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Random spherical harmonics

Spherical eigenfunctions are solutions of the Helmholtz equation
Aga f+Mef =0,
Ag2 is the spherical Laplacian, A, = ¢(¢ + 1) for £ € N. For any eigenvalue —\,

choose an arbitrary L2-orthonormal basis {Yz,,, (-) }sm—=—e¢.....c and consider random
eigenfunctions

.....

Vi
fo(z) = NoEa e Z aemYem (2),

the coefficients {ay,, } are complex-valued Gaussian, for m # 0, Re(as,), Im(agy,)
are zero-mean, independent Gaussian with variance 1/2, while a4 is a standard
Gaussian. The standardization is such that

Var(fe(x)) = 1.

The random fields {f,(z) : = € S?} are isotropic centred Gaussian with covariance

E[fe(z)fe(y)] = Pecosd(z,y)),

Py Legendre polynomial, d(z, y) = arccos(z, y) geodesic distance on the sphere.



Critical points and critical values

The number of critical points of f, is denoted by

Ni = #{z € $*: Vfi(z) = 0}.

Let I C R be any interval in the real line, the number of critical points of f, with value in
1, number of critical values, is denoted by

NEI) = #{z € S?: Vfo(z) =0, fo(z) € I}.

We investigate how much the number of critical points and critical values
characterizes the geometry of the random spherical eigenfunctions in the high
frequency limit, i.e. the excursion sets

Au(fe) ={z €$*: fo(a) > u},

for arbitrary levels u € R.

[Wigman, 2011], [Marinucci-Wigman, 2014], [Marinucci-Rossi, 2015], [Rossi, 2019],
[C.-Marinucci, 2019 and 2020], [C.-Todino, 2021]



Asymptotic variance

[C.-Marinucci-Wigman, 2016] and [C.-Wigman, 2017] show that as £ — oo

The expected number of critical values behaves like

ENE(D)] = %22 ’ \/%(26_{2 +2 - 1)e*§dt +0(1),

the constant in the O(-) term is universal, i.e. the integral of the error term on any
interval I is uniformly bounded by its value when I = R.

The investigation of the asymptotic variance is more challenging
Var(NVE (1)) = e (I))? + 0@/,
V(I = / L6z — e (1— a2 444 3 dt,  v°(R) =0
1 V3r ’ ’

for I = R the leading term vanishes and
Var(N§) = 52 log £ + O(¢£?).

Similar results hold for extrema and saddles. Proof: via (approximate) Kac-Rice
formula for moments.



Interpretation in terms of Wiener chaoses

These results on the asymptotic variance can be interpreted in terms of the L2(2)
expansion of critical points into Wiener chaoses

Ng(I) = ZNe(I)[q]
q=0

N§(I)]q)] denotes the projection of N7 (1) on the g-order chaos component that is the
space generated by the L2-completion of linear combinations of the form

Hgy (€1) - Hgy (€2) - - Hyy, (€k)s k=1,

H,, are Hermite polynomials, with ¢; € N suchthatq; +---+ ¢, = gand (§1,...,&)
standard real Gaussian vector.

It results that (after centring) a single term dominates the 7.2(£2) chaos expansion of
N (I) and N.



We define the random variables called sample polyspectra

he = [, Halfe(e)) dz,

we have that [Marinucci-Wigman, 2014]

2 log ¢ o
—_— Var(h, =576—— + O(¢
2+ 1 y ( 2,4) + ( )7

Var(hg 2) = (47)? 7

and, for ¢ = 3 and ¢ > 5, the order of magnitude of the variances is smaller
Var(he.) = 5% +o(¢"2), co= [ wdw)dv,
Jo
Jo(+) is the Bessel function of order zero.

These results suggest that the asymptotic behaviour of the total number of
critical points is dominated by the projection into the fourth chaotic component,
which can be expressed by the integral h, 4.

The number of critical values in I is dominated by the projection into the second
chaotic component, which can be expressed by ;5.



We introduce the random variables

1

S = Frg- [ s, Fo= -2

92332,/3¢

- [, (e

[C.-Marinucci, 2020] shows that, as ¢ — oo, for I C R such that v¢(I) # 0,

Ne (D) = BN (D] = NF (DRI + Re(1),  Ng(D[2] = Se(T),
E[R2(I)] = o(£3) uniformly over I. N¢(I) is fully correlated in the limit with S(1)
Cov(Ng (1), Se(I))

— 1.
\/Var( (D) Var(Se(1))

Corr(Ng(I),Se(I)) =

[C.-Marinucci, 2019] shows that, as £ — oo
N§ —E[NF] = NF[A] 4+ op(v/ €2 logl), N7 = F,
i.e. Ny is fully correlated in the limit with 7,

Cov(\g, )

Corr(Ny, Fy) = ————
Var(N§)Var(Fy)



Important consequences

» While the computation of Af and Ny (1) via Kac-Rice formula requires the
evaluation of gradient and Hessian fields, the dominant terms depend, in the
high frequency limit, only on the second-order and fourth-order Hermite
polynomials evaluated at the eigenfunctions f,, i.e. only on hy 4 and hy o,
respectively.

> hy, o is proportional to a sum of independent and identically distribute random
variables with zero mean and finite variance

¢
47

heo = f@)de —dr = —— 2_E 2

2 /s2 fi(z)dz — 4w 2£+1m:,g|aéml laem]

as a simple corollary, a quantitative Central Limit Theorem for A7 (1). Similarly
for /\/ZC, the limiting distribution of h,.4 was studied in [Marinucci-Wigman, 2014],
where it is shown a quantitative Central Limit Theorem for hy,4.



Correlation structure between N (1) and N/
Partial correlation coefficient between two random variables X, ¢ = 1, 2, with respect
to a random variable Z

Corr(X1, X2) — Corr(X1, Z)Corr(X2, Z)

COI’rz(Xl,Xg) =
\/1 - Coer(Xl,Z)\/l — Corr?(X2, 2)

= Corr(X7, X3),

where the random variables X are defined by

Cov(X;,2)

XF = (X; —E[Xy]) — Var(Z)

3

(Z - E[Z]).

In our context the random variables involved are
Xl:NZC7 XQZN;(I)’ Z:er(x)l'i?(SQ)’

the partial correlation coefficient measures the liner dependence between Ny and
N§ (1) after getting rid of the components depending on the random L2-norm of
the eigenfunctions f;.

[C.-Todino, 2021] shows that the correlation between N (1) and N is
asymptotically zero when I # R and v<(I) # 0, while the partial correlation, after
controlling for the random L2-norm on the sphere of the eigenfunctions, is
asymptotically one.



Assuming I1 C Ris such that v¢(I;) =0

: c c _ o if VC(IQ) # 0,
Jim Corr(Ny (11), N (I2)) = {1 if < (I2) = 0,
and for every I1, 12 C R

Jim C°”\|fe<z>u2LQ(52>(W(Il),-’\ff(b)) =1L

In particular for I; = R.

Theorem
For subsets I C R such that v¢(I) # 0,

1‘ 'C C I =
ZEEOCOH( TN (D) =0,
and for every I C R

lim Corr)| s, 2 WNENE)) = 1.

£— o0 L2(s52)



Proof
Built the approximating sequence

1
Nie) = /Sz etV fo(@)L 1, () e 1y 0 (V fe(@))dw, 0:(2) = Flizel—c/ne/22)
for every ¢ € N, we have, both w-a.s. and in L?(€2), that Ny (1) = lime—0 Ny _(I).

For I, I C R, compute the second and fourth order chaos

Ng (1) = BING (1)) = Ng (1) [2] + Ny (1) [4] + Re (1),

NE)) = G 5= [ Ha(re)s

51To(1) — 2 - 11Z5(1) + Za(I
237

NEE)A] = A, /mmmm

Compute the variance with (approximate) Kac-Rice

[5110(]) —2- IIIQ(I) + 14(1)]
26772

Var(N7 (1)) = [°(D]* 6 + log ¢ + O(£2).

Use orthogonality of Wiener chaoses and N (I)* = 3202 5 N7 (I)[q] to derive

[lim Corr(Ny (11), N7 (12)), elim Corr(N7 (R), N7 (I2)), elim Corr(Ng (1), N§ (12)*).



Remark

N§ and N (I) are asymptotically independent, but, when the effect of random
fluctuations of the norm of f, is properly subtracted, their joint distribution is completely
degenerate and the behaviour of the fluctuations of Ny (1) is fully explained by N, in
the high energy limit.

More precisely, denoting with /\7; and J\Afeﬂ(l) the standardised variables, as ¢ — oo, for
I C Rsuchthat ve(I) # 0,

N, Ng(D) 'Y (21, Z2), N Ng=(D) 'Y (2, 2),

(Z1, Z3) bivariate vector of standard independent Gaussian variables, Z standard
Gaussian variable.



Excursion sets

Our result fits in the framework of the literature which has investigated the relationship
between geometric functionals of excursion sets of f, at different levels u

Au(fe) ={z €S?: fo(z) > u}.

The functionals which describe the geometry of such sets are the so called
Lipschitz-Killing Curvatures, which correspond to

» area La(u,l)
» (half of the) boundary length £ (u, ¢)
» Euler characteristic Lo(u, £)

of the excursion sets.



Level curves and nodal lines

[Wigman 2010] showed that the behaviour of level curves £ (u, £) is very different
compared to the behaviour of nodal lines £1(0, £); the variances are asymptotic to

: 1
Var(L1(u,£)) ~ coute™%" ¢, Var(£1(0,0)) = o5 log ¢ +0(1).

[Wigman 2011] showed that the length of the level curves becomes asymptotically fully
correlated for large ¢; for uy,ug # 0

COI‘I‘([& (Ulrz)v El(u27‘€)) =1+ Olﬁoo(l)'

Proof: Kac-Rice.



Lipschitz-Killing curvatures

[Marinucci-Wigman, 2014], [Marinucci-Rossi, 2015], [C.-Marinucci, 2018] show that the
three Lipschitz-Killing curvatures are asymptotically fully correlated to h,, for all
ur,u2 # 0 (and u # 1, —1 for the Euler characteristic) and then

lim COI’I’([,J‘ (ul,é),[:k(ug,f)) =1, 7, k=0,1,2.

£— 00

The number of critical values is then perfectly correlated, as ¢ — oo, with the
area, the Euler characteristic and the boundary length at any nonzero level «

Zlim Corr(Ly (u, £), N¢(u,)) =1, k=0,1,2.
—00



Nodal lines, level curves and critical points

The leading term corresponding to ho,, of all these geometrical functionals vanishes
and the asymptotic behaviour is different: for u # 0

lim Corr(£1(0,¢),hq,0) =1, lim Corr(£1(0,¢), L1(u,£)) =0,
£— 00 £L— 00
after removing the effect of the norm [Marinucci-Rossi, 2021] for any v € R, it holds that

lli>Igo Coreré(x)HLQ(g% (E1(01£)1 [»1(’1147 Z)) =1.

Critical values and critical points are asymptotically independent, hence critical points
carry no information about the other geometrical functionals at any non-zero levels, for
u # 0,

lim Corr(Ly(u, ), Ny) =0, k=0,1,2,

£— o0

the sample norm dominates the Lipschitz-Killing curvatures of the excursion sets at
non-zero levels. When its effect is adequately removed, the behaviour of £ (u, £) at
any level is fully explained by the total number of critical points

zlingo Corr(£1(0,0), N7) =1, ZEII; Corer/z(w)HL?(&?) (La(u, (), N§) =1 u 0.



Euler characteristic and critical points

[C.-Marinucci-Wigman, 2016] shows that

e—u2/2

Ver

and [C.-Marinucci 2018] shows that the high frequency behaviour of Lo (u, £) is
dominated by the projection onto the second order chaos

p 2
Var(Lo(u,£)) = % [Hl (uw) Ha(u) } + 0% 10g? 0),

Lo(u,£) —E[Lo(u, )] = Lo(u, £)[2] + op(+/Var(Lo(u, £)))

with
2

2 —u“/

e 2
Lo(u,0)[2] = % |:H1(U)H2(U)m:| heo + R(2)

where E[R2(£)] = O(¢21og ). The projection onto the second order chaos term
disappears in the nodal case. However, differently from what happens with nodal
length and critical points, the fourth chaos vanishes as well

Theorem

L£0(0,0)[4] = 0.



Thank you!



