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Abstract We consider the empirical spectral distribution (ESD) of a random matrix from the Gaussian

Unitary Ensemble. Based on the Plancherel-Rotach approximation formula for Hermite polynomials, we prove

that the expected empirical spectral distribution converges at the rate of O(n−1) to the Wigner distribution

function uniformly on every compact intervals [u, v] within the limiting support (−1, 1). Furthermore, the

variance of the ESD for such an interval is proved to be (πn)−2 log n asymptotically which surprisingly enough,

does not depend on the details (e.g. length or location) of the interval. This property allows us to determine

completely the covariance function between the values of the ESD on two intervals.
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1 Introduction

The spectral analysis of large dimensional random matrices has been actively developed in the
last few decades since the initial contributions of Wigner[18,19], see the monographs Mehta[12],
Deift[6] or a recent review by Bai[2]. Various limiting distributions were discovered including the
Wigner semicircular law, the Marčenko-Pastur law[11] and the circular law (see [1,8]). However,
the convergence rates for these limits have not been fully identified yet. Johansson[10] has
established a central limit theorem for linear integrals of the spectral distribution for a wide
class of random matrices including the classical Gaussian Ensembles. As for the mean of the
empirical spectral distribution function itself, successively improved rates have been proposed
by Bai and his co-workers (see [2]).

In this paper, we consider a random matrix Mn from the so-called Gaussian Unitary En-
semble, that is a n × n Hermitian matrix whose off-diagonal elements are complex Gaussian
with variance 1

2 (independent real and imaginary parts with common variance 1
4 ), and whose

diagonal elements are real Gaussian with variance 1
2 . All the entries of Mn are independent.

Since the work of Wigner[20], it is well known that the joint distribution of the eigenvalues
x1, · · · , xn of Mn has the following density w.r.t. the Lebesgue measure:

P (x1, · · · , xn) = exp
{
−

∑
i

x2
i + 2

∑
i<j

log |xj − xi| + C
}

and that the distribution of two eigenvalues x, y of Mn drawn without replacement among
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x1, · · · , xn is

sn(x, y) =
1

n(n− 1)
(
Kn(x, x)Kn(y, y) −Kn(x, y)2

)
,

Kn(x, y) =
n−1∑
j=0

ϕj(x)ϕj(y) =
√
n√

2(x− y)

(
ϕn(x)ϕn−1(y) − ϕn(y)ϕn−1(x)

)
.

Here ϕn is the n-th Hermite function

ϕn(x) = (2nn!
√
π)−1/2e−x

2/2Hn(x), n ≥ 0,

where Hn is the the n-th Hermite polynomial

Hn(x) = ex
2
(−1)n

dn

dxn
(e−x

2
).

If we denote by f̃n(x) the function fn(x
√

2n), the distribution of the normalized pair (u, v) =
(x, y)/

√
2n is thus

pn(u, v) = 2ns̃n(u, v) =
2

n− 1
(K̃n(u, u)K̃n(v, v) − K̃n(u, v)2),

pn(u) =
∫
pn(u, v)dv =

√
2
n
K̃n(u, u).

The last formula may be seen as a consequence of
√

2n
∫
K̃n(u, v)2dv = K̃n(u, u) which follows

from the orthonormality of the family (ϕk)k≥0. We have also the following useful formula

pn(u) =
[√

2nϕ2
n −

√
2(n+ 1)ϕn−1ϕn+1

]
(u
√

2n). (1)

Wigner showed that pn(u) converges to the semi-circle law

σ(u) =
2
π

√
1 − u21I|u|≤1.

We consider the empirical spectral measure

σn(dx) =
1
n

n∑
i=1

δλi(dx) (2)

where λ1, ..λn are the eigenvalues of Mn/
√

2n and δa the Dirac mass at a. For any function f ,
let

σn(f) =
1
n

n∑
i=1

f(λi).

The empirical spectral distribution function Fn is simply Fn(u) = σn(1Iλ≤u). As the behavior
of Fn is rather different near the end points {−1,+1} than in the interior of the interval, we will
restrict our attention to the empirical process indexed by the set of close intervals contained in
the (open) base interval (−1, 1), i.e. in the so-called “bulk” of the spectrum. More precisely,
for uv = [u, v] ⊂ (−1, 1), we define

Fn(uv) = σn(1Iuv) =
1
n

n∑
i=1

1Iu≤λi≤v = Fn(v) − Fn(u), (3)
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the last identity being valid with probability 1.
In Section 3, we prove in Proposition 2 that the (interval-based) expected spectral distri-

bution EFn(uv) converges at the rate of O(n−1) to F (uv) = F (v) − F (u), uniformly for all
closed intervals in (−1 + η, 1− η) for some η > 0. This rate is interesting even in the examined
Gaussian case. Indeed, in the case of general Wigner matrices with possibly non Gaussian
entries, Bai et al.[3] established a rate of O(n−1/2) for

‖EFn − F‖ := sup
x∈R

|EFn(x) − F (x)|.

Although the exact rate for this sup-norm is still an open question, our result indicates that
the rate should be O(n−1) when restrcted to the bulk and the Gaussian case.

Our appoach relies on the celebrated Plancherel-Rotach’s formula for asymptotic expansions
of the Hermite polynomials. Indeed we need a higher order expansion than the usually refereed
first-order expansion as given in Szegö[13p.199.], Consequently in Section 2 we first recall a second
order exapnsion formula from the original paper of Plancherel and Rotach[14]. Next we establish
an asymptotic expansion of the kernel K̃n(u, v) (Proposition 1).

Based on this expansion for K̃n we study the random fluctuations around the mean in
Sections 4 and 5 and give the main results of the paper. Note that among many results
established in Johansson[10], the author proved in particular that if f is a polynomial, the
central limit theorem holds for nσn(f). In particular

lim
n

Var
(
n(σn(f) − σ(f))

)
= cf , (4)

for some positive constant cf depending on f . In Section 4 of this paper, we prove for the
(discontinuous) step function f = 1Iuv,

Var
(
n(σn(f) − σ(f))

)
= Var

(
n(Fn(uv) − F (uv))

)
= π−2 log n+O(1).

This contrasts with the polynomial case. A surprising fact is that the dominating term π−2 log n
is constant for all intervals uv ⊂ (−1, 1). The result also confirms a widely-spread claim that
any small neighborhood of the discontinuity points of f brings up an overwhelming contribution
to the fluctuations (asymptotically).

Finally in Section 5, we identify the covariance function of the empirical process {Fn(uv)}.
The covariance between {Fn(ab)} and {Fn(cd)} for two subintervals ab and cd of (−1, 1) has a
simple asymptotic form. Only three values are possibles, namely ±1

2 (πn)−2 log n + O(n−2) or
O(n−2), depending on whether one of the intervals is included in the other. In particular, the
details of these intervals such as their lengths or their location in (−1, 1) have no influence on
this form. This asymptotic covariance function is very similar to the one found by Wieand[17]

for random unitary matrices where a central limit theorem was also established. Actually we
conjecture that such a CLT should also take place here.

We should also mention that a functional CLT for analytical linear spectral statistics of
Wigner matrices with general entries is proposed in Bai and Yao[4]. In another related work
of Diaconis and Evans[7], a multivariate CLT is proved for linear spectral statistics of random
matrices from the complex unitary group. These authors have also recovered the CLT of
Wieand[17] by a different approach based on Fourier analysis.

2 Asymptotic Expansion of the Kernel K̃nK̃nK̃n

2.1 The Plancherel-Rotach Formula

Throughout the paper we set for any ψ ∈ (0, π),

aψ = sin 2ψ − 2ψ,
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bψ = ψ − 1
2

sin 2ψ = −1
2
aψ,

Mn(ψ) = sin
(
nbψ +

π

4
− ψ

2

)
.

Plancherel-Rotach Formula. Let ψ ∈ (0, π) and x = 2
√
n cosψ. Then for the Hermite

polynomial

H̃n(x) = (−1)ne
1
2x

2 dn

dxn
(
e−

1
2x

2)

we have
H̃n−1(x)
(n− 1)!

=
en( 1

2+cos2 ψ)

nn/2
√
π sinψ

An(ψ), (5)

where

An(ψ) =Mn(ψ) +
1
n
Nn(ψ) + O([n sin3 ψ]−2),

Nn(ψ) =
3
16

[sinψ]−2 sin
(
nbψ − 3

4
π − 5

2
ψ

)
+

5
96

[sinψ]−3 sin
(
nbψ − 5

4
π − 7

2
ψ

)
.

This formula is exactly Formula (7) in [14] written for the case k = 4. Note that the form
of H̃n(x) used by Plancherel and Rotach is a scaled version of the usual Hermite polynomial
Hn(x) (we have indeed H̃n(x) = (

√
2)−nHn(x/

√
2)). Moreover, we slightly modify the formula

by first following the Stirling’s formula

n! =
(n
e

)n√
2πn

[
1 +

1
12n

+O(n−2)
]

to get

e−
1
4x

2
H̃n−1(x) = (π sinψ)−

1
2n−1(n!)

1
2 (2πn)

1
4

[
1 +

1
24n

+O(n−2)
]
An(ψ).

Next by substituting n for n− 1, we have for x = 2
√
n+ 1 cosψ,

e−
1
4x

2
H̃n(x) = (sinψ)−

1
2 (n!)

1
2 2

1
4 (πn)−

1
4

[
1 − 5

24n
+O(n−2)

]
An+1(ψ).

Coming back to Hn and with y =
√

2(n+ 1) cosψ, we have

e−
1
2 y

2
Hn(y) =(sinψ)−

1
2 (n!)

1
2 2

n
2 + 1

4 (πn)−
1
4

[
1 − 5

24n
+O(n−2)

]
An+1(ψ)

=(sinψ)−
1
2 (n!)

1
2 2

n
2 + 1

4 (πn)−
1
4

[
Mn+1(ψ) +

1
n
Cn(ψ) +O(n−2)

]
,

with
Cn(ψ) = − 5

24
Mn+1(ψ) +Nn+1(ψ)

and where the O(n−2) term is uniform for all ψ ∈ (ε, π − ε) for some ε > 0.
Finally we get the following second-order Plancherel-Rotach formula for the Hermite func-

tion ϕn(y): for y =
√

2(n+ 1) cosψ

(2n)1/4ϕn(y) =
√

2(πsinψ)−1/2
{
Mn+1(ψ) +

1
n
Cn(ψ) +O(n−2)

}
, (6)

where the error term is uniform on (ε, π − ε).
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It is worth noticing that if we keep only the main term Mn+1(ψ) in the above expansion,
and by considering the parametrization y =

√
2n+ 1cosφ, we readily arrive at the first order

formula given in [13, p.199], with Mn+1(ψ) = sin{1
4 (2n+ 1)(sin 2φ− 2φ) + 3

4π}.

2.2 The Expansion of K̃nK̃nK̃n

The following family of functions Fn will play an important role in the derivations below. Fix
a small ε > 0. A real function φ(ω) defined on [ε, π − ε] belongs to Fn if it is a (finite) linear
combination of terms of type

P (cosω, sinω, cosω/ sinω) sin(nbω + απ + β)

or
Q(cosω, sinω, cosω/ sinω) sin{(n+ 1)bω + απ + β}

where P, Q are polynomials and α, β some constants. The functions Mn, Nn+1 and Cn intro-
duced in the previous section all belong to Fn. Such a function φ is infinitely differentiable and
|φ′(ω)| = O(n).

Proposition 1. Let η ∈ (0, 1] be fixed. For all (u, v) = (cosω, cos θ) such that |u|∨|v| ≤ 1−η,
we have the following expansion

2
√

2n(u− v)K̃n(u, v) =
2
π

(sinω sin θ)−
1
2

×
{

sin
ω − θ

2
cos

[n
2

(aω + aθ)
]

+ sin
ω + θ

2
sin

[n
2

(aω − aθ)
]

+
∞∑
k=1

1
nk

[
gn,k(ω, θ) − gn,k(θ, ω)

]}
(7)

where the functions gn,k are linear combinations of terms

φ1(ω) · · ·φs(ω)ψ1(θ) · · ·ψ�(θ)
with all φi and ψj’s belonging to the family Fn.
Proof. We will only prove the expansion up to the order k = 1 which is sufficient for the use
in next sections.

In this proof we set tω = cosω/ sinω. Recall that

K̃n(u, v) =Kn(u
√

2n, v
√

2n)

=
1
2
ϕn(u

√
2n)ϕn−1(v

√
2n) − ϕn−1(u

√
2n)ϕn(v

√
2n)

u− v
. (8)

Clearly there exists ε0 > 0 such that for large n, the angles ωn and θn defined below all
belong to the interval [ε0, π − ε0] :

u
√

2n =
√

2n cosω =
√

2(n+ 1) cosωn,

v
√

2n =
√

2n cos θ =
√

2(n+ 1) cos θn.

Application of the Plancherel-Rotach’s formula in (6) gives

(2n)1/4ϕn(u
√

2n) =
√

2(π sinωn)−1/2
{
Mn+1(ωn) +

1
n
Cn(ωn) +O(n−2)

}
, (9)

[2(n− 1)]1/4ϕn−1(u
√

2n) =
√

2(π sinω)−1/2
{
Mn(ω) +

1
n− 1

Cn−1(ω) +O(n−2)
}

=
√

2(π sinω)−1/2
{
Mn(ω) +

1
n
Cn−1(ω) +O(n−2)

}
.
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The main point is that we have to take care of the oscillation of the sinus function in Mn;
otherwise the computation is standard.

First we want to substitute sinω for sinωn in the r.h.s. of (9). As
√

2n cosω =
√

2(n+ 1) cosωn,
we have

ωn = ω +
1
2n
tω − 1

8n2
(t3ω + 3tω) +O(n−3),

(sinωn)−
1
2 = (sinω)−

1
2

[
1 − 1

4n
t2ω +O(n−2)

]
. (10)

Hence

(2n)1/4ϕn(u
√

2n) =
√

2(π sinω)−1/2
{
Mn+1(ωn) +

1
n
Dn(ω, ωn) +O(n−2)

}
, (11)

where we have set
Dn(ω, ωn) = −1

4
t2ωMn+1(ωn) + Cn(ωn).

Using the expansion (10) in Mn+1 (see below for more details), and similarly in Cn(ωn), it is
clear that there is some function Gn(ω) ∈ Fn such that

Dn(ω, ωn) = Gn(ω) +O(n−1).

We thus have

(2n)1/4ϕn(u
√

2n) =
√

2(π sinω)−1/2
{
Mn+1(ωn) +

1
n
Gn(ω) +O(n−2)

}
.

The same expansions apply for ϕn(v
√

2n) and ϕn−1(v
√

2n), namely

(2n)1/4ϕn(v
√

2n) =
√

2(π sin θ)−1/2
{
Mn+1(θn) +

1
n
Gn(θ) +O(n−2)

}
,

[2(n− 1)]1/4ϕn−1(v
√

2n) =
√

2(π sin θ)−1/2
{
Mn(θ) +

1
n
Cn−1(θ) +O(n−2)

}
.

Therefore by (8)

2(u− v)[4n(n− 1)]1/4K̃n(u, v) =
2
π

(sinω sin θ)−1/2
[
∆n +

1
n

Γn +O(n−2)
]

with
∆n = Mn+1(ωn)Mn(θ) −Mn+1(θn)Mn(ω),

and
Γn = [Gn(ω)Mn(θ) −Gn(θ)Mn(ω)] + [Cn−1(θ)Mn+1(ω) − Cn−1(ω)Mn+1(θ)]. (12)

Note that the function Γn has the required form, namely a symmetric difference of some linear
combination of products of functions from the family Fn. Now we estimate precisely the term
∆n. Recall that

Mn+1(ωn) = sin
{

(n+ 1)bωn +
π

4
− ωn

2

}

= sin
{

(n+ 1)
(
ωn − 1

2
sin 2ωn

)
+
π

4
− ωn

2

}
.

By (10) we get

(n+ 1)bωn +
1
4
π − ωn

2
= nbω +

ω

2
+
π

4
+

1
n
hω +O(n−2), (13)
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with

hω =
1
4
( − [sinω]2t3ω + [sin 2ω]t2ω − [cosω]2tω

)
.

Therefore

Mn+1(ωn) = sin
{
nbω +

ω

2
+
π

4

}
+

1
n
hω cos

{
nbω +

ω

2
+
π

4

}
+O(n−2). (14)

Recall that Mn(θ) = sin(nbθ + 1
4π − 1

2θ) we have then

∆n =sin
{
nbω +

ω

2
+
π

4

}
sin

{
nbθ +

π

4
− θ

2

}

− sin
{
nbθ +

θ

2
+
π

4

}
sin

{
nbω +

π

4
− ω

2

}
+

1
n
fn(ω, θ) +O(n−2),

with

fn(ω, θ) = hω cos
{
nbω +

ω

2
+
π

4

}
Mn(θ) − hθ cos

{
nbθ +

θ

2
+
π

4

}
Mn(ω). (15)

On one hand the function fn also has the required form of a symmetric difference. Moreover
the first symmetric difference in (7) simply equals to

gn,1(ω, θ) − gn,1(θ, ω) = Γn + fn.

On the other hand, by using

sin(a− b) sin(c+ d) − sin(c− d) sin(a+ b) = sin(a+ c) sin(d− b) + sin(a− c) sin(b+ d),

we obtain

∆n = cos[n(bθ + bω)] sin
ω − θ

2
+ sin[n(bθ − bω)] sin

ω + θ

2
+

1
n
fn(ω, θ) +O(n−2).

Taking into account that bω = −1
2aω, we finally obtain the first two terms in expansion (7).

The proof is complete since substituting [2n]1/2 for [4n(n− 1)]1/4 in the l.h.s. of this expansion
does not affect the conclusion.

Corollary 1. Let η, u and v as in Proposition 1. Then we have the following expansion

2
√

2nK̃n(u, v) = π−1(sinω sin θ)−
1
2

×
{
− sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
− cos 1

2n(aω + aθ)
sin 1

2 (ω + θ)
+

∞∑
k=0

1
nk
hn,k(ω, θ)

}

where the functions hn,k satisfy |hn,k| ≤ dk for some sequence of constants dk. In particular,

2
√

2nK̃n(u, v) = π−1(sinω sin θ)−
1
2

×
{
− sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
+ ψn(ω, θ) + hn,0(ω, θ) +O(n−1)

}
, (16)

with

ψn(ω, θ) = −cos 1
2n(aω + aθ)

sin 1
2 (ω + θ)

. (17)
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Proof. Note that u− v = cosω− cos θ = −2 sin 1
2 (ω+ θ) sin 1

2 (ω− θ). From the expansion (7),
we have

2
√

2nK̃n(u, v) = π−1(sinω sin θ)−
1
2

{
− cos 1

2n(aω + aθ)
sin 1

2 (ω + θ)
− sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
+

∞∑
k=1

1
nk−1

hn,k−1(ω, θ)
}

where we have set for k ≥ 1

hn,k−1(ω, θ) :=
1
n

gn,k(ω, θ) − gn,k(θ, ω)
−2 sin 1

2 (ω + θ) sin 1
2 (ω − θ)

(18)

Let be ε = arccos(η), so that ω, θ ∈ [ε, π − ε]. The special form of gn,k implies that for some
constant sk we have ∣∣∣ ∂

∂ω
gn,k(ω, θ)

∣∣∣ ∨
∣∣∣ ∂
∂θ
gn,k(ω, θ)

∣∣∣ ≤ nsk.

Hence

|hn,k−1(ω, θ)| ≤ 2
sin ε

sk

∣∣∣
1
2 (ω − θ)

sin 1
2 (ω − θ)

∣∣∣.

Note that 1
2 (ω − θ) ∈ [−1

2π + ε, 1
2π − ε]. As the function x/ sin(x) is bounded on this interval,

the boundedness of the hn,k’s follows. Finally we obtain the expansion (16) by keeping only
the first three terms.

3 Convergence Rate of the Expected Spectral Distribution Function

The so-called expected spectral distribution function is simply

EFn(u) =
∫ u

−∞
pn(s)ds

which converges to the Wigner distribution function F (u). Similarly, for any interval uv = [u, v],
the expected value EFn(uv) converges to F (uv) = F (v) − F (u). Proposition 2 gives the rate
of this convergence for the considered random matrices from Gaussian unitary ensemble. Note
that similar results have been already established in [9], but our proof is completely different.

Proposition 2. Let η ∈ (0, 1] be fixed. We have

(1) pn(u) =
2
π

√
1 − u2 +O(n−1), where the error term O(n−1) is uniform for all |u| ≤ 1− η.

(2) sup
uv⊂[−1+η,1−η]

∣∣EFn(uv) − F (uv)
∣∣ = O(n−1).

Proof. Let u = cosω and the angles ωn and ω+
n be defined by the equalities

u
√

2n =
√

2n cosω =
√

2(n+ 1) cosωn =
√

2(n+ 2) cosω+
n .

Let us from Eq.(1) that pn(u) = [
√

2nϕ2
n − √

2(n+ 1)ϕn−1ϕn+1](u
√

2n). By the Plancherel-
Rotach formula (6), we have

[2(n− 1)]−
1
4ϕn−1(u

√
2n) =

√
2(π sinω)−

1
2
{
Mn(ω) +O(n−1)

}
.

As for ϕn(u
√

2n), by the computation in the proof of Proposition 1, namely Eqs.(11) and (14),
we know that

[2n]−
1
4ϕn(u

√
2n) =

√
2(π sinω)−

1
2

{
sin

{
nbω +

ω

2
+
π

4

}
+O(n−1)

}
.
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For ϕn+1(u
√

2n), note that the computation between the pair (ωn, ω+
n ) is exactly the same

as for the one just recalled for the pair (ω, ωn), except that we have to substitute n+ 1 for n.
In other words,

[2(n+ 1)]−
1
4ϕn+1(u

√
2n) =

√
2(π sinωn)−

1
2

{
sin

{
(n+ 1)bωn +

ωn
2

+
π

4

}
+O(n−1)

}
.

Recalling the expansion (13), we then find

(n+ 1)bωn +
ωn
2

+
π

4
= nbω +

3
2
ω +

π

4
+O(n−1).

Collecting the three expansions we get

pn(u) =
2

π sinω

×
[
sin2

{
nbω +

ω

2
+
π

4

}
− sin

{
nbω − ω

2
+
π

4

}
sin

{
nbω +

3
2
ω +

π

4

}
+O(n−1)

]

=
2

π sinω
×

[
sin2 ω +O(n−1)

]
=

2
π

sinω +O(n−1).

This proves the first assertion. The second assertion is then a straightforward consequence by
integration.

4 Variance Function of the Empirical Process

We now study the variance function of the considered empirical process. The main result is the
following

Theorem 1. For all uv ⊂ (−1, 1), the variance of Fn(uv) has the following expansion

Var(Fn(uv)) =
1
π2

log n
n2

+ O(n−2) (19)

where the error term O(n−2) is uniform for uv ⊆ [−1 + η, 1 − η] with any η > 0.
This theorem implies two important facts. First the variance of Fn(uv) is on one hand much

smaller than the “usual” O(n−1) rate, and on the other hand much larger than the O(n−2)
order found for linear integrals Fn(f) with f a polynomial (see Introduction). Moreover this
variance is asymptotically independent of the details of the interval such as its length or its
location in the base interval (−1, 1). This surprising fact will be the key for the computation
of the covariance function of the process, see Section 5.

Proof Theorem 1. Let Zi = 1Iu≤λi≤v for 1 ≤ i ≤ n. These variables are (dependent)
identically distributed Bernoulli variables with parameter αn := EFn(uv) = E[Fn(v) − Fn(u)].

To get the covariance between two Zi’s, one has

E(Z1Z2) =
∫ v

u

∫ v

u

pn(s, t)dsdt ,

=
n

n− 1

∫ v

u

∫ v

u

[
pn(s)pn(t) − 2

n
K̃2
n(s, t)

]
dsdt ,

=
n

n− 1

[
α2
n − 1

n
βn

]

with
βn = 2

∫ v

u

∫ v

u

K̃2
n(s, t)dsdt. (20)
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It follows that
Cov(Z1, Z2) =

1
n− 1

[α2
n − βn],

and
n2 Var(Fn(uv)) = n Var(Z1) + n(n− 1) Cov(Z1, Z2) = n(αn − βn).

Let us set α = F (uv) = F (v)−F (u). Since by Theorem 2, n(αn−α) = O(1), it is sufficient
to prove

βn = α− 1
π2

log n
n

+O(n−1). (21)

Let 0 < ξ < τ < π be defined by u = cos τ, v = cos ξ. For any (small) η > 0, let 0 < δ < π
2 be

defined by 1 − η = cos δ. Thus |u| ≤ 1 − η if and only if τ ∈ [δ, π − δ].
Starting from Eq.(20), we have by the expansion (16) of K̃n

4nπ2βn =π2

∫ v

u

∫ v

u

8nK̃2
n(s, t)dsdt

=
∫ v

u

∫ v

u

(sinω sin θ)−1
{[sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)

]2

− 2ψn(ω, θ)
sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
− 2hn,0(ω, θ)

sin 1
2n(aω − aθ)

sin 1
2 (ω − θ)

}
dsdt+ O(1)

=
∫ τ

ξ

∫ τ

ξ

[
kn(ω, θ) + 2sn(ω, θ) + 2tn(ω, θ)

]
dθdω + O(1), (22)

where

kn(ω, θ) =
[ sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)

]2

, (23)

sn(ω, θ) = −ψn(ω, θ)
sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
,

tn(ω, θ) = −hn,0(ω, θ)
sin 1

2n(aω − aθ)
sin 1

2 (ω − θ)
.

We will establish in next subsections that

A1 :=
∫ τ

ξ

∫ τ

ξ

kn(ω, θ) dθdω = 4nπ2
(
α− 1

π2

log n
n

)
+ O(1), (24)

A2 :=
∫ τ

ξ

∫ τ

ξ

sn(ω, θ)dθdω = O(1), (25)

A3 :=
∫ τ

ξ

∫ τ

ξ

tn(ω, θ) dθdω = O(1). (26)

The estimation (21) then follows and concludes the proof of the theorem.
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4.1 Estimations of the Oscillating Integrals

We now establish the estimates (24)–(26). The functions to be integrated are all continuous
and uniformly bounded on any off-diagonal region {|ω − θ| ≥ ε}, but oscillate heavily near the
diagonal.

As the computations of A2 and A3 are similar, we will only give full details for the integrals
A1 and A2.

The integral A2 :=
∫ ∫

sn(ω, θ) :
We start with the second integral. First note that

sn(ω, θ) =
cos 1

2n(aω + aθ) sin 1
2n(aω − aθ)

sin 1
2(ω + θ) sin 1

2 (ω − θ)
=

sinnaω − sinnaθ
cos θ − cosω

.

Let Dε = {(ω, θ) ∈ [ξ, τ ]2 : |θ − ω| ≥ ε}.

A2 =
∫ τ

ξ

∫ τ

ξ

sn(ω, θ) dωdθ = lim
ε→0

∫ ∫

Dε

sinnaω − sinnaθ
cos θ − cosω

dωdθ

=2 lim
ε→0

∫ ∫

Dε

sinnaθ
cosω − cos θ

dωdθ.

Then

Aε2 := 2
∫ ∫

Dε

sinnaθ
cosω − cos θ

dωdθ = 2
∫
dω

∫
(cosnaθ − cosnaω)′

na′θ(cos θ − cosω)
dθ.

Here denotes derivative with respect to the variable θ. Therefore, integration by parts further
yieds

Aε2 =2
∫
dω

1
n

[ 1
a′θ

cosnaθ − cosnaω
(cos θ − cosω)

]dω

cω

− 2
n

∫ ∫

Dε

cosnaθ − cosnaω
(cos θ − cosω)2

× a′θ sin θ − a
′′
θ (cos θ − cosω)
a′θ

2 dωdθ

=: A2a −A2b, (27)

where the bounds cω and dω depend also on ε and belong to [ξ, τ ].
Recall that a′θ = −4 sin2 θ is bounded away from zero on [δ, π − δ]. For the first term A2a,

note that for any continuously differentiable function ψ(ω, θ) defined on [δ, π − δ]2, we have
∣∣∣cosnψ(θ) − cosnψ(ω)

cos θ − cosω

∣∣∣ ≤ Cψn, (ω, θ) ∈ [δ, π − δ]2, (28)

for some constant Cψ depending on the function ψ. Therefore the first term A2a in (27) is
uniformly bounded.

For the second term, let us set

Gω(θ) =
a′θ sin θ − a

′′
θ (cos θ − cosω)
a′θ

2 .

By making use of the symmetry between ω and θ, we have

A2b =
2
n

∫ ∫

Dε

cosnaθ − cosnaω
(cos θ − cosω)2

Gω(θ) dωdθ

=
1
n

∫ ∫

Dε

cosnaθ − cosnaω
(cos θ − cosω)2

[
Gω(θ) −Gθ(ω)

]
dωdθ

=
1
n

∫ ∫

Dε

cosnaθ − cosnaω
cos θ − cosω

Gω(θ) −Gθ(ω)
cos θ − cosω

dωdθ.
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The first factor (cosnaθ − cosnaω)/(cos θ − cosω) in the last integral is uniformly bounded by
C1n for some positive constant according to Eq.(28). The second factor (Gω(θ)−Gθ(ω))/(cos θ−
cosω) is a well defined continuous function on the compact domain [δ, π − δ]2, hence also
uniformly bounded. This proves that A2b = O(1) uniformly, and hence by taking ε→ 0,

A2 =
∫ τ

ξ

∫ τ

ξ

sn(ω, θ) dωdθ = O(1). (29)

The integral A1 :=
∫ ∫

kn(ω, θ) : we have, by symmetry,

A1 :=
∫ τ

ξ

∫ τ

ξ

kn(ω, θ) dωdθ = 2
∫ τ

ξ

dω

∫ τ

ω

kn(ω, θ)dθ

=2
∫ τ

ξ

dω

∫ τ−ω

0

kn(ω, ω + x)dx

=2
∫ τ

ξ

dω

∫ τ−ω

0

[ sin 1
2n(aω+x − aω)

sin 1
2x

]2

dx.

The following derivations largely depend on the family of functions gω indexed by ω ∈ [δ, π− δ]
for some η > 0, which are defined as

gω(x) =
1
2
[aω − aω+x] = x− 1

2
[
sin(2ω + 2x) − sin(2ω)

]
, x ∈ [0, π].

It is easily checked that gω is a differentiable, strictly increasing function with derivative
bounded away from 0 : g′ω(x) ∈ [2 sin2 δ, 2]. Notice that gω(0) = 0, gω(π) = π and g′ω(0) =
2 sin2 ω. Its inverse function hω = g−1

ω is of similar nature : differentiable, strictly increasing
with derivative bounded away from 0.

To abbreviate, let us set b = b(ω) = τ −ω and sometimes we denote gω simply by g and hω
by h. We have

In(ω) :=
∫ b(ω)

0

[ sinngω(x)
sin 1

2x

]2

dx =
1
n

∫ ng(b)

0

[ sin y
sin 1

2h(
y
n )

]2

h′
( y
n

)
dy

=4n
∫ ng(b)

0

( sin y
y

)2

· h′
( y
n

)
·
[ 1

2
y
n

sin 1
2h(

y
n )

]2

dy.

Since g(b) = gω(bω) > 0, by the Lebesgue’s dominated convergence theorem,

In(ω)
4n

−→
∫ ∞

0

( sin y
y

)2

· 1
h′(0)

dy =
π

2h′(0)
= π sin2(ω).

Again by that theorem,

A1

4nπ2
−→ 2

π

∫ τ

ξ

sin2(ω)dω =
2
π

∫ v

u

√
1 − s2ds = α.

Rate of convergence : Now we proceed to estimate the rate of the convergence above. We
have

A1

4nπ2
− α =

2
π2

∫ τ

ξ

∆n(ω)dω, (30)
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where we have set

∆n(ω) :=
In(ω)
4n

− π sin2(ω)

=
∫ ng(b)

0

( sin y
y

)2

·
{
h′

( y
n

)[ 1
2
y
n

sin 1
2h(

y
n )

]2

− 1
h′(0)

}
dy −

∫ ∞

ng(b)

( sin y
y

)2 1
h′(0)

dy

=:∆n,1(ω) − ∆n,2(ω).

For the first term ∆n,1,

∆n,1 =
1
n

∫ g(b)

0

t(sinnz)2 ·
{
z−2

(
h′(z)

[ 1
2z

sin 1
2h(z)

]2

− 1
h′(0)

)}
dz.

By expanding h(z) and h′(z) near z = 0, we have

h′(z)
[ 1

2z

sin 1
2h(z)

]2

− 1
h′(0)

=
1
12

−3b2 + 2ca+ a4

a3
z2 + O(z3)

where a, b, c are the first 3 derivatives of h(z) at the origin. In particular, 1
a = 1/h′(0) = g′(0) =

2 sin2(ω) is bounded ; also the O(z3) term is uniform for all ω ∈ [δ, π − δ]. Hence the above
integral is bounded and

∆n,1(ω) = O(n−1). (31)

For the second term ∆n,2(ω), we get

δn :=
∫ τ

ξ

∆n,2(ω)dω =
∫ τ

ξ

1
h′ω(0)

dω

∫ ∞

ngω(b(ω))

( sin y
y

)2

dy.

Now let θ = τ − ω, it turns out that

gω(b(ω)) = gω(θ) = θ − 1
2

sin 2τ +
1
2

sin(2τ − 2θ) = gπ−τ (θ) ,

and
1

h′ω(0)
= g′ω(0) = 2 sin2(ω) = 2 sin2(τ − θ) = 2 sin2(π − τ + θ) = g′π−τ (θ).

Hence

δn =
∫ τ−ξ

0

g′π−τ (θ)dθ
∫ ∞

ngπ−τ (θ)

( sin y
y

)2

dy

Denote by c = τ − ξ > 0 and d = (π − τ) ∈ [δ, π − δ].

δn :=
∫ c

0

g′d(θ)dθ
∫ ∞

ngd(θ)

( sin y
y

)2

dy

=
∫ ∞

0

( sin y
y

)2

dy

∫ c∧hd(y/n)

0

g′d(θ)dθ

=
( ∫ ngd(c)

0

dy +
∫ ∞

ngd(c)

dy
)( sin y

y

)2[
gd(c) ∧ y

n

]
. (32)

The second part
∫ ∞
ngd(c)

(·) is of order O(n−1) since gd(c) > 0 and for large positive X,

∫ ∞

X

( sin y
y

)2

dy = O
( 1

X

)
.
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For the first part, ∫ ngd(c)

0

( sin y
y

)2 y

n
dy =

1
n

[1
2

log n+ O(1)
]
, (33)

the last step being a consequence of the following classical expansion

∫ X

0

sin2(y)
y

dy =
1
2

logX + O(1) , X −→ ∞.

Collecting results from Eqs.(30),(31),(33) gives

A1

4nπ2
− α =

2
π2

[
− 1

2n
log n+O(n−1)

]

which is the desired result (24).

5 Covariance Function and a Conjecture

The aim of this section is to examine the covariance function of the process {Fn(uv)} indexed by
the set of closed intervals uv ⊂ (−1, 1). Surprisingly, the asymptotic expansion of this function
are easy to identify due to the particular form of the variance function established in Theorem
1.

Let
Γn(ab, cd) := Cov

(
Fn(ab), Fn(cd)

)
, ab ⊂ (−1, 1), cd ⊂ (−1, 1). (34)

Theorem 2. Without loss of generality, let us assume b ≤ d for two closed intervals ab, cd
enclosed in (−1, 1). Then the covariance function Γn has the following expansions:

Γn(ab, cd)

1. a < c < d non inclusive intervals −1
2

log n
π2n2 +O(n−2)

2. a = c < b < d or
c < a < b = d inclusion with a common endpoint +1

2
log n
π2n2 +O(n−2)

3. c < a < b < d strict inclusion O(n−2)

All the O(n−2) terms are uniform for intervals ab, cd enclosed in [−1 + η, 1 − η] for some
η > 0.

Main information from this table are: first the covariance depend on whether or not one
of the intervals is included in the other. Except Case 3 corresponding to a smaller covariance,
they have the same asymptotic order than their variances; secondly, the asymptotic magnitude
of the covariances do not depend explicitly on the size of the intervals, nor on their locations
within the base interval (−1, 1).

Proof of Theorem 2 Case 1 consists in the following three sub-cases:
(1.a) neighboring intervals with a < b = c < d ;
(1.b) disjoint intervals with a < b < c < d;
(1.c) overlapping intervals with a < c < b < d.
The basic case is (1.a) and conclusions for all others sub-cases as well as for Cases 2 and 3

follow from this special case. We thus give details in this special case and Case 3 only. In this
proof Fab stands for a shortcut of Fn(ab) and let γn = log n

π2n2 .
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Case (1.a). We have Fad = Fab + Fcd. Then

Var(Fad) = Var(Fab) + Var(Fcd) + 2Γn(Fab, Fcd).

By Theorem 1, all the three variances are of order γn +O(n−2). Thus the result follows.

Case 3. Here we have c < a < b < d. Thus Fcd = Fca + Fab + Fbd and by using Case
(1.a) and Theorem 1

Cov(Fab, Fcd) = Cov(Fab, Fca) + Cov(Fab, Fab) + Cov(Fab, Fbd)

= − 1
2
γn + γn − 1

2
γn +O(n−2) = O(n−2).

Note that this asymptotic covariance function is very similar to the one found by Wieand[17]

for random unitary matrices where this author also established a central limit theorem. Actually
we conjecture that such a CLT should also take place here. Namely, given m subintervals
u1v1, · · · , umvm of (−1, 1), the random vector

[Fn(ujvj) − F (ujvj)√
log n/(πn)

, j = 1, · · · ,m
]

converge weakly to a zero-mean Gaussian vector (Z1, · · · , Zm) with Var(Zi) = 1 and the
covariances Cov(Zi, Zj) (i �= j) taking one of the three values, ±1

2 or 0.
It is also worth noticing that from (7), we readily see that K̃n, once properly scaled, has

a limit called the sine kernel. Random point field associated to this limiting kernel is then a
special instance of random determinantal fields introduced by Soshnikov (see [16] and [15]).
Indeed following Costin and Lebowitz[5], this author proved a central limit theorem for the
empirical counts of such a field on an interval [−L,L] when L goes to infinity.
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