Geometry of random nodal domains:

Universality of the outliers in weakly confined Coulomb systems.
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Random polynomials

Two ingredients:
- (ak)ken a family of independent N¢(0, 1) random variables
- v € P(C) and its logarithmic potential V" (z) = [log |z — w|dv(w).

If (Ri N )en is an O.N.B. of Cn[X] for (P, Q) = / POe ™Y dv

N
Pn(z) = Z axRi N (z)
k=0
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Two ingredients:
- (ak)ken a family of independent N¢(0, 1) random variables
- v € P(C) and its logarithmic potential V" (z) = [log |z — w|dv(w).

If (Ri N )en is an O.N.B. of Cn[X] for (P, Q) = / POe ™Y dv

N
Pn(z) = Z axRi,N(z)
k=0

This model was initially introduced by Zeitouni and Zelditch with a geometric
point of view. It covers all known model of random polynomials for good
choices of v.
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Zeros of random polynomials.
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Qutliers?

For this model of random polynomials, the behavior of the empirical measures is

N
well understood, = Y 1._; 52, Y
—00

- For a very large class of measures v (Zeitouni-Zelditch)
- and for most distributions of coefficients with a nice density, with a large
deviations principle (B.-Zeitouni)

Universality for the convergence of empirical measures is a very wide topic.

Outliers

For a given connected component Q of C \ suppv, we want to understand the
behavior of the outliers in Q

Qo N ={z€Q,Pn(z) =0}
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Coulomb gas in dimension 2

N electrons with charge —1, under an electrical field (N + 1)V
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Coulomb gas in dimension 2

N electrons with charge —1, under an electrical field (N + 1)V

—log|e1 — 2]
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For 2 electrons, at the locations x1,x; € C, the total energy is
— Coulombian repulsion between electrons: — log |x; — x,|
— Electrical field: 3V(x;) + 3V(x,)
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Coulomb gas in dimension 2

N electrons with charge —1, under an electrical field (N + 1)V

—log|e1 — 2]

Vir) Vixs)

- -

For 2 electrons, at the locations x1,x; € C, the total energy is
— Coulombian repulsion between electrons: — log |x; — x,|
— Electrical field: 3V(x;) + 3V(x,)

Attention: We consider an electrical field (N + 1)V proportional to the number of
electrons. For N electrons, the total energy becomes

N
Hn(X1,.00,xN) = X—log|xi—xj| +(N+1) XV(xk)
i< k=1
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The "Jellium"

Attention ! Jellium has several meaning in statistical physics, often related to the
idea of charge neutrality. For my model, this terminology is not standard (yet).
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The "Jellium"

Attention ! Jellium has several meaning in statistical physics, often related to the
idea of charge neutrality. For my model, this terminology is not standard (yet).

The jellium model corresponds to V(z) = V¥ (z) :/log |z—w|dv(w), where v € P(C).

(N+1)v + N électrons

\ charge -1

+

A positive, continuous distribution of charges attracts the electrons. The system is
nearly neutral, the charge of v is (N + 1). The system cannot be charge neutral in
infinite volume.
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Determinantal jellium

Définition

The determinantal jellium with N particles and background (N + 1)v is a random
N T

vector in C ', with distribution

(Xh o XN) - ie—z(im —log [xi—x; |+(N+1)ZE=1 Vv(xk))dJ\CN

where Zn(V, B) is a normalizing constant.

This model is expected to "look like" the zeros of a random polynomials with Gaus-
sian coefficients, associated to v (because the joint distributions look alike).
The macroscopic convergence is already known for this model

N
125 a.sv
_ N —
Nk=1 N-o00
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Comparison

. . _ 9/34




Outliers for random polynomials

Theorem (B.— Garcia-Zelada-Nishry—Wenmann (2021))

Letv € P(C), supported on a closed analytic Jordan curve T, with a real analytic
density on this curve.
Let Q) be a any of two components of C \ suppv.

i
Oon — Bo
7 N->oo

where B, is the Bergman process on Q. In addition, the two limiting processes are
independent.

The limiting point process is the zero set of the Szegé random function of Q

+00
faol(z) = Z ax Py (z) where the a, s are i.i.d. N¢(0, 1)
k=0

and VPy’s O.N.B of HZ(F) for<f,g>= /r fgdor, where or is the arclenght measure.
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Results from B.—Garcia-Zelada

— This result holds without any regularity condition on v if it is radial.
— In the radial case, the result holds for any distribution of the coefficients.

In the case where v is supported on the unit circle, the Szeg6 function is

400
f(z) = 2 akzk, where the ay s are i.i.d. N¢(0, 1).
k=0

Conjecture

The result should hold for any distribution on the coefficients, and for reasonable
supports as in the jellium case.

We lack evidence to support this conjecture apart from the link with the jellium.
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Every point is an outlier
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Outliers of the jellium

Theorem (B.— Garcia-Zelada-Nishry—Wenmann (2021))

Letv € P(C), be a "nice" measure.
Let Q be a simply connected component C \ suppv.

XnNQ —fL) QB()
N-o00

where B, is the Bergman process on Q) (DPP associated to the Bergman kernel of Q).
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Outliers of the jellium

Theorem (B.— Garcia-Zelada-Nishry—Wenmann (2021))

Letv € P(C), be a "nice" measure.
Let Q be a simply connected component C \ suppv.

XnNQ —fL) QB()
N-o00

where B, is the Bergman process on Q) (DPP associated to the Bergman kernel of Q).

B is the kernel of the orthogonal projection L*(Q) - L(Q) n K.

VZweQ, Bolzw)=) blz)dr(w).

Radial case, without regularity condition: B.-Garcia-Zelada.
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Nice measures, illustration by Alon Nishry

On the left, on admissible measure, on the right, an illustration of what the jellium
should look like (not a simulation). The boundary of the components are C* curves,
and the densities with respect to Lebesgue or arclenght are smooth.

14/34



[[lustration
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[[lustration

¢y :D->U conformalmap ¢y(Bp)=Bu

Bp determinantal with kernel

1

BD(Z, W) = m

In particular, forany A ¢ D

E(Bp n A) = / LT/

A (1= [zf?)?
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Bergman process in the unit disk
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Convergence of kernels: random polynomials

Random polynomials give a Gaussian field

(Pn(2))2eq Gaussian field, with correlation kernel Cn(z, w) 2 Ry N (2) Ry N (w).
k=0
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Multiplying the covariance kernel by any non-vanishing function does not chance
the distribution of the zeros.
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Convergence of kernels: random polynomials

Random polynomials give a Gaussian field

(Pn(2))2eq Gaussian field, with correlation kernel Cn(z, w) 2 Ry N (2) Ry N (w).
k=0

Multiplying the covariance kernel by any non-vanishing function does not chance
the distribution of the zeros.

Local uniform convergence of the kernel in QO x Q) implies the convergence of the
zeros as a point process.

It is sufficient to find a sequence of non-vanishing functions h,, such that

R (2 (W) Cni(zw) 57 S (2, W)

—>00
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Convergence of kernels: random polynomials

Random polynomials give a Gaussian field

(Pn(2))2eq Gaussian field, with correlation kernel Cn(z, w) 2 Ry N (2) Ry N (w).
k=0

Multiplying the covariance kernel by any non-vanishing function does not chance
the distribution of the zeros.

Local uniform convergence of the kernel in QO x Q) implies the convergence of the
zeros as a point process.

It is sufficient to find a sequence of non-vanishing functions h,, such that

Rn(ZRaMICn (zw) "5 So (2 w)

—>00

The zero set of the GAF with covariance kernel Sg, is the Bergman point process of
Q (Peres-Virag)
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Determinantal Jellium: 3 = 2.

Theorem

The Coulomb gas with N particles, potential V and inverse temperature 3 = 2 is a
determinantal point process on C, with kernel associated to the Lebesgue measure

Vz,w e C  Kn(z,w) X Qn (2] Qe (w)e NIV V)
where the Qy ,, ’s are an orthonormal basis osz(e_(N”)v) N Cn-1[X].

The kernel is not unique, for instance, one can add to V a complex phase of
the form iV;.
The Qi n are not the Ry N ! The inner products are

-2NVY

(P,Q) /PQ AN+DV 3¢ and (P, Q) /PQ
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Why are DPPs so convenient?

Local convergence of the kernels = Weak convergence of point processes (law
of number of points in compact sets)
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Why are DPPs so convenient?

Local convergence of the kernels = Weak convergence of point processes (law

of number of points in compact sets)
We have some freedom in the choice of the kernel Ky (for the complex phase), and

we want to find a good sequence such that, locally uniformly in Q x Q

Kn(z,w) [(gif Ba(z, w).
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Sketch of proof

Step 1: the key inequality Using reproducing kernel properties, one can show
that, if Q is simply connected

Vze Q,VNeN, Kn(z,z)<Ba(zz2)

and for random polynomials, if v is supported on a curve and hy is nonvanishing
and holomorphic

Vze QWN, |hn(z)]*Cnlz 2) < S(z 2).

If you chose the kernels to be holomorphic in z and W, Montel’s theorem implies
that the kernels form a normal family. Hence you only have to show pointwise
convergence on the diagonal to identify the local uniform limit.

20/ 34



Making kernels holomorphic

Jellium: As VY is harmonic on Q (simply connected), there exists an harmonic
conjugate iV, such that V = V¥ +1V; is holomorphic.

Random polynomials: By analogy with the jellium, we choose hn(z) = NV

21/34



Reduction to pointwise convergence of orthogonal polynomials (Hard

Step 2: Pointwise convergence of orthogonal polynomials.
For random polynomials: The kernel does not depend on the choice of the orthonor-
mal basis. Our goal is to find a good basis of the Hardy space H*(I"), (W )xen and

orthonormal bases of Cn[X] N Lz(e_ZNVV dv) such that for fixed k

Rin @17 — ()

For the Jellium, the idea is the same but the scalar products are different. If ({y)xen
is a "good" orthonormal basis of L*(Q) n H and Qx.N is an O.N.B. of Cn[X] N
-L ( 2(N+1 df, Q)

|Qk,N(Z)|2€_2(N+1)V =) N b (2)].
—00
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How do we obtain the asymptotic?

Starting point: (i )xen orthonormal in L*(Q) n . For simplicity, imagine that Q
is the unbounded component.
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How do we obtain the asymptotic?

Starting point: (i )xen orthonormal in L*(Q) n . For simplicity, imagine that Q
is the unbounded component.

1. Extend these functions in a larger domain Q' and multiply by a cutoff x to
define the function on C. Fi N (z) = X(z)d)k(z)e(NH)V(Z)

2. the Fy N are orthonormal in I_z(e_Z(NH)VV de, Q), but they are not polynomials
and are not holomorphic.

3. 3 magic: there exists a correction vy with small L> norm such that
Fi.N — VN is holormorphic on C
+ Liouville Theorem (f entire, |f(z)| < C|z|k = f polynomial or degree < k.)
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0 magic

Theorem (0 Hérmander estimates)

Under some regularity assumptions on the weight &, for any f € L*°(C), there exists a
solutionv : C > C to the equation dv = f such that

[ M amte) < [P amie)

We apply this theorem with ¢ = 2kn V" and f = 9F y, so we get 5(Fk,N —v) =0.
We cannot apply Hérmander’s theorem directly, but we can make it work after some
mollifications.

For random polynomials, the ideas are the same, but one need to show that I'" can
be thickened a little to apply the cutoff.

24/ 34



End of proof

The polynomials Qi n = Fi.n —Vk, N differ from an orthonormal system by a quan-
tity with norm going to zero.

We apply the Gram—Schmidt procedure to this family and we obtain an orthonor-
mal basis Qy n which has the same convergence properties as the Fy .

The continuity of the Gram-Schmidt algorithm gives

26—2(N+1)vv(z

1Qin(2)]

' =l
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Jellium in the non-simply connected case

Théoréeme (B.—Garcia-Zelada-Nishry-Wenmann)

Let v be a nice measure, and let Q be a l-connected component of C \ supp v. We fix
21,...,21 in each of the hole in Q) and we write qq, ..., q, the charge of this
components. Assume that

2i7t(N+1 2i7t(N+1 2i 2i
(e i )Q1’.“’617T( )QI) — (e 17TQ1"“’e17TQ1)
subsequence

then

L
{X],... >X11} nQ —> QS(L(Q
subsequence

where B, q is the Bergman process on Q associated to the weight ﬂ}<=1 |2 — 23|29,

The outliers process does not converge (in general), but we know all the possible
limits of subsequences.
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Jellium in the non-simply connected case

Théoréeme (B.—Garcia-Zelada-Nishry-Wenmann)

Let v be a nice measure, and let Q be a l-connected component of C \ supp v. We fix
21,...,21 in each of the hole in Q) and we write qq, ..., q, the charge of this
components. Assume that
(eZiﬁ(NH)q]’“.’eZin(N+1)q1) — (eziWQ1’...’e2"LT[Q1)
subsequence

then

L
{X],... >X11} nQ —> QS(L(Q
subsequence

where B, q is the Bergman process on Q associated to the weight '|_|']1<=1 |2 — 23|29,

The outliers process does not converge (in general), but we know all the possible
limits of subsequences. The limiting process is a DPP associated to the kernel of
the projection LZ(]_”<=1 |z — 21| M 15) — 1_2(]_[]1<=1 1z - 2| 210) N H.
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Two circles with charge (N + 1)q and (N + 1)(1 - q)
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Practical case

Three domains can be considered here: 1) the inner disk, 2)the middle annulus and
3) the exterior of the disk.
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Practical case

Three domains can be considered here: 1) the inner disk, 2)the middle annulus and
3) the exterior of the disk.

1.
2.

For the inner disk, the theorem applies directly as it is simply connected.

For the middle annulus, the convergence of the outlier process will depend on
the convergence of e2N¥Ia _, 2imQ
For the unbounded component, the convergence will depend on the

2i7t(N+1)

convergence of e , which is for free.
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Practical case

Three domains can be considered here: 1) the inner disk, 2)the middle annulus and
3) the exterior of the disk.
1. For the inner disk, the theorem applies directly as it is simply connected.
2. For the middle annulus, the convergence of the outlier process will depend on
the convergence of e2N¥Ia _, 2imQ
3. For the unbounded component, the convergence will depend on the

2i7t(N+1)

convergence of e , which is for free.

For the annulus, we can compute the possible intensities in the limit

_ _ 1 k+Q+1 2(k+Q)
Q =0 B(Z, Z) = W + ZkeZ\{ﬂ} 7.[(1_0.52k+2Q+2)| |
k 1 2(k
Q € (0, 1) BQ Z, Z ZkEZ 7{(1_0-.'—5(221;—ZQ+2)| | (k+Q)
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Can you spot the difference? Q =0

_ 2k +a+1) 1 =
Plotof of Fir,a)= 3 Cletin 4 s for r€[0.55,095] and a=0
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Can you spot the difference? Q = 2/3

Plot of of F(r, @) = Z—ﬁﬂﬂl+

o 5+ 3 /ng for r€[0.55,0.95] and a=2/3
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Can you spot the difference? Q = 0.9

Plot of of Fr,@) = 2 "% et fora €[0.55,0.95] and a=0.9
k

£ Mi-osTE
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It was a trap. The difference is of order 107",

Plot of of F(r,a) = 2. 'wh'ki% fora€[0,1[ and r=2/3

ke = on(1-0.5%
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Thank you for
your attention.



How do we get the key inequality?

Q is simply connected and V" is harmonic on Q
= there is a function V; such that V, = V¥ +1V; is holomorphic on Q.
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How do we get the key inequality?

Q is simply connected and V" is harmonic on Q
= there is a function V; such that V, = V¥ +1V; is holomorphic on Q.
Variational formula for the Bergman kernel, p non-vanishing holomorphic on Q.

fz))> l9(2)*lp(2)|?
Balz,z)= sup —————= u > >
rer2(0)ns Jo [T2)1Pdz  gerzujopynse Ju 19(2)1%10(2)|*dz

33/34



How do we get the key inequality?

Q is simply connected and V" is harmonic on Q
= there is a function V; such that V, = V¥ +1V; is holomorphic on Q.
Variational formula for the Bergman kernel, p non-vanishing holomorphic on Q.

B_Q(Z Z,) sup & = u |9(Z)|2|p(l)|2
ter o o IFE)1Pdz  gerzjopinse Ju 19(2)Plo(2)|dz

One can also easily show that

|P( )|2 —ZKNV(Z)

N-1 —
=k (Vo(z)+Vo(2))
Kn(z,2) = QiN(2)Pin(z)e ™™ = 5
]; cnalX] Je IP(2)[%e —2nVY(z) g,
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How do we get the key inequality?

Q is simply connected and V" is harmonic on Q
= there is a function V; such that V, = V¥ +1V; is holomorphic on Q.
Variational formula for the Bergman kernel, p non-vanishing holomorphic on Q.

B_Q(Z Z,) sup & = u |9(Z)|2|p(l)|2
ter o o IFE)1Pdz  gerzjopinse Ju 19(2)Plo(2)|dz

One can also easily show that

Nf ——  —kn(Vo(2)+Vo(2)) |P(z )|2 “2en Vi)
Kn(z,2) = QiN(Z)Prn(z)e M OO < ™
= CnalX] Je [P(z)|2e 2V (2l gz

Chose p(z) = e N Vol2) g you get

Vze U, VN eN, Kn(zz)<Bulzz).
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On word in the non-simply connected case

How can a weighted Bergman kernels appear?
What is the difference with the simply connected case?
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How can a weighted Bergman kernels appear?

What is the difference with the simply connected case?
As VY is harmonic on Q, there exists a holormorphic function on Q such that

1
+Y knajloglz - 2| = Re(Vo(2))

This leads to
e_KN( Y(2)+iVi(z le 2| [KNq]] —Kkn Vo(z)

j=1
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On word in the non-simply connected case

How can a weighted Bergman kernels appear?
What is the difference with the simply connected case?
As VY is harmonic on Q, there exists a holormorphic function on Q such that

1
Viz)+ ) kndj log |z = zi] = Re(Vo(2))
j=1

This leads to

1
e-KN(VV(Z)*'iVi(Z)) _ '|_[ |z - Zil_[KN qj]e—KNVo(Z)

j=1

And we can get the corresponding inequality

Vz € Q,¥N € N,Kn(z,2) < Ba [y q)(2.2):
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