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Abstract: This paper presents several results concerning the vector potential which can
be associated with a divergence-free function in a bounded three-dimensional domain.
Different types of boundary conditions are given, for which the existence, uniqueness and
regularity of the potential are studied. This is applied firstly to the finite element dis-
cretization of these potentials and secondly to a new formulation of incompressible viscous
flow problems.
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tentiel vecteur associé a une fonction a divergence nulle dans un ouvert borné de dimension
trois. En particulier, plusieurs types de conditions aux limites sont proposés, pour lesquels
on discute I'existence, 'unicité et la régularité du potentiel vecteur. On analyse la conver-
gence d'une discrétisation par éléments finis de ces potentiels et on indique une application
concernant I’approximation de fluides visqueux incompressibles.
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1. Introduction.

A potential associated with a divergence-free function u is a function v such that:

u = curl 9.

In two-dimensional domains, the divergence-free property of a vector field is commonly
handled by introducing a scalar potential called stream-function. This leads to a number of
boundary value problems and numerical techniques where the stream-function is the new
unknown and where either a direct or a mixed variational formulation is used. For instance,
in the case of an incompressible viscous flow governed by the Navier-Stokes equations, the
stream-function is the solution of a fourth-order problem which can be discretized by
Hermite finite elements or spectral methods. It is also possible to introduce the vorticity
as a new unknown; this leads to the so-called “¢) —w” equivalent formulation of the Navier-
Stokes equations, which can be discretized either by usual Lagrange finite elements or by
spectral techniques.

However, in the three-dimensional case, the situation is much more complicated: a
potential can also be used for handling the divergence-free property, however the conditions
that must be enforced in order to ensure its existence and uniqueness are not so simple.
Three main difficulties appear:

(i) In contrast to the two-dimensional case, the potential is no longer a scalar function,
but a vector function with three components, so it is called wvector potential. As the curl
of a gradient is always zero, a global condition must be added to eliminate such gradients;
it is called the “gauge condition” and it usually concerns the divergence of the potential.
More precisely, the condition that we propose imposes that the vector potential is itself
divergence-free. But such a condition is generally not sufficient for uniqueness: for instance,
the gradient of any harmonic scalar function is curl-free and divergence-free.

(ii) Adequate boundary conditions must be enforced on the vector potential: they concern
either its normal or its tangential component (but not both). Consequently, the functional
spaces in which the vector potential is sought for, are no longer standard Sobolev spaces
and their imbeddings in these Sobolev spaces depend on the boundary conditions and on
the regularity of the domain.

(iii) The geometry of the domain is more complex than in the two-dimensional case, even
when it is bounded, since the simple-connexity is no longer linked to the number of con-
nected components of the boundary. So, two different parameters are necessary to charac-
terize the geometry of the domain, related to the number of components of the boundary
and to the homotopy group of the domain. They are closely related to the dimensions of
the kernels of the problems that we consider, which are spaces of curl- and divergence-free
vector fields with null boundary conditions.

The main purpose of this paper is to exhibit the appropriate gauge and boundary
conditions on the vector potential associated with a given divergence-free function, in
order to ensure its existence and uniqueness. Most of these results are known in somewhat



simpler geometries, see Bernardi [5], Bendali, Dominguez and Gallic [3][4] and Dubois [12]
for instance; however we intend to prove them in the general case of any domain, possibly
multiply-connected, with a Lipschitz-continuous boundary. They are very useful whenever
solving problems involving the “curl curl” operator. As interesting applications, we study
the approximation of a divergence-free function by divergence-free finite element functions
constructed as the curl of vector potentials. We also write a variational formulation of the
Stokes problem where the only unknown is the vector potential.

An outline of the paper is as follows.

In Section 2, we recall the definition of the functional spaces which are involved in the
definition of the vector potentials and we give their main properties: traces, compactness,
imbeddings.

Section 3 is devoted to the construction of vector potentials: depending on some boundary
conditions on a given function u, we prove the existence and uniqueness of an associated
vector potential also satisfying some gauge and boundary conditions.

In Section 4, we apply our results along two directions: first, we present a finite element
discretization of vector potentials and prove its convergence. Next we construct a new
formulation of the Stokes system in terms of a vector potential for the velocity. In both
applications, the advantage is that the divergence-free condition is exactly satisfied.



2. Basic properties of the functional spaces.

We give a precise definition of the type of geometry in which we are working, and we
introduce the spaces of functions that are used in this paper. Next, we present the basic
properties of these spaces, firstly of compactness and secondly of regularity.

2.a. GEOMETRY AND NOTATION

Let us recall the definition of a Lipschitz-continuous domain (we refer for instance to
Adams [1] and Necas [24]). For the sake of conciseness, we just write Lipschitz domain.

Notation 2.1. A bounded domain 2 in R? is said to be Lipschitz if, for any point = on
the boundary 952, there exist a system of orthogonal coordinates (y1,y2,y3), a cube Uy
containing x, U, = H?zl] — a;, a;[, and a Lipschitz-continuous mapping ®, defined from

] —a1,a1[ X | — az,as] into ] — 3as, $as[ such that

an Uw = {(ylay2ay3) € Uwa Yz > q)w(y17y2)}7

(2.1)

IANUy = {(y1,y2,¥3) € Uzs y3 = Pa(y1,92)}-
The domain € is said to be of class €™ !, for an integer m > 1, if the mappings ®, can
be chosen m—times differentiable with Lipschitz-continuous partial derivatives of order m.

The Sobolev spaces H*(Q2), s € R, are well-defined on a Lipschitz domain Q: for s > 0,
H*(Q) is the space of restrictions to € of the elements in H*(R?) and H~%(f2) is the dual
space of H§(2), the closure of Z(Q2) in H*(Q2), where, as usual, Z(£2) is the space of all
indefinitely differentiable functions with a compact support in €2. On the boundary of €2,
the spaces H®(02) can be defined by local charts for —1 < s < 1 since Lipschitz mappings
preserve such regularities. But, more generally, it is possible to define H*(0Q2) for any
s > 0 by the space of traces of H 5+%(Q) and both definitions coincide for 0 < s < 1.
When 2 has a polyhedral boundary, its is possible to give a characterization of H*®(0%)
by compatibility conditions between the restrictions to the faces of 9. Similarly, if the
domain € is of class €™, the spaces H*(99), —(m + 1) < s < m + 1, can be defined by
local charts. However, we essentially need the spaces H*®(0f) for s = j:%.

In all that follows, unless specified, €2 denotes a Lipschitz domain (bounded and con-
nected) in R3. Then a unit exterior normal vector to the boundary can be defined almost
everywhere on 92; it is denoted by m. The generic point in  (or R3) is @ = (21, x2, x3).

Using the derivation in the distribution sense, we can define the operators curl and
div on L?(Q)3. Indeed, let < -,- > denote the duality pairing between Z({2) and its dual
space 2'(). For any function v = (v, ve,v3) in L?(Q)3, we have

Vo = (01,92, 03) € 2(Q)°,

<curl v,p>= / v-curl pdx
Q
_ dps3 _ 92 1 _ dip3 D2 _ 1
B /Q<v1(8332 8333) +U2(8m3 8w1> +U3(8w1 8%2 )) dw’
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Vo € 2(Q), <div v,¢>=—/v~grad sodwz—/(vl—+v2—+v3—)da;.
Q

0 0xq 0xa 03

This leads to the following definitions.
Definition 2.2. The space H(curl, 2) is defined by
H(curl, Q) = {v € L*(Q)?; curl v € L?(Q)%}, (2.2)
and is provided with the norm
[l r(urt.) = (10720 + lleur] v][32q))*.
The space H(div, Q) is defined by
H(div,Q) = {v € L*(Q)?; divv € L*(Q)}, (2.3)
and is provided with the norm
|| 2 (aiv,0) = (HUH2L2(Q)3 + [|div UH2L2(Q))%-

Finally, we set
X(Q) = H(curl,Q) N H(div, Q). (2.4)

It is provided with the norm
vl x(0) = (vl 729y + lleurl v[|7ag + [[div v][72g))*.
These definitions will also be used with € replaced by R3.

Let us firstly recall a basic result which is proven in Girault & Raviart [19, Chapter
I, Thms 2.4 & 2.10] or Temam [30, Chapter 1, Thm 1.1] for instance.

Proposition 2.3. The space 2(Q)3 of the restrictions to 0 of functions of Z(R3)? is
dense both in H(curl,Q) and in H(div,Q). It is also dense in X (Q).

As proven in [19, Chapter I, §2], these properties of density allow for defining tangen-

tial or normal traces for the functions of these spaces. More precisely, any function v in
. . 1
H(curl, Q) has a tangential trace v x n in H~2(9Q)3, defined by

Vo € HY(Q)?, <wv x n,g0>89:/'u-curlgod:c—/curlv-goda:, (2.5)
Q Q

where the symbol < -,- > denotes the duality pairing between H —3 (0Q2) and H 3 (00).
Any function v in H(div, Q) has a normal trace v - n in H~2(89), defined by

Vo € H'(Q), <v~n,30>c,m=/v-grad gpdw+/(div v)pde. (2.6)
Q Q



We can define the “homogeneous” spaces:

Hy(curl, Q) = {v € H(curl,Q); v x n=0o0n 00},
Hy(div,Q) = {v € H(div,Q); v-n =0 on 00}.

It is proven in [30] and in [19] that 2(Q)3 is dense in Hy(curl, Q) and in Hy(div, £2).

Definition 2.4. Let X (92), X7 (£2) and X (£2) be the following subspaces of X ()

Xn(Q)={v e X(2); v x n=0o0n 00N},

X7(Q) = {v € X(Q); v-n=0on o0} (2.7)

and
Xo(2) = Xn(2) N X7 (). (2.8)

The aim of this section is to recall or prove some results related to the regularity of the
spaces defined above. More precisely, two questions will be discussed: are they imbedded
in H1(2)3? Is the imbedding into L%(2)® compact? As will appear, the answer strongly
depends on the boundary conditions. The following result is standard (cf. [19, Chapter I,
Lemma 2.5] for instance).

Theorem 2.5. The space Xo(Q) coincides with Hg(Q2)3.

Proof: Since the imbedding of H} ()3 into X () is obvious, we study the inverse imbed-
ding. Let v be any function in X (£2). We define the extension

. Jw n€,

YZ10 R\ Q.
Since v is in X (£2), it is easy to check from (2.5) that curl ¥ belongs to L?(IR3)3. Similarly,
the fact that v is in X7 () implies that div ¥ belongs to L?(R3). Next, the function @
has a compact support, so that its Fourier transform v = (91, 02, 03) is analytic, and the
previous properties are written equivalently (here, &1, £ and {3 stand for the dual variables
of z1, 9 and z3):

(E203 — &30, E301 — £103, §102 — &201) € LP(R?)®  and &0, + &0 + 303 € LP(R?).
It is then easy to check that, for 1 <1, < 3,
Hfi@jHLQ(R3) < (HCllI‘l EHLQ(R3)3 + HdiV EHLQ(RB)).

Hence, grad v belongs to L?(R?)3%3, and we obtain the theorem.

Remark 2.6. By integrating by parts and using a density argument, the following identity
is readily checked for any function v in Hg(Q)3:

|U|%{1(Q)3 = ||curl UH2L2(Q)3 + ||div UH2L2(Q)' (2.9)

Consequently, the isomorphism of Theorem 2.5 is in fact an isometry. Formula (2.9) is
a particular case of a more general formula which holds for smooth functions on smooth
domains without any boundary conditions on the functions (see Grisvard [22, Thm 3.1.1.2])
and which will be used later on (see Lemma 2.11).



2.b. COMPACTNESS PROPERTIES

3
IOC(Q)
(even when 2 is unbounded). However, it is not so clear to decide whether or not the

spaces Xn(Q), X7(Q) or X(Q) are imbedded in H*(2)3. Let us begin with a result of
non-compactness, suggested to us by Murat [23], according to an idea of Tartar.

As a by-product, Theorem 2.5 implies that the space X () is contained in H

Proposition 2.7. The imbedding of X () into L?(Q)3 is not compact.

Proof: Let (g;)x be a sequence which tends to 0 weakly but not strongly in Hz (9%2). For
any k, we consider the unique solution xj of the problem

{ Axr =0 in €,
Xk = Gk on 0.

Then, the sequence (xx)x is bounded in H'(£2), and it tends to 0 weakly but not strongly
in H'(Q). Finally, for any k, the function v, = grad y; satisfies

curl v, =0 and divw, =0 1in Q.

The sequence (vg ) tends to 0 in L?(2)? weakly but not strongly (indeed, if it converged
strongly, due to the compact imbedding of H'(Q) into L?(Q2), the sequence (xx)xr would
converge strongly to 0 in H'(Q), which is forbidden by the choice of (gx)x)-

What can be said in the intermediate cases? We only state a result which is proven
by Weber [32].

Theorem 2.8. The imbeddings of Xn(Q) and X1(Q) into L?(2)? are compact.

So homogeneous normal or tangential boundary conditions are sufficient to enforce
compactness.

2.c. REGULARITY PROPERTIES

The end of this section deals with the imbeddings of both spaces Xy (€2) and X1 ()
into H1()3, when the domain Q is either of class 1! (Theorems 2.9 and 2.12) or convex
(Theorem 2.17). In the case of smooth domains, the results are due to Friedrichs [16] (see
also Gobert [20]). For the space X (£2), the proof can be found in the book of Duvaut &
Lions [13, Chap. 7, Th. 6.1], in [19, Chapter I, §3.5] and in the paper of Foias & Temam
[15]. However, we prefer to give a complete proof, in order to extend the result to the case
of Xn(£2) and also to make more precise assumptions on the regularity of the domain.

Theorem 2.9. Assume that the domain ) is of class €V'1. Then, the space Xr(Q) is
continuously imbedded in H'(Q)3.

The proof of this theorem involves two lemmas. The first one, a density result, is
proven in [13, Chap. 7, Lemme 6.1].



Lemma 2.10. Assume that the domain ) is of class €. Then, the space H* (Q)3N X1 ()
is dense in the space X1 ().

Proof: Let v be any function in X7({2). Applying Proposition 2.3 yields that there is a
sequence (vg)y of 2(2)® which converges to v in X (Q). Next, for each k, we consider the
unique solution yy in H'(£) with zero mean value, of the problem:

Yo € HY(Q), / grad xj - grad pdx = / v - grad pdx.
Q Q

Equivalently, it can be noted that xj solves the Neumann problem:

{ Axg = div v in €,

OnXk =V -1 on 0f).

Due to the regularity assumption on the domain 2, for each k, the function yx belongs to
H?(Q), so that the function vy — grad yi is in H!(Q)3. Finally, due to the convergence
of (vi)r in X (), it is easy to check that the sequence (xx)r converges in H'(€)) towards
the solution y of the problem:

{szdivv in €,
Onx=v-n=0 on 0.

This solution also belongs to H?(Q2). Hence, the sequence (vj, — grad xj + grad x) is in
HY ()3 N X7(Q) and converges to v in X7(f2), which proves the lemma.

The second lemma can be found in [22, Thm 3.1.1.2]. It involves the curvature tensor

of the boundary which will be denoted by 4: assuming that the boundary is of class €'
and using Notation 2.1, we see that the function ®, has a.e. second derivatives and that %

coincides with the matrix (%)1<i’j<2 of these derivatives for appropriate coordinates.
K3 J - -
Let Tr # denote the trace of this operator.

Lemma 2.11. Assume that the domain Q is of class €.
(i) Any function v in H(Q)3 N Xn(Q) satisfies

|’U|%{1(Q)3 = ||CU.I‘1 UH%Q(Q)B + ||d1V UH%Q(Q) - AQ(TI‘:@)(’U : ’n)2d7‘. (210)
(ii) Any function v in HY(Q)3 N X7(Q) satisfies

|v|%{1(9)3 = ||curl vﬂiz(mg + ||div vHig(Q) —/ PB(v X n,v X n)dr. (2.11)
a0

By applying this lemma to any function v in H*(2)? N Xx(Q) or H}(Q)2 N X7(Q)
and by noting that (cf. [22, Thm 1.5.1.10] for instance)

1
|| # s mv xmyari<c [ R ar < Solinos + ol



with a similar inequality for [,,(Tr 2)(v - n)® dr, we obtain in both cases the inequality
|’U|§{1(Q)3 S C(H’UH%Q(Q)B + ||CU.I‘1 UH%Q(Q)B + ||d1V ’UH%Q(Q)) (212)
We are now in a position to prove the theorem.

Proof of Theorem 2.9: Let v be any function in X7 (€2). Due to Lemma 2.10, there
exists a sequence (vg)r of HY(2)? N X7 () which converges to v in X (Q2). Applying the
estimate (2.12) to vy for each k, we see that the sequence (vy)x is bounded in H'(Q)3.
Hence, it admits a subsequence which converges weakly in H!(Q)3. Of course, the limit

of this subsequence is nothing else but v. The continuity of the imbedding follows from
(2.12).

Now, we state the corresponding theorem for the space X (€2). Indeed, its proof
requires the result of Theorem 2.9.

Theorem 2.12. Assume that the domain ) is of class €11. Then, the space X n(f2) is
continuously imbedded in H'(Q)3.

Due to (2.12), this theorem can be derived by exactly the same arguments as for
Theorem 2.9, once the following lemma is proven.

Lemma 2.13. Assume that the domain ) is of class €Y% Then the space H' ()N X n ()
is dense in the space Xn(12).

Proof: Let v be any function in Xy (). Applying Proposition 2.3 yields that there is a
sequence (vg)y of 2(Q)3 which converges to v in X (). Let us introduce the space

V() ={w € Xp(Q); divw =0 in Q}. (2.13)

Owing to Theorem 2.9, the space Vr(£2) is contained in H!(Q)3. Next, for each k, we solve
the problem: find (i in Vp(§2) such that

Vi € Vr(Q), / Cr-pdx +/ curl ¢ - curl pdx = / vy - curl pdx. (2.14)
Q Q Q

It has a unique solution ¢ which belongs to H!(Q2)3. To interpret this problem, it is
convenient to remove the constraint on the test functions. For this, let ¢ be any function
in X7(2), and let x be a solution in H?(2) of the Neumann problem

{szdiv{B in €,
Onx =@ -n=0 on 0f.

Observe that the function ¢ = ¢ — grad x belongs to V() and that

/ Cr - (grad x)dz = — / (div Cx)x dx +/ (Cx -n)xdr =0.
Q Q o0



Therefore, ¢ can be replaced by @ — grad x in (2.14), and thus (i is also a solution in
Vr(Q) of the problem

Ve € Xr(Q), /Ck-gNoda:—i—/curl Ck-curlgNoda::/vk~curlgNodaz,
Q Q Q

or equivalently of

Cr — ACy, = curl vy in Q,
div {x =0 in €,
(r-mn=0 and curl {y x n=v; X n on 0f).

This boundary value problem is an elliptic system according to the definition of Agmon,
Douglis & Nirenberg [2], so that the function ¢ belongs to H?(£2)3. Similarly, the solution
¢ of the problem

(— Al =-curlv in Q,
div¢ =0 in €,
(-n=0 and curl( xn=v xn=0 on 011,

belongs to H?(Q)3. Finally, the sequence (v — curl ¢ + curl ¢); belongs to the space
H'(9)3 N Xn(Q) and converges to v, which ends the proof.

Remark 2.14. Note that the results of Theorems 2.9 and 2.12 can be extended to the
case where the boundary conditions v-n = 0 or v X n = 0 are replaced by inhomogeneous
ones. More precisely, when the domain € is of class ¢!, the space of functions v in X ()
such that v x m belongs to Hz () (resp. v - m belongs to Hz(dN)) is imbedded in
HY(Q)3.

Next, applying the previous remark to the derivatives of the functions, we derive the
following corollary exactly in the same way (see also [15]).

Corollary 2.15. Assume that the domain Q is of class €™ for an integer m > 1. Then,
the spaces of functions

{v e L*(Q)? curl v e H™(Q)?, divv € H™ Q) and v x n € H™ 7 (90Q)*}
and
{veL?(Q)? curlve H™'(Q)?, divv € H™ Q) and v-n € H™ 7 ()}
are both continuously imbedded in H™(Q)3.

However, the imbeddings of Xn(Q) and Xr(92) in H'(Q)3 are no longer valid in
general for Lipschitz domains, as will be proven by the following counter-example. Assume



that the domain €2 has a “re-entrant edge”, i.e., for some local set of cylindrical coordinates
(r, 0, z) and for a real number w with 7 < w < 27, the two faces

0<r<l1,0=0 —-1<z<1l and O0<r<l1, f=w, -1<z<1
are contained in 92 while the set
O<r<l, 0<f<w, —-1<z<1

is contained in 2. Now, let x be an indefinitely differentiable function of one variable, with
compact support in [—R, R|, which is equal to 1 in a neighbourhood of 0. By choosing R
small enough and setting

En(r,0,z) = X(r)x(z)r”/‘“ sin(mf/w) and &p(r,0,z) = X(r)x(z)r”/“ cos(ml /w),

it is easy to check that neither the function &y nor the function &7 belong to H?(2), but
that Aéy and Aér belong to L?(Q). Taking vy = grad &x and vy = grad &7, we see
that vy belongs to Xy (), that vy belongs to X7 (€2) but that none of them belongs to
HY(Q)3.

Remark 2.16. However, a regularity result, which is due to Costabel [7], holds for Lipschitz
domains: the space Xy () (resp. X7(9)) is imbedded in Hz (Q)3 and, more generally, the
space of functions v in X (Q) such that v x m belongs to L?(92) (resp. v - n belongs to
L2(99)) is imbedded in Hz (Q)3.

We conclude with a result in the case of a convex domain.

Theorem 2.17. Assume that the domain S is convex. Then, the spaces X () and X1 (Q)
are both continuously imbedded in H'(Q)3.

This result has already been established by Nedelec [26] for the space X1(€2) (the proof
is also written in [19, Chapter I, Thm 3.9]) and by Saranen [28] for the space Xy (€2). It
makes use of the following “approximation” of convex domains which can be found for
instance in [22, Lemma 3.2.1.1].

Lemma 2.18. For any convex domain §2, there exists an increasing sequence of convex
open sets ()x such that each Q. is of class €' and that

Vi, Q,CQ and Q:Uka.

Proof of Theorem 2.17: Let us begin with the case of X7 (£2). With any function v in
X7(€2) and for each k, we associate the solution yj in H*(£2) of the problem

Vo € H' (), / ngoda:+/ grad yi - grad gpdw:<v-n,gp>aﬂk. (2.15)
Qp,

Qp,

We note that xj is the solution of the Neumann problem
{Xk:—AXk:ZO in Q,

OpXE =0 M on 0,



and that it satisfies the estimate

Xkl 1 () < VIl E@iv,0)- (2.16)

We denote by 1, the characteristic function of 2. Setting: wy, = v — grad xj, we are
going to prove that there exist:

1) a subsequence of (1q, wy ), which converges weakly in L?(2)? towards a function w of
2) a subsequence of (1q, grad xj)x which converges weakly to 0 in L?(9)3.
This of course implies that v coincides with w, hence belongs to H*(2)3.

1) Let us first consider (wy ). It can be checked that for each k, the function wy, belongs to
X7(9%). Thus, using Theorem 2.9, we derive that it belongs to H!(Q4)2. Moreover, from
Lemma 2.11 (since € is convex, the curvature tensor of its boundary is nonnegative), we
obtain

lwi i) < llwllx o)

and computing the right-hand side with the help of (2.16) leads to

[wkl[ 1@ < llvllx@)-

It follows from this estimate that the sequences (1g, wy ) and (1g, grad wy)x are bounded
respectively in L?()3 and in L?()3*3. Hence, there exists a subsequence (wy )y such that
(1o, wi ) converges to a function w weakly in L?(Q2)% and (1q,, grad wy ), converges
to z weakly in L2(2)3*3. Next, for any function g in 2(92)3*3, since there exists an integer
¢ such that the support of p is contained in 2y, we have

/z@udw:/ z®@ pudxr = lim grad wy @ pdx
Q Q k'—+oo Jq,

=— lim wy - div pde = — w - div pder = — < w,div u >,
k! —+o0 Q Qp

so that 2z coincides with grad w. Hence, the function w belongs to H'(Q)3. Moreover, the
lower semi-continuity of the norm for the weak topology implies that

lwll @) < [lvllx@)-

2) Due to (2.16), the sequences (1q, xk)r and (1, grad xx)x are bounded respectively in
L*(Q) and in L?(Q2)*. Hence, there exists a subsequence (1o, , X&)r which converges to x
weakly in L?(€2) and such that the subsequence (1q,, grad X ) converges to ¢ weakly in
L?(Q)3. Exactly as previously, it can be checked that ¢ coincides with grad y. Moreover,
X is a solution of the problem

VQOEHl(Q), /Xgoda:+/grad X-grad gpdw:<v.n,g0>89:0,
Q Q

which means that it is 0.
Hence, we have derived the result for X7 (£2). The proof for Xy () is very similar.



Indeed, with each function v of Xx(£2) and for each k, we associate the solution (i in
Vr(Qy) (see (2.13)) of the problem

Vi € Vir(Q), Ck-goda:+/ curl ¢ -curl pdr=<v x n, >
Qk Qk

Q.

We set: wp = v — curl (. Exactly as previously, we check that there exist a subsequence
(wy ) which converges to a function w of H(Q2)3 and, moreover, a subsequence (Cx)s
which converges to the solution ¢ of the following system

(—A¢C=0 in €,
div¢ =0 in €,
¢(-n=0 and curl( xn=v xn=0 on 0f).

This solution is 0, so that the result is proven.

Remark 2.19. We refer to Dauge [9] for the regularity properties of the Neumann problem
leading to the following extension of Theorem 2.17: if 2 is a convex polyhedron, there exists
a real number pg > 2 such that for all p, 2 < p < pq, any function v in Xn(Q2) or X7 (Q2)
with

curl v € LP(Q)3,  div v € LP(Q),

belongs to WP(Q)3 and satisfies
[vllwir@s < (vl + lleurl v|[Lr@)e + ||div vl L)) (2.17)

The upper limit pg only depends on the geometry of the domain €2, more precisely on the
apertures along the edges and the solid angles at the vertices.



3. Vector potentials.

In order to exhibit the results concerning the vector potentials, we need some more
precise notation about the geometry of the domain, and we recall a basic result about the
vector potential without boundary conditions. Next, we prove successively the existence
and uniqueness of tangential and normal vector potentials. In each case, an important
tool is the characterization of the kernel. We also give some applications and extensions.
Finally, we present other types of boundary conditions.

3.a. GEOMETRY

In order to study the vector potentials, we have to describe with more precision the
geometry of the domain. We first need the following definition which extends that of
a Lipschitz domain to the case where the domain is not necessarily on one side of its
boundary (see Dauge [8, Chapter 1] for similar definitions).

Definition 3.1. A bounded domain © in R? is called pseudo-Lipschitz if for any point x
on the boundary 0f) there exist an integer r(x) equal to 1 or 2 and a strictly positive real
number pg such that for all real numbers p with 0 < p < pg, the intersection of €2 with the
ball with center  and radius p, has r(x) connected components, each one being Lipschitz.

Remark 3.2. When r(x) is equal to 1, Q lies on only one side of its boundary in the
neighbourhood of x. If r(x) is equal to 2, then €2 lies on both sides of its boundary in
the neighbourhood of . This allows to introduce cuts in multiply-connected Lipschitz
domains. It is important to note that pseudo—Lipschitz domains have the cone property

(cf. [1, §4.7]).

As in section 2, we assume that ) is a Lipschitz domain in R3.

(i) We do not assume that its boundary 0f2 is connected and we denote by I';, 0 <1i < I,
the connected components of 02, I'g being the boundary of the only unbounded connected
component of R?\ Q. We also fix a smooth open set O with a connected boundary (a ball,
for instance), such that €2 is contained in O, and we denote by €2;, 0 < i < I, the connected
component of O\ Q with boundary T; (I U 8O for i = 0).

(ii) We do not assume that € is simply-connected. Observe that each component I';,
0 < i < I, is an orientable manifold of dimension two and hence is homeomorphic to a
torus with p; holes (we refer to Gramain [21] for these properties). We set J = ZLO p; and
we make the following assumption that permits to “cut” adequately €2 in order to reduce
it to a simply-connected region.

Hypothesis 3.3. There exist J connected open surfaces ¥;, 1 < 57 < J, called “cuts”,
contained in €2, such that:

(i) each surface X; is an open part of a smooth manifold ./,

(ii) the boundary of % is contained in o for 1 < j < J,

iii) the intersection ¥; N Y, is empty for ¢ # j,

iii) the intersection ¥; N %, i ty for i # j

(iv) the open set

J
=0\ ]z,
j=1



is pseudo—Lipschitz and simply-connected.

Any set of such surfaces is called an “admissible set of cuts”. This assumption is satisfied
in all examples of geometry we have in mind, see the example of a ring (J = 1) with I =3
cubic holes in Figure 1.

Note that on 9Q°, r(x) is equal to 2 if and only if = belongs to a cut 3;.

Figure 1
At the beginning of Section 2, we have recalled how to define Sobolev spaces H*(0N2)
on the boundary of €2, for —1 < s < 1. It is clear that such definitions can be extended to
each connected component I'; of the boundary, since I'; is a manifold without boundary:

thus H*(I';) makes sense for 0 <1 < I. We also need Sobolev spaces on the cuts 2.

Definition 3.4. For any real number s, the space H*(X;) is the space of restrictions to
¥; of the distributions belonging to H*(.#;).

In the sequel we denote by H 2 (3;), the dual space of Hsz (2;).
3.b. VECTOR POTENTIALS WITHOUT BOUNDARY CONDITIONS

The results of this section mainly rely on the following basic lemma. Its proof is written
in [19, Chapter I, Thm 3.4]; however it is worth recalling the argument since it is the corner

stone of the forthcoming analysis.

Lemma 3.5. For any function uw in H(div, Q) which satisfies

divu =0 1in,

1
<u-n,1l> =0, 0<:< 1, (3.1)

there exists a vector potential gy in Hl(Q)3 such that
u=curl ¥y nQ and diviy=0 inQ. (3.2)

Conwersely, for any function g in H'(Q)3, the function u = curl 1y satisfies (3.1).



Remark 3.6. Note that the condition < u-n, 1 > = 0 makes sense because, thanks to

(2.6), the restriction of u - m to each I'; belongs to H = (I;).

Proof of Lemma 3.5: Let u = (uy,u2,us) be any function satisfying (3.1). Using the
above notation, for 0 < i < I, we consider the solution y; in H'(;) of the following
Neumann problem

—AXO =0 in Qo,
{ (3.3)
Onxo=u.n only and 0J,x0o=0 on 00,
—AXZ' =0 in QZ’,
{ 1<i<I, (3.4)
OnXi =u.n onl}y,

(recall that n denotes the unit outward normal to 2 and O). Then the function w defined
by

u in €,
w =< grad y; in Q;,0<i<1, (3.5)
0 in R\ O,

belongs to H(div,R3) and is divergence-free in R3. Taking its Fourier transform (and
denoting it by & = (a1, Ue, u3)) leads to the equation

&0y + &t + E3us = 0. (3.6)

Next, observe that conditions (3.2) are satisfied by a function g = (¢o1, ¥o2, %03) if and
only if

Gy = Eothos — E3thoa, fia = E3to1 — E1vdos, Gz = E1voa — Eathor, (3.7)
and R R X
§1tbo1 + Eavho2 + §3103 = 0. (3.8)
In L?(R3), system (3.7) (3.8) is equivalent to
G -Gy GG o & — &
o1 = 753 2‘5‘2& 3, 02 = 7& 3|£|2§3 1, 03 = 752 1|£|2§1 2, (3.9)

where |€|? stands for £2 + £3 + £3. Let us define the function 1 by the equations (3.9). It
suffices now to check that it belongs to H{ (R3)3. Its gradient is clearly in L?(2)3*3, due
to the inequalities |&;¢0r| < 2?21 |t;|. Moreover, we fix a function w of class ¢°>° which
has a compact support in R? and which is equal to 1 in a neighbourhood of 0 and we write

~ ~

Po(€) = w(€)Po(€) + (1 — w(€))ho(£).

First, observe that the function w{bo has a compact support, so that its inverse Fourier
transform is analytic and the restriction of this last function to Q belongs to L?(2)3.
Second, since 1 — w vanishes in a neighbourhood of 0, (1 — w){bo belongs to L?(R3)3 as
well as its inverse Fourier transform. That ends the proof of (3.2).



Conversely, for any function o in H'(Q2)?, div (curl ) is equal to 0. Moreover, for
0 <i <1, let u; be a function of class ¥°° on €2 which is equal to 1 in a neighbourhood
of I'; and vanishes in a neighbourhood of I'y,, 0 < k < I, k # i. We have

<u-n, 1> = <curl (1itpo) ' m, 1> = /Qdiv (curl (pi2ho)) dx =0,

which is the desired condition.

As a first consequence, we give an improvement of the result quoted in Remark 2.16
in the case of a polyhedral domain.

Proposition 3.7. If the domain € is a Lipschitz polyhedron, there exists a real number
s > % such that X7 () and Xn(Q) are continuously imbedded in H*()3.

Proof: The arguments are those of [7], combined with the regularity results of [8]. Without
loss of generality, it can be supposed that the domain 2 is simply-connected and has
a connected boundary (in the general case, it is the finite union of open polyhedra €
satisfying these properties; introducing a partition of unity by smooth functions x; with
support in Qj, and proving the result for each x3u yield the property in the whole domain).

Let u belong to X1 (£2). Applying Lemma 3.5 to the function curl u yields the existence of
a function w in H'(Q)3 such that: curl w = curl u, div w = 0 in Q. Thus, the function
u — w has a null curl, hence it is the gradient of a function x in H'(£2). This function x
is a solution of the Neumann problem

{szdivu in 2,
Onx = —w - n  on 0.

For each face F of 9, w - m belongs to H2 (F). As a consequence of [8, Corollary 23.5], x
belongs to H %’L‘S(Q) for some 6 > 0. So, the desired result follows from the decomposition
u = w + grad Y.

When u belongs to X (), we denote by z the extension by zero of curl u to O, and we
consider the function w in H!(0)3 given by Lemma 3.5 such that curl w = z, divw =0
in O. Next, since the function w is curl-free in O \  which is connected and simply-
connected, it is the gradient of a function p in H2(O\ ). Then, it is readily checked that
the function uw — w is the gradient of the solution y of the Dirichlet problem

Ax =div u in Q,
X = —ilaa on 0f).

Then, for each face F, u|r belongs to H3 (F). As pis in H2(O\ Q), the traces of y on the
faces of Q fit together along the edges, thus j|sq belongs to H°(99) for some 6 > 0. We
conclude like previously with [8, Corollary 18.15].

Remark 3.8. The imbedding of Proposition 3.7 is a special case of the following more
general and sharper result. Let sq be the optimal exponent of the Neumann problem, in



the sense that the mapping: g — ¢, where ¢ is the solution of the Neumann problem with
null interior data and boundary data g, is continuous from H S*%(GQ) into H3T1(Q) for
all 5, 0 < s < sq, but not for s = sq. Similarly, let s, be the optimal exponent of the
Dirichlet problem. Then, for any real number o, 0 < 0 < %, the subspace of functions v
in X7(Q), resp. in X (), such that

curl v € H°(Q)3, divw € H°(Q),

is continuously imbedded in I—Imin{s"ﬂrl]‘(Q)3 for all s, 0 < s < sq, resp. 0 < s < 89, the
exponents s and sY, being optimal limits.

3.c. TANGENTIAL VECTOR POTENTIALS

The next theorem states the first important result: existence of a vector potential in
X7(9). Beforehand, we require the following preliminaries.

Notations 3.9. Let {3;; 1 < j < J} be an admissible set of cuts, let ° be defined as in
Hypothesis 3.3 and let us fix a unit normal n on each »;, 1 < j < J.

(i) For any function ¢ in H'(€°), let us denote by [q]; the jump of ¢ through X; (i.e. the
differences of the traces of ¢) along n.

(i) For any function ¢ in H*(£2°), grad q is the gradient of ¢ in the sense of distributions
in 2'(Q°). It belongs to L?(Q°) and therefore can be extended to L2?(Q)3. In order to

distinguish this extension from the gradient of ¢ in 2’'(Q)), we denote it by g;ga q.

(iii) We introduce the space

0= {reHY(Q%; [r]; = constant, 1 < j < J}. (3.10)

The first preliminary lemma is an extension of (2.6).

Lemma 3.10. If 1 belongs to Hy(div,?), the restriction of ¢ - n to any X; belongs to
H%(Ej)' and the following Green’s formula holds:

o

J
Vx € H'(Q°), Z<1,b~n,[x]j >Z.:/ v - grad Xda:+/ (div @) xdx . (3.11)
j=1 T

Proof: Let us fix an integer 7 with 1 < 5 < J. For any pu in H%(Ej), we can find ¢ in
H'(Q°) such that [¢]y is equal to 0 for all k # j, [p]; is equal to g and ¢ satisfies the
estimate

il ey < ellal g g, (3.12)

Now, let ¥ be any function in 2()?; then Green’s formula gives

<1,b~n,u>2j=/m1,b~grad goda:+/ (div ¢) p d. (3.13)

o



Therefore

[<wpon,u | < cllaave 104y,

Where c is the constant of (3.12). As a consequence, the restriction of 9 - n to ¥; belongs
to Hz (%), and satisfies

- mll,3 0 < i

Then the density of 2(Q)% in Hy(div, ) permits to extend the normal trace on X; to
functions of Hy(div, ) and the extension has the same properties as above. By using an
adequate partition of unity, the Green’s formula (3.11) follows easily from (3.13).

The second preliminary lemma gives a characterization of the space ©.

Lemma 3.11. Let 7 belong to H'(Q°). Then r belongs to © if and only if

curl (grad 7) =0 in Q.

Proof: First observe that for all r in H1(Q2°) and all ¢ in 2(2)3, we always have
< curl (g;z;a ), >= / grad r - curl pdx.

Then, by applying (3.11), we deduce

vre HY(Q°), Vo € 2(0)*, < curl (grad r), @ >= Z/ (curl ¢ -n)dr.
(3.14)
Besides that, it can be proved by the Stokes formula that

Vo € 2(0)° , Yu e LA(%;) , / p(curl @ -n)dr =< (grad xn)u, >, . (3.15)
> J

J

Now, let r belong to O; by applying (3.15) with p = [r];, we infer from (3.14) that
curl (grad r) is equal to 0.

Conversely, let 7 belong to H(2°) and satisfy curl (g;z;i r) = 0. It follows from (3.14)
and (3.15) that

J
Vi € 2(Q Z< (grad xmn)[r];, ¢ >, =0.
7j=1

Therefore, by choosing properly the support of ¢, we find that (grad x n) ([r];) =0, for
1 <j<J, and [r]; is constant.



Theorem 3.12. A function w in H(div,Q) satisfies (3.1):

divu =0 1n €,
<u~n,1>Fv:O, 0<:< 1T,

if and only if there exists a vector potential ¥ in X () such that
u=curly nQ and divy =0 1inQQ,

Y-n=0 ondf, (3.16)
<¢om,lx =0, 1<j<J.

This function 1 is unique.

Remark 3.13. The statement of Theorem 3.12 is independent of the particular choice of
the admissible set of cuts {£,; 1 < j < J}, in the following sense: if 9 is a vector potential
satisfying (3.16) on an “admissible set of cuts”, then it will satisfy (3.16) on any other
“admissible set of cuts”. This can be illustrated by the following simple situation. Let 1)
be any function in H(div, 2) such that

divey =0 inQ and ¥ -n=0 on 0.

Suppose for example that U is a Lipschitz open set contained in 2. We have
<Y -n, 1>8u:/div'¢d:c20.
u

If U is chosen such that there exist two surfaces ¥ and ¥/ satisfying

SUS COaU , UN\N{SUYICIN and SN =0,

then
<1,b-n,1>Z=—<1,b~n,1>E,.

Thus if the flux of @ through ¥ is 0, then the flux of 1 through ¥’ is also 0.

Clearly, the uniqueness of the function 1 will follow from the characterization of the
kernel
Kr(Q) ={w e X7(2); curl w =0 in 2 and div w = 0 in Q}. (3.17)

The following proposition was proven first in [15] in a different form and next by
Dominguez [10] in smooth domains.

Proposition 3.14. The dimension of the space Kr(2) is equal to J. It is spanned by the
functions grad qJT, 1 <35 < J, where each qJT is the solution in H'(Q°), unique up to an
additive constant, of the problem

—Agl =0 inQ°,

8nqu =0 on 09,
(3.18)
[q]T]k = constant  and [ﬁan]k =0, 1<k,

T —



Proof: Since O is a closed subspace of H!(°), applying the Lax—Milgram lemma yields
that, for 1 < j < J, the problem: find q]T in © such that

Vr € O, / grad q]T -grad rdx = [r];, (3.19)

has a solution which is unique up to an additive constant. Using (3.19) with r in 2(Q2),
we obtain:

< div (grf'z;l qf), r>=— g;z;l q;fp~grad rde = —/ grad qf-grad rde=0.
Q

o

Hence g;z;?l q]T belongs to H (div, §2); moreover, on one hand —Aq]T is equal to 0 in €2° and
on the other hand, Green’s formula with » € H}(Q) yields that the jump of anqu across
any Y, is zero. Furthermore, using (3.19) with » in H(Q) and applying again Green’s
formula, we obtain

O:/ grad q;fp-grad rdr = <8anT, >
QO

As a consequence, 8an vanishes on 0¢2 and ggd q;-" belongs to Hy(div, 2). Thus, Lemma

3.10 implies that the restriction of 8an to ¥y belongs to H2 (%)’ Finally, by fixing an
integer k, choosing 7 in © such that [r|; = d;, for any j and applying (3.11) with x = r
and (3.19), we easily derive the last equality in (3.18).

Conversely, it is easy to prove that every solution of (3.18) also solves (3.19). Thus (3.18)
has a unique solution.

It stems from the above considerations and Lemma 3.11 that g;z;?l q]T belongs to K1 (f2).

From the last property in (3.18), it is readily checked that the functions g;z;l qf, for

1 < j < J, are linearly independent; thus it remains to show that they span K7 (2). Let
w be any function in K1(€2) and consider the function

J

U=w— <w-n,l> ;r;i T,
Zl ) E]g q]
J:

It belongs to Kp(2) and satisfies < u-n, 1 >, = 0, for 1 < k < J. Since €2° is simply-
connected and curl u is equal to 0 in 2°, there exists a function ¢ in H1(Q°) such that u

coincides with ggd g and the fact that div w = 0 implies that Ag = 0 in Q°. In addition,
since u belongs to Hy(div, ), it follows that 9,q = 0 on 92 and for any j, the jump of
Onq is zero almost everywhere across ;. As curl w is also equal to 0 in 2, Lemma 3.11
implies that ¢ belongs to ©. Finally, since < 0,q, 1 >Zj = 0 for all j, the above properties

show that ¢ is the solution of the problem (3.19) with zero right-hand side. Hence ¢ is a
constant and w is zero. That ends the proof.

Remark 3.15. In [15], a slightly different basis is exhibited. However, since the q]T satisfy-
ing (3.18) are the solutions of the variational problem (3.19), they seem more appropriate
for numerical computation.



Let us state an immediate consequence of Proposition 3.14.

Corollary 3.16. On the space X (2), the seminorm

J
w — [Jeurl w| L2y + [[div wllpa) + > [ <w-n, 1 |, (3.20)
=1 ’

is equivalent to the norm || - || x(q)-

Proof: Due to the compactness result of Theorem 2.8 and to the previous characterization
of K1(€2), this corollary can be derived from the Peetre—Tartar well-known proposition (see
Peetre [27], Tartar [29] or also [19, Chapter I, Thm 2.1}).

Proof of Theorem 3.12:
1) Assume that (3.1) holds and let 1y denote the function associated with w4 by Lemma 3.5.
We introduce the solution y in H*(£2), unique up to an additive constant, of the problem

{—AX:O in €,
OnX = vPo-m  on 0N).

Finally, we set

J

=1 —grad x — Y < (¢ —grad x) n, 1> grad g .
j=1

It is easy to check that the function 1) belongs to X (£2) and satisfies (3.16).
2) The uniqueness of this function ¥ is a straightforward consequence of Proposition 3.14.
3) The necessity of conditions (3.1) was established in the proof of Lemma 3.5.

3.d. NORMAL VECTOR POTENTIALS

Now, we study the case of a vector potential in X (£2). The proofs are very similar
to the previous ones.

Theorem 3.17. A function w in H(div,Q) satisfies

divu=0 nQ and u-n=0 on 0,

<u-n,lx =0, 1<j</J (3.21)
J

if and only if there exists a vector potential ¥ in X () such that

u=curly nQ and divy =0 1inQQ,
P x n=0 on 01, (3.22)
<¢-mn,1> =0, 0<i<I.

This function 1 is unique.



Note that the quantity < w-n, 1 >y makes sense since u belongs to Hy(div, ),
J
which implies by Lemma 3.10 that w - n belongs to Hz (2;).

As previously, the uniqueness result is linked to the characterization of the kernel
Kn(Q) ={w € Xn(2); curl w=0in Q and divw =0 in Q}. (3.23)
The following result is due to Dominguez [11].
Proposition 3.18. The dimension of the space Kn(Q) is equal to I. It is spanned by

the functions grad ¢V, 1 < i < I, where each g is the unique solution in H*(Q) of the
problem

~AgN =0 inQ,
', =0 and ¢|, =constant, 1<Fk<I, (3.24)

<8nq{V,1>Fk:5ik, 1<k<I, and <anng,1>F0:—1.

Proof: Let O denote the space
Q% = {r e HY(Q); T}Fo =0 and T”F_ = constant, 1 <7 < I} (3.25)

For 1 < i < I, the problem: find ¢¥ in ©° such that

(3.26)

Vr € 0Y, /grad ¢V - grad rdr =r|. ,
Q K3

has a unique solution. An argument similar (but simpler) to that used in proving Proposi-
tion 3.14 shows that ¢V satisfies (3.24). The functions grad ¢}¥, 1 <i < N, are obviously
independent and belong to Ky (€2); it remains to prove that they span Kx(2). Take any
function w in K () and consider the function

I
u:w—z<w-n,1>r_gradqfv.
i=1

Noting that
/Qdivwda::<w-n, 1>8Q:O’

it is easy to prove that w satisfies (3.1), so that it can be written curl 1, for some 1 in
H'(Q)3. This allows to compute

/u-’u,da::/u~curlwodw:/curlu-lpodaz+<u X n, Py >8Q:O’
Q Q Q

so that u is equal to 0. That ends the proof.



As previously, this proposition has a corollary about equivalent norms, which is proven
by the same arguments as Corollary 3.16.
Corollary 3.19. On the space XN (S2), the seminorm

I
w — |[curl w2y + [|div w12 q) + Z\ <w-m, 1> | (3.27)
i=1

is equivalent to the norm || - || x(q)-
Proof of Theorem 3.17: The proof is divided into three steps.

1) We assume that (3.22) holds. A function of the form u = curl ¥ is obviously divergence-
free; moreover, for any function y in H?(Q), formulas (2.6) and (2.5) yield respectively

/curlz,b~grad Xda:=<u~n,x>aﬂ,
Q

/curl@b-grad Xdar::—<1/)><n,gradX>aﬂ
Q

Therefore if 1) x n vanishes on 012, a density argument gives curl ¥ -n = 0 on 0€2. Hence,
curl v belongs to Hy(div,(2) and it follows from Lemma 3.10 that curl 4 - n belongs to
Hz (%), for 1 < j < J. Then the density of 2(%;) in Hz(%;)’ and the choice = 1 in
(3.15) give

<curl ¥ -n, 1>2j =0,1<5<J.

Hence, all the conditions of (3.21) hold.
2) Conversely, with any function u satisfying (3.21), we associate the function 1 of Lemma
3.5. We define the space

Vi) ={we Xr(Q); divw=0inQand <w-n,1>x =0,1<j<J}

Due to Corollary 3.16, the problem: find ¢ in V;:(2) such that

Vo € Vi (Q), / curl ¢ - curl pdx = / g - curl @ dx —/ curl ¥y - pdx, (3.28)
Q Q Q

has a unique solution. Next, we want to extend (3.28) to any test function in Xp(€2). For
any function @ in X7 (), defining the function y in H!(Q) as a solution of the Neumann

problem
{ Ax =div ¢ in ,

Onx =0 on 011,

we set

J
gozg?—gradx—z<(¢—grad X)~n,1>2vgrad q;‘-F.
J
j=1

We note that ¢ belongs to V;(€2) and we observe from (3.21) that

/curl Y - grad Xda::/u-grad xdx =0,
Q Q



and from (3.21) and (3.11) that

u - grad q;‘-F dx

o]

/ curl v - ggd qJT dx
Q

I
S~

I
Mk‘

[q] 1k <wu-n,1x =0.

e
I

1

Hence, equation (3.28) with this test function ¢ becomes

Vo € Xr(Q), / curl ¢ - curl pdx = / Yy - curl pdx —/ curl v, - pdex.
Q Q Q

It follows from this equation that the function

I
1/)=@b0—curlC—2<(¢o—curl C)-n,1>rigrad qZN,

=1

belongs to X (2) and satisfies (3.22).
3) The uniqueness of the function @ satisfying (3.22) is an immediate consequence of
Proposition 3.18.

3.e. MISCELLANEOUS

In Theorems 3.12 and 3.17, we have exhibited special vector potentials for divergence-
free vector fields. The question is now to split any vector field w in L?(2)? into the sum
of a grad ¢ and a curl v, with 1 satisfying some boundary conditions. We present three
different choices for ¢ and .

(i) With any function u in L?(Q)3, we associate the solution gy of the Neumann problem:
find qx in H'(Q)/R such that

Vp e HY(Q), / grad gy - grad pdx = / u - grad pdx. (3.29)
Q Q

Applying Theorem 3.12 to the function u —grad ¢y leads to the following decomposition:

for any function w in L?(2)3, there exists a function ¢ (here equal to gx) in H*(2) and a
function 1 in X (£2) such that

u=grad ¢+ curl ¢ in ), (3.30)
with the following properties:

divy =0 1in Q,
Y- -n=curl ¥ - n=0 on 99, (3.31)
<1,b-n,1>2,:0, 1<53<J

(ii) With any function u in L?(Q)3, we associate the solution ¢y of the quasi-Neumann
problem — recall that © is the space defined in (3.10):



find Gy in © /R such that

Vp € O, g;ga qn - g;ga pdx = / u - ggd pdex. (3.32)
Q Q

Applying Theorem 3.17 to the function u — g;r;(/i gn leads to the following decomposition:

for any function u in L?(Q)3, there exists a function ¢ in © and a function 4/ in X (£2) such
that -
u=grad ¢+ curl ¢ in ), (3.33)

with the following properties:

divey =0 in Q,
P xn=0 ond) (which implies curl ¥ -n =0 on 0f2), (3.34)
<t¢-mn,1> =0, 0<i<I.

Note that the solutions ¢n and ¢ of problems (3.29) and (3.32) are linked by the equation
(up to an additive constant)

J

q~NZQN+Z<U'n—8nqN,1>quJT.
=

(iii) Furthermore, solving for any function w in L?(Q2)3 the quasi-Dirichlet problem —
recall that ©U is the space defined in (3.25):
find qp in ©° such that

Vp € 0Y, / grad ¢p - grad pdx = / u - grad pdx, (3.35)
Q Q

and applying Theorem 3.12 to the function u—grad ¢p, we obtain the third decomposition:

for any function w in L2(2)3, there exists a function ¢ in ©° and a function % in X ()
such that
u =grad ¢+ curl ¥ in Q, (3.36)

with the following properties:
divyp =0 in €,

P-n=0 on 09, (3.37)
<¢on,1x =0, 1<j<J.

There also, the solution gp of problem (3.35) is linked to the solution ¢% of the pure
Dirichlet problem (i.e. with ©° replaced by H}(€2)) by the equation

1

quqOD+Z<u~n—3nq0D,1>FiqlN.
i=1

The question of mixing the boundary conditions on the normal component and the
tangential component of the vector potential is not completely solved, however we can



extend the previous results and proofs to the following simple cases. Assuming that the
boundary 05 is divided into two open Lipschitz parts I'N and I'7, i.e.,

90=T"UT" and T¥NI7T =4, (3.38)

we denote by Fé\] , 0 < ¢ < Ly, the connected components of I'"V and similarly by F%F,
0 < ¢ < Ly, the connected components of I'". Also, % stands for the union of the
boundaries 0%, of an admissible set of cuts ;. Then, the following properties hold:

(i) if 9% is included in T'T: a function w in H(div, 2) satisfies

divu=0 inQ and w.n=0 onT¥V,

<u-n,13,=0, 0<(<Lp, (3.39)
£

if and only if there exists a function % in X (2) such that

u=curly inQ and divey =0 in(Q,

Ppxn=0 onT" and ¥.n=0 onI7,

<tpon,1>,=0, 0<(<Ly, (3.40)
4

<'¢-n,1>2_:(), 1<5< J;
(ii) if 0% is included in T™V: a function w in H(div, ) satisfies
divu=0 inQ and w.n=0 onIV,
<u'n’1>1“[:0’ 0<{¢<Lr, (3.41)

<u~n,1>E =0, 1<53<J,
i
if and only if there exists a function % in X (2) such that

u=curly inQ and divey =0 in(Q,
Y xn=0 onT" and ¥.n=0 onI7, (3.42)
<¢Y-n,1>,=0, 0<0<Ly.

4

In both cases, this function %) is unique. However, the condition 0¥ C I'" or 9% c I'V
cannot be satisfied in all geometries: take the case of a tyre 2 where I'" is the rim.

3.f. OTHER VECTOR POTENTIALS

The third vector potential which is presented in the next theorem is less standard;
however it turns out to be useful in special cases.

Theorem 3.20. Assume that the domain Q is of class €11. A function uw in H(div,Q)
satisfies

divu=0 nQ and u-n=0 on oS,

<u-n,lx =0, 1<j<J (3.43)



if and only if there exists a vector potential ¥ in H'(Q)3 such that

u=curly nQ and div (AyY)=0 1inQ,
% =0 on 99, (3.44)
<8,(divep), 1> =0, 0<i<I.

This function ¥ is unique.

Note that the condition div (Av) = 0, i.e. A(div ¥) = 0, implies that the quantity
< 9p(div 9), 1 > makes sense.

Here also, we have to characterize the kernel

Ko(9) = {w € H}(Q)?; curl w =0 in Q and div (Aw) =0 in Q}. (3.45)

Proposition 3.21. Assume that the domain Q) is of class €V'. The dimension of the space
Ko(Q) is equal to I. It is spanned by the functions grad ¢Y, 1 < i < I, where each q) is
the unique solution in H?(Q) of the problem

A2 =0 inQ,

q?‘[‘o =0 and ¢|. =constant, 1<k<I,

It
(3.46)
Ong? =0 on 09,

| < On(AG)), 1 >, = Sik, 1<k<I, and <9,(A¢)),1 > =-1

0

Proof: Let ©% denote the space
0% = {r € H*(Q); T}FO =0 and r’r_ = constant, 1 <i <[, 9,r=0o0n 0N}. (3.47)

For 1 < i < I, the problem: find ¢) in ©° such that

Vr € @OO, / Aq? -Ardx = —r
Q

s (3.48)

has a unique solution. Furthermore, the following Green’s formula can be proven by a

density argument, for any functions ¢ and r in 0% with A2q in L2(Q):

7

I
/Q(A2q)rda::/Q(Aq) (Ar)da:—f—izzlr‘m < On(Ag), 1> .

Using this formula yields that the solution ¢ of (3.48) satisfies (3.46). Here also, the
functions grad ¢Y, 1 <i < N, are obviously independent and they belong to Ko(f2).



Finally, let us prove that any function w in Ky(f2) can be written

I
w = Z < Op(divw), 1 > grad Q.
i=1

Indeed, set u = w—Zle < Op(divw), 1 >, grad @?. On one hand, we have by construc-
tion < 9p(divu), 1 >, =0 for 0 < i < I. Therefore, grad (div u) satisfies conditions
(3.1) and Theorem 3.12 implies that there exists p in X (€2) such that

grad (divu)=curl g, divp=0inQ and p-mn =0 on oN.

Then
/ (div u)? de = —/ u - grad (div u) dx
Q Q

:—/u~curluda}:—/u-curludwzo,
Q Q

because u belongs to Ky(£2). So div u is equal to 0 and u belongs to K1 () N K ().
Thus u is 0.

Proof of Theorem 3.20: Using exactly the same argument as in Theorem 3.17, we note
that (3.44) implies (3.43). The uniqueness result follows from Proposition 3.21. Finally, with
any function w satisfying (3.43), we associate the vector potential of Theorem 3.17, which

we denote for the moment by ). The fact that  is of class ¢! has two consequences:
first, due to Theorem 2.12, the function 1) belongs to H'(€2)? and second the normal trace

¥ - m belongs to H?z (092). Hence, the fourth-order problem
A%y =0 in 01,
x =0 and 8nxz'g~b-n on 0,
has a unique solution x in H?(2). The function
I
¥ = —grad x + Z < On(Ax), 1>, grad q?,
i=1

satisfies (3.44) (note that the quantities < 0,(Ax),1 > are well defined since A%y is

Z€ero).

Remark 3.22. We refer to Borchers & Sohr [6] for the completely general result: for any
positive integer m, when the domain  is of class ¢!, for any function w in H(div, ()
satisfying (3.43), there exists a vector potential ¥ in HJ"(Q2) satisfying:

u=curly inQ and div (A™Yp)=0 in Q.

Remark 3.23. In the case of a cylinder, it is possible to construct another vector potential.
Indeed, assume that €2 is a cylinder €2 X ]a, b[, where Q is a bounded Lipschitz domain in



R? and a and b are real numbers. The X;, 1 < j < J, are taken of the form ij x]a, b[. A
function w in H(div, ) satisfies

divu =0 in , (3.49)
if and only if there exists a function ¥ = (¢,0), with ¢ in L2(Q)2, such that
u=curl ¢ in (),
b
/ (div 9)(.,z5) dzs = 0 in O,
ab N
/ P(.,z3) -ndrs =0 on 08,

/ Y-ndr=0, 1<j5<J
2

This function 7,; is unique. However, the use of this new potential is severely limited by the
geometry of the domain.



4. Applications.

We now present two examples of new formulations and/or discretizations where the
potential vector representation of divergence-free functions is involved.

4.a. APPROXIMATION BY DIVERGENCE-FREE FINITE ELEMENT FUNCTIONS

In most cases, discretizing the divergence-free constraint by finite element techniques
does not lead to a discrete solution which is exactly divergence-free, see for instance the
usual discretizations of the Stokes problem [19, Chapter II|. If this solution is used in
the convection term of a coupled equation, this could yield a lack of stability of the time
scheme (when constructed by the characteristics method for example). So, a natural idea is
to construct a divergence-free finite element approximation of the form curl ;. However
taking account of the gauge condition, which is necessary for the uniqueness of 1, makes
the problem more complex. We quote El Dabaghi & Pironneau [14] and Verfiirth [31] for
solutions of this problem.

We propose here two methods of approximation of a divergence-free vector field w
by a curl ¥, — enforcing either zero normal values or zero tangential values on the
boundary for the approximate vector potentials 1);. More generally, our methods allow
to approximate the curl part of any vector field u, given either by the decomposition
(3.36)(3.37) or by the decomposition (3.33)(3.34). A key argument to prove the convergence
of the method is to establish that, for some spaces of nearly divergence-free vector fields,
the L2-norm of the curl is an equivalent norm.

Let © be a Lipschitz domain in R3, we assume that it has a polyhedral boundary.
A triangulation of Q is a set 7, of tetrahedra K such that Q = U xeT, K and that the
intersection of two different tetrahedra, if not empty, is either a corner or an edge or a face
of both of them. As usual, h stands for the largest diameter of all K in 7. We introduce
a regular family (7)) of triangulations, in the sense that the ratio of the diameter of
each element K in 7}, to the diameter of its inscribed sphere is bounded by a constant o
independent of h. And we make the following assumption.

Hypothesis 4.1. For each h, there exists an admissible set of J cuts X5, 1 < j < J, such
that each ¥, is the union of the closure of faces of elements in 7j,.

Next, on each element K of 73, we define the space Py(K) of all polynomials of total
degree < ¢, £ > 0, together with its subspace P;(K) made of all homogeneous polynomials
of degree £. Now, consider the finite element introduced in [26]: for a fixed positive integer
k, Pr(K) stands for the space

Pi(K)={a+b; a€Py_1(K)’and b € Py(K)*, b.z =0}. (4.1)

In [19, Chapter III, §5.3], an explicit basis of this space is described for k = 1 and 2. It
is also proven that this element is H (curl)-conforming, in the sense that an interpolation
operator can be defined such that the tangential trace on each face F' of an element K
only depends on the tangential values on F' of the function that is interpolated. So we set

Y, = {¢n € H(curl, Q); ¢p|, € Pr(K), K €Ty} (4.2)



Note that the elements of Y} are piecewise-polynomial vector fields such that their tan-
gential components are continuous through the faces. Owing to Hypothesis 4.1, we also
introduce the space

éh:{uhEHl(QO); Mh}KE]P’k(K), Ke’]'h}, (4.3)
So, the functions in (:)h are not necessarily continuous through the cuts >J;.

As in the continuous case, two types of boundary conditions can be enforced on the
discrete vector potential ¥;,. We begin with the case of zero normal values: for any function
u satisfying (3.1), the associated vector potential in (3.16) is such that the pair (1, 6), with
0 = 0, is the solution of the well-posed problem:

find (v, ) in H(curl, Q) x ©/R such that

Ve € H(curl, ), /curlz,b~curlgodw+/go~g1f'z;l 9d:1:z/u~curlgoda:,

Yu € 0, /’gb-ggd,uda::(),
Q

where © is the subspace of H*(2°) introduced in (3.10).

Remark 4.2. More generally, problem (4.4) is well-posed for any function w in L?(Q)3.

In this case, 6 is still zero and the function v coincides with the 1 in decomposition
(3.36)(3.37). The following discretization can also be applied in this more general case.

Now, we define the discrete subspace of ©:
On = {un € On; [un]; = constant, 1 < j < J}.

Let u be a function in L?(Q)3, and consider the problem:
find (vy, 0p) in Y}, x O /R such that

Von € Ya, / curl ¢y, - curl ¢}, dx +/ ©®h -g;zzi 0, dx = / u - curl ¢, dx,
Q Q {2 (4.5)

Viun € O, /@bh-g;’;Jl pp dz = 0.
Q

Of course, taking ¢y, equal to ggd 0, (which belongs to Y},) in problem (4.5) yields that
0, is constant. So an equivalent formulation of this problem is:

find 1y, in Yy, such that
Yon € Y, / curl ¢, - curl ¢} dx = / u - curl ¢y, dx,
Q Q

Visn € Op, / ¥y, - grad py, dz = 0.
Q
We now present its numerical analysis. Firstly, we prove a useful lemma.

Lemma 4.3. A function @y, in Yy such that curl oy, is 0, is the gradient of a function in
Op.



Proof: If the curl of ¢, in Y}, is zero, since ° is simply connected, it is well-known [19,
Chapter I, Thm 2.9] that it is the gradient of a function p in H!(Q°)/R. Then, it can be
observed that, on each element K of 7}, since ¢}, belongs to Py (K), p belongs to P41 (K)
and, even, to Py (K), see [19, Chapter III, Lemma 5.3|; this is due to Euler’s formula:

Vg € Pryi(K), grad q-z=(k+1)q.

Hence, p belongs to (:)h. Moreover, since the tangential components of (; are continuous
through the X;, the tangential components of grad p are continuous through ¥;, hence
the jump of p through each X; is constant and p belongs to ©j,.

Remark 4.4. As a consequence, it can be checked that the functions ¢j, in Y}, such that
curl ¢, = 0, are of degree < k — 1 on each element K of 7},.

Proposition 4.5. For any data u in L*(Q)3, problem (4.5) has a unique solution.

Proof: Problem (4.5) is a square linear system, so it suffices to check that the only solution
for u = 0 is zero. So, if u is equal to 0, taking ¢j equal to ¥, in the first line and using
the second line yield that curl 1), is 0. Thus, from Lemma 4.3, 1), is the gradient of a
function py, in O and taking p, equal to pp in the second line of (4.5) implies that 4y, is
0. Moreover, as previously, 0, is constant. This concludes the proof.

Of course, equation (4.5) is a saddle-point problem. The two bilinear forms that are
involved in this problem, are continuous respectively on H(curl, ) x H(curl, Q) and on
H(curl, Q) x H}(Q°). Moreover, the following inf-sup condition holds

o - grad p, dz grad s, - grad pu, dz
Vun € ©p,  sup Jo > Jo — = |un| 51 (Q0)-
PYhEYR HSOhHH(curl,Q) ngad /.,Lh”LQ(Q)B

Thus, it remains to check the ellipticity of the first bilinear form on the discrete kernel
Vi, = {goh € Yy; Yun € Oy, / pn - grad up de = 0}. (4.7)
Q
It is a consequence of the next proposition.

Proposition 4.6. There exists a constant c independent of h such that, for all @y in Vi,

HSOhHL2(Q)3 <c ||CU.I‘1 (PhHL2(Q)3. (4.8)

The proof is given in [19, Chapter III, Prop. 5.1] with further restrictions on the
regularity of the domain and of the triangulation. It relies on the use of an interpolation
operator defined as follows: for any tetrahedron K, there exists [19, Chapter III, Thm 5.3]
a unique operator rx with values in Py (K) such that, for any smooth enough function v
on K, the following moments of rxwv coincide with those of v:

MK(”?QO):/ v QOCZ.’D, QOGIP)k—S(K)g?
K

VF face of K, Mp(v,p) = / (vxm)-pdr, @cPp o(F)?
F

VE edge of K, Mpg(v,¢) = / (v-T)pdr, ¢ePr_1(F).
E



Then, a global interpolation operator 7}, is defined for smooth enough functions v on €2 by
VK € Ty, (rhv)}K =TrKgv,

with values in Y},. It has the further property [19, Chapter III, Lemma 5.10] that for any
function p in H!(Q°) such that rj,(grad p) is defined, it coincides with the gradient of a

function pp in ©f and if moreover, p belongs to ©, then py belongs to ©. The next lemma
states a continuity property of the operator rg.

Lemma 4.7. For any p > 2 and for any tetrahedron K, the operator rx s continuous on

the space
{v e LP(K)? curl v € LP(K)? and v x n € LP(0K)?}. (4.9)

Proof: Let v be any function in this space for a fixed p > 2. The moments Mg (v, ),
resp. Mp(v, ), are clearly continuous since v belongs to LP(K)3, resp. v x n belongs to
LP(OK)?, so it remains to consider the moments Mg (v, ¢).

Let p’ be such that %—F ﬁ = 1. For an edge F of a face F' of K, we combine the extension by

zero from Wl_i’p/(E) into Wl_ﬁ’p/(GF) with a lifting from Wl_i’p/(GF) into W' (F)
and we denote by ¥ the image by this product of operators of a polynomial ¢ of Py_1(E).
Thus, if (grad ) denotes the tangential gradient of @ on F', we have

Mi(o,p) = [

(curl v) - n@dT—f—/(’U x n) - (grad p)pdr.
F F

Next, we extend @ by 0 on the other faces of K and we denote by @ its image by a lifting
1

operator from W'~ ¥ ’p/(ﬁK) onto W' (K). This gives

(curl v) - (grad ) d:c—f—/F('u x n) - (grad @)pdr,

Mi(o,0) = [

K

whence

[Mp(v,9)| < c(leurl v]|oys + v x nllLo(r)2) lell =

with a constant ¢ that only depends on K and p.

Proof of Proposition 4.6: With any function ¢j, in V}, we associate the solution p in
©/R of the problem

Vq € O, /g;;ip-ggdqdw:/goh-ggdqdw,
Q Q

where © is the subspace of H!(2°) defined in (3.10). Thus, the function v = ¢} — grad p
satisfies:

curl v =curl ¢, and diveo =0 1in ),
v-n=0 ond) and <v-n,lx =0, 1<;j<J



Hence, from Proposition 3.7, it belongs to H %M(Q)g for a real number § > 0, so it has
traces in LP(F)3 for all faces F of elements of 7}, for a real number p > 2. As a consequence,

we can apply the operator r; to v, hence to g;z;l p. Thus rh(grf'z;l p) is the gradient of a

function pp in ©) and even in Oy since the tangential component of grad p is continuous
through each X;. Then, since ¢}, belongs to V},, we have

/‘P%dw:/@h‘rhsohdw:/ﬂoh : (g;ilvfiph+rhv)d$=/90h'rhvdw,
0 Q 0 Q

so that
lenllLz)ys < llravllr2o)s-

To bound ||r4v||2(0)s, we fix an element K of 7;, and we denote by By the Jacobian

matrix of the affine transformation Fx that maps a reference tetrahedron K onto K. We
write

3
IrnollL2xys < e [[(rav) o Ficll 1o ys-

Next, denoting by 7 the operator 7z on the reference element K , we recall the following
formula, see Nedelec [25, Thm 4]:

(rav) o Fx = (Bg')' #(Bj (v o Fk)),

where the superscript ¢t denotes the transpose of the matrix. Using this formula, we derive
1 A
lrnvll e (rys < chie 17 (B (v o Fi))ll g2 iys-

Next, we apply Lemma 4.7 on K (note that the norm of 7 does not depend on h): for the
same 0 and p as previously,

Irnvll 2y < ehi (llewr] (B (v 0 Fie))llogieys + 1Bk (00 Fioll yyas )
We also recall [25] that, if Curl v denotes the matrix with coefficients (9,,v; —0z,vi)1<4,j<3,
(Bg")! Curl (B (vo Fk)) Bg' = (Curlv) o Fk,
which yields

5 3
HrthLQ(K)3 < Chf( H(curl U) o FK|’LP(K)3 + c hlg{ HU o FK"H%+5(K)3'

Going back to K leads to

5 3

H?‘thLQ(K)s < Chiﬁg chrl UHLp(K)s + c HUHH%H‘(K)S'

Next, since curl v coincides with curl ¢, applying an inverse inequality gives

[rnollL2(rys < e <hK leurl ¢nlL2x)s + ”””H%“(KP)'



And by summing the square of this inequality on all K, we deduce
HThUHLQ(Q)B <c <h ||CU.I‘1 (PhHLQ(Q)B + H’UHH%+5(Q)3>'

The desired result follows by applying the imbedding of X1 (2) into H %M(Q)3 (see Propo-
sition 3.7), and finally Corollary 3.16.

We can now state the approximation theorem.

Theorem 4.8. Let u be a function in H°()3, 0 < o < k, which satisfies (3.1). The
following error estimate holds for the solution 1, of problem (4.6):

Hu — curl T,bhHLQ(Q)f‘ < ch? HU’HH”(Q)3 (410)

Proof: Let ¢ denote the function associated with w by (3.16). By comparing problems
(4.4) (with # = 0) and (4.6), we derive

Vo € Yy, / curl (¢p —4y,) - curl ¢ dx =0,
Q
which yields the estimate
|curl @ — curl ¥y, 12 < inf |lcurl ¥ — curl @y, ||2(0)s.
PrhEYR

Next, we observe that the curl operator maps the space Y} into the space
Zy = {vn € H(div,Q); vp|,, € Pr_1(K)’, K € T}

and moreover [19, Chapter III, Lemma 5.11] that it is onto the subspace Z; of functions
in Zj, satisfying (3.1). This implies

HCUI‘I ’l/) — curl ¢h’|L2(Q)3 < inf . Hu - vhHLQ(Q)B.
'UhEZh

And the approximation properties of the space Z}, leading to the desired estimate, are
given in [19, Chapter III, Prop. 5.3] for ¢ > 1 and can be extended to any o > 0 by the
arguments of Lemma 4.7.

Remark 4.9. By using the complete formulations (4.4) and (4.5), we deduce the modified
estimate from the ellipticity property of Proposition 4.6 and the inf-sup condition:

— < inf - inf :
1% — Y|l H(cur,0) < c (cpireth 1% — @nll H(cur0) +uhH€1@h e || e (0))

<c Lp}llfelgh H'l,b - (PhHH(curl,Q)a

Thus, from the approximation result in H(curl, Q2), relying on the use of the operator ry,
(see [19, Chapter III, Thm 5.4]), we obtain the following bound: if the function u satisfies
(3.1) and is such that its vector potential 1) given in (3.16) belongs to H°+t1(Q)3,1 < o < k,

1% — Y1l Hcur,0) < ¢h? [|Y]| got1)s- (4.11)



However, even for smooth data wu, the function % is not so regular in general, as explained
in Remark 3.8, so that this estimate is much less interesting.

Theorem 4.8 relies on the existence of the vector potential in Theorem 3.12. In order
to obtain an analogous result for Theorem 3.17, we observe that, for any function u in
H(div, Q) satisfying (3.21), the corresponding vector potential 1 in (3.22) solves, with
6 = 0, the variational problem:

find (1, 0) in Ho(curl, ) x ©° such that
Ve € Hy(curl, Q), / curl ¥ - curl pdx +/ p-grad Odx = / u - curl pdzx,
Q Q Q

Y e 0Y, /1/)-grad pdx =0,
Q

(4.12)
for the space ©° introduced in (3.25).

Remark 4.10. There also, problem (4.12) and its discretization are well-posed for any

function w in L?(2)3: in this case, the function v coincides with the 1 in decomposition
(3.33)(3.34).

So, we set: Y,? =Y}, N Hy(curl, Q) and we define @2 as the space
@2 ={pn € éh NnHY(Q); ,uh’FO =0 and ,uh}ri = constant, 1 <7 < [}

(hence it is made of functions continuous through the ¥;). We consider the problem:
find (v, 0y) in Y2 x ©) such that

Veon € Y,?, / curl 9, - curl ¢ dx +/ wn - grad 0, dx = / u - curl ¢y, dx,
« @ @ (4.13)

Yun € 69, / Yy, - grad pp dx = 0.
Q

There also, it is readily checked that 6} is zero, so that this problem can equivalently be
written:

find vy, in' Y such that

Yon € Y,?, / curl ¢, - curl ¢, der = / u - curl ¢, dz,
« @ (4.14)

Yup € @2, / Yy, - grad pp dx = 0.
Q

Its numerical analysis relies on the same arguments as for problem (4.5), together with the
fact that the operator r; preserves the nullity of tangential traces on 92 [19, Chapter 111,
Lemma 5.7]. In particular we need the uniform ellipticity property on the discrete kernel

Vi = {en €Y)); Y € 6, / e - grad py de =0} (4.15)
Q

Here we only state the results.



Proposition 4.11. For any data w in L?(Q)3, problem (4.13) has a unique solution.
Proposition 4.12. There exists a constant ¢ independent of h such that, for all @y in V,?,

lenllLzys < cllcurl @pL2(q)s- (4.16)

Theorem 4.13. Let u be a function in H°(Q)3, 0 < o < k, which satisfies (3.21). The
following error estimate holds for the solution vy, of problem (4.14):

|u — curl ¥y 20 < ch? [Jul go ). (4.17)

4.b. THE STOKES PROBLEM IN VECTOR POTENTIAL FORMULATION

In a bounded Lipschitz domain €2 in R3, we consider the Stokes problem in the primi-
tive variables: the velocity w and the pressure p. For the sake of brevity, we limit ourselves
to the case of homogeneous boundary conditions on the velocity. For a positive viscosity v
and given data f in L?(Q)3, it is written:

—vAu+grad p=f in €,
divu=0 in Q, (4.18)

u=0 on Of).

If V' stands for the space
V = {v e Hj(Q)? divv =0in0},

it admits the following equivalent variational formulation:

find w in V such that

YvoeV, v / grad u - grad vdx :/ f - vde. (4.19)
Q Q

Using either Theorem 3.12 or Theorem 3.17 to handle the divergence-free condition
leads to new variational formulations of this problem where the unknown is the vector
potential 1. Like in the previous section §4.a, the main advantage of this new formula-
tions is that the corresponding approximate velocity curl 1), is exactly divergence-free, in
contrast to most discretizations of the Stokes problem in the primitive variables of veloc-
ity and pressure (there is no direct discretization of formulation (4.19)). This property is
important, since it makes easier:

- the way of handling the convection term either in the full Navier-Stokes system or in
the heat equation when coupled with the Navier-Stokes system by the Boussinesq approx-
imation (indeed, many time schemes are more stable when the convection term is exactly
divergence-free),

- the way of coupling the Navier-Stokes equations with the Euler’s equations on adjacent
subdomains.



Such formulations were studied in [3] [4] for a domain © of class %! in order that the vector
potential belongs to H?(€)3. Our purpose is to extend their analysis to general Lipschitz
domains, which allows for discretizing the Stokes problem in Lipschitz polyhedra.

We begin with the case of the tangential potential vector. In view of Theorem 3.12,
we define the space

Wr(Q) = {¢ € X1 (Q); Ap €L?(Q)? and curl curl ¢ € L*(Q)°,
< - n,1>2v =0,1<j5<J, and curl go:00n89},

provided with the natural norm

lellw @) = <H80HL2(Q)3 + |lcurl || 20y + [|div @[22 ()

(4.20)
+ HAQOHLQ(Q)S + chrl curl QOHLQ(Q)S).
And we consider the problem:
find ¥ in Wp(§2) such that
Vo e Wr(Q), v / A - Apdx :/ f - curl pdx. (4.21)
Q Q

Remark 4.14. It can be noted that all functions ¢ in W () are such that grad (div ¢) =
A +curl curl ¢ belongs to L?(€Q)3, hence their divergences are in H'(Q). However, this
does not imply a further regularity on the solution % of (4.21), which does not belong to
H?(2)? in the general case. We shall see further on that it is divergence-free.

Theorem 3.12 implies that the mapping: w — 1, where v is defined in (3.16), is
continuous from V' into Wp(2). This leads to the first result.

Theorem 4.15. If (u, p) denotes the solution in H*(2)? x L?(Q2) /R of the Stokes problem
(4.18), the potential vector v introduced in (3.16) is a solution of problem (4.21).

Now, we study the well-posedness of problem (4.21). We begin with a lemma.

Lemma 4.16. The mapping: ¢ — ||Ap| r2(q)s is a norm on Wr(Q), equivalent to the
norm || - [|w(q)-

Proof: Since one of the equivalence inequalities is obvious, we only have to prove the
second one. Applying Corollary 3.16 to ¢, next Corollary 3.19 to curl ¢, we obtain

HQOHW(Q) <c (Hdlv QOHLQ(Q) + HA‘PHLQ(Q)I‘ -+ chrl curl QOHLQ(Q):s).

Next, we observe that fQ div ¢ dx is equal to 0, so that

el < (llerad (div @)l 2@ + 18] 25 + ourl curl @2 ).



And, from the formula
Igrad (div @)[[%sye + leurl curl @|2ag) = |1A0]2: gy,
we derive

lellw ) < cllAe|r2a)s,

which is the desired result.
Theorem 4.17. For any data f in L?(Q2)3, problem (4.21) has a unique solution in W ().

This solution gives back a solution of the Stokes problem: indeed, its uniqueness
combined with Theorem 4.15, yields that w = curl % is the solution of problem (4.19),
and the equivalence with problem (4.18) is standard [19, Chapter I, §5].

Corollary 4.18. The solution v of problem (4.21) is divergence-free. Moreover, there
exists p in L*(2) /R such that the pair (u = curl v, p) is a solution of the Stokes problem
(4.18).

So, we have constructed a first equivalent problem where the new unknown is the
tangential vector potential. The situation is slightly more complicated in the case of the
normal vector potential, indeed Theorem 3.17 can only be applied to the function u — 9,
with

J

9 — cn, 1 rad ¢7.
Zl<u n, >ngra q;
J:

It yields the existence of a vector potential @ such that

u=curly+9 inQ and divey =0 in(Q,
P x n=0 on 01, (4.22)
<¢¥-mn,1> =0, 0<i<I.

Of course, the function ¥ belongs to K1 (€2).

However, this function 1) can be used to write a new formulation. We firstly introduce
the space

Zn(Q) = {p € Xn(Q); Ap € L?(Q2)? and curl curl ¢ € L*(Q)?,
<p-nl> =0, 0<i<I},

provided with the same norm || - ||y () as previously. Next, in view of (4.22), we need the
following subspace

Wn(Q) = {p € Zy(Q); 39 € Kr(Q) such that (curl ¢ +9) x n =0 on O},

Since an element of Kp(€2) with null tangential traces is zero, there exists at most one
function ¥ in K7 () such that (curl ¢ +9) x n = 0 on 91, so we denote it by 9(¢p).
We now consider the problem:



find v in W (§2) such that
Vo € Wx(Q), v / A - Apdx = / f - (curl ¢+ 9(p)) dz. (4.23)
Q Q

The following property is readily checked.

Theorem 4.19. If (u,p) denotes the solution in H'(Q)3 x L?(Q)/R of the Stokes problem
(4.18), the potential vector v introduced in (4.22) is a solution of problem (4.23).

Proof: It follows from (4.22) that w is equal to ¥ + ¥(?) and that, more generally, each
function in V' can be written as curl ¢ + ¥(p), with ¢ in Wi (). A direct computation
from (4.19) yields (4.23).

The same arguments as previously lead to the next statements.

Lemma 4.20. The mapping: ¢ — ||A@||r2(0)s is a norm on Wi (Q), equivalent to the
norm || - lw (o).

Theorem 4.21. For any data f in L?(Q)3, problem (4.23) has a unique solution in Wy (Q).
Finally, we go back to the Stokes problem.

Corollary 4.22. The solution v of problem (4.23) is divergence-free. Moreover, there
ezists p in L?(Q)/R such that the pair (u = curl ¥ + 9(), p) is a solution of the Stokes
problem (4.18).

The two variational formulations (4.21) and (4.23) are fully appropriate for the con-
struction of a discrete problem by the Galerkin method, with or without numerical inte-
gration: this can be achieved either by the finite or spectral element technique, leading to
a discrete vector potential. Then, the velocity can be recovered by a discrete derivation
process and, if needed, a discrete pressure can be computed as the solution of an uncoupled
variational problem.

Of course, these formulations can be extended to the case of inhomogeneous Dirichlet
conditions on the velocity. More important is the fact that they are also well appropriate for
handling more complex and more physical boundary conditions such as the slip conditions
or combining slip and no-slip conditions on different parts of the boundary, see for instance
Girault [17]. The nonlinear term of the Navier-Stokes equations can be expressed as a
function of the vector potential, which also leads to a new formulation of these equations.
As a last application, the vector potential formulations can be extended to the Stokes
equations in unbounded Lipschitz domains, as explained by Girault, Giroire & Sequeira
[18].



[12]

[13]

[14]

References

R.A. Adams — Sobolev Spaces, Academic Press (1975).

S. Agmon, A. Douglis, L. Nirenberg — Estimates near the boundary for solutions of elliptic par-
tial differential equations satisfying general boundary conditions II, Comm. Pure Appl. Math.
17 (1964), pp 35-92.

A. Bendali, J.M. Dominguez, S. Gallic — A variational approach for the vector potential formu-
lation of the Stokes and Navier—Stokes problems in three-dimensional domains, J. Math. Anal.
Appl. 107 (1985), pp 537-560.

A. Bendali, S. Gallic — Formulation du systeme de Stokes en potentiel vecteur, Internal Report
79, C.M.A.P., Ecole Polytechnique (1982).

C. Bernardi — Méthodes d’éléments finis mixtes pour les équations de Navier—Stokes, These
de 3eéme cycle, Université Pierre et Marie Curie (1979).

W. Borchers, H. Sohr — On the equations rot v = ¢ and div u = f with zero boundary
conditions, Hokkaido Math. Journal 19 (1990), pp 67-87.

M. Costabel — A remark on the regularity of solutions of Maxwell’s equations on Lipschitz
domains, Math. Meth. in Appl. Sc. 12 (1990), pp 365-368.

M. Dauge — Elliptic Boundary Value Problems on Corner Domains, Lecture Notes in Mathe-
matics 1341, Springer-Verlag (1988).

M. Dauge — Neumann and mixed problems on curvilinear polyhedra, Integr. Equat. Oper. Th.
15 (1992), pp 227-261.

J.M. Dominguez — Etude des équations de la magnéto-hydrodynamique stationnaire et de leur
approximation par éléments finis, These de 3eme cycle, Université Pierre et Marie Curie (1982).

J.M. Dominguez — Formulation en potentiel vecteur du systeme de Stokes dans un domaine de
]Rg, Internal Report 83015, Laboratoire d’Analyse Numérique de ’Université Pierre et Marie
Curie (1983).

F. Dubois — Discrete vector potential representation of a divergence-free vector field in three-
dimensional domains: numerical analysis of a model problem, STAM J. Numer. Anal. 27 (1990),
pp 1103-1141.

G. Duvaut, J.-L. Lions — Inégalités en mécanique et en physique, Dunod (1972).

F. El Dabaghi, O. Pironneau — Vecteur de courant et fluides parfaits en aérodynamique
numérique tridimensionnelle, Numer. Math. 48 (1986), pp 561-589.

C. Foias, R. Temam — Remarques sur les équations de Navier—Stokes stationnaires et les
phénomenes successifs de bifurcation, Ann. Sc. Norm. Sup. Pisa V (1978), pp 29-63.

K.O. Friedrichs — Differential forms on Riemannian manifolds, Comm. Pure Appl. Math. 8
(1955), pp 551-590.



[17]

V. Girault — Curl-conforming finite element methods for Navier-Stokes equations with non-
standard boundary conditions in R3, in The Navier-Stokes Equations, Theory and Numerical
Methods, Proceedings of a Conference held at Oberwolfach (1988), J.G. Heywood, K. Masuda,
R. Rautmann & V.A. Solonnikov eds., Lecture Notes in Mathematics 1431, Springer—Verlag
(1990).

V. Girault, J. Giroire, A. Sequeira — A stream function-vorticity formulation for the exterior
Stokes problem in weighted Sobolev spaces, Math. Meth. in Appl. Sc. 15 (1992), pp 345-363.

V. Girault, P.-A. Raviart — Finite Element Methods for the Navier—Stokes Equations, Theory
and Algorithms, Springer—Verlag (1986).

J. Gobert — Sur une inégalité de coercivité, J. Math. Anal. and Applications 36 (1971), pp 518—
528.

A. Gramain — Topologie des surfaces, PUF (1971).
P. Grisvard — Elliptic Boundary Value Problems in Nonsmooth Domains, Pitman (1985).

F. Murat — Compacité par compensation II, in Proc. Int. Meeting on Recent Methods in Non
Linear Analysis, E. De Giorgi, E. Magenes & U. Mosco eds., Pitagora Editrice, Bologne (1979),
pp 245-256.

J. Netas — Les méthodes directes en théorie des équations elliptiques, Masson (1967).

J.-C. Nedelec — Mixed finite elements in R?, Internal Report 49, C.M.A.P., Ecole Polytechnique
(1979).

J.-C. Nedelec — Eléments finis mixtes incompressibles pour 'équation de Stokes dans R3,
Numer. Math. 39 (1982), pp 97-112.

J. Peetre — Espaces d’interpolation et théoréeme de Soboleff, Ann. Inst. Fourier 16 (1966),
pp 279-317.

J. Saranen — On an inequality of Friedrichs, Math. Scand. 51 (1982), pp 310-322.
L. Tartar — Topics in Nonlinear Analysis, Publ. Math. d’Orsay, Université Paris-Sud (1978).

R. Temam — Theory and Numerical Analysis of the Navier-Stokes Equations, North-Holland
(1977).

R. Verfiirth — Mixed finite element approximation of the vector potential, Numer. Math. 50
(1987), pp 685-695.

C. Weber — A local compactness theorem for Maxwell’s equations, Math. Meth. in Appl. Sc.
2 (1980), pp 12-25.



