HOMOGENEOUS ASYMPTOTIC LIMITS OF HAAR
MEASURES OF SEMISIMPLE LINEAR GROUPS AND THEIR
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FRANCOIS MAUCOURANT

ABSTRACT. We show that Haar measures of connected semisimple groups,
embedded via a representation into a matrix space, have a homogeneous as-
ymptotic limit when viewed from far away and appropriately rescaled. This
is still true if the Haar measure of the semisimple group is replaced by the
Haar measure of a irreducible lattice of the group, and the asymptotic mea-
sure is the same. In the case of an almost simple group of rank greater than
2, a remainder term is also obtained. This extends and makes precise anterior
results of Duke, Rudnick and Sarnak, and Eskin-McMullen in the case of a
group variety.

1. INTRODUCTION

1.1. Statement of the results. Consider a semisimple, noncompact, real Lie
group G, with finite center, and p : G — GL(V) a faithful representation of G on
a finite dimensional real vector space V', u a Haar measure on G. If we think of
the image measure p,u as a Radon measure on the vector space of endomorphisms
End(V), one may ask what this measure looks like when seen from far away. In
fact, to such a representation p and a Haar measure p, we will associate two
numbers d € Q, e € NU{0} and a measure pio, on End(V') which is asymptotic
in some sense to pf.

Let us first describe the numbers d,e. As we will see, they characterize the
growth rate of p,u in the sense that the p,u-measure of a ball centered at zero in
End(V) of radius T is equivalent to ¢T'¢In(T')¢ for some constant ¢ > 0 depending
on the chosen norm. These two numbers can be computed using the following
simple geometrical construction: after having fixed a Cartan subalgebra a of the
Lie algebra of G and chosen a set of positive roots, let C C a* be the convex hull
of the weights of the representations p, and 8 be the sum of the positive roots
counted with multiplicities. Then d is the unique positive rational such that 3/d
lies on the boundary of C, and e is the codimension minus one of the minimal face
of the polyhedron C containing (3/d (see section 2.1). In particular, e is always
less than or equal to the real rank of G minus one.

The measure i, is characterized by the following Theorem:
1
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Theorem 1. Let G be a connected semisimple noncompact real Lie group with
finite center, p : G — GL(V) a faithful representation of G' on a finite dimen-
sional real vector space V', and p a Haar measure on G. Then there is a rational
positive number d, an integer e between 0 and rankrG — 1, and a nonzero Radon
measure [ on the space End(V') of endomorphisms of V' such that we have: for
any continuous function f of compact support from End(V') to C,

: 1 p(g) ~
P T4In(T)e /Gf (T) dplg) = /End(v) Jdjico.

Now, let us describe briefly some additional properties of the measure pio.. It
is homogeneous of degree d in the following sense : for any Borel set £ C End(V),
any t > 0, we have po(tE) = t%u(E). It is of full support in a manifold M
which is an homogeneous space of G' x G, if the first copy of G acts by matrix
multiplication on the left and the second one on the right. A notable fact is that
it can happen that the closure of M in End(V) is strictly smaller than the set
of limits of sequences (p(g;)/T;); (see the example of the Adjoint representation
of SL(3,R) in section 4.2). The proof of Theorem 1 is constructive, that is, piso
can be written explicitly.

We will need a bit of terminology in the sequel: the function T+ T¢In(T)*
is called the growth rate of G with respect to p; there is a natural ordering on
such functions given by the lexicographical order on (d, e). It is not hard to show
that the growth rate of a normal subgroup H of G with respect to py is always
smaller than or equal to the growth rate of the group G with respect to p.

Now consider a lattice I' in G. We can ask about the spatial distribution of
the points p(T') in End(V), more precisely what the image by p of the Haar
measure on I' looks like seen from far away. The related counting problem has
been explored in [DRS], [EM] and [EMS]. Here we prove the following.

Theorem 2. Let GG, p be as in Theorem 1. Let T" be a lattice in G, and assume
either that I us irreducible, or that every nontrivial normal subgroup H of G has
a growth rate with respect to pjg which is strictly less than the growth rate of G
with respect to p. Then for the same d, e, li, as in Theorem 1, for any continuous
function f of compact support from End(V') to C, we have

: 1 p(v)) _ 1
TEI—POO Td ID(T)e 726; f ( T IU(F\G) /End(V) fdﬂoo

The condition on the subgroup growth have also a geometrical description in
terms of the dual of C (See Lemma 2.2).

Maybe the most surprising is that there a hypothesis on p or on I' is necessary:
if one drops both irreducibility and strictly smaller growth of proper normal
subgroups, the conclusion of Theorem 2 can fail, as in the following example.
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Let I' = SL(2,Z) x PSL(2,Z) C G = SL(2,R) x PSL(2,R), and consider
the representation p of G on V = R? ® sl(2,R) defined on pure tensors by
p(g1, g2)v@w = p1(g1)v® p2(g2)w, where p; is the standard representation and po
the Adjoint representation; here the growth rate T2 of G is the same as the growth
rate of the first copy of SL(2,R). In this case, there is indeed a limit measure
for the lattice, but it is singular with respect to the one for the whole group;
see section 4.4 for details. Counter-examples with the same type of behaviour
were given in [DRS],[EM], [GW], but here the variety p(G) considered is affine
symmetric, whereas theirs was not.

From these two Theorems, one can easily deduce the following Corollary that
give the announced interpretation of d, e and illustrates the role of pi,. The first
part was announced independently by Gorodnik and Weiss in [GW], Theorem
2.7.

Corollary 1.1. Under the assumptions of Theorem 1, for any norm ||.|| on
End(V), let C be the uo measure of the ball of radius 1 around 0 for the chosen
norm. Then, as T tends to infinity,

g € G, llp(g)ll < T}) ~ CT In(T)".

Under the assumptions of Theorem 2, we also have as T tends to infinity,

C
Hyel, [lpM| £TY ~ —=—T%In(T)".
{ oI < T} e (T)
In the case when G is almost simple, a result of Duke, Rudnick and Sarnak
implies in fact that the second part of the Corollary 1.1 is a consequence of the

first part.

Now let us assume that the representation p is such that e = 0. In this case,
it is possible to improve Theorem 1 to give a remainder term, for some classes of
test functions f.

Theorem 3. (Same hypotheses and notations as Theorem 1.) We assume e = 0.
There exists an effective ag > 0 such that for any o €]0,1], for any Hélder map
f of exponent a and compact support, we have

s M) _ aan
s Gf( DY duo) / o J £ OT)

Moreover, for any norm ||.|| on End(V'), we have as T tends to infinity,
n{g € G llp(9)ll < T}) = CT* + O(T"),
where C' is the ps measure of the ball of radius 1 around O for the chosen norm.

It is also possible to find a remainder term for Theorem 2 in the case when G
is almost simple of real rank greater than 2, following a suggestion of Babillot
([Bab], p47-48).
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Theorem 4. (Same hypotheses and notations as Theorem 2.) Assume e = 0,
and that G s almost simple of rank greater than 2. There exists an effective
ag > 0, independent of T', such that for any o €)0,1], for any Hélder map f of
exponent o and compact support, we have

51 (42) sy e 0

vyel

Moreover, for any norm ||.|| on End(V'), we have as T tends to infinity,

#Hyel, lloMI <T} = T+ 0(T),

C
p(I\G)

where C' is the s measure of the ball of radius 1 around O for the chosen norm.

This gives a partial answer to a question of Eskin-McMullen in the case of a
group variety. It was already obtained by Duke, Rudnick and Sarnak [DRS] in
the case of the standard representation of SL(n, R); in this particular case their
remainder term O(T" "~ V/(+1+¢) is better than the O(T™ "~ 1/6m+¢) for p > 7
that is computed here (see Proposition 4.1), but note however that their estimate
applies only for norms which are invariant under a maximal compact subgroup.
We give a detailed proof of the following application of Theorem 4 in 4.3, as an
example of calculation of the effective constants.

Proposition 1.1. Let I' C SL(3,R) be a lattice and ||.|| be any norm on
End(R?). There is some ¢ > 0, depending on the norm, such that for any 6 > 0,
we have

#{v el ¢ W ST, [y Y ST} =T+ O(TV5),

Another known case of remainder term, due to Réttger ([R1],[R2]), and not
covered by this Theorem, is the representation of SLy(Of) of 2 x 2 matrices with
entries in the integer ring of a number field K on (R?)" x (C?)s.

If e > 0, then one can obtain remainder terms of the form O(7T¢InT*!).

Let us now describe the measure p,, in the simplest example. If one takes
G = SL(2,R) imbedded in End(R?) via the standard representation, then d = 2
and e = 0 as is well-known. The limit measure . is supported on the manifold
of rank 1 matrices which has the following parametrization, for (6,¢) € [0, 2n[?
and r >0 :

rsinfsin¢ rsinfcos ¢
rcosfsing rcosfcoseo |-

In these coordinates, the limit measure p,, can be written (up to a constant de-
pending on the choice of Haar measure) rdr Add Ad¢. The following corollary was

originally the motivation for the study of homogeneous limits of Haar measures;
compare with Ledrappier [L] (see also [N], [G], [GW]).
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Corollary 1.2. Let f be a continuous map from R? to R. Let I be a lattice in
SL(2,R) C M(2,R), and ||.||m@r) be the matriz norm va® + b> + 2 + d?. We
put

Ir={yerl : |Wluer <T}.

Define D to be the disk of radius 1 and center 0 in R?, endowed with the usual
euclidean norm. Then for any v € R* — {0}, we have

lim 1 Z F(y/T) = %/l £ )\/ o] |2 — Hszdy,

T—+oo #I'p - oD vl 11yl

Proof. (sketch) The given limit is nothing else than the (normalized) image mea-
sure of the limit measure restricted to the unit ball in M(2,R), 1p(0,1)tco, Via

the evaluation map from M(2,R) to R? : M — M(v). O

E. Peyre pointed out to me the striking similarities between these results and
a conjecture of Manin (see [FMT], [P]), where the number of points of bounded
height on certain algebraic varieties has also a growth of the type T In(T)?;
the exponents «, # are obtained by a very similar geometric construction. These
similarities are now clear in view of the forecoming paper [GMO].

1.2. Organization of the paper. In 2.1, we develop the notations and collect
some general geometrical properties. In 2.2, we state the technical Propositions
2.1 and 2.2, of which Theorem 1 and 3, and Theorem 4 respectively, are easy
consequences. Sections 2.3, 2.4, 2.5 are devoted to the proof of Proposition 2.1.
It is based on the formula for Haar measure using the Cartan decomposition
G = K x exp(a™) x K, but we begin by ignoring the compact group at first,
which does not change much the asymptotic (see 2.5). The main term is given
by Laplace-type integrals defined on certain polyhedra (2.3). In section 2.6 we
collect some analytical informations that will be used in the proof of Theorem 2
and Proposition 2.2. The proof of Theorem 2 that is given in 3.1 is a simplification
of the argument of Duke-Rudnick-Sarnak [DRS] to our case, and relies, as in [EM],
on the vanishing of matrix coefficients Theorem of Howe-Moore [HM]. Then, in
3.2, we state and prove an effective version of a Theorem about decay of matrix
coefficients of smooth vectors for simple Lie groups of rank greater than 2, using
the estimate for K-finite vectors due to Oh [O]. It is then used to prove along
sections 3.3, 3.4, 3.5 the Proposition 2.2, whose proof is actually an effective
version of that of Theorem 2. We then give some examples : SL(n,R) with the
standard representation in 4.1, the Adjoint representation of SL(3,R) in 4.2, the
representation of SL(3,R) on R3 @ (R?)* in 4.3, and lastly in 4.4 the counter-
example to Theorem 2 when the lattice is reducible and does not satisfy the
smaller normal subgroup growth hypothesis.
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2. ASYMPTOTICS OF SMOOTH HAAR MEASURES

2.1. Notations and geometrical properties. Let G be a semisimple, noncom-
pact, connected real Lie group with finite center. We will write g = Lie(G) for its
Lie algebra, and we fix g = £+p a Cartan decomposition, where ¢ = Lie(K) is the
Lie algebra of a maximal compact subgroup K. Let a C p a Cartan subalgebra,
A the abelian, connected subgroup such that Lie(A) = a, and r = dim(a) the
R-rank of G. We will write X for the nontrivial weights of the Adjoint represen-
tation, (mg)aex their multiplicity, W the Weyl group, 3T a set of positive roots,
(.].) the duality brackets between a* and a, and

at ={a € a|Va € &F, (a]a) > 0},

the positive, closed Weyl chamber associated to 7. We put
ﬁ = Z ma,

the sum of positive roots with multiplicities.

Given a faithful representation p : G — GL(V), where V is a real vector space
of dimension n, we write ® = (x1, .., x») C a* for the weights of the representation
p, counted with multiplicities. Let C the convex hull of the set ® C a*; it is a
convex and compact polyhedron, and we call

C*={a€calVxel, (xla) <1},

the dual convex polyhedron in a. Recall that a face of a convex polyhedron P is,
either P itself, or a nonempty intersection of P with a supporting hyperplane of
P. The dimension of a face is the dimension of the affine subspace it generates.
By (relative) interior of a face F, we mean F minus the union of proper subfaces
of F. The polyhedron C* is compact, thanks to the following Lemma.

Lemma 2.1. The zero vector 0 € a* s in the interior of C.

Proof. Since G is a unimodular group,
(1) » x=0,

thus 0 is a barycenter of elements of ®, so belongs to C. If 0 belongs to one of the
faces of dimension (r — 1) of C, there is an a € a — {0} such that (x|a) > 0 for all
X € C. From Equation (1), this means that (x|a) = 0 for all x € C, and since the
kernel of p is finite, Vect(®) = a* so we have a = 0, which is a contradiction. [

Thus, we also have the following description of C.
C={xea |Vael, (xla) <1},

Let d > 0 be the smallest positive real number such that (/d belongs to C, it
is well-defined thanks to the preceding Lemma. Let F3 be the face of maximal
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codimension containing (/d. Let
e = codim(F3) — 1.
Denote A = at NC*, and
Fi={ae€C"|(Bla) =d}.

Recall (see for example [Be|) that the dual face of a k-dimensional face F is
the r — k — 1-dimensional face

Fr={acC|VxeF, (xla) =1},

but in fact one can prove that if y is in the interior of the face F, we also have
F* ={a € C*|(x|a) = 1}. Thus F} is the dual face of Fj, and e is then also the
dimension of F3. Also, Fj is the set of point of C* where 3 attains its maximum,
d being the maximum of (3 restricted to C*.

Lemma 2.2. There is no proper ideal §) of g containg Fj if and only if every
nontrivial normal subgroup of G has strictly smaller growth rate relative to p.

Proof. Let H be the connected normal subgroup with Lie algebra § which is an
ideal containg Fj5. Let o',(C’)*,3',d’,¢' be the same objects than a,C*, 3,d, e,
but with respect to H rather than G. We can assume that a’ C a, denote by i
this inclusion map, and then we have a canonical map i* : a* — (a’)*. It is easily
checked that i*(3) = ', and (C')* = C* N a'; since Fj; C o, the definitions of
(d,e) in terms of maximum of 3 on C*, and the dimension of the set where the
maximum is attained, implies that d = d’ and e = ¢’. The reciprocal implication
is similar. O

The following geometrical properties will be needed in the sequel.
Lemma 2.3. The face Fj; is contained in the closed positive Weyl chamber at.

Proof. Let a € Fj, we have (#|a) = d. Let a € ¥* a simple root, and w, the
associated involution in the Weyl group, which permutes simple roots other than
a and such that w,(a) = —a. So § — we(f) = ua, where u is a stricly positive
integer. We have

(wa(B/d)|a) =1 —u(ala).
Since C is invariant under the Weyl group W, and a belongs to C*, we obtain

(arla) > 0. Since this is true for all simple roots «, this shows that a belongs to
at. O

For two linear forms ~q,7, in a*, we will write 73 < =9 if this is true on
restriction to a™.

Lemma 2.4. Let v an element of a* such that w(vy) < B for all w in the Weyl
group W. Then ~y/d belongs to C.
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Proof. We have to prove that for all a € C*, (y/d|a) < 1. Let a be in C*, there is
a element w in the Weyl group W such that wa is in a™. So we have

(vla) = (w)|w(a)) < (Blwa) < d.

The proof of the following easy geometrical lemma is omitted.

Lemma 2.5. Assume v lies in the interior of a face F of C of codimension at
least 1, and let v be in C — F. Then there is a X in |0, 1] such that \y"+ (1 —X)~y
lies in the interior of a face of codimension stricly smaller than the codimension

of F.

2.2. General Estimates. We now state the general technical estimates that
implies Theorems 1, 3 and 4.

Let B be the space of measurable, bounded maps of compact support from the
space End(V) of endomorphisms of V' to C, and B; the subspace of B of maps
which vanish outside the ball of center 0 € End(V') of radius 1 for some norm
on End(V). If f € B, put Ry for the least positive real number r such that f
vanishes outside the ball of center 0 and radius r; obviously, f € By if and only
if Ry < 1. We write ||f||o for the supremum of |f|. In order to control the
regularity of such maps, we introduce for § > 0 and ¢ > 0 the following set

Dy(d,¢) = {g € End(V) [ 3 h,[|h = g[| <4, |f(g) = F(R)] > €}

This set will be of use to give estimates that make sense for both continuous
functions and characteristic functions of set.

Proposition 2.1. Same hypotheses as Theorem 1. There exist d, e, o, with the
properties announced in Theorem 1, and there exist A > 0,& > 0, > 0,7 > 0,
and a Radon measure v > |, homogeneous of degree d, and a constant ¢ > 1
such that for any f in B, any § €]0,1], any € € [0,1] and any T > ¢~ /Ry, we

have
ey () 400 [, 1o

—¢
<t |l (R w(Dytehyn, o) 467 (BT) <+ SO 4 R THy 1)) +¢].

where h(6,T) =0 if e =0, and h(§,T) = —hilf—JTrl otherwise. Moreover & > 0 if
e=0.

The preceding Proposition implies Theorems 1 and 3 in the following way. We
only sketch the calculations. For Theorem 1, take € = wy(cd) a continuity module
for f, that is a map such that D;(d,w(0)) = 0 and such that wy(0) tends to zero
as 0 tends to zero; then let T' tends to infinity, and then ¢ to zero. This proves
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Theorem 1. In Theorem 3, we assumed e = 0, and for a Holder map f of exponent
a, we have wy(d) = 6*. Thus, we put € = ¢*§*; define
v=inf(1/\&/(a+ 7)),
and then put 6 = T7". It can be checked that 7v — £ < 0, and that T > 6~ as
required, and then the result is given by
ap = inf(§ — 7v,&',v) > 0.

For the characteristic function f of a ball B(1) of radius 1 around 0 for some
norm, one can take e = 0, then the measure of Dy(cd,0) is the measure of some
small annulus B(1 + ¢d) — B(1 — ¢d) with respect to some homogeneous measure
v, and thus is less than some constant times ¢§; thus the upper bound can be
minimized with the constant given for Holder maps of exponents o = 1.

Proposition 2.2. Let G be a almost simple real Lie group of rank greater than
2, p a representation on a finite dimensional vector space V', and let I" be a lattice
in G. Let d,e, s be given by Theorem 1. Let A > 0,£ > 0,& > 0,7 > 0,v be
given by Proposition 2.1. There exist & > 0,7 > 0, and a constant ¢ > 0 such
that for any f € B, any 6 €]0,1], any € € [0,1] and any T > 0(5_)‘R}, we have

#(T)e 726; / <p(T7)> N M(Pl\G) /End(V) Ties

< cR[||flloo(R; 'w(Dy(cRy6,€)) + 6T (RyT) ™ + 6~ (R;T) ™
(R;T)*
In(TRy)
where h(6,T) =0 if e =0, and h(§,T) = —lnlr‘f—}ﬁl otherwise. Moreover £ > 0 if
e=0.

+ +h (6, TRys/c))) + €,

This Proposition implies Theorem 4 in exactly the same way Proposition 2.1
implies Theorem 3.

2.3. Asymptotics of some measures defined by linear forms. We fix a
basis of V' in which exp(a) is diagonal, that is

poexp(a) = Diag(exp(xi|a), .., exp(xsla)).
The vector space End(V') is endowed with the operator norm associated to the

supremum norm in V' (with respect to the chosen basis). For f in B, we will note
fa the map f restricted to the set of diagonal matrices, that is

fa(hi, .., hy) = f(Diag(hy, .., hy)).
We denote by da the choice of a nonzero Lebesgue measure on a. If F is a proper
face of C, we define Mz to be the image of a by the map a — (g;(a))1<i<n, where
gi(a) = exp(xila) if x; € F, 0 otherwise. It is a manifold of dimension dimF + 1.
Before we state the main result of this section, let us state a easy upper bound.
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Lemma 2.6. Let f € B and v € a*. Let u be the maximum of v restricted to
A =C*Na'. Then for allT > 1, we have

/a+ f (%Xpm)) exp(v|a)da

where L(A) stands for the Lebesgue measure of A : L(A) = [, da.

< LA oo (Rp)“T*(In(T Ry))",

Proof. First, since f(%p(a)) = fa(exp(xala)/T),..,exp{xnla)/T), this quantity
vanishes when a in a™ is outside In(T'R;)A. So we have

[ (225 expta o

Then apply a change of variable b = a/In(T'Ry) to obtain the expected result. [

< 1flls / exp(r]a)da.
In(TRf)A

The rest of the section will be devoted to the proof of the following Proposition.

Proposition 2.3. Let k > 1, and 7, .., be distinct, nonzero linear forms in
a*, such that

b fOT’ all i; Vi S 7,

e there exist a positive real number ¢, and a face F of C of codimension at
least one, containing v;/C for all i,

e the element v, /( lies in the interior of F, which means that F is the face
of C of minimal dimension containing v1/(.

Let s be the dimension of F, and t = (ty,..,t) a nonzero vector in R*¥. There
there is a linear form L on B, a Radon measure L, (both may be zero), and
constants C; A > 0,7 > 0,& > 0 such that for any f in B, any d,€ in |0, 1] et [0, 1]
respectively, and any T > 5_)‘/Rf, we have

W /a+ f <—p - e;p(a)) gti exp(7ila)da — L(f)‘

< [ClIf 1o (R Lo (Ds(Ryb, ) + 377 (TRy) € + h(5, TRy) ) + Ce| S,

where h(5,T) = 0, if s +1 = r, and otherwise h(5,T) = _111;%?,;“. The linear
form L s a linear combination of measures in the Lebesque class of Mz, and
L, is also in the Lebesgue class of this manifold. Moreover, L is nonzero if and
only if we have the following inclusion {a € C* | (y1|la) = (} C a™ (equivalently
F* C at). In the case L is nonzero, then L and L' are both homogeneous of

degree C.
Taking 6 = 1/2, € = 0, we have the following.
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Corollary 2.1. Same assumptions and notations as Proposition 2.3. There is a
constant ¢ > 0 such that for any f in B, any T > 2/ Ry, we have

/+f (%) Zt oxp(y;|a)da

< el lflloo(TRy) (In(TRy))" "

O

First, we can assume that Ry > 0, and if we put f'(x) = f(Ryz), then f’
belongs to Bi, and it is easily checked that

Dy(8,€) = —D; (R, ).
Ry
If s+ 1 = r, using this reduction, it is easily checked that is is sufficient to prove
the Proposition when Ry = 1; in the case r > s+1, it is a little more complicated
because one have to use the Corollary when Ry = 1 and the particular form of h;
we skip the details. Thus it is enough to prove Proposition 2.3 for f € By, and
from now on we will make this assumption.

Since f vanishes outside the ball of center 0 and radius 1, we have

I(T>:/+f<%>zt exp(v;la )da—/(T)Af(poeXp )Zt exp(v;|a

In
Let F' a codimension 1 face containing F. We can find a set of s + 1 weights,
say X1, .-, Xs+1 Up to changing the indices, which are a affine basis of the affine
subspace of dimension s containing F. Thus, there exist real numbers p; ; (which
are allowed to be negative), such that for all j = 1,.., k, we have Zf+11 Mij =1
and

s+1

(2) %‘/C = ZMz‘,in-

Since F’ is of codimension 1 and does not contain 0, we can freely change
the indices of weights other than yi, .., xs+1 such that (x1, .., x,) is a basis of a*,
contained in F'. Let (x7,..,x}) be the dual basis of a. The following lemma will
be useful in the sequel.

Lemma 2.7. The element Y ;_, x} belongs to C*.

Proof. The dual face (F')* of ' is a O-dimensional face (a point), and using the
definition this must be > ._, x7, so is in C*. l

Let D > 0 be the real number such that
da = Ddxy N ... N dx,.
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For:=1,..,s+ 1, put

exp(xi|a)
(3) zi(a) = 7
and fori=1,..r —s—1,
_ (Xst+14ila)
(4) yi(a) = ()

Remark that if s = r — 1, the variables y; are not defined and should be skipped
in all the sequel. Let Er be the image of In(T")A by the map

a— (z1(a),..xs1(a), y1(a), .., yr_s—1(a)).
For i = 1,..s + 1, we can differentiate to obtain dy; = dx;/x;, and for i =

1,..,7 — s — 1, we have dxsi14; = In(T)dy;. Therefore, the change of variable
a— (x;,y;) writes

(5)

— D P T Tll(g) Tln E | | q77 N
T¢(In(T))r—s1 Br fu(Pi(@) ’ b i s dady

where Z,y denotes the vectorial variables (z1, .., Zsy1) and (Y1, --Yr—s—1), P are
the expressions

+

(6) H lex]

and /; the affine forms

(7) li(y) = <Z<X1|X;>> -1+ i XX Grs1) Vi

j=1 Jj=1

Let us describe the integration set Fp. Translating the two conditions y; <
In(T) and o > 0 defining In(T")A, we get that the set Ey C (R%)** x R" 71 is
defined by the following inequalities, for : = 1,..,n

(8) Tli(g)Pi(f’) <1,

and for all a in T,

(9) TP, (z) > 1,

with the convention that
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and
s+1 r—s—1
la(y) = Z<0‘|X;> + Z <0‘|X;+s+1>yj'
j=1 j=1
We define

Yo ={g R |fori=1,.,n, l;(§) <0, fora € Xt I,(y) >0},
Xoo ={z€[0,1]°" |fori=1,.,nst.[; =0, P(z) <1, fora € Xt st.l, =0, P,(z) > 1}.
Lemma 2.8. Let E,, be the set of couples (Z,y) that belongs to Ep for all T
sufficiently large (it can happen that E,, is empty). Then we have
Ey = (Xoo X Yoo) N (J0,1]5 x R7571).

The sets Yoo and X are compact, and X is not of empty interior in [0, 1]
Proof. The equality Ey, = (X X Yoo) N (J0, 1T x R™™*71). is completly ele-
mentary, from Equations (8) and (9), and the fact that Equation (8) asserts for
i=1,..,s4+ 1 that x; < 1. From their definitions, X, and Y, are closed, so X
is compact; moreover since A is compact, it follows from their definitions that the
variables y; are bounded independently of T', so Y., is also compact. Equation
(8) implies that if (Z,7) € Er then T € X; since Er is not of empty interior,
neither is X. O

Let M(Z) = (hi)1<i<n, Where h; = P;(z) if [; = 0, and h; = 0 otherwise.

s+1

Lemma 2.9. For all & € R, and X > 0 we have
M(\z) = AM(Z).
Moreover, for almost all (z,y) in Ey, we have
; (AT (G)Y . — 7
Jim (P@)TH0), = M(@)

Proof. Remark that the set of i such that [; is constant equal to zero is exactly the
set such that P; is homogeneous of degree one, because of Equations (6) and (7),
so M(A\z) = AM(z). For (Z,y) in E,, and outside the affine hyperplanes defined
by [; = 0 for those i such that [; is not identicaly zero, we have that Tli@)P,-(ji)
tends to zero because [;(y) < 0. O

Define
X, ={z € R |for o € " such that [, =0, P,(z) > 1}.

Remark that the set of « such that [, is constant equal to zero is exactly the
set of av such that P, is homogeneous of degree 0, thus X, is a cone, and in fact
X, =R X,. Now we define for any g in B,

(10) Lig) = DE(Ys) [ auht(e) Yot [aft
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Here £(Y,,) stands for the Lebesgue measure of Yo, C R"*7! and is equal to
1 in the case r = s + 1. It is not obvious that L is well-defined, because some
exponents p; ; might be nonpositive; however, note that the integrating set can
be restricted to the compact set 2,X ., because g; 0 M vanishes outside this set.

The problem of integration in the neighborhood of 0 will be the subject of
lemma 2.11, but let us first state the following easy Lemma, whose proof is
omitted.

Lemma 2.10. Let (vy,..,v;) be a finite set of vectors in a real vector space.
Assume a vector w lies in the interior of the convex hull of (vy, ..,vg). Then there
exist k1 > 0, ..,k > 0 satisfying the following

k k
w = E k;v;, and E Kk; = 1.
i=1 i=1

Lemma 2.11. There exist 71 > —1,..,7Ts11 > —1,
s+1

Q@) =] =7

such that for all T such that there exist § and T with (T,y) € Er, we have for

any j=1,..,k,
s+1

_ ii—1
Q@) > [
=1

and thus, the integral defining L is convergent, because X, is a subset of [0, 1]**
and 7; > —1.

Proof. Tt is sufficient to prove this for j = 1, because the inequality for a € a*,
exp(7yjla) < exp(vi|a) rewrites, after the change of variables,
s+1 s+1

T¢ H xf’”‘j <T¢ H a:f“i’l.
i=1 i=1

Let R = & N F be the set of weights included in F. Since 7/ is in the interior
of F, which is the convex hull of the set R, application of Lemma 2.10 yields
positive real numbers (K, )yer such that Y x, =1 and

/¢ = Z RxX-
XER

Thus, combining with Equation (2) and splitting this sum between those y ap-
pearing in (x1, .., Xs+1) and the others, we obtain
s+1

Z(Nj,l — i, )X = Z RxX-

J=1 Y Jy X#EX
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Since for all @ in In(T")A we have (x|a) < In(T'), we can write for all a in In(T")A,

s+1
D (ia = m)xla) < | D0 ke | In(T),
Jj=1 Y Js X#X;
SO
s+1
H(ij)(w,lfﬁxj) < T2 g X
j=1

The variable T' disappears because ) p; = Yk, = 1. Taking the inverse in-
equality, we obtain

+

H (’ixj —Hj, 1) 1

We can rewrite it
s+1 s+1

H Grix; —1 H Cnja—1

j=1
All the exponents of the left hand side product being strictly bigger than —1,
this concludes the lemma. O

Remark that if ¢ is in By, then
s+1

L(g) = DL(YOO)/X Zt ngu” dz,

because g4 is zero whenever P;(z) > 1 for some ¢ such that [; = 0.

Lemma 2.12. The form L, if nonzero, is homogeneous of degree C.

Proof. This follows from Equation (10), Lemma 2.9, and the fact that for all j,

st+11 xéuu is homogeneous of degree ¢ — (s + 1). O

Lemma 2.13. Assume that
{aeC [ (yla) =(} Ca,
then the form L is nonzero.

Proof. The linear combination of product of powers Zl N7 HSJrl g =1 pever
vanishes on a open set of R*™ if the family of exponents ((ui; — 1),-)j are
distincts, and the vector (ti,..,tx) is nonzero. It it the case since the ~; are
distincts. So, since X, is never of empty interior (nor X,), it is sufficient to show
that Y, is in this case, not of empty interior. For ¥ = (y1,..,4r_s_1) € R"*71,
define

s+1 r—s—1

= ZX;k + Z YiXst14j-
i—1 =1
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Then for ¢ = 1,..,n, we have [;(3) = (xila(y)) — 1, and for all « in X7, [,(y) =
(a]a(y)). So g is in Y if and only if a(y) is in A. Remark that the set {a €
C* | (m]a) = (} is, by duality between C and C*, of dimension r — s — 1, and is
exactly the set of a in C such that (x;|la) = 1 for i = 1,..;s + 1; so elements of
this set can all be written a(y) for some y. Thus Y is a polyedron of dimension
r — s — 1, so has non-empty interior. O

Now, since all the properties of L where checked, it remains to show the in-
equality expressed in Proposition 2.3. We can restrict ourselves to the case of
k =1, with only one v = ~; for some j, and t; = 1, because the result will follow
by linearity and the triangle inequality, if we put
s+1

k
— 13—1 —
ga(M (%)) Y [t;| [ [ 25" dz.
j=1 i=1

Of course, 7; does not lie necessarily in the interior of F, but we won’t use this
property again, it was only useful to show that L was well defined. Remark also
that, at this point, if one is only interested in showing that if L(f) is nonzero and
f continuous, then the integral I(T) is equivalent to T(In(T))"~*~1L(f), the re-
sult can be obtained here by using directly the dominated convergence Theorem
to the expression (5), thanks to Lemmas 2.8 and 2.9.

L,(g) = DL(Ya) /X

w

We first fix the following constants. In the following formula, the sum runs
through the set of index ¢ such that [; is a constant [; < 0; in case this set in
empty, take A = 0.

1
(11) A= sup ——.

,1;<0, l; const. 7

We have to show that A > 0. If [; is constant, from Equation (7) we have in

particular
L = <Xi| Zx}f> -1,
j=1

and since 7, x; € C* (Lemma 2.7), this implies that /; < 0.

Write 7 for all couples (¢, 7) with ¢ = 1,..,n such that [; is constant, [; # 0,
and j € {1,..,s + 1} such that (x;[x;) < 0.

1 L + 1
(12) T = sup _L*7 = inf <TJ—+)*
iper (s +10al;) A)eT (s + 1)(xlx])

The constant 7 is nonnegative by definition of 7, and £ is positive for the same

reason that A. Note that these constants in fact depends on the choice of F’

containing F, of the elements of the basis (x;), and also on the choice of 7; > —1
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in Lemma 2.11, so might be improved by wiser choices.

Our goal is now to give a upper bound to the difference

1 I(T) _ L.

&ﬂzﬁzwmﬂ)

For some 6 > 0, write
Ers={(Z,7) € Ex |foralli=1,..,n, B(z)T"" <4, orli(y) =0.}.
Write My(z,y) = diag(M(z)) € End(V). We have the following 1nclu81on.
ErUE., C (BErs—My (Ds(6,€))U(My (D4 (3, €))NEu)U(Es—Ers)U(Er—Ey).
Thus, Equation (5) allows us to give the following bound, where € > 0 :
s+1

s < [ £ (P@T D)y ) — fa(M ()| [ 29 ddg
B 5~ My (D4(5:6))

i=1

s+1
+2||f||oo/ ch“l_ldxdy+2||f||oo/ Q(z)dzdy
M (Df(ée))mEoo 1= 1 (EoofET,(;)

Hifl [ Q@isdy

Let us call S§(T,6,¢€),S2(T,0,€),S3(T,0),S4(T) the four terms of the sum on
the right hand side. First, because of the definitions of Eps, D¢(6,€) and M (Z),
we have for all (Z,9) € Ers — My ' (Dy(8,€)) the following inequality

[fa (P (@)THD, . P(2)TW) = f(Mo(7,9))] < €
Thus, since Ers C Eo, there is a constant C; > 0 such that

s+1
(T, 0,¢) < e ng“ifldi’dy = (e
Eoo =1
For the second term, we compute
s+1
S(T.8.) = 2lflls [ 1oy(a0(Mo(a, ) [] a8 dndy < 2017 LDs(5. )
Eeo i=1

For the two remaining terms, we will do separately the two cases r = s+ 1 and
r>s+1.

First case : r=s+ 1.

In this case, there is no g variables, so the affine forms [; are nonpositive constants.
From the definition of Erps, we have

Es — Ers C {z €0,1]" | for some i such that {; # 0, TP, T)>6}.
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Forj=1,..,s+1and 7 > 0, we will write G(j,n) for the set {z € [0,1]" | z; >
n}. Let T € E — Ery, there is some @ with [; # 0 such that

r

(13) T > 6.
j=1

)

Let k such that x,i X ¢ maximum. Then

x2<Xz’|XZ> > ij'Xi‘X;) > 6T,
j=1
Since T' > 6~* by hypothesis, and § < 1, we have 774§ > §'~*i > 1 because of
Equation (11). Combining with z; < 1, we conclude that (x;|x%) < 0, that is
(i,k) € T. Thus we have shown that :

1
Ew-Ersc |J G (j, ((5T‘l")”’”"‘§>) .

(i,§)eT
Now, a simple integration show that

r

Q(z)dz = (H(Ti + 1)) ntL,

G(@im) i=1

Thus we obtain a first upper bound for S3(7',6)

S3(T,6) < /

Es _ET,(S

r -1 Tj+l
Q(z)dz < (H(TZ - 1)) (8T 1) FFIDGT
(4,)eT

=1

Using the definitions of 7 and ¢ (Equation (12)), we obtain the final upper
bound

r

~1
S3(T,6) < 2||f||ecrn (1_[(7'Z + 1)) S-TTE,
i=1
Here we have Er C E.,. So in this case

Sy(T) = 0.

Second case : r > s+ 1.

Let (Z,y) be in Es, — Ers. Then, for some ¢ with /;(y) # 0, we have

s+1
7:(@) H x;xﬂx}) > 6.

j=1
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Remark that [;(y) < 0 because otherwise, the left hand side would be greater
than 1 for large T', contradicting the fact that (z,7) is in Ey. Assume first that
l; is a constant affine function. Because of the definition of Ers, this constant
cannot be 0, and it is nonpositive. Thus, as we have seen, this type of inequality,
together with the definition of Equation (11) implies that for some j satisfying
(xi|x;) <0, we have

((ST )(s+1)1xz\x )
and, if we define G(j,7) the set 7 €[0,1]** | z; > n}, we have that
n i =0

1
T c G(], <5T*li) G+DOGIXD) )
Now assume that [; is non-constant, from
s+1

1> i@ Hmﬁmlxﬁ > 5,

J
j=1

e (P(3) (P(2)
~ In(P(z Ind In(P(z
i(y) € {— InT +lnT’_ In7T |’
which is an interval of length = ln5 , for fixed Z. Since [; is affine and non constant,
there is a constant Cj, dependlng on [; and the compact set Y., such that for
all real number z and n > 0, the Lebesgue measure of the set {y € Y | l;(y) €
[z, 2z +n|} is less that C;n. Thus, we have :

" %,l; non—constant
1=

S3(T,6) < 2||f]loo <H(TZ + 1)) ((s + 1) T4+ ( max G )%)

Now, let (Z,y) € Er — Ew. Thus, we have four possibilities : either for some
i, l;(g) > 0, or for some «, I, ( y) < 0, or P;(z) > 1 for some i such that [; = 0,
either P, (z ) < 1 for some a such that lo = 0. As in the first case, the last two
possibilities cannot occur. Let us treat the first case. Since (z,7) € Er, Equation
(8) implies that
 wp@
0<li(y) < T
Applying the same argument as before, the set of (Z, ) such that the preceding
inequality occurs for this precise ¢ is of measure less than

| @ (—%) 0(z)dr,

that is some constant times 1/InT, because the integral is convergent thanks to
Lemma 2.11. The second case is similar, we have by Equation (9),
In P, (Z)

0 loz7>_ )
> la(y) 2 == 7
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and this occurs for a set of (Z,y) of measure at most some constant times 1/In 7.
Thus, there is a constant ¢ > 0 such that
c

S
This concludes the proof of Proposition 2.3.

2.4. Sum of asymptotics. We will note h; the nonzero integer coefficients and
Q) the finite subset of a* such that

H (2sinh{ala))™ = Zh exp(v|a)

aext YEQ
Lemma 2.14. For all v € Q — {0}, v/d belongs to C.

Proof. Observe that (2 is invariant under the Weyl group W, because the absolute
value of the product [] .5+ (2sinh(ala))™ is invariant under the Weyl group.
Since for any element v € (2, we have v < (3, Lemma 2.4 applies. 0

Let ¢p : End(V) — End(V) be the map tr(z) = x/T.

Proposition 2.4. Let v be the measure defined for f continuous of compact
support on End(V)

/ f(poexp(a)) H (2sinh(a|a))™da.

aext
Then there exist nonzero Radon measures Ve, L, homogeneous of degree d, and
constants C' > 0, > 0,A > 0 and 7 > 0 such that for any f in B, any 6,¢ in
10, 1[ et [0, 1] respectively, and any T > §*/R;, we have
v(four)
Ten(T)e
+5—T(TRf)—£ (RyT)™ In(T) ™" + h(5, TRy)) + €,
where h(0,T) =0, if s+ 1 =r, and otherwise h(0,T) = 71?((;) Moreover, & >0
provided that e = 0.

- voo<f>] < ORI fll(R;“L(Dy(Ry5, )

Proof. Let € be the set of v in € such that v/d belongs to the face F3, and €y
the complementary set in 2. If we define

Si(f,T)=/+f<poeXp )Zh exp(n]a)

YEQ,

we can split the sum

v(four)=51(fT)+ S:(f,T).

Proposition 2.3 applies directly to Sy if one take ( = d, v; = 3, and Lemma 2.3
insures that the obtained limit linear form v, is nonzero. Let us prove that the
second term is negligible, more precisely that there is a constant C' > 0 such that
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(14) So(f,T) < O floo RFT In(T).

For each v in {2y, since 7/d belongs to C thanks to Lemma 2.14, Lemma 2.5
applied to 3 in Fg and «y, shows that there exists another linear form 6, such that
v < 0, and moreover ¢, belongs to the interior of a face of codimension strictly
smaller than Fj3. Thus Corollary 2.1 applied to 7 yields the required estimate
(Equation 14). The fact that v, is a measure, i.e positivity, is a consequence of
the positivity of vhv. O

2.5. Convolution with compact groups. Here we give the final step of proof

of Theorem 1. The Haar measure p of p(G) satisfies the following formula (see
[H]) , for a map f in B.

/End(v> fi = /KK F(p(kexp(a)k)) [T (2sinh(ala))™dkdadk.

aeXt

This can be written

dp = kxk')d dkdk'
/End(v)f a /KXK (/End(\/)f( =) V(x)) ’

and so we have

M(fOLT):/K K(/E d(v)fOLT(k:xk')dV(a:)> didk,

Let us define the measure ps by

diteo = kxk")dvs dkdk'.
(15> /End(V)f : /KXK (/End(V) f( ! ) ) <x>)

Let (k,k")f denotes the function x — f(kxk'). Since K is compact, there is a
constant ¢ > 0 such that for all k, &', and all f, we have

D(k’k./)f(é, 6) C k’ilDf(C(S, E)klil,
and such that Ry < cRy. Thus, we have for all e € [0,1], 0 €]0,1[, and
T Z CRf(S)‘,

:u(foLT) N U -1 Y / c p
Ta(In(T))* uoo(f)' < Cl[floo (/KK (kT Dy (6, )K" dkdk' + h(5,T/( Rf)))+c.

This concludes the proof of Proposition 2.1. Let us prove the remark stated
in the introduction that pi,, could be seen as the unique (up to a multiplicative
constant) G x G-invariant measure on a certain G X G-orbit. The measure vy
is obtained (by construction) by integrating on the image of the map M, which
is a A-orbit, and the boundary of this orbit has zero measure because of the
integrability of the expression. One then constructs p, by integrating v, under
the right and left K-actions, thus the measure i is obtained by integrating on a
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G x G-orbit an integrable expression, so the boundary of this orbit has measure
zero. Since, on the other hand, p., is obtained as a limit of G x G-invariant
measure, it is also invariant under GG x (G, but an orbit has at most one invariant
measure class, so [ is necessarily the unique ergodic, invariant measure whose
support is the closure of this orbit.

2.6. Useful estimates. For the proof of Theorem 2, we will need the following
Proposition, whose technique of proof is very close to the one used for Theorem
1. For a semisimple group G, we will say that (g;)i>0 tends strongly to infinity
if for all connected normal subgroups H # G of GG, the sequence (g;H); in G/H
tends to infinity.

Proposition 2.5. Let € be a bounded, non-negative map from G to R. Assume &
has the following property : for all sequence (g;); of G tending strongly to infinity,
then £(g;) tends to zero, and assume moreover that strict normal subgroups have
strictly smaller growth. Then for all f in B,

/G F(g/T)e(g)dp = o (TU(In(T))").

Proof. (Sketch) First, we can assume that £ is K-invariant on the left and on the
right, because

£'(g) = sup &(kgk'),

(k') EK?
also tends to zero when ¢ tends strongly to infinity, because of the compactness of
K. We have that exp(a) tends strongly to infinity, if and only if for all nontrivial
ideals b, a + b tends to infinity in a/bh # a.
Using the K-invariance of £, we have to bound the following integral.

/K X Kf(k:p(eXp(a))k’/T)g(exp(a)) I @sinh(ala))™ dkdadk’.

aext

Using the same convolution argument as in 2.5, and since the product of sinh is
less that some multiple of exp((3|a), the problem can be reduced to consider the
following integral.

/+ f(poexp(a)/T)E(exp(a)) H exp(ala)da.

aext

As usual, we can assume freely that f is in B;. Applying the change of variables
used in Proposition 2.3, we obtain a expression of the form, with s =r —e — 1,
s+1

(7)) [ fa(Pr(@) TP, Py(2)TO) ] [ 28" ¢ (exp(alz, g, T)))dzdy,

Er

with

s+1 r—s—1 s+1
(@, 5,T) = n(T) (zx:+ > yz.x;;sﬂ) S e
=1 =1 =1
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Since S i+ ! YiXiy s describes Fj as ¢ is in Y, Lemma 2.2 implies
that a(z,y,T) modulo any non-trivial ideal h of g goes to infinity as 1" goes to
infinity, for almost every (Z,7) in X, X Y. Thus for almost every (z,y) in
Xoo X Yoo, &(exp(a(z,y,T))) tends to zero as T' tends to infinity. Thus, applying
the dominated convergence Theorem, the integral tends to zero as T tends to

infinity. U

Lemma 2.15. If g = kak’ is a Cartan decomposition of g in G, k, k' € K and
a € A, let £(kak’) = exp(—(7|a)) for some linear form ~. Let u be the maximum
of B — on restriction to A. Then there exists a ¢ > 0 such that for all f in B,
and T > 2/ Ry, we have

/G F(a/T)E)dp < cl|flloo( RyT)“(n(TRy))"

Proof. By the convolution argument, we are left with a integral of the form

/+ f(poexp(a)/T) H expla — v|a)da,

aext

and we apply Lemma 2.6. 0

3. LATTICES

3.1. Proof of Theorem 2. Let G be a noncompact, semisimple, connected, Lie
group of finite center, and p : G — GL(V) be a faithful representation on a
finite dimensional real vector space. Let I' be a lattice in G; for convenience, we
normalize the Haar measure of GG so that the covolume of I' is equal to 1. Here I’
is assumed to be irreducible, or that strict normal subgroups have strictly smaller
growth with respect to the representation p.

For a bounded, measurable map f of compact support, from G to C, we
associate the following map from G x G to C.

U(f)(g1,92) = Z flgr"792)-

~yel

Since I' is discrete and f of compact support, the sum is in fact finite for each
(g1, 92). It is clear that W(f) is left ' x I-invariant, thus can be seen as a map
from (I'\G)? to C; moreover it is easily checked that [ . ¥(f) = [, f, and

so U(f)isin L'((I'\G)?). Thus, in order to prove Theorem 2, it is sufficient to
prove that for all f continuous of compact support from End(V) to C,

i L o)D) :/ fdpioe,
T—o00 Td 1n(T>e End(V)

the map f ot being seen here as a map from G to C through the restriction to
the image of p.
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For a continuous map of compact support « from (I'\G)? to C, we define for

hed
T (a)(h) = / o0 Tghydy

Since I'\G is of finite volume, this is a bounded map.

Proposition 3.1. The maps ¥V and V* are formally dual operators in the follow-
ing sense. For bounded, measurable maps of compact support f and o from G to
C and from (I'\G)? to C respectively, we have

/ U(f)Tg1,Tg2)a(Tg1,Tga)dgidgs = / f()¥* (a)(h)dh.
(T\G)? a
Proof. Let D be a fundamental domain for I'" in G. Then

/ U(f)(Tg1,Tga)a(Tgy, Tg2)dgidgs = f(gr'gb)a(Tgi, Tgy)dgidgs,
DxD DxG

where we have put the change of variable ¢, = vgs, g5 € G, v € I and g, € D.
The latter expression is also equal to

/ f(h)@(rgh Fglh)dgldh>
(g91,h)EDXG

if we use the change of variable (g1,h) = (g1, 97 ' ¢2). O

For 1 > n > 0, we fix a continuous map ¢, from I'\G to R, such that ¢, is
nonnegative and zero outside a ball of radius 7 around I' in I'\G (the distance
on I'\G chosen being induced by a left-invariant Riemannian distance on G) and

fF\G ¢, = 1. Now we put

an(Lg1, Tg2) = ¢y(Lg1) 0y (Ig2),
Let us recall the following Theorem.

Theorem 5. (Howe-Moore [HM|, [Z]) Let G be a connected semisimple Lie group
with finite center, m a unitary representation of G on a Hilbert space H such that
if H # {1} is a normal subgroup of G, then 7 is without nonzero H-invariant
vector. Then for any v,w € 'H,

lim (7(g)v,w) = 0.
g—+o0

The following folklore corollary, whose proof is omitted, will be also useful.

Corollary 3.1. Let G be a connected semisimple Lie group with finite center, ™
a unitary representation of G on a Hilbert space H without nonzero G-invariant
vector. Let (g;)i>0 be a sequence in G tending strongly to infinity (see 2.6 for
definition). Then for any v,w € H,

lim (7 (g;)v, w) = 0.

i—+00
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The next lemma is similar in spirit to Theorem 1.2 of [EM]. A basic observation
is that G acts unitarily and without fixed vectors on the Hilbert space H of L*-
functions on I'\G of vanishing integral. Moreover, if I is irreducible, there is no
nonzero H-invariant vectors for H a non-trivial normal subgroup.

Lemma 3.1. For all n > 0, |U*q,(h) — 1| tends to zero as h tends strongly to
infinity. If the lattice I' is irreducible, |V* o, (h) — 1| tends to zero as h tends to
nfinity.

Proof.
o) =11 = | [ o,Ta1e, oy —1] =16~ .70 )(s, ~ 1)L
and thus, Corollary 3.1 and Theorem 5 concludes each case. 0

Lemma 3.2. For any continuous function f of compact support, as T tends to

nfinity,
1

lim —/ U(fouir)a :/ fdiso.
T—+o0 THIn(T)¢ Jir\)2 o End(V)

Proof. We have

/ U(f 0 i) (g, & )n(g. o )dgdg' = / (f 0 1) ()W ay ()
(M\G)?

G

= [rommans [ (o mmwa,m -

The first integral is handled by Theorem 1. The second one is bounded by
o(T4(In(T))¢), thanks to Lemma 3.1 and Proposition 2.5. O

Let B(1g,n) be the closed ball of radius n in I'\G for the chosen Riemannian
metric on G.

In the compact neighorhood B(lg, 1) of 1g in G, the distance given by the
operator norm on End(V) is equivalent to the Riemannian distance : there is
some ¢ > 0 such that for all (g,¢’) € B(1g,1)?,

(16) 1/¢ellp(g) = p(d NEnavy < dalg, g) < cllp(g) — p(g)l|Enaev)-

Let f be continuous of support in the ball of center 0 € End(V) and radius 1,
and wy(d) a continuity modulus for f, that is a map such that D;(d,w(d)) = 0,
and lims_ows(d) = 0. We put

(17) fi@)y= sup  f(g'zg),
(9.9")€B(1gn)?

(18) fy@)= it f(g'ag).

(9.9")€B(1g,n)?
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Because of Inequality (16), there is a constant ¢ > 0 such that Rpx < ¢, and

for any = we have |f(z) — f(z)| < cws(cn). So there is (another) constant ¢ > 0
such that for any 7 in |0, 1[, we have

(19) / 1 — FEldpse < cwop(en).
End(V)

From the definition of f,7, and the fact that ¢, has support in B(T',7), we can
deduce that

U(fou),T) < / (f) our)ay.

(T\G)?
Thus, Lemma 3.2 applied to f,~ implies

. U(four)I,T) /
lim sup < [ dpos,
Ttoo  14In(T)e End(V)
and Equation (19) implies
: Y(f our)(I,T) /
lim sup < fdpso + cwr(en).
Totoo  14In(T)e End(V) stem)

Since 1 > 0 is arbitrary, this shows the upper bound

: U(four)(I,T) /
lim sup < fdpiso.
Totoo  T4I(T)" End(V)
Replacing f; by f,7, and reversing the inequalities, we obtain completly similar
estimates and this concludes the proof of Theorem 2.

3.2. Decay of Matrix Coefficients. Here we establish the effective speed of
convergence involved in the preceding proof in order to prove Proposition 2.2.
For now on, we assume that moreover G is almost simple of rank greater than 2.
We will use H. Oh’s estimates, described as follows. Let S be a mazimal strongly
orthogonal system (see [O]), the linear form

[=1/2) acah,
a€eS
yields a family for 6 > 0,
So(kak’) = c(8). exp(—(1 — 0)(I|log(a))),
where g = kak’ is the Cartan decomposition of a element g, and ¢() a positive

number sufficiently big. For all # > 0, any unitary representation 7 of G without
invariant vectors, any two K-finite vectors v, w, Theorem 1.1 of [O] asserts that :

(20) [(m(g)v, w)| < &(g)(dim{Kv))"(dim{Kw))"?|[v]].[w]

The following lemma is well-known.
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Lemma 3.3. Let QQ be a positive definite quadratic form on a real vector space
W of dimension n, and Z be a lattice in W. Then, provided 2k > n, we have

1
Z Q(v)k < +00.

veZ—{0}
OJ
Let m be a unitary representation of GG in a separable Hilbert space H. Let
H=®,cx My,

be the decomposition into isotypical subrepresentations of K, that is H, is a
orthogonal sum of finitely or infinitely many copies of the same irreducible rep-
resentation p of K, which is finite dimensionnal.

Let X1, .., Xaim(x) be a orthonormal basis of Lie(/) with respect to a Ad-
invariant scalar product, and put = 1 — Z?Z?(K) X?. This is a differential
operator in the center of the envelloping algrebra of Lie(K); thus it acts as
multiplication by a scalar c¢(u) on each isotypical component H,,.

Using the methods in [KS] (see also [KM]), one can obtain a bound for cor-
relation of smooth vectors from the bound on K-finite vectors (20). The proof
given here of the following result is mainly a reproduction of Katok and Spatzier’s
proof, but since we are interested in the effective constants involved, it seemed
important to give all the details of the computations. Here ¥} denotes a set of
positive roots for the Lie algebra of K.

Theorem 6. Assume that G is almost simple of rank greater than 2, and let m
be an integer such that

(21) 4m > rank(K) + 2#3%,

There exists a constant C' > 0 such that for any v,w C*-vectors of a unitary
representation of G without invariant vectors, we have for all g in G and 6 > 0,

[(m(g)v, w)| < C&(g)]|Q2™v||.[|Q2™w]],

Proof. From [Bo], §7, no 6, Proposition 4, there is a quadratic form @, positive
and definite on the dual of the Lie algebra of a Cartan subalgebra of Lie(K), such
that if A, is a highest weight vector of 1,

c(p) =1+ QA+ p) — Qlp),

where p is the half sum of (a suitable choice of) positive roots X1 of Lie(K) (in
fact this reference assumes that Lie(K) is semisimple, but the formula still holds
since Lie(K) is a direct sum of an abelian and a semisimple Lie algebra). On the
other hand, Hermann Weyl’s formula asserts that

H <A#—|—p,04>

dim{y) = (p; )

Y

+
€
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and is thus a polynomial of degree #X}. in A,. This implies that there exists
another quadratic form (), such that
dim(p) < Q(A,)#7x/2,

Thus there is a constant ¢ > 0 such that for A, outside a compact neighborhhood
of zero, we have

() = 1/cQu(Ay).
Let v € H be a C™ vector for K, that is a vector such that g — m(g)v is a C*>
map, we can write
v = Z Uy,

pek
and for all i, v, € H, is then also a C° vector. One have for all m > 0

[oull = c(u) ™™ 12 v,
Let v, w be two C'*° vectors, then
(m(g)v,w) <Y [ml(g)vu, w)l,
(vu)EK?
<&(9) Y vl lwy]|(dim{Kv,))"? (dim(Kw,)) 2.
(vp)EK?
As is well-known, we have dim(Kv,) < dim(u)?, and so we obtain

[(m(g)v,w)] < &(9) | D lualldim(p) | | D [fw,|ldim(v)

MEK vekK

We have, for any integer m > 1,

[(m(g)v,w)] < &(g) | Y Q™ vulle() ™ dim(p) | | D 19wy [le(v) " dim(v) | ,
;LEK vek

and by the Cauchy-Schwarz inequality,

[((g)o, w)| < &)™l | D elp) > dim(p)” | ,

pek
Now, since ¢(u)"2™dim(p)? is less than some constant times Q(A,)# k2™
Lemma 3.3 and the fact that highest weight vectors belongs to some lattice in

the dual of the Lie algebra of a maximal torus in K insures that
> e(p) " dim(p)® < 400,
uef(

provided that
4m > rank(K) + 2#3 .
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U

3.3. Some test functions. We fix m to be equal to the least integer satisfying
Equation (21). For 1 > n > 0, we fix a map ¢, from I'\G to R, satisfying the
following properties :

(1) ¢, is nonnegative and zero outside a ball of radius 7 around I" in I'\G.
(2) ¢y is of class C*, and [, &y = 1.

(3) The Sobolev norm of W?™*(T'\G) of ¢, satisfies for some constant C'
independent of n between 0 and 1

16nllom < Cp~2m=eim(@),

This is always possible (compare with Lemma 2.4.7 of [KM]). Since n < 1, we
have also ||¢, — 1]|am < (C + 1)~ 2m=4m(@ | Now we put

an(Lgr,Tga) = ¢y(L'g1)dy(I'g2),
Lemma 3.4. There exists a constants C' > 0 such that for all h in G, we have
| W* vy (h) — 1] < C€p(R)y~ 240,
Proof. As in the Lemma 3.1,
(e (h) — 1] = [{¢y — Lm(h™")(dy — 1)),
and then apply Theorem 6, to obtain
[, (h) — 1] < C&(h)[|Q™ (6, — DII*.

Note that for some constant C’ > 0, we have [|Q™(¢, — 1)|| < C'||¢, — 1||2m-
Together with the properties of ¢,, this implies the desired estimate. 0

3.4. Rate of weak convergence.

Lemma 3.5. Let ug be the maximum on A of §— (1 — 0)l. Then for any f in
B, we have if T > 2/Ry,

‘/(F\G)Qq’(fOLT)O‘n - /GfOLT

Proof. As in the proof of Lemma 3.2,

/ U(four)(g,g)an(g, g')dgdg — /
(T\G)2

End(V)

< C||flleo(RsT)" ln(RfT)rn—m—Qdim(G)_

f © LTd,uoo ’

< [ 107 0 en (@) = 1,
which is, by Lemma 3.4, less than

Cn“1““®[JUOWXM@WMh
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Lemma 2.15 applies to the integral and yields the expected result. 0

3.5. Proof of Proposition 2.2.

Lemma 3.6. Let \, &, &, 7, h,v be given by Proposition 2.1. There is a constant
¢ > 0 such that for any € in [0,1[, any n in |0, 1[ and f in By, then f,- has support
in the ball of center 0 and radius c, and moreover we have for all T > cn™?,

1 / n
e | [y ourd —/ fd oo‘
'Td In(T)e Jg ™" e End(V) a

!

< el (ADs(en /D) 07T LT )+

Proof. From Inequality (16), there exists a ¢ > 0 such that for n < 1 and all g, ¢’
in B(1¢,r), we have

g~ zg' — T||gnavy < cl|z||Enaqyn,

and thus f;% has support in the ball of radius ¢41. So if 2 in not in Dy (c(c+1)n, €)
and ||z||gna(v) < 1, then | f(z) — f(z)] < e So

/ ‘f Ol — fni © LT’d:uOO‘ < 2HfHOO/ 1Df(c(c+1)17,e)OLTd,u+€/ dlu
G End(V) I

z||gna(v) ST (c+1)

The last term can be bounded by some constant times T¢1n(T)¢, thanks to
Theorem 1. On the other hand, Proposition 2.1 applied to f gives a bound of
the required form for the difference \m Jo fowrdu— [ av) fdpsol, so it is
now sufficient to give a similar bound for fEn awv) 1D s(e(et1)n,e) © trdp. Let g be
the characteristic function of the set Dy(c(c + 1)n,€). It is a consequence of the
triangle inequality that

Dy(1,0) € Dy((c* + ¢+ 1), €/2).
Thus, Theorem 2.1 applied to g with ¢’ = n and ¢ = 0 implies that for some
constant C' > 0, we have for T > Cn~,

1
TdInTe /End(v) Lo, (etetyme) © trdin < pioo(Dy(c(e + 1)1, €))

!/

T
+C (y(Df(C(c2 +e+1)n,e/2)+n T ¢+ i h(n, T/C)) :
Together with the facts that v > o and Dy(c(c+1)n,€) C Dy((*+c+1)n,€/2),
this conludes the proof of the lemma.
O
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Let f in B;. As before, we have

/ U(f: o tr)ay < UF(T) < / U(1F o ur)ay,
(M\G)?

(T\G)?
Thus, Lemma 3.5 applied to f;r implies that for some ¢ > 0

Ui, T) < / f;F o trdp + C||f||oo(an+T)“9 ln(Rf;rT)rn—4m—2dim(G)'
G

Since Rﬁ is in fact bounded independently of f in By, we can be drop them
in the expression, up to a change of the multiplicative constant ¢ > 0. We can
also bound In(T)" by some constant times 7%, provided # > 0. Thus, the use of
Lemma 3.6 insures that for all T > en~, we have

\I/fFF
<
TdIn(T)* /fd"“’o—cE

+elflloo (V(Dg(en, e/2)) + n_TT‘E AR @ = (i, T/ c)) |
We now put 7 = 4m+2dim(G), & = d—uy— 0 and § = 7 to obtain the required
form of Proposition 2.2.

The lower bound is similar. To conclude the proof of Proposition 2.2, one have
to check that & > 0; this is insured if 6 is small enough by the fact that ug < d
because [ is greater than half of any simple positive root, due to the fact that it
is the half sum of a maximal orthogonal system.

4. EXAMPLES

4.1. Standard representation of SL(n,R). Let us write for & = (A,..,\,)
the set of weights of the standard representation. Here r = n — 1. The roots are
then ¥ = {\; — \;}i»;, and a set of positive roots is given by X7 = {\; — A\; }icjs
the multiplicities m,, are in this case all equal to 1, and so, using > \; = 0, we

have :
B=> (2n—2i)\
=1

It can be verified that in this case, d = n(n — 1), and e = 0, because §/n(n — 1)
belongs to the face of C not containing \,,, and to no other. Here the chosen basis
(X15 -y Xn—1) of a*is (A1, .., A\y_1), and thus 7; = du; — 1 = 2(n—1i) — 1. Moreover,
the only /; not equal to zero is [,,, and [,, = —n, thus from Equation (11) we have
A =1/n. Since A\, = —x1 — ... — Xn_1, S0 Equations (12) give

2n—i)—1 2n—3
T= sup -— = ,
1<i<sn—1 (n—1)(-1) n-—1

and
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Note €2 the subset such that
H (2sinh(a|a))™ = Z h exp(7y|a).
aext YEQ

Elements of {2 are obtained by chosing a sequence ¢; ; = £1 for i < j, every v € Q

being written
v = Z 6i,j(>\i - /\]) = Z(Z € — Z Ej,i)Ai-
i< v >t j<i
The linear form a defining Fjs as the intersection of C with (x|a) = 1is a =
Z;:ll X;. We compute

n—1
> X)) =n (Z €n> :
i=1 <n
Thus, since we know by Lemma 2.14 that v/(n? —n) is in C, this determines the
set €y of vy such that v/(n? — n) belongs to Fs : they are exactly the ones such
that €;,, =1 foralli=1,..,n—1.

It remains to compute . The polyhedron C* is the dual polyhedron of the
simplex C, whose extremal points are the point x; for ¢ = 1,..,n defined by
Nj(z;) =11if i # j and —n + 1 otherwise. Let v be in © — €y, we compute

(v+ Blek)/2=n (Z 6i7k2+ o Z Ek’j; 1) :

i<k >k

Thus, we have
+1
5

(v + Blu/2 <n d S
i<k
Remark that in all cases this is smaller than n(n—2) because v does not belong to
Q. Thus (v+3)/(2n(n—2) belongs to C; and since v < (y+3)/2, the maximum
of 7 on A is always less than n(n —2). Thus we can take ¢’ any number satisfying
¢ <nn—1)—n(n-2),ie.
& <n.

Now we determine 71, &;.

The half sum [ of a maximal strongly orthogonal system in A,_; is given in
Appendix of [O]. With our notations, if n is even, we have

1 n/2 n
=5 > h— > A,
2 i=1 i=n/2+1

and for n odd we have
(n—1)/2 n

1

i=1 i=(n—1)/2+2
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The value of 3 — [ at an extremal points z of C* is
(B —l|zg) =n(2k — 1) —n® + en/2,
with e = 1if k < n/2, e =—-1if k >n/2+ 1 and e = 0 if n is odd and
k = (n+1)/2. Thus it is maximum when k = n, with maximum n(n — 3/2); this
proves that the maximum ug of 3 — [ on A is smaller than
up < n(n —3/2).
So we obtain that admissible &; are those satisfying {; < d — n(n — 3/2), that is

& < n/2

A maximal compact subgroup in SL(n,R) is SO(n). We list in the following
array for each values of n the rank of SO(n), the number of positive roots, a
integer m satisfying Equation (21) when Theorem 6 is applicable (i.e. n > 2)
(we do not try to give an optimal one since it is of the same order than dim(G)),
and a real number that is greater or equal to 4m + 2dim(G); to obtain the values
indicated, see for example ([BD], V.6) for the second and third columns. In any
case, dim(G) = n? — 1.

n rank #3% m 71 > 4m + 2dim(G)

2 1 1 0 0

3 1 1 1 17

4 2 2 2 38

6 3 6 4 86

n>5o0dd | (n—1)/2|(n*—2n—-3)/4|(n—1)*/4 3n? —1

n>8even| n/2 (n* —2n)/4 n?/4 3n?—1

So we need now to minimize the upper bound given by Proposition 2.2. We

introduce a small parameter § > 0, because the values ¢ = n and & = n/2

are a priori not allowed. We take e = 0 and 6 = T-¢/(n+1) which is allowed
since 1/A =n > &/(n+1) =1/(6n)+ 60 if n > 7 and n = 5, and can be
verified for n = 3,4,6. Thus the remainder term in Theorem 4 for the number
of lattice points in a ball of radius 7" is less than O(T~%), with a = inf(¢' =
n/2—0,1/(6n)—0,(&(m1+1)—&7)/(m1+1)), which is in this case « = 1/(6n) — 6
for n > 7. We summarize the results in the following proposition.

Proposition 4.1. Let ' C SL(n,R) a lattice, withn > 3. If n =5 orn > 7,
we have for any 6 > 0

#{y €T ||l ST} =T "+ O@" "o t),
If n = 3, the remainder term is O(T5"12%9), if n = 4 it is O(T*> =1?), and if
n =6 it is O(T30 w17
As stated in the introduction, this remainder term is not as good as the one ob-

tained if one uses the remainder terms obtained in [DRS] together with Theorem
3, but is valid without any assumption on the norm.
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4.2. Adjoint representation of SL(3,R). Let p be the Adjoint representation

of G = SL(3,R). Let Ey; = (e;jk1)i; be the 3 x 3 elementary matrices with

eijri = 11ifi=Fk and [ = j, else 0. We fix the following basis of V' = sl(3,R) :
(Ervs, Eig — Esg, Eyo — Ess, B9, B3, Eoq, Eos, B3 o)

with respect to this basis, the weights of the action of the positive diagonal
matrices A of SL(3,R) are

(/\1 - /\3)0707 )\1 - )\27 )\2 - )\37 )\2 - )\1; )\3 - )\2; )\3 - )\2>

Here d = 2 and e = 1, because /2 = A\; — A3 is a extremal point of the hexagon
C. It can be checked that up to a multiplicative constant, we have

/ fdpoo = / [ (p(k)diag(x,0,0,0,0,0,0,0)p(k")) wdrdkdk,
End(V) RTXKxK

where the matrix representation is considered with respect to the given basis.
Thus in this case, the support of the measure is a subset of the set of rank < 1
matrices (which is a closed set); however, the set of limit points of sequences
p(g:)/T; for T; tending to infinity contains rank 2 matrices, for example if we
define g,, by

p(gn) = p(diag(e™, e, 672”)) = diag(e3", 1,1,1,€% 1,73, 67371),
and, taking T,, = 3",

n—+too 3N

= dla’g(17 07 Oa 07 17 07 07 0))
which is of rank 2.

4.3. Another example. Here we prove Proposition 1.1. We consider G =
SL(3,R) acting on V = R3> @& R? by p(g)(v1,v2) = (gu1,' g7 vs). Keeping the
notations of 4.1 and 4.2, the set of weights is
O = {)\17 _)\17 )\27 _>\27 >\37 _/\3}7
whose convex hull C is a regular hexagon. Here we fix the basis y1 = A\, xo =
—A3 = A1 + Ao, thus B =4(x1/2+ x2/2),s0 d =4,e = 0,77 = 75 = 1. The other
weights are x3 = X1 — X2, X4 = —X2,X5 = —X1, X6 = X2 — x1 with [3 = —1,1; =
—2,l5 = —2,ls = —1 respectively, so we have by Equations (11) and (12)
A=1,7=1¢6=1.
The set €2 contains 8 elements 3,v; = 2 A1 +4X2, 72 = 2A1—2X2,0,0, —y1, — 2, — 3.
The set A has extremal points 0, x1, T9, x5 with Aj(z1) = Ao(z1) = 1/2, A(x2) =
1, Ao(z2) = —1/2, and A (z3) = 1, Ao(x3) = 0. Computing the value of elements
of Q — {3} on these points gives a maximum value of 3, so we can take
g<d-3=1.

From the array of 4.1, we extract that 7, = 17. Here | = (A\; — A3)/2 = 3/4 so
any & satisfying & < 3 is good.



HOMOGENEOUS ASYMPTOTICS LIMITS OF HAAR MEASURES 35

4.4. Counter-example. Here we consider I' = SL(2,Z) x SL(2,Z) C G =
SL(2,R)x SL(2,R), and the representation p of G on V = R?®sl(2, R). Let us
call G1, Gy the first and second copy of SL(2,R), and ay, s a nontrivial weight
for the adjoint representation. Taking a basis (ej,e3) of R? the six weights
of the representation pig, on V are oq/2,01/2,01/2, —1/2, —01/2, —1/2; the
weights of p are a1/2 + ag, 01 /2,01 /2 — ag, —aq /2 + a9, —a1 /2, a1 /2 — g, and
here S = a; + as. Thus both G and G; have growth rate 72, and G has
growth rate 7. We normalize Haar measure such that SL(2,Z) has covolume
1. Let us write p; » for the asymptotic limit of the Haar measure of GG;. Write
'y =SL(2,Z) x {1} and Ty = {1} x SL(2,7Z).
Then we have

Proposition 4.2. Let f be continuous of compact support in End(V'). Then

1

i 7 3 f0/D) = 3 [ fom)dn o) < o
T~>+OO T2 ’}/GZF 72621_‘2 End(V)

Proof. As usual, we assume that f vanishes outside a ball of radius 1. Let 7,

in I'y, we will first prove that for T" > 1, we have for some constant C' > 0 the

following inequality

S Fen/T)| < O/ |l

v1€l1

We have ||v172|| = ||71]] ||72]] provided we consider the supremum norm of matrix
coefficients in a base (€; ® f;)i=1,2.f=12,3 of V, so the left-hand side is smaller than
the number of v, of norm less than T'/||y.||, which is asymptotic to c¢(T'/||72|])?
for some constant ¢ > 0, by Corollary 1.1 applied to I'y C G;. We have

EOMCTAEDY (Ti > fm%)),

vel Y2€Il'2 1€l

and each term of the sum over I's converge by Theorem 2 applied to I'y C G; to

/ f(v2w)dpi oo ().
End(V)

We can apply the Lebesgue dominated convergence Theorem here because each

term is dominated by C/||y»||* and
S <o
2 Y
2 Tl

this convergence being a consequence of the following asymptotic :

#{rels : ||nl| <T}~cT,
which is simply given by Corollary 1.1 applied to I's C Gs. O
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We also have to show that the measure szer (72)s 1,00 1s different from the
measure /i, obtained by Theorem 1 applied to GG. The measure ji; «, has support
on a 3-manifold and the measure p, is in the Lebesgue class of a manifold of
dimension at least 4, thus cannot give positive measure to the support of p; .
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