On a turbulent system
with unbounded eddy viscosities
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Abstract

We study an elliptic coupled system arising in turbulence modelling
in fluid dynamics with unbounded eddy viscosities. We introduce a
notion of “energy solution” adapted to this system and we prove the
existence of such an energy solution.

1 Introduction

We consider in this paper the following coupled system satisfied by the
unknown scalar functions u and % :

—div(v(k)Vu) = f in €, (1.1)
(S) —div(a(k)VE) = v(k) |[Vu* in Q, (1.2)
u=0 on 02, (1.3)
k=20 on 0f). (1.4)

In this system, the functions v and a are real valued functions of &
which represent eddy viscosities. This system is a mathematical subproduct
of the large scale one degree closure Reynolds system used by engineers,
oceanographs, meteorologists and others for simulating turbulent flows. (The
reader can find details concerning modelization in [10], [13] and [3].) The
variable k is the turbulent kinetic energy and the variable v an “idealization”
of the velocity of the flow. The interest in studying the mathematical system
(S) lies in a better understanding of the interaction between an eddy diffusion
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term like div (v(k)Vu) and the transfer of kinetic energy from large scales to
small scales defined by the term v(k) |Vul*.

Note that in equation (1.2) the term modelizing the dissipation of small
scales in the right hand side of the equation was ignored. This term is equal to
—# where ¢ # 0 is the mixing length of the turbulence. This simplification
gives rise to a simplified mathematical presentation which does not change
the nature of the difficulties and the mathematical structure of the equations.
(Of course, this is not the case when ¢ goes to zero. This question is not the
aim of the present paper where ¢ # 0 is fixed and the problems concerned

with variations of ¢ are investigated in [3].)

When a and v are continuous bounded functions of £, existence of a
solution (u, k) to system (S) understood in distributional sense has been
shown in [5],[9],[10],[11]. Moreover, the full incompressible system with a
pressure term where u is the mean velocity field of a flow is considered in
[11]. In this work, existence of a distributional solution is proved in the
2D evolution case and in the 3D steady state case. The 3D evolution case
remains an open problem, even in the case of small initial data and small
source terms. In all situations, uniqueness is an open problem, except in [3]
where uniqueness of the solution for the scalar system (.5) is proved under the
condition that the eddy viscosities remain bounded and close to a constant.

When the eddy viscosities are not bounded functions of k, the question
is more delicate from the mathematical point of view, but more realistic from
the physical point of view. Indeed, both eddy viscosities v and a are of the
form C'+0+/k for C' a constant, and ¢ the turbulence mixing length. Existence
of a solution (u, k) to the scalar system (S) has been shown by S. Clain and
R. Touzani in the 2D case [6]. The main point there consists in proving that
under a growth condition for v and a (which is satisfied in the physical case),
the kinetic turbulent energy k remains bounded, which reconduces one to
the case of bounded eddy viscosities. Unfortunatly, the result is not proved
in the vector case with pressure, and it seems that there is no hope to prove
the same estimate in the 3D case, even for the scalar system (5).

In [10] (chapter 5), R. Lewandowski and F. Murat proved the existence
of a renormalized solution to the scalar system (S) without neither growth
conditions on the eddy viscosities nor restrictions on the dimension. The
notion of renormalized solution adapted to (5) is derived from that used by
P.-L. Lions and F. Murat for elliptic equations ([12]), following the work of
R. DiPerna and P.-L. Lions (see for instance [7] and [8], and more references
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therein). Unfortunately, this notion cannot be extended to a realistic fluid
dynamic problem because of the pressure term. Thus, it remains to find
a natural notion of solution to system (.S) which can be extended to real
situations as those described by Navier-Stokes equations. This is the aim of
the present paper.

The natural notion is what we call “energy solutions” (see Definition
2.2 below). The idea is derived first from the natural estimate v(k) |Vu|* €
LY(£2), which holds for any “a priori solution” (u, k) of (S), and from the fact
that for every function v such that v(k) [Vv|* € L'(Q), one has v(k)VuVov €
L'(©Q). Thus the natural function space for equation (1.1) is the space of
those functions v € H( () such that v(k) |[Vu|* € L'(Q), equipped with the
obvious norm, from which the natural variational formulation for equation
(1.1) follows, whereas equation (1.2) holds in the sense of the distributions
(see Definition 2.2 below). The surprising feature in Definition 2.2 is that the
space of test functions depends on the variable k. This space should be large
enough, and in particular we want it to be the adherence of smooth functions
with compact support. For that, we remark that under condition (2.9) (see
below) on the eddy viscosities a and v, added to the hypothesis that v/(k)

is bounded for k near 0 (see (2.10) below), one has /v(k) € H'(Q2). We

note that condition (2.9) is satisfied by a and v of the form C' + vk, but
unfortunatly the condition (2.10) is not verified. Thus one has to replace
C40VEk by C+0+y/c + k, e > 0, for small values of k. On the other hand, we
prove that if b > 1 and v/b € H*(Q2), then smooth functions with compact
support are dense in the weighted Sobolev space

V= foe o) et e Do)

(/ byvuﬁdx)E
Q

(see Theorem 3.1 below). This result was suggested by a work of P. Cattiaux
and M. Fradon [4], where an analytic proof of the analogous result in the full
space is given. The proof we give here holds for every bounded domain with
Lipschitz continuous boundary, and is rather different and shorter than the
proof given in [4].

equipped with the norm

The main result of the present paper is Theorem 2.1 below, where
existence of an energy solution (u, k) to system (S) is proved. The study

3



of energy solutions in the case of an incompressible fluid equation with a
pressure term is in progress. Uniqueness is an open problem and seems to be
a very difficult question, even if we conjecture that the solution is unique.

The paper is organized as follows. In Section 2, we define the notion of
energy solution and we sketch the proof of the existence result. In Section 3,
we prove the density of smooth functions with compact support in weighted
Sobolev spaces under the assumptions that the weight is greater than 1 and
has its square root in H'(€). In Section 4, we prove the a priori estimates
we need for solving the problem. In Section 5 we pass to the limit in the
equations and complete the proof of the existence result.

2  Energy solutions to system (5): definition
and main results

Troughout this paper, we assume that {2 denotes a bounded domain
in R? (d > 1) with Lipschitz continuous boundary (d = 3 is the physical
relevant dimension), and we assume that

feL*Q), acCR), veClC(R),

and

a(k),v(k) > >0, VkeR. (2.1)
We denote by T, the truncation operator defined by

T, (u)(x) et min (n , max(—n, u(z)) ).

Definition 2.1 Let b: Q) — IR be a measurable function. For 1 < p < 400,

let

X7(0,) Y {u e W(Q) : 0Vu € (L7(Q))*)

equipped with the norm
def
lullier = lullZe + 116V ulfp0s-

When b € LP(2) we observe that C°(2) C XP(b,Q), and in this case we
define the space X§(b,Q) as the closure of C°(S2) in X7 (b, ).
4



Definition 2.2 Let d < 4. The couple (u, k) is an “energy solution” of (S)

if and only iof

keWy(Q), Vg< g4,
v(k) € HY(),

k>0,

T, (k) € Hy(Q), Vne Rt

Pr ez (Yum,9),

/Ql/(k)Vqu dr = /va dr, YveEX}] ( V(k:),Q) :
/Qa(k)Vqubd:L‘:/Qu(k)|Vu|2gz§dx, V€ Co(Q).

O

Observe that when d < 4, one has H'(Q) C L*(Q), so that \/v(k) €

L?(€2), which allows us to define X? ( v(k), Q)

The main result of the paper is the following:

Theorem 2.1 Assume that d < 4 and that there exists C; > 0 and v > %

such that
V' (k)

L P I
2\/a(k)v(k)|

Cy

PR

Moreover, assume that

J3Cye RY; Vkel0,1], [V (k)| <Cy.

Then the system (S) admits at least one energy solution (u, k).

(2.9)

(2.10 )

A
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Remark 2.1 Note that condition (2.9) is consistent with the physical model
for which (see for instance [10], [13]) one has

v(k) ~ a(k) = C + C k2.

Indeed, in this case, one has, for large values of k

so that (2.9) holds with v = 1. On the other hand, for & € [0, 1], v/(k) is not
bounded. Then, one have to replace v(k) ~ C+ k2 by v(k) ~ C+{ (k+¢)z
when k € [0, 1] and for some € > 0.

The proof of Theorem 2.1 is based on the compactness method and
the existence results for bounded eddy viscosities. Thanks to the already
mentioned works, one knows that there exists (u,, k,) such that

— div (Vp(kn)Vuy,) = f in
(5.) — div (an(kn) Vh) = Ty [vn(kn) [Vu|*]  in
(K)o =0
where

an(k) 2 T (a(k)) and v,(k) € T,(v(k)).
The first and second equations in (S,) holds in the classical weak sense.
Notice that k, > 0 a.e in Q (see [10]). The main work is taking the limit

in the equations. To do this, it is crucial to prove the strong convergence in
LY(2) of the sequence

T [k [V ]

a point which constitutes the major difficulty in those kind of problems. As
already mentioned in the introduction, the main tools to prove this strong
convergence are

e the boundedness of ||\/v, (k)| g1 under assumptions (2.1), (2.10) and
(2.9) (see Lemma 4.1),



e and the weighted Sobolev space characterization (see section 3) which
states that
X2(b,9) = HAQ) () X205, )

for any weight b € H'(Q), satisfying

b(x) > > 0.

3 A density result for a weighted Sobolev
space

The goal of this section is to prove that if

be H'Y(Q) and b(z)>d>0 Ve, (3.1)
then
X5 (b,2) = Hy(Q) () X?(b, ). (3.2)

Troughout this section, (3.1) is assumed to be satisfied. For the sake
of simplicity, we shall put

Va(€) = X*(b, Q) () Ho ().

Notice that thanks to Poincaré inequality, the space V} can be equipped with
the equivalent norm
[ulls = [16Vul|(2(@))a-

When we are only using the space Vj,, we shall use this norm without
mentioning it.

We remark at first that if b is larger than ¢, then
X3 (b, Q) C V4(9). (3.3)
Indeed, it is clear that
BIVolliay < 160l une V6 € C2(Q).

The inverse embedding is more delicate to prove and is given by the
following result.



Theorem 3.1 Let Q) be a Lipschitz open subset in IR and let b be a H ()
function such that

b(z) > >0 Vo €.
Then C(R2) is dense in Vy(S2) with respect to the || .|| norm.

The proof of Theorem 3.1 is divided in three steps (and subsections).
1. Density of L>®(Q)NV,(2) in V,(Q).

2. Density in L>*(Q) N V4(§2) of L>(Q)NV4(S2) functions with compact
support included in €.

3. Density of C2°(£2) in the set of L>(2) N V,(Q2) functions with compact
support included in €.

3.1 First step: density of L>(Q)NV,(Q2) in V4(2)

Lemma 3.1 Let ) be a Lipschitz open subset in IR and let b be a measurable
function such that

b(z) >d>0 Vre
Then L>*(Q)NVy(Q2) is dense in V().

Proor. Let u € V() and set

up T, (u).
For proving Lemma 3.1, we will show the two following points:
o uy € L*=(Q)NV(Q),
o {uy},cn converges to u with respect to the ||| x2-norm.

Firstly, by definition of the truncature one has

‘u”|:{|u| if jul <n and VUn:{Vu if [u| <n

n otherwise. 0 otherwise.



It follows that
lup| <nand  b|Vu,| < b|Vu| € L*(Q) (3.4)

almost every where in €. It is easily deduced that u,, € L>(2) N V4(2).

The sequence {un}, . is now shown to converge to u. Because 0 <

§ < b(x), V4(2) € HY(Q). In particular, |Vu| is finite almost everywhere in
Q). Consequently,

Vu, 5 Vu. (3.5)

By (3.4), (3.5) and Lebesgue dominated convergence theorem, we de-

duce that {u,}, .y converges to u with respect to the norm || . ||,. -

3.2 Second step: density of functions with compact
support
The density of functions in L> N V,(2) having a compact support is proved

in this subsection. For the sake of the simplicity, we denote by L2°(2) the
set of all L>(2) functions with compact support in €.

Lemma 3.2 Assume that 2 is an open bounded Lipschtiz subset of R?, and

that b satisfies (3.1). Then L°(Q2) N V,(Q) is dense in L>(2) N V4(2). -

Before proving Lemma 3.2, let us verify the following technical Lemma.

Lemma 3.3 Ifbe HY(Q) and u € L=(Q) N V4(Q) then bu € Hy (). .

Proor. The proof is based on the fact that ¢ € HJ(2) if and only if its

extension by zero outside Q belongs to H'(IR?) (see for instance Theorem
IX.17, p.171 in [2]). Set Q¢ = R\ Q and

o vdef Jou(z) ifx e
ale) = { 0 ifzeQ

We know also that all v € H*(€) can be extended into a function in H'(IR?)
denoted by v. Lemma 3.3 is proved by extending respectivelly v and b on
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IR? and by proving first that the product of the extensions is equal to bu,
and secondly that it belongs to H'(IR?).

e Product of the extensions coincides with bu. Indeed @ is equal to zero in
Q¢ then bu is also equal to zero in 2. Moreover

U =u and E‘Q =b.
Therefore

sy Jbu ifxe
“b@)_{o if v € Q°

which means exactly that bu = bu.

e Product of the extensions belongs to H*(IR?). The product of two functions
of H'(IR?) belongs to WHL(IR?), so that the gradient of bu is well defined as
a function. Moreover

uVb+ bVu if x € Q,

V(ﬂb)(:c):ﬂVberVﬂ:{o g0

Obviously )
bl L2 (rey = b ullL2) < [lullze bl 22
and
IV (@) |2 (ray = IV (0122 < llullze= VBl (@) + lullvige.
Because b € H'(Q) and u € L>®(2) N V4(Q), one deduces that bz belongs to
HY(RY).
Until now, we have proved that when b € H'(Q) and u € L>=(Q) N V4(Q),

then bu € H'(IR?). Using once more the characterization of H{ (), we con-
clude that bu € HJ(Q).

Now we prove Lemma 3.2. Let u € L>(2) N V;4(2). Construct a L°(12)
sequence converging to u as follows. Let f € C*> ([0, 00][; [0, 1]) be such that

flz)=0 Vzel0,1], and flz)=1 VYV >2

and set
def

un = u(z) f(nd(z)),
where d(x) denotes the distance to the boundary of 2. We Prove lemma 3.2
in two steps:
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o u, € LX) NH(O),
o {uy},cn converges to u in Vj.
1. Because suppu, C {x €Q, d(z)> %}, one has
SUpp 4, C Q2 (3.6)

which implies that u, has a compact support included in 2. Moreover,
because u € L>*(Q2) and f € L*(R), u, € L=().
In other words,

u, € L°(92). (3.7)
It remains to prove that u, € V(). By a direct calculation, one has
bVu, = bVu.f(nd) +nbu f'(nd)Vd. (3.8)

The two terms of the right hand side of (3.8) are bounded in L?(Q2). Indeed,
I fll= =1 and u € V() leads to

bVl f(nd) < ||f]l= b|Vul = b|Vu| € L*(Q). (39)

On the other hand,
! bu !
bun f'(nd)Vd = v (nd f'(nd)) Vd.

It is well known that
e O being Lipschitz, d € W1*°(Q),

e ube H} () (lemma 3.3) implies

Finally, because f € C* ([0, +o0[;[0,1]) and f'(x) =0 Va € [0,1] U
2, +00], there exists a constant C' > 0 which does not depend on n such that
Ind f'(nd)] < C. We deduce that

ub

pun f'(nd)Vd| < C|[ V]~ |

€ L*(Q). (3.10 )
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Combining (3.8), (3.9) and (3.10) one obtain

ub

b|Vu,| < b|Vul + C ||Vd| 1~ € L*(Q). (3.11)

By (3.6), (3.7) and (3.11), one concludes that wu,, € L° N V4(£2).
2. It is easy checked that

VoVu, — VbVu a.e. (3.12)

because

IS

Vo e Q, Vn > m f(nd(x)) = f (nd(z)) =0.

3.11), (3.12) and Lebesgue dominated conver-

- Q,

The proof is completed by
gence theorem.

O

3.3 Third step: density of C3°(Q?)

Lemma 3.4 Assume b € H'(Q2). Then the closure of C°(Q) in V4(Q) con-

tains L (Q2) N V4(£2). -

Proor. One uses a mollifier and equivalence between strong and weak density.

Let u € LE(Q)NV4(2) and p € CF(R2) be such that

1
SupppCB(071)7 p(l’) > 1OHB<O>§)7
p(r) >0 for x € RY, and / p(z)dx = 1.
B(0,1)

def 1 [
L)
5 £

def
Us = UK Pe.

One defines

and
Because u € L°(2), one has u. € C(Q2) for small values of ¢.
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One shall prove that because (3.1) is satisfied and v € L2°(2) N V,(Q2),
the sequence {u.}_ ., converges weakly to u. One starts by proving first the
boundedness of {u.} ., in V;, which is the main difficult point. For that, one
writes

bVu, = A, + B.

where
A = /Q Vpe(x—y).b(y)u(y)dy and B = /Q Vpe(z—y)[b(x)—b(y)]u(y)dy.

Each term A, and B. is then studied independently, beginning with A..

Because u € L®(Q)NV,(Q2), by Lemma 3.3, ub € Hy(Q). Then, as
A. = V(bu) % p., one has A. — V(bu) in (L2(Q))". In particular, A, is
bounded in (L2(€2))%

On the other hand, because u € L*(€2), B. is bounded in (L*(€))* if
de
. [ [Vp.(a = yllbl) = bly)] dy
is bounded in (L%*(92))¢. By Cauchy-Schwarz inequality,

= — <
Co= [ IVpe(h)][bla) = b+ h)| db <

2

(Baet) ( Lo, V0B bla) = bl + )P dh) ,

where B, is the volume of the unit sphere of IR?. Therefore, C. is bounded
. 9 d .
in (L*(Q2))" if

p. % Bdgd/ </ V- (R)[?b(z) — bz + h)\?dh) dz
Q \JB(0,)
is bounded in /R. By Fubini’s theorem
D= Bu' [ Vp(h)PIb(w) = b+ 1) g dh.

and because b € H'(Q),
16(z) = b(x + h)| L2y < C2 A
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for a given constant Cs. It follows that

D. < C, Bded/ B 2|V p.(h)|2 dh.
B(0,¢)

1 h
Vpe(h) = ey Vp <€> :

1 2 2
I V)P dh = CoBy [ [V0(y) dy < oo

which proves the boundedness of {u.} ., in Vj.

Using this bound for the sequence {u.}.., and the fact that V,()
is an Hilbert space, one can extract a subsequence (still denoted {u.}..)
converging weakly in V, to some [. It remains to prove that [ = u. For this,
let ¢ € C°(€2) and remark first that the weak convergence of u. implies that

/Qu€¢dx—>/ﬂl¢dx. (3.13)

Moreover, u € L?(Q2) and it is already known that

Finally, because

one also has

D. < Cy Byet? /
B(0,e)

u. — u strongly in L?*(Q)
which implies
/uggbdx—>/u¢dx. (3.14)
Q Q
From (3.13) and (3.14) is deduced
/ugbda:z/lqzﬁdm Vo € C2(Q).
Q Q

Because u,l € L}, (), it implies that

Q
)

l

u

almost everywhere.

The proof of lemma 3.4 is now complete because weakly closed sub-
spaces and strongly closed subspaces coincide. O

Combining lemmas 3.1, 3.2 and 3.4, one deduces that the strong closure
of C2°(Q) in V4(§2) coincides with its weak closure, which is V;(2); therefore
every element of V;,(£2) can be approached in norm by a sequence of functions
in C2°(€2) and theorem 3.1 is proved. O

14



4 Approximate solutions and estimates

Recall that in Section 2 we introduced the approximate system

— div (v (kn)Vuy,) = f in (4.1)
— div (an(kn) Vh) = Ty [vn(kn) [Vu|*]  in Q, (4.2)
(50) k
(un)jpa =0 (4.3)
(kn)joe =0 (4.4)
where
an(k) 2 T (a(k)) and v, (k) € T, (v(k)).
Notice that k, > 0 a.e in Q (see [10]).
The variational formulation of (5,,) is:
(wn s k) € (HY())', (45)
Vv € Hy (), /Qyn(kn)Vun.Vv dr = /vadx, (4.6 )

Vo € HL (), /Qan(kn)an.V¢: /QTn [va(ka) V2] 6. (A7)

Usual estimates on {u,}, .y and {k,}, .y are obtained as follows.
e Taking v = u,, as test function in (4.5), one obtains
v () [Vl 11 < Ca(6, f) (4.8)
where the constant Cy(6, f) only depends on f and 4.

e Using Boccardo-Gallouét estimates (see [1]) one concludes that

d
- p < .
Wp< g [ lalkn) Ve de < Ci(p. ). (49)

where lim,, .4 C5(p, f) = oo.

The main and essential result of this section is the estimate for the eddy
viscosity.
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Lemma 4.1 Let d = 3. Assume that v(k) is absolutely continuous on IR™
and

e there exist K € R™ and v > % such that

V' (k) Cy
< for almost every k > 1, (4.10 )
2\/a(k) v(k)| ~ kI
e for almost every k € R,
0 <0 < min (a(k),v(k)), (4.11)

e there is a bound for v' for small values of k,

JCy e RT; Ykel0,1], [V(k) < Ch. (4.12)

Then there ezist a constant C(7y,v,8, f) > 0 such that

vkl < C(v, 1,9, f).

Proor. The estimate of {V I/n(kn)} D (L*())? follows from the similar

estimate where v, is replaced by v. By definition, one has

v(k,) if v(k,) <n .

T, (v(kn))) = { vn otherwise.

Then, because k, € W, (), the truncature T, is a contraction and v, (0) =
v(0) for n large enough, there exists a constant ¢(£2) depending only on €2,

such that
/v () = \/2(0) 22 < (Vv () [ 2200
It is also clear that
V/vn(kn)| < |Vy/v(k,)| on Q.
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Therefore there exists a constant C'(v, §2), depending only upon v and {2 such

that
1/ Vn (k) [l < C(v, Q) + |V (k) [ L2 (4.13)

Thanks to (4.13), it is possible to deal with y/v(k,) instead of /v, (k).

Write now

L9y Pde =Y B; where B [V uk,)Pde

>0 {i<kn<j+1}

and notice that

/( n -
V/u( QW Jalkn) V.

According to (4.10),

V' (ky, 9
2\/a(k,) v(k,)| ~ Fn
if k, > 1. In particular, if j > 1
1
B, <C? / ——alk, |2 d.
< O by k;?ﬂa(k )|V, |*dx
One deduces that, if j > 1, one has
Ct 2
B; < —- a(ky)|Vk,|“dx.

27 J{i<kn<j+1}

Using the classical estimate satisfied for all j € IV,

/ a(ky) |V, |2dz < O(F) (4.14)
{i<kn<j+1}

(see for instance [10]), one deduce that

i B; < C7O(f) (Z J%) < +o0, (4.15)

J=1

17



this because v > % It remains to study the term B,. For it, one combines
(4.12), (4.14) and (4.11) to obtain

C2C(f)

Byl <
|0|— \/g

(4.16 )

By (4.16) and (4.15) one has

2 2 1 CC(f)
/Q|V\/V(k5n)| dr < C{C(f) (Z jTV) + G < +o00. (4.17)

Jj=1

Combining (4.13) and (4.17) leads to

(k) < C(v, 0,9, f),

and the proof is achieved.

5 Passing to the limit: proof of Theorem 2.1

In order to prove theorem 2.1, one has to ensure that the sequence
{tn, k, } converges to an energy solution of system (.S). This is the subject of
this section. Firstly, thanks to the a priori estimates, one extracts converging
subsequences. Then one take the limit in the equations.

Estimate (4.8) combined to 0||u,|| g1 < ||y/an(kn) V| 2 allows to ex-
tract a subsequence (still denoted {u,}, ) such that

strongly in  LP(Q), p < 24 (5.1)

u, —u weakly in H},
a.e. in .

Results in [1] and the condition a(k) > § leads to the extraction of a
subsequence (still denoted {k,}, ., ) such that

A(k,) — A(k) weakly in  W'P(Q), p< %4,
strongly in L7(Q), ¢ < 5%, (5.2)
a.e. in Q,
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where A(k) = [Fa(k') dk' and

ko — k weakly in  WyP(Q), p< %,
strongly in  L9(Q2), ¢ < d%'lQ, (5.3)
a.e. in Q.

Finally, by Lemma 4.1, one has

\/Vn(kn) — g weakly in  H*(Q)

strongly in  L9(2), ¢ < 2L (5.4)
a.e.in

From the a.e. convergence in (5.3) and (5.4), one deduces that g =

Ju(k) € HY(9Q).

Taking the limit in the equations is performed in two steps. The first
one concerns the first equation (lemma 5.1 below and its application), and as
anyone can guess, the second one concerns the second equation (see lemma
5.2 below and its application).

Lemma 5.1 Let {b,},.n C L*(Q2) be a sequence converging strongly to b in
L*(Q) and such that b,(x) > & on Q. Let {u,},cn C Hy(Q) be a sequence
such that b,Vu, is bounded in (L*(Q))%. Then there exists u € V; and a
subsequence (written with the same index) such that

/Q b2V, Vb dx — /Q PVuVydr, Wi € CP(Q). (5.5)
O

Proor. From b,Vu, one can extract a subsequence which converges weakly

in (L2(22))? to some (E The hypothesis b, > § tells that the sequence u,, is
bounded in H'(£2): one can extract a subsequence which converges to some
u € HY(Q). As b, — b strongly in L?(2), one deduces that

—

/bnvuni dz — / bV dr, ¥ e (LF(Q))
Q Q
This leads to

/Q(Jj bVu) ¢ dr =0, e (L)
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Because 56 (L2(Q))? C (LY(Q))? and
16V ul| (L1 @ye < 10l 22 [IVull (220,

it follows that 5: bVu almost everywhere on 2 and u € V,. The strong
convergence of b, to b in L?(2) leads to

2 _ 2
/Q b2 Vu, Ve dr = /Q (b Vi) (b, V) daz — /Q PVuVeé da

because b,Vu, — bVu weakly in (L?(Q))? and b,V¢ — bV¢ strongly in

(L2(2))%, and the proof of (5.5) is complete. -

One applies Lemma 5.1 with b, = \/v,(k,) and one concludes that

u € VM(Q) and that

/Qz/(k)Vqubda: - /Qf¢dx, v6 € X3(/u(k), Q) = V. /5(),

the last equality being a consequence of (3.2).

Lemma 5.2 Let b € H'(Q) and f € L*(Q). Let be a sequence {b,},.n C
L>(Q), larger than §, and converging to b

e strongly in L*(Q) and
o weakly in H'(Q).
Let u, € H}(Q), solution of
/Qbfquanb, dr = /Qf¢ dr, o e HY(Q). (5.6)
There exists u € Vi, such that

b, Vu, — bVu  strongly in  (L*(Q))%
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Proor. Taking u,, as test function in 5.6 leads to a bound in L?(Q2) for b, Vu,,.

We apply lemma 5.1 and consider u as the weak limit in Vj, of the sequence
(tn)nen- The difficult point consists on proving the strong convergence. Let
¢ € C(2). By Lemma 5.1,
/ RV, Vo dr — / PYVuVe da.
Q Q

Then
/ PVuVeédr — / fodr, YoeC=(Q).
Q Q

By Theorem 3.1, we have
/QbZVquda; - /Qf¢dx, Vo € X2(b, Q) = Vh(Q). (5.7)
Taking ¢ = w in (5.7), we see that
/ v |Vu|*dr = / fudz. (5.8)
Q Q
On the other hand, because u,, — u strongly in L?(2),
/bi|Vun|2dx — / fudx. (5.9)
Q Q
Combining (5.8) and (5.9) leads to
/ b2 |Vaun|2dz — / b |Vul2dz. (5.10 )
Q Q

By (5.10) and Lemma 5.1, we conclude that b,Vu, — bVu strongly in

(L) -

One Applies lemma 5.2 for taking the limit in the second equation. For

¢ € C(Q), (5.2) implies
/Qan(kn)anV¢ dr — /Qa(k)Vk:ng dr, Yo e Wr(Q), Vg>d. (5.11)
One applies Lemma 5.2 once more with b, = /v, (k,) and one obtains
Vp (ko) |[Vug | — v(k)|[Vu|>  strongly in  L'(Q). (5.12)
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It follows

/ Vo) |V |* 6 do — / v(k) |Vul® ¢ da, Vo € L*(Q).
Q Q

Using (4.3) one concludes that

/a(k:)VngzSd:c:/Qy(k)|Vu|2¢dx, Vg>d and Vo e WHI(Q),
Q

and the proof of Theorem 2.1 is now complete.
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