viis)is

(here, the differential operator is applied to a Ws = (Wi, Was) in X, with each W5 equal
to (’LUZ'(;, mug))

From now on, we fix € such that: 2e < s* — %.

Lemma 5.1. If Hypothesis 2.2 is satisfied, the following property holds

hm ”Ol”g(,y&/y(;) = O (58)

Ki—+o00,Ko—+00
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Proof. Due to formulas (5.6) and (5.7), we observe that

10112 (25,25) < T = T5)(ki,k3) (DG(UT, Us) + DH(UT, Us) ) | 225,25
+ 1 T5(k, k3) (DH(UY, Us) — DHs(Uysi, Uss)) L2 (x5, 5

1) To bound the first term, we note that, when (W35, Was) runs through the unit sphere
of X5, the quantities

DA;(uj,u3).(wis, was), Dgi(kf,u)).(mis,w;s) and DA(ul,u)).(wis, was)

belong to a bounded set in L?(Q;)¢, H~1(Q;) and HO%O(F), respectively. Then, it can be
checked that S;(k})(0, DX;(u}, u}).(w1s, was)) remains inside a bounded set of H*(£2;)?
for some s > 1. Thanks to (4.18), (4.19) and the analogue of (4.11), this yields the uniform
convergence (S;—S;5)(k})(0, DX;(u}, u3).(wis, we,)). The convergence of the other terms,
say (L; — Lis)(k7)(Dgi(kr, uw)).(mis, wis), DA\(u], ub).(wis, was)), follows from (4.13) to-

gether with the fact that both £;(Dg;(k}, w}).(mi, w;), DA(u}, u3).(wy,ws2)) and its dis-

(2

crete analogue L;s (k) (Dg;(kF, w}).(m;, w;), DA(u}, u}).(wy, ws)) are bounded in H!(;),

(2

see (4.7). So, combining these facts yields
lim (T = T5)(k1, k) DG(UT, Us) ||l (e, x) = 0.

Ki—+o00,Ko——400
2) Similarly, we observe that, when (W35, Was) runs through the unit sphere of X, the
quantities o (k})m;s Vu; and of(k})m;s Vk belong to a bounded set of H* ()¢ and
H*(Q;)?, for some s > 0, so that their divergence belongs to H*~1(£;)¢ and H*~1(€),
respectively. This implies

o dm T = T) (kR DT US) e ) =0
3) To prove the convergence of the last term, we observe from (4.8) that it suffices to
prove, for any m;s in the intersection of Pk, y,(£2;) with the unit sphere of H'7¢(Q;), the
convergence of

fQi Yi(k)ms VK - Vs dx — (i (k] )mas VES, Viis)is
sup
0i5€Yig 14 | 2 (22,

(indeed the other terms are exactly similar). Denoting by §” the 4-tuple (K{, N{’, KJ, NJ)
with each K equal to the integral part of % and each N/’ equal to the integral part

of & i4_1, we derive from the exactness of the quadrature formula for any ;5 and m;s~ in

]P)KZ{',N,Z' (Qz)a
/ YisrMisr Vs - Vs dx = (yisrmisn Vs, Viis)is-
Q.

By adding and subtracting this line, we prove that the previous quantity is bounded by
the sum of the terms

17; (B oo ) 1 V(KT = K5l 2 ()4
17; (B oo () 1 (s — misr) Vg | 2 (0,)a
19i(k5) = Fisr | Lo iy Imis Vs |22 (u)e
17; (B | oo ) 1 Zis ((mis — misrr) Vs ) 2,4,
17i (k35) — Fisr | Lo o)1 Zis (masr Vs )| L2,y
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Thanks to the choice of &, the product of two functions is continuous from H!'~¢({;) x
H* ~172(Q;) into L?*(€;), so that the uniform convergence of the first term follows from
(5.2). Again thanks to the choice of ¢, the product of two functions is continuous from
H'=25(Q;) x H¥ ~1(€;) into L?(€;), so that the uniform convergence of the second term
is obtained by taking m;s» equal to the projection of m;s onto Pgr, N{/(Qi) for the scalar
product of H17¢(Q;) and using the approximation properties of this projection operator,
see [7, Thm 7.4]. Similarly, the convergence of the third term follows from (4.11). The
convergence of the two last terms is derived by similar arguments combined with the
stability on the operator Z;s on polynomials, see [7, form. (13.28)].

So, the proof is complete.

Lemma 5.2. If Hypothesis 2.2 is satisfied, the following property holds
lim ”Og”g(x&/y(;) = 0. (59)

Ki—+o00,Ko—+00

Proof. From (5.7), we have
102l 2 (205, x5) = 1 (To (K7, B3) — Ts(kisrs k3s0)) (DG(UT, U3 ) + DHs(Uysr, Uss) ) |z s, 5 -
When (W35, Was) runs through the unit sphere of X, the quantity
T5(k7, k5) (DG(UY, Uy) + DHs(UT, Usyr))

remains bounded in X, so that the desired convergence result follows from (4.14) and
(4.20), combined with (5.2) and the embedding of H*(£2;) into L>(;) for all s > £.

Lemma 5.3. If Hypothesis 2.2 is satisfied, the following property holds

lim - ”Og”g(,y&/y(;) = 0. (510)

Ki—400,Ko—+
Proof. Here, the convergence of each term is a straightforward consequence of (5.2).

Lemma 5.4. If Hypothesis 2.2 is satisfied and if the data f;, i = 1, 2, belong to H (£;)?
for some o > %, the following property holds

K1—>+01<%7mK2—>+oo ||04||$(X6’X6) =0 (511)

Proof. Thanks to (4.8) and its analogue for the Stokes problem, the convergence of the
term

175 (K35, k35) (DG(Ulsr, Uss) — DGs(Utsr, Ussr)) (s,

is a consequence of the convergence of the terms
Jo, ci(k5) Vuis - Vwis de — (ai(kjs) Vujs, Vwis)is
sup )
tis€Yis 1€is | 122 (22,)
oy o 0k Vs - ey do — (@l igymis Vuis, Vi)

Lis€Ys ||£7/6||H1(Q1)

bl
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and of their analogues for the Stokes problem. As in the end of the proof of Lemma 4.1,
this is obtained by adding and subtracting appropriate terms of lower degree.

Similar arguments yield the convergence of Gs(Uy,, Uss/) towards G(Uss,, Ujs ), whence
the convergence of the second term in Oy.

Combining the results of Lemmas 5.1 to 5.4 leads to the following result.

Proposition 5.5. If Hypotheses 2.2 and 2.4 are satisfied and if the data f;, i = 1, 2,
belong to H(£;)¢ for some o > g, there exists a constant K such that, for K1 > K and
K5 > K, the operator

Id + DTs(kys, k25 )Gs (Ulsr s Uss) + Ts(kis, ka5 ) DGs (Ut Usse), (5.12)

is an isomorphism of Xj5. Moreover, the norm of its inverse is bounded by a constant
independent of K1 and K.

The following proposition states a Lipschitz property for the discrete operator. Since
its proof is simpler than for the previous result, we only sketch it.

Proposition 5.6. The following property holds for all nonnegative real numbers o and for
any pair (Zys, Zas) in X5, with Z;5 = (245, 74s), such that ||(Z1s, Z2s) — (Uis, Uss ) lx <

| D75 (k155 ka5 )Gs(Urss Uss:) + Ts(kisis ka5 ) DGs(Utsr, Uss)

(5.13)
— D75(r15,725)G5(Z16, Z25) — T5(115,725) DGs(Z16, Zas) || 2(x5,x5) < Chs
where according to the dimension d the constant ks is given by
ks = K242 (Jog ;) 72" (5.14)

Proof. We must bound the four terms

175(r15,725) (DGs (Us'sr, Ussr) — DGs(Z1s, Zas)) | 2(5.05)
1(Zs (k15 m360) — T5(715,725)) DGs(UTsr, Usso) || 2 (5.05)
175 (r15,725) (DHs(Utss, Uss) — DHs(Z1s0, Zas)) |2 (x5, x5)
(5K ) — To(r10720) Mo U Uy

For instance, in the first term, we must bound the quantity, for m;s running through the
unit ball of Yjs,

3 (@ (kis) mis [V (wisr — 2is) 1%, 4is) 15
tiseVis 1€is || 122 (22,)

Applying the inverse inequalities

c K272 ois | e o)
\V/QOia S PKhNi (QZ)7 ”90735”L°° Q; < ! _ 3_d ’ ,
) cK{7? (log Ki) = || pisll o)
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we have to bound the term, for all m;s in Pg, n, (),
- € 3-d * *
K7 (log K) 5 ||V (ulyy — 2i0) 1200 IV (s + 2i0) 220
This yields the bound for k5. The other terms are simpler, they can be evaluated by similar
arguments.

Finally, we must evaluate the quantity

€5 = H( 1*§/> + %(kiké/,k;(;/) g6<U1*6’7 UQ*(S’)
2 /

)X (5.15)

Proposition 5.7. If Hypothesis 2.2 is satisfied and if the data f;, i = 1, 2, belong to
H°(Q;)? for some o > %, the following estimate holds for a constant C' only depending on

the norm of (U{,Us) in H?Zl (H*"(9;)% x H* (Q;)):
g5 < C (inf{K1, K2 })' =", (5.16)

Proof. By using formulation (2.18), we observe that
g5 < ||UT = Uislla + U5 = Uss i,
+I(T = T5)(k1, k3) G(UT, UD)llx + 1(Ts (kY. k3) — Ts(kis, k3s) G(UT, U3)llx
+ 1 T5(kis, k35) (G(UT, U3) = G(Uis, Usy))llx
+ 175 (K5, k35) (G(Uiss Uss) — Gs(Uis, Uss))llx-
The bound for the first two terms in the right-hand side comes from (5.2), and the bound for
the third term is derived from (4.9) and its analogue for the Stokes problem together with
the regularity Hypothesis 2.2. The fourth term is easily bounded from (4.14) and (4.20),
while estimating the fifth one relies on (4.7) and (4.17), combined with (5.2). Finally,

estimating the last term also relies on (4.7) and (4.17) together with the introduction of
approximations of a;(k7) and v; (k) in P/ n/(£2:), see (4.12).

We are now in a position to apply the Brezzi-Rappaz—Raviart theorem [10] (see also
[15, Chap. IV, Thm 3.1]).

Theorem 5.8. If Hypotheses 2.2 and 2.4 are satisfied with s* > 2(d — 2) + 1 and if the
data f;, i = 1, 2, belong to H?(Q;)? for some o > sup{g, s* — 1}, there exist an integer
Ky and a constant A such that, for K1 > Ky and Ky > Ky, problem (3.4) and (3.7) has
a unique solution (Uys,Uss), with each U;s equal to (w;s, kis), in the neighbourhood % of
U = (Uy,Uy) defined as follows

U = {25 = (Z1s, Zas) € X5 |U — Zs|lx < Ak} (5.17)
Moreover, the following error estimates hold, for 1 = 1 and 2,
Iy = wisll i,y + Ik = kisll 22 < Co (inf{K1, K2})' ™", (5.18)

for a constant Cy only depending on the norms of (U, Us) in [[1—y (H® ()% x H* (Q,))
and of (f1, f2) in [T;_, H7 ().

We conclude with an estimate on the pressure, which is easily derived from the inf-sup
condition established in Lemma 3.4.
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Corollary 5.9. If the assumptions of Theorem 5.8 are satisfied, for the solution (Uys, Usas)
exhibited in Theorem 5.8, there exists a unique pair (p1s,p2s) in M7§ x MY such that
(015, Ug(g), with each U5 equal to (wis, pis, kis), is a solution of problem (3.4) and (3.5).
Moreover, the following error estimates hold, for 1 = 1 and 2,

Ip; = pisllr2cn < Co (B5) 7" (inf{ K1, Ka})' ™~ (5.19)

for the constants (373 evaluated in (3.9) and a constant C{, only depending on the norms of
(U5, U3) in T, (H5(Q:)% x H~1() x H5(Q;)) and of (f1, f2) in [[o—, H? ()7
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6. Conclusions and numerical algorithms.

The regularity assumptions in Theorem 5.8 in the three-dimensional case are very
unlikely, however they seem unavoidable (this comes from the fact that the linearized
problem (2.20) and (2.21) only makes sense for a smooth solution U*). Nevertheless this
does not induce the non-convergence of numerical experiments.

In contrast, the assumptions of Theorem 5.8 are fully reasonable in the two-dimen-
sional case and, if these assumptions hold, optimal error estimates are derived both for
the velocity, the kinetic energy and the pressure for appropriate choices of the spaces M;;.
In this case, the maximal regularity s* would very likely coincide with the sog ~ 1.5946
introduced in Section 2, so that the error would be smaller than Cy (inf{ K, Ky})~0-5946.
Moreover, in the case of the rectangle, the explicit form of the singular functions associated
with the Stokes operator with Dirichlet—Neumann boundary conditions is known [20]. As
standard [6], this would lead to double the convergence order: for smooth enough data f;,
i =1 and 2, the error would be smaller than Cy (inf{ K1, K5})~ 11892,

The most standard choice of an operator Il satisfying (5.3) would be the orthogonal
1 1 1
projection operator 1% from Hg,(I') onto Pr, (I') N Hgy(I'), however computing this op-

erator is not easy. So we take I}; equal to Z HZ%KZ_. Indeed estimate (5.3) is still satisfied
by this operator and, in this case, the boundary conditions at the interface can be written
in a very simple way:

kig = Igg(|u15 — ’U,25|2) on TI.

Note moreover that there is no theoretical reason to choose K; # K5 and that, when K3
and K5 coincide, these conditions are still less expensive to enforce. However, for more
complex geometries (for instance, if the €2; are convex quadrilaterals), different values of
K7 and K5 can be needed since the regularity properties of the velocities in £2; and €2, are
different.

Exactly the same arguments as for Theorem 5.8 prove [10] the convergence of Newton’s
algorithm for solving the nonlinear problem (3.4) and (3.5), when the initial guess (U5, Uds)
belongs to the domain % introduced in (5.17), however this method seems too expensive for
the present problem. Instead of this, for an initial (UR;, US(;), we propose to solve iteratively
the following problem: if the pair ( Nlna, N%), with ﬁf = (uly, plk, k%), is supposed to be
known,

Find (u?;l,p?;l) in X;s x M;s such that
Vs € Xis,

ais (ki wis™, vis) + bis(vis, ply )

n n n n r (61)
+ (|ui6 - uj5| (ui;'l - ujg—l)v”ifs)is - (fi7”i5)i6’
Vagis € Mis, bis(uls™, qis) =0,
Find k;s in Pk, n,(€);), such that
k%“ =0 onI) and k’%“ = I};(W?&H — ugg"l\z) onT, (6.2)
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and
Vopis € Yis,  cis(kisi k5T 0is) = (aa(kfs) IVuls %, 0is) 5 (6.3)

Clearly, these two linear problems are well-posed and the sequence ( ~1”5, (72”5)n converges.
Numerical experiments to check the efficiency of the algorithm are under consideration.
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