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Abstract We consider the empirical spectral distribution (ESD) of a random matrix from the Gaussian
Unitary Ensemble. Based on the Plancherel-Rotach approximation formula for Hermite polynomials, we prove
that the expected empirical spectral distribution converges at the rate of O(n’l) to the Wigner distribution
function uniformly on every compact intervals [u,v] within the limiting support (—1,1). Furthermore, the
variance of the ESD for such an interval is proved to be (7n)~2 logn asymptotically which surprisingly enough,
does not depend on the details (e.g. length or location) of the interval. This property allows us to determine

completely the covariance function between the values of the ESD on two intervals.
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1 Introduction

The spectral analysis of large dimensional random matrices has been actively developed in the
last few decades since the initial contributions of Wigner8:19 see the monographs Mehtal'?!|
Deiftlf) or a recent review by Bail?l. Various limiting distributions were discovered including the
Wigner semicircular law, the Maréenko-Pastur law!'!l and the circular law (see [1,8]). However,
the convergence rates for these limits have not been fully identified yet. Johansson!!?! has
established a central limit theorem for linear integrals of the spectral distribution for a wide
class of random matrices including the classical Gaussian Ensembles. As for the mean of the
empirical spectral distribution function itself, successively improved rates have been proposed
by Bai and his co-workers (see [2]).

In this paper, we consider a random matrix M,, from the so-called Gaussian Unitary En-
semble, that is a n x n Hermitian matrix whose off-diagonal elements are complex Gaussian
with variance % (independent real and imaginary parts with common variance i)7 and whose
diagonal elements are real Gaussian with variance % All the entries of M, are independent.

Since the work of Wigner[2!, it is well known that the joint distribution of the eigenvalues
1, -,y of M, has the following density w.r.t. the Lebesgue measure:

P(xy,--,xy) :exp{—Zm?+2ZIOg\xj—xi|+C’}

1<J

and that the distribution of two eigenvalues x,y of M,, drawn without replacement among
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T1, , &y 18

1

m(Kn(w,w)Kn(y,y) — Ko(z,9)?),

STL(mvy) =

n—1 \/ﬁ
y) :;%(x)w(y) = m(%(w)wn*l( Y) = on(y)Pn—1(z)).

Here ¢, is the n-th Hermite function
on(@) = (2"nIVm) "2 121, (2), n >0,

where H,, is the the n-th Hermite polynomial

H,(x)=¢€¢" (-1)" (e7™).

dzn

If we denote by fn(x) the function f, (zv/2n), the distribution of the normalized pair (u,v) =

(z,y)/v/2n is thus

2 (K (u, u) Ky (v,0) — K (u,v)?),

Pn(u,v) = 203, (u,v) = — 1

pn(u) = pnuvdv—\/7K (u,u)

The last formula may be seen as a consequence of v/2n [ Ko (u,v)2dv = K, (u, ) which follows
from the orthonormality of the family (¢x)ir>0. We have also the following useful formula

pa(u) = [V2007 = \/2(n + 1)pn-10n11] (uv2n). (1)
Wigner showed that p,,(u) converges to the semi-circle law

2
= ;\/ 1-— u2][‘u‘§1.

We consider the empirical spectral measure

= 2> o () 2)

where A1, ..\, are the eigenvalues of M,,/v/2n and 4, the Dirac mass at a. For any function f,

let
1 n
==Y f(x
n =1

The empirical spectral distribution function F, is simply F,,(u) = 0,,(I <,). As the behavior
of F,, is rather different near the end points {—1,+1} than in the interior of the interval, we will
restrict our attention to the empirical process indexed by the set of close intervals contained in
the (open) base interval (—1,1), i.e. in the so-called “bulk” of the spectrum. More precisely,
for wo = [u,v] C (—1,1), we define

Fn(u”)—an Z]Iu<A <1,—F() F(u), (3)
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the last identity being valid with probability 1.

In Section 3, we prove in Proposition 2 that the (interval-based) expected spectral distri-
bution EF,, (uv) converges at the rate of O(n~!) to F(uv) = F(v) — F(u), uniformly for all
closed intervals in (—1+1n,1 —n) for some n > 0. This rate is interesting even in the examined
Gaussian case. Indeed, in the case of general Wigner matrices with possibly non Gaussian
entries, Bai et al.l®l established a rate of O(n~'/2) for

|EF, — F| := sug |EF, (z) — F(x)|.
S

Although the exact rate for this sup-norm is still an open question, our result indicates that
the rate should be O(n~1!) when restrcted to the bulk and the Gaussian case.

Our appoach relies on the celebrated Plancherel-Rotach’s formula for asymptotic expansions
of the Hermite polynomials. Indeed we need a higher order expansion than the usually refereed
first-order expansion as given in Szego!'3P199: Consequently in Section 2 we first recall a second
order exapnsion formula from the original paper of Plancherel and Rotach!". Next we establish
an asymptotic expansion of the kernel K, (u,v) (Proposition 1).

Based on this expansion for f(n we study the random fluctuations around the mean in
Sections 4 and 5 and give the main results of the paper. Note that among many results
established in Johansson['?, the author proved in particular that if f is a polynomial, the
central limit theorem holds for no,,(f). In particular

lim Var(n(ow(f) - o(£))) = 7. (4)

for some positive constant cy depending on f. In Section 4 of this paper, we prove for the
(discontinuous) step function f = Iz,

Var(n(o,(f) — o(f))) = Var(n(F,(wv) — F(wv))) = = >logn + O(1).

This contrasts with the polynomial case. A surprising fact is that the dominating term 7 =2 log n
is constant for all intervals wv C (—1,1). The result also confirms a widely-spread claim that
any small neighborhood of the discontinuity points of f brings up an overwhelming contribution
to the fluctuations (asymptotically).

Finally in Section 5, we identify the covariance function of the empirical process { F,, (uv)}.
The covariance between {F},(ab)} and {F},(cd)} for two subintervals ab and cd of (—1,1) has a
simple asymptotic form. Only three values are possibles, namely +1(wn)~2logn + O(n™2) or
O(n~2), depending on whether one of the intervals is included in the other. In particular, the
details of these intervals such as their lengths or their location in (—1, 1) have no influence on
this form. This asymptotic covariance function is very similar to the one found by Wieand!!7]
for random unitary matrices where a central limit theorem was also established. Actually we
conjecture that such a CLT should also take place here.

We should also mention that a functional CLT for analytical linear spectral statistics of
Wigner matrices with general entries is proposed in Bai and Yaol*. In another related work
of Diaconis and Evans!”, a multivariate CLT is proved for linear spectral statistics of random
matrices from the complex unitary group. These authors have also recovered the CLT of
Wieand'”l by a different approach based on Fourier analysis.

2 Asymptotic Expansion of the Kernel K,

2.1 The Plancherel-Rotach Formula

Throughout the paper we set for any ¥ € (0, ),
ay = sin 2¢) — 2,
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1. 1
by =19 — 3 sin 2y = 50,
. T Y
M, (1) = sin (nbw + i~ 5)
Plancherel-Rotach Formula. Let ¢ € (0,7) and x = 2y/ncosv. Then for the Hermite
polynomial
() = (-1)es (o8
dz™
we have _ ) )
anl(l') en(§+cos )
AW )
(n—1)!  n/2\/msin
where

An) =M 0) + N () + Ol )

7
N, () :%[Sin Y]~ ? sin (nbw - —7r 1/1) [Sln )3 sin (nbw - Zw - 51/1)

This formula is exactly Formula (7) in [14] written for the case k = 4. Note that the form
of PNIn (z) used by Plancherel and Rotach is a scaled version of the usual Hermite polynomial
H,(z) (we have indeed H,(z) = (v2)""H,(z/v/2)). Moreover, we slightly modify the formula
by first following the Stirling’s formula

nl = (g)n\/ﬁ[l + ﬁ + O(n_Q)}

to get
e 3 H,_y(z) = (rsing) " Tn" ' (n!)? (2rn) 7 [1 + ﬁ +0(n” )]An(w)'

Next by substituting n for n — 1, we have for z = 2v/n + 1cos,

e 4% H, () = (sing) "% (n!)22% (x )7%{1_%+0( )]A"HW)'

Coming back to H,, and with y = /2(n + 1) cos ¢, we have

1

3" H, (y) =(sin )~} (n!) 3234 (7n) - [1—%“)(” )] Ansr()

=(sin )~ F () 2254 (on) [ Mo (0) + - Cuw) + O],

with

5

and where the O(n~2) term is uniform for all ¢ € (g,7 — ) for some £ > 0.
Finally we get the following second-order Plancherel-Rotach formula for the Hermite func-

tion ¢n(y): for y = 1/2(n+ 1) cos
(o) o0 (y) = V(msin )2 Mya () + 2Cu() + O ). ©

My 1(¥) + Npga(¥)

where the error term is uniform on (e, 7 — ¢).
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It is worth noticing that if we keep only the main term M, 11(?) in the above expansion,
and by considering the parametrization y = v/2n + 1 cos ¢, we readily arrive at the first order
formula given in [13, p.199], with M, (¢) = sin{3(2n + 1)(sin2¢ — 2¢) + 27},

2.2 The Expansion of I?,,

The following family of functions F,, will play an important role in the derivations below. Fix
a small € > 0. A real function ¢(w) defined on [e, 7 — €] belongs to F,, if it is a (finite) linear
combination of terms of type

P(cosw, sinw, cosw/ sinw) sin(nb,, + ar + 3)
or
Q(cosw, sinw, cosw/ sinw) sin{(n + 1)b,, + ar + 5}

where P, @) are polynomials and «, § some constants. The functions M,,, N, 1 and C,, intro-
duced in the previous section all belong to F,,. Such a function ¢ is infinitely differentiable and

|6 (w)| = O(n)
Proposition 1.  Letn € (0,1] be fized. For all (u,v) = (cosw, cos ) such that |u|V]v] < 1—n,
we have the following expansion

2v2n(u — v) K, (u,v) = z(sinwsin@Y%

T
x{ o w—20 [n(
sin 5 cos 5

i sin [g(aw — ag)]
+Z [k (w0, 0) — gn,k(a,w)]} (7)

L w
a,, + ag)] 4+ sin

where the functions gn  are linear combinations of terms

P1(w) -+ Ps(w)1(0) - - - he(0)
with all ¢; and ;s belonging to the family F,.

Proof. We will only prove the expansion up to the order k = 1 which is sufficient for the use
in next sections.
In this proof we set t,, = cosw/sinw. Recall that

Ko (u,v) =K, (uv/2n,vv2n)

1 pu0yE) e 1 (0VE) — gt (03T (01/30)
T2 U—1v ' )

Clearly there exists g > 0 such that for large n, the angles w, and 6, defined below all
belong to the interval [eg, ™ — €¢] :

uV2n =v2ncosw = \/2(n + 1) coswy,
vV2n =v2ncosf = \/2(n + 1) cos b,

Application of the Plancherel-Rotach’s formula in (6) gives

(2n)1/4<pn(w/%) = \/i(ﬂsinwn)_l/Q{MnH(wn) + %Cn(wn) + O(n_Q)}, (9)
2(n — D" o1 (uv/30) = VB(rsinw) /2 M () + —=Coa(w) + O(n7) }
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The main point is that we have to take care of the oscillation of the sinus function in M,y;
otherwise the computation is standard.

First we want to substitute sin w for sin w,, in the r.h.s. of (9). Asv2ncosw = 1/2(n + 1) cos wy,
we have

_ LR _3
wp =w+ Zntw o2 (t2, + 3t,) + O(n™7),
inw,) ¥ = (sinw)"[1— 12 -2
(sinwy)™2 = (sinw) {1 4nt“’ +O(n )} (10)
Hence
(2n)1/4<pn(u\/%) =V2r sinw)_l/Q{MnH(wn) + %Dn(c@wn) + O(n_Q)}, (11)

where we have set

1
D, (w,wy) = —Zti]\/[n+1(wn) + Ch(wn)-

Using the expansion (10) in M, ;1 (see below for more details), and similarly in C,(wy), it is
clear that there is some function G, (w) € F, such that

Dy (w,wy) = Gp(w) +0(n™1h).
We thus have

(20) /4 (uv/3m) = Va(msinw) ™ { My 1(00) + - Ga(w) + O 1
The same expansions apply for ¢, (vv/2n) and ¢,_1(vy/2n), namely
(2n) 4, (vV/20) = V2(n sme)—l/?{Mnﬂ(en) + %Gn(a) + O(n‘2)}7
pm—lwﬂ%Fﬂm@m=v@wmerﬁMMw+%a%mm+omﬂﬁ.
Therefore by (8)
mkwmmn—mvﬁmww:%@mwm@*ﬂ@m+#y+om4ﬂ
with

Ay = M1 (wn) M (0) = Myg1(0n) Mp (w),

and
Ly = [Gn(w) M (0) — G (0) My, ()] + [Cr—1(0) Myy1 (w) — Crm1 (W) M1 (0)] (12)

Note that the function I';, has the required form, namely a symmetric difference of some linear
combination of products of functions from the family F,,. Now we estimate precisely the term
A,. Recall that

M41(wp) =sin {(n + )by, + g _ C‘;J}
wn

. 1 . T
—Sln{(n-i-l)(wn — §sm2wn> + i 7}

By (10) we get

1 n
(n+1)bwn+—7r—w—:nbw+£+Z

1 -2
3 STt he 0™, (13)
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with )
hy, = Z( — [sinw]*t?, + [sin 2w]t2, — [cosw]?t,).
Therefore
. w T 1 w T 9
Mn+1(wn) = Sin {’ﬂbw + 5 + Z} —+ Ehw COS {’ﬂbw —+ 5 + Z} —+ O(n ) (14)
Recall that M, (0) = sin(nbg + ;7 — 360) we have then
Ay =sin{nb, + % + T s {b+f—g}
n =sinqnb, + o+ o psingnbg + 7 — 5
. 0 mwy . T W 1 L
—sin {nbg + 3 + Z} Sln{nbw + 1 5} + Efn(wﬂ) +0(n™?),
with
w oom 0
Fu(w,8) = h, cos {nbw +3+ Z}Mn(e) — hgcos {nbg +5+ Z}Mn(w). (15)

On one hand the function f, also has the required form of a symmetric difference. Moreover
the first symmetric difference in (7) simply equals to

Gn1(w,0) = gn1(0,w) =Ty + fo.
On the other hand, by using
sin(a — b) sin(c + d) — sin(c — d) sin(a + b) = sin(a + ¢) sin(d — b) + sin(a — ¢) sin(b + d),
we obtain

w—+0

A, = cos[n(bg + b,,)] sin w0 + sin[n(by — b,,)] sin

+ %fn(w,é) +0(n™?).

Taking into account that b, = —%aw, we finally obtain the first two terms in expansion (7).
The proof is complete since substituting [2n]'/? for [4n(n —1)]*/# in the Lh.s. of this expansion

does not affect the conclusion.

Corollary 1.  Letn, u and v as in Proposition 1. Then we have the following expansion

220K, (u,v) = 7 (sinwsin 6)
1 1 00
sin 5n(aw — ag) cos 2n a, + ap) 1 }
>< — —_—
{ + Z nk

sin 3 (w — 0) sin 3 (w + )

=0

where the functions hy,  satisfy |hn k| < di for some sequence of constants dy. In particular,

2v2n K, (u,v) = 7~ (sinwsin 0)*%

i1 o

X { - % + "/Jn(w,e) + hn,O(wve) + O(n_l)}’ (16)
2

with

cos %n(aw +ag)

Yn(w,6) = = sin 3 (w + )

(17)
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Proof. Note that u—v = cosw — cos § = —2sin £ (w +6) sin 3 (w — §). From the expansion (7),
we have

2v/2n K, (u,v) = 7~ (sinwsin 9)_%

1 1
cos 2n(aUJ + ag) sin 2n aw — }
- + (w, 6
{ sin 3 (w + ) sin § Z nk=1 =1 )

where we have set for &k > 1

gnk(w 0) gnk(o w)

1
P je— 50 ==
#-1(w,0) n —2sin 1(w + 60)sin 1 (w — 6)

(18)

Let be € = arccos(n), so that w,0 € [e,m — ¢]. The special form of g, , implies that for some
constant s; we have

%gn’k(w ) ’\/ ‘899nk w 9)’ < ns.

Hence
2

sine

3w =0 |
*Isin 1 2(w—0)
Note that (w —#) € [-47 + &, 27 — €]. As the function z/sin(z) is bounded on this interval,

the boundedness of the h,, ;’s follows. Finally we obtain the expansion (16) by keeping only
the first three terms.

‘hn,k—l(w7 0)| S

3 Convergence Rate of the Expected Spectral Distribution Function

The so-called expected spectral distribution function is simply

u
EF, (u) :/ pn(s)ds
—00
which converges to the Wigner distribution function F'(u). Similarly, for any interval uo = [u, v],
the expected value EF,, (uv) converges to F(uv) = F(v) — F(u). Proposition 2 gives the rate
of this convergence for the considered random matrices from Gaussian unitary ensemble. Note
that similar results have been already established in [9], but our proof is completely different.

Pr0p051t10n 2.  Letn € (0,1] be fized. We have

(1) pn(u \/ 1 —u2+0(n~"Y), where the error term O(n™") is uniform for all ju| <1 —n.
(2) sup |]EF (o) — F uv)| =0(n™).

TOC[—1+n,1-7)]

Proof. Let u = cosw and the angles w, and w be defined by the equalities

uV2n = V2ncosw = \/2(n + 1) cosw,, = /2(n + 2) cosw;!.

Let us from Eq.(1) that p,(u) = [V2n¢p2 — /2(n + 1)¢n_1¢n+1](uv/2n). By the Plancherel-
Rotach formula (6), we have

[2(n — 1)]7%90"_1(71\/%) =V2(rsinw)” {M )+ 0 1)}

As for ¢, (uv/2n), by the computation in the proof of Proposition 1, namely Eqgs.(11) and (14),
we know that

[2n]*%¢n(u\/ﬁ) =V2(r sinw)*% { sin {nbw + % + %} + O(nil)}.
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For ¢,11(uv/2n), note that the computation between the pair (w,,w;") is exactly the same
as for the one just recalled for the pair (w,w,), except that we have to substitute n + 1 for n.
In other words,

21 + 1))~ % oyt (uv/2n) = V2(rsinw,) "2 { sin {(n +1)b, + % + %} + O(n’l)}.

Recalling the expansion (13), we then find

T 3 T
+1 +—=+ == + w4+ —+ b.
(n Vb, 5 1 nb 2w 1 O(n™")

Collecting the three expansions we get

Pa(v) :Wsian
X [sin2 {nbw + % + %} - Sin{nbw - g + %}Sin{nbw + gw—k %} + O(n_l)}
:Wsi2nw X [sinszrO(n*l)] = %sinw+0(n71).

This proves the first assertion. The second assertion is then a straightforward consequence by
integration.

4 Variance Function of the Empirical Process

We now study the variance function of the considered empirical process. The main result is the
following

Theorem 1.  For allwo C (—1,1), the variance of F,,(uv) has the following expansion
1 logn _
Var(F,(uv)) = P +O(n 2) (19)

where the error term O(n=2) is uniform for wv C [~1+n,1 — n] with any n > 0.

This theorem implies two important facts. First the variance of F,, (uv) is on one hand much
smaller than the “usual” O(n~!) rate, and on the other hand much larger than the O(n=2)
order found for linear integrals F,(f) with f a polynomial (see Introduction). Moreover this
variance is asymptotically independent of the details of the interval such as its length or its
location in the base interval (—1,1). This surprising fact will be the key for the computation
of the covariance function of the process, see Section 5.

Proof Theorem 1. Let Z; = I,<),<, for 1 < i < n. These variables are (dependent)
identically distributed Bernoulli variables with parameter o, := EF, (u0) = E[F,,(v) — F,(u)].
To get the covariance between two Z;’s, one has

E(Z122) Z/U/Upn(sat)det ;
n—l// ——KQ(S t)|dsdt

7n—1[ 77/8"}

B = Q/UU/MUIN(EL(sJ)dsdt. (20)

with
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It follows that
1 2

COV(Zl,ZQ) == n_ 1[ n _ﬁnL

and
n? Var(F, (w)) = n Var(Zy) +n(n — 1) Cov(Z1, Z2) = n(an — Bn).

Let us set a = F(uv) = F(v) — F(u). Since by Theorem 2, n(a, —a) = O(1), it is sufficient
to prove
1 log
2

Prn=oa— (n). (21)

Let 0 < £ <7 < 7 be defined by u =cosT, v = cosf. For any (small) n > 0, let 0 < < T be
defined by 1 — n = cosd. Thus |u| < 1 —n if and only if 7 € [§,7 — 4].
Starting from Eq.(20), we have by the expansion (16) of K,

dnm? B, =7r2/ /Snf(?l(s,t)dsdt
2
/ / (sinwsin0)~ {[sm n( a.g)}
sin 3 (w — 0)

sin 2n(a,, — ag) Sinln(aw— 0)

— 24, 9——2hn ,0 2 dsdt + 01
¥n(w,9) sin 3 (w — ) ow,9) sin 3 (w — ) } +0)
/ / (.0) + 250(0) + 21, (c2,0) | dbd + O(2), (22)

where
sin 2n(a, — ag)2
ko (w,0) = |—2 0w — Q017 23
(w,6) [ sin 3 (w — 0) } 23)
(@.0) o e)sin%n(aw—ag)
sn(w,0) = —Yp(w,0) —=————,
sin 2(w — 0)
sin 3n(a, — ag)
0 ho, gy—=2 ~«
tn(w,6) = o, 9) sin 3 (w — )
We will establish in next subsections that
11
Ay _/ /k w,0) dfdw = Anr (a—— °i”)+0(1), (24)
A ::/ /sn(w,ﬁ)dew:O(l), (25)
£ J¢
As ::/ /tn(w,ﬁ) dfdw = O(1). (26)
£ J¢

The estimation (21) then follows and concludes the proof of the theorem.
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4.1 Estimations of the Oscillating Integrals

We now establish the estimates (24)—(26). The functions to be integrated are all continuous
and uniformly bounded on any off-diagonal region {|w — 6| > £}, but oscillate heavily near the
diagonal.

As the computations of As and Aj are similar, we will only give full details for the integrals
Al and AQ.

The integral Ay := [ [ s,(w,0) :

We start with the second integral. First note that

(©.0) coS ln(aw + ap) sin %n(aw —ag) sinna, —sinnag
Sp(w,0) = _
e sin 2(w + 0) sin 3 (w — ) cosf — cosw

Let D. = {(w,0) € [¢,7]>: |0 —w| > €}

Aq / /sn w, 0) dwdf = hm // smnaw—smnagdwde
cosf — cosw
=2 lim / / __sinas a9
e—0 D, Cosw — cos
A = 2// sin nagy _ sinnag d9—2/d / CcoSnay — cosnaw)’de
D, Cosw — cos 0 nay(cosf — cosw)

Here denotes derivative with respect to the variable §. Therefore, integration by parts further
yieds

Then

A —2/dw [ 1 cosnag — cosnaw}dw
ap (cos® —cosw) le,

;. "
// cosnag — cosna, _ apsind — a,(cosd — cosw)
- = X

72

0
(cos @ — cosw)? al dwd

= Aza — Agb, (27)

where the bounds ¢, and d,, depend also on ¢ and belong to [§,7].
Recall that aj = —4 sin? @ is bounded away from zero on [5, 7 — §]. For the first term Ag,,
note that for any continuously differentiable function 1 (w, ) defined on [6, 7 — §]%, we have

cosnp(0) — cos n(w)

cos ) — cosw

< Cyn, (w,0) € [0, — ]2, (28)

for some constant Cy depending on the function 1. Therefore the first term As, in (27) is
uniformly bounded.
For the second term, let us set
alysin @ — ay (cos 0 — cos w)

Go(0) = -

Qg

By making use of the symmetry between w and 6, we have

Ay =2 // CObnag—COb’l’LawGw(e) dwdd

(cos @ — cosw)?

// COS NAy — COS Ny, (G, (0) — Go(w)] dwdf

(cos 8 — cosw)?

__// COS Nay — COSNay, Gw(H)—GQ(w)dwde
D

n cosf — cosw cosf — cosw
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The first factor (cosnag — cosna,,)/(cos — cosw) in the last integral is uniformly bounded by
Cin for some positive constant according to Eq.(28). The second factor (G, (6)—Go(w))/(cos6—
cosw) is a well defined continuous function on the compact domain [§, 7 — 6]?, hence also
uniformly bounded. This proves that As, = O(1) uniformly, and hence by taking £ — 0,

A :/}E /gsn(wﬁ) dwdd = O(1). (29)

The integral A; := [ [ ky(w,0) : we have, by symmetry,

Al ;:/ / k:n(w,@) dwdf = 2/ dLU/ kn(waa)de
3 w
_2/ dw/ kn(w,w + x)dx
0
By LTS
Sln fL‘

2

The following derivations largely depend on the family of functions g, indexed by w € [§, 7 — §]
for some 7 > 0, which are defined as

9w () = %[aw — Q] =T — %[sin(Qw + 2z) — sin(2w)], x € [0,7].

It is easily checked that g, is a differentiable, strictly increasing function with derivative
bounded away from 0 : g/ (z) € [2sin?6,2]. Notice that g, (0) = 0, g.(7) = 7 and ¢/, (0) =
2sin?w. Its inverse function h, = g ! is of similar nature : differentiable, strictly increasing
with derivative bounded away from 0.

To abbreviate, let us set b = b(w) = 7 — w and sometimes we denote g, simply by g and h,,
by h. We have

o= [ PR =L [ [ (e

ng(d) , 2 ly
i / ! (Slzy) .h/(z).[;g()fdy.

Since g(b) = g, (b,,) > 0, by the Lebesgue’s dominated convergence theorem,

w © siny 2 s .
%%/O ( yy> .hlio)dy:yu(o):7r81n2(w).

Again by that theorem,

A 2 (7 2 [
L2 / sin?(w)dw = —/ V1—s2ds=a.
3 T Ju

dnm? T

Rate of convergence :  Now we proceed to estimate the rate of the convergence above. We

have
47171'2 T /A (30)
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where we have set

Ap(w) :%:)—Wsin%w)
n9®)  gin g 2 , 34 2 ® rsiny 2
:/0 (Ty) {h (%){sin%h(%)] - h/}o)}dy_/ng(b)( yy) hfzo)dy

::An’l(w) — An’Q(W).
For the first term A, 1,

a(b) 37 12
Api= %/o t(sinnz)? - {2—2 (h’(z) [sin ;h(z)} - h’io))}dz,

By expanding h(z) and h/(z) near z = 0, we have

z 2 1 1 —3b% +2ca+a* ,
_ - o(z*
h(z)} W(0) 12 a3 < +0@)

B (2) [

sin

N [N

where a, b, ¢ are the first 3 derivatives of i (z) at the origin. In particular, 2 = 1/h’(0) = ¢/(0) =
2sin®(w) is bounded ; also the O(z*) term is uniform for all w € [§,7 — §]. Hence the above

integral is bounded and
Ani(w)=0(n1). (31)

For the second term A, »(w), we get

T T 1 o’} siny 2
On ::/ An’g(w)dw:/ 7dw/ dy.
¢ ¢ hi,(0) ngu<b<w>>< y )

Now let § = 7 — w, it turns out that

1 1
9w (b(w)) = g, (0) = 0 — 5 sin 27 + 5 sin(27 — 20) = g, (0) ,

and
— = ¢/ (0) = 2sin®(w) = 2sin*(1 — 0) = 2sin’(7 — 7 +0) = g'.__(0).

T—& o] SiIly 2

gn—7

Hence

Denote by c=7—¢>0and d= (7w —7) € [0, 7 — J].

c . 2
siny
On :=/ 9q(0)do dy
0 nga(0) ( Yy )

- /0°° (Sizy)gdy /;Ahd(y/n) g4(6)d6
([ [T ) () e 2] @)

ga(c

The second part f:;d(c)(~) is of order O(n™!) since g4(c) > 0 and for large positive X,

[ (5 =o(g)
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For the first part,

/Ongd(c) (Sizy)Q%dy _ %[% logn—l—O(l)} (33)

the last step being a consequence of the following classical expansion

X Gin2
/ sin (y)dy _ %]ogX-f—O(l) ) X — 00.
O y

Collecting results from Egs.(30),(31),(33) gives

Ay 2 1 _
dnm? —a:;[—%logn—kO(n )

which is the desired result (24).

5 Covariance Function and a Conjecture

The aim of this section is to examine the covariance function of the process { F},(uv)} indexed by
the set of closed intervals wv C (—1,1). Surprisingly, the asymptotic expansion of this function
are easy to identify due to the particular form of the variance function established in Theorem
1.

Let

Ty, (ab,cd) :== Cov(F,(ab), Fy(cd)),  abC (-1,1), cdC (-1,1). (34)

Theorem 2. Without loss of generality, let us assume b < d for two closed intervals ab, cd
enclosed in (—1,1). Then the covariance function T',, has the following expansions:

T, (ab, cd)
l.a<ce<d non inclusive intervals -3 jffng +0(n=2)
2.a=c<b<d or

c<a<b=d inclusion with a common endpoint %;"fn’; +0(n=?)
3. c<a<b<d strict inclusion O(n=2?)

All the O(n=2) terms are uniform for intervals ab, cd enclosed in [—1 +n,1 —n] for some
n > 0.

Main information from this table are: first the covariance depend on whether or not one
of the intervals is included in the other. Except Case 3 corresponding to a smaller covariance,
they have the same asymptotic order than their variances; secondly, the asymptotic magnitude
of the covariances do not depend explicitly on the size of the intervals, nor on their locations
within the base interval (—1,1).

Proof of Theorem 2 Case 1 consists in the following three sub-cases:

(1.a)  neighboring intervals with a <b=c<d ;

(1.b)  disjoint intervals with ¢ < b < ¢ < d;

(1.c) overlapping intervals with a < ¢ < b < d.

The basic case is (1.a) and conclusions for all others sub-cases as well as for Cases 2 and 3
follow from this special case. We thus give details in this special case and Case 3 only. In this
proof F- stands for a shortcut of F,,(ab) and let ,, = log n

m2n? "
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Case (1.a). We have F- = F... + F. Then

Var(F.;) = Var(F.) + Var(F) + 20, (Fp, F-3).

ab’ " ¢
By Theorem 1, all the three variances are of order v,, + O(n~2). Thus the result follows.

Case 3. Here we have ¢ < a < b < d. Thus I = Feg + F + 57 and by using Case
(1.a) and Theorem 1

Cov (I, Fy) = Cov(Fiy, Fog) + Cov(Fg, Fop) + Cov(Foy, Fyy)
1

1
= St = 5+ 07 = 0(n7?),

Note that this asymptotic covariance function is very similar to the one found by Wieand!!”]

for random unitary matrices where this author also established a central limit theorem. Actually
we conjecture that such a CLT should also take place here. Namely, given m subintervals
ULVL, * ** , U Uy, Of (—1,1), the random vector

[Fn(W) — F(u;v))
Viogn/(mn)

converge weakly to a zero-mean Gaussian vector (Zi,---,Z,) with Var(Z;) = 1 and the
covariances Cov(Z;, Z;) (i # j) taking one of the three values, +1 or 0.

:1’...’m:|

It is also worth noticing that from (7), we readily see that I?n, once properly scaled, has
a limit called the sine kernel. Random point field associated to this limiting kernel is then a
special instance of random determinantal fields introduced by Soshnikov (see [16] and [15]).
Indeed following Costin and Lebowitz[®, this author proved a central limit theorem for the
empirical counts of such a field on an interval [—L, L] when L goes to infinity.
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