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Foreword

This text is a completed version of notes initially written for a course given
by the author in july 2006 at the Morningside Center for Mathematics in
Beijing. It is intended to present some recent developments around hypoel-
liptic techniques applied to some drift-diffusion operators involved in several
models, namely the Witten Laplacian acting on functions and the Fokker-
Planck operator of kinetic theory. It is oriented towards the presentation of
a conjecture stated by the author and B. Helffer which says that a Fokker-
Planck operator has a compact resolvent if and only if the associated Witten
Laplacian on O-forms has a compact resolvent.

It is made essentially of three parts. In the first one, a simple (and
probably old) way of proving the hypoellipticity of the operator v.0, — A, on
R24 is presented. After the introduction of the Witten Laplacian on 0-forms
and the Fokker-Planck operator, an adaptation of the previous method with
the help of some standard global pseudodifferential calculus validates the
conjecture in some elliptic or weakly elliptic case. The last part is devoted to
the analysis of the Witten Laplacians with an arbitrary rank condition, on the
basis of Helffer-Nourrigat results concerned with the maximal hypoellipticity.

The text is written in a rather self-contained way in order to be accessi-
ble to ph-D students or researchers mainly familiar with analysis or PDEs.
The first proof of hypoellipticity is written by avoiding any use of pseudo-
differential calculus. But any critical reader will realize afterwards that the
pseudodifferential calculus provides simplifications with a systematic way
of thinking. With a similar pedestrian approach, a complete proof of the
maximal hypoellipticity for Witten Laplacians with polynomial potentials is
provided. Indeed this specific example allows to make an explicit presenta-
tion of Helffer-Nourrigat analysis without requiring the machinery of Kirillov
theory nor sophisticated microlocal surgery. For this last point, the author
hopes that this text will in a second step encourage people to investigate
these topics rather than prevent them from learning them. A motivation for
writing such an explicit example was twofold :

1. Present the core of Helffer-Nourrigat induction argument which is a
beautiful and little known piece of analysis.

2. This basic presentation is certainly a good way to explore the Fokker-
Planck operators with degenerate potentials for which nothing is known
up to now.

Acknowledgements: The author aknowledges the Morningside Center for
Mathematics and Professor P. Zhang for their hospitality. He wants to thank
also Professor B. Helffer who suggested some corrections after reading the
first version of this text.
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1 Introduction.

1.1 Hypoellipticity : a basic example.

We shall establish here with the simplest possible tools the hypoellipticity of
the differential operator in R2,

d
P=v0,—Ay=» v;0, — 0. . (1.1)

j=1

Notations : The Fourier transform of a function u(x,v) is normalized ac-
cording to

w(&,n) = (Fu)(&,n) = / e~ TNy (1 v) dadv .

R2d

For any s € R, the Sobolev space H*(R??) is characterized by

wem®) o ([ il dan< o)

& (1= AL %u e LX(R™, dadv)) |
with (&) =1+ +nf*.

The space H}

loc

(R??) is characterized by

(ueHS

loc

(R*) & (Vx € CP(R*™), xu € H*(R*)) .

Keep in mind that for any y € C§°(R??) the mapping u — yu is continuous
from H*(R?!) (or Hj.(R??)) into H*(R?¥). Note also the consequence of
Sobolev Lemma :

s 2d\ __ oo 2d s 2d\ __ / 2d
SQRHZOC(]R )_C (R ) sLEJ]RHlOC(R )_D(R )

Definition 1.1. A differential operator P in R™ is said to be hypoelliptic
around xy when there is a neighborhood w,, of xo such that the implication

(Pu € C™®(wyy)) = (u € C™(wyy,))

holds for any u € D'(R™). It is said hypoelliptic in an open set Q0 when it is
hypoelliptic around any xqy € 2.

Proposition 1.2. For the operator P = v.0, — A, introduced in (1.1), u €
Hi (R*) and Pu € HE (R%) imply u € HoV*(R2)

loc loc loc

Corollary 1.3. The operator P = v.0, — A\, is hypoelliptic in R?? .

b}



Proof of the corollary : Assume that Pu € C*®(wy,) for some neigh-
borhood wy, of Xy = (xg,v9) € R?*?. Let x denote a cut-off function
X € C(wx,), x = 1 in a neighborhood of X,. We will check that yu
belongs to H*0*"/4(R?*¥) by induction n € N, while possibly adapting y at
every step.

e Since u € D'(R??), there exists sy € R such that yu € H*(R??).

e Assume that x,u € H®T/4(R?) for n € N with x,, € C®(wx,), Xn = 1
in a neighborhood of Xy, and set s = sy + n/4. We want to prove yu €
H* /4R, when y € C3°(wy,) is chosen so that y, = 1 in a neighborhood
of supp x. We shall use of course the information on y(Pu) but the point
here is that we want to transform it into some information on P(xu) in order
to use the Proposition 1.2.

a) A uniform estimate with respect to ¢ € (0;dg] of || P(xws)|

ws = (1 — (5Am)_1w, 6 €(0,0], w= xnu, (1.2)

s When

will first be considered. We compute

P(xws) = x(Pws)+ (v.0xx)ws — [Ay, x| ws
= X(Pws) + (v.0,x)ws — 20,.(Fpxws) + (Ayx)ws
= —20,.((0ux)ws) + Ry
with Ryl < Cy (sl + [Pl )

The problem is then to get an estimate on —20,.((0,x)ws) in H® or by
changing the function x on 9, (x/ws) .
Compute the H?*-scalar product according to

Re (X'ws , PX'ws) e = (X'ws, (1 = Agy)*P(x'ws))
= —2Re (X'ws, (1 — Ay,)°0y. (0 X )ws)
+ <X/w6 ) (1 - AI,U)SRX/>

< 2105 (X ws) || gzs 100uX)ws | ggs =+ N1 ws | gz 1| Bor [l g7
Replace now P with v.0, — A, :
Re (X'ws, PxX'ws) s = Re (Oo(x'ws), (1= Az,)"0(X ws))
1
+§ <X/w57 (1 - x,v)sv-ax(x/wé»
1
+§ <U'8$(X/w5) ) (1 - Aw,v)s(xlw5)>
= 1|0, (x'ws)I[3-
1 / d s /
_§<X Ws Z [, (1= Az,)° axj (x w5)>
j=1
> 10u(xws) s — Co I wsll -
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where the last inequality comes from the explicit computation of the com-
mutator after a Fourier transform :

[, (1 —Ay,)°] ~ [3,7]., (14 €%+ 772)5] = 2s1); (1 + &2 4 7]2)8_1 )

We obtain
185 (' ws) 57« < 21100 ('ws) || g 11@oX Vs 7= + Cs 1 ws |-
+ Cx’ ||Rx’ s X,wcS’ Hs
and finally
2 2 2 2
18 (' ws) 37 < € 1180 (X' w5) |37 + Ce [lwsll3ge + || Pwslize]

With e < 1/2 this leads to

100 (X ws) | = < C [l|ws]

we + X Pwsl ] -

By going back to the first identity with y, x = 1 in a neighborhood of supp ¥,
we deduce P(yws) € H*(R?*?) with a uniform estimate

1P (xws)] wel - (1.3)

b) The definition (1.2) of ws implies ||ws| s = |Ixnullgs and a
simple application of Lebesgue’s theorem on [,,4(&, 1) [ws — w|* dédn yields
limg_o [|ws — w|
The second term of the right-hand side of (1.3) is estimated by

ue + X Pws|

He(R2d) = C" [[Jws|

e < lwl

e = 0.

X' Pwsl o < IX' (Pws = Pw)| s + X' Puwl

The relation w = (1 — §A,,)ws implies

Pw = (1—-0A,,)Pws+ [P, (1—030A,,)] ws
Pws = (1—05A,,) "Pw
+ (1= 6A,,) " 0[0.0,, 0% + 0 ws
= Pw+ [(1-6A,,) ' Pw— Pw| — (1 -05A,,)"" 60,.0,ws

Applying again Lebesgue’s theorem on the integrals which define the H*-
norms, this leads to lims_.g [|[Pws — Pw| . = 0. Hence the family P(xws)
is uniformly bounded in H*(R??) and its weak limit can be only P(yw)
for lims_.ows = w in H*(R*). Finally after noticing that y, = 1 in a
neighborhood of supp x’ D supp x implies x'(Pw) = x/'(Pu) and P(xw) =
P(xu), we have proved

12 Oc) Lz
O/

< timinf [l + [ (Peos)l . = ntl e + 11X (P) .



Proposition 1.2 implies yu € H*TY/4(R24) = Hsot™ (R2) . ]

Proof of Proposition 1.2 : Assume u € Hj (R*) and Pu € Hj (R*?).

By taking x € C5°(R??), we have yu € H*(R??) with a compact support and
the same argument as in the previous induction step allows to assume

Oy(xu) € H¥(R*) and P(yu) € H*(R*).

We will prove the hypoelliptic estimate

[l gros1/a < C || Pr] #) (1.4)

for a compactly supported w(= yu) by assuming w € H**?(R??). The same
arguments as in the part b) of the previous proof with the the approximation
ws = (1 — 0A,,) 'w then yields the result for any compactly supported
w € H*(R*) such that Pw € H*(R*?).

Assume first w € H*T2(R??). We already know

ns + ]

10w

we < CllIPwllgs + llwll ] -

We want to recover a similar estimate for the missing directions 9, , k =
L,....d.

Compute for ¢ > 0, the H*"%norm in the following way (o is fixed in the
end) :

w3 < {w, (1= Ay — AT (1= A, — A w)

(1-A4A, - Av)s+g_1 a$ka$kw> + [Jw] ?{H@*l + [[0sw) ;

|
T]=
&

k

For the first term, use the fact that 0,, equals the commutator

Op,, = [0y, v.0x] (1.5)
namely write
<w — A, T2 w> = <w — A, e, [&,k,v.&c]w>
= <w — Ao, [0, P w>

= (—v.0w, (1—A,,)" " 0,,0,0)
—(w, [v 896, — Ny 0)* T 0y, O w)
—(w, (1= Ay0)* "7 0,00, (v.0,)w)

= —2Re <8$k31,kw (1— A (v.0,) w>

w 9 UJ $]7 - :17 U)S+g_1] a$ka'ukw>

7j=1

Hs+teo—1 -



Finally, use the explicit form of the operator P = v.0, — A,, in order to get

<w, (1—A,,)° 182 > = —2Re <0xk0vkw, (1 —Ax7v)s+"’1pw>

d
+2Re Z <8xk0vk8vjw, (1-— AI,U)s+gflﬁvjw>

j=1
g Z (w, (1= 2070, 0., 00, w)
= A1 -+ AQ -+ Ag .
With ¢ < 1 the third term is estimated by

45| < C|w|

HS

With ¢ < 1/2 the first term is estimated by

[Ai| < OOy
The second term requires some care
|As| < H(l — Ay )? 00, 0r,0,
We write
(1= Au)e

= Re (1 - A,,) 710, 0,w, P(1—A,,)2"0710,,0,w)
= —Re (O, w, Oy, (1 — A, ) T%720,,0,, Pw)

—Re (0w, 05, [0.0,, (1 — A,,) 22720, 0,, Jw)
= Apq + Ags.

The first term is bounded by

| A1 | < C'||0,w]

HS

provided that o < 1/4. Finally an explicit computation of the commutator
in A, implies

|Azo| < C'||0yw]

Hs+20—1/2 Hw‘ Hs+20-1/2

which is estimated by H*-norm when ¢ < 1/4. Gathering the estimates leads
to (1.4) with o =1/4. ]

This example is a basic example of type II Hormander operator. Hormander
distinguished in [Horl] two classes of hypoelliptic “sum of squares”

Type I: Pr=3"", Xz



Type II: P[[ = X() + Z;nzl )(]2

where the X,’s, j = (0),1,...,m are C* vector fields. Here with —P =
—0.0y + Z;l:l 33j, take Xg = —v.0, and X; = 0,, for j =1,...,d. We recall
for the differential operators Py ;; acting on R™ the next classical result.

Ho6rmander’s Theorem : 1. [Horl] If at a point xy € R™ the family of
iterated commutators

115 p—1) iﬁ] o '])I=(i17i27"'7il’)7 #I=p=r

with some fized r € N, span the tangent space T, ,R™, then P; (resp. Pjj) is
hypoelliptic around xg .

In our example, this structure appears in (1.5) which allows to recover
the missing directions of derivations. We have followed here Kohn’s method,
the simplest and the more flexible, but which does not provide the optimal
Sobolev exponent ( ¢ = 1/4 here while p = 2/3 can be obtained with a more
refined analysis). The key point of this methods are

e Recover the missing directions by an explicit handling of commutators
with integration by parts.

e Use a little of pseudo-differential calculus in order to control the re-
mainder terms. Here the commutators [vg, (1 — A, ,)°] were computed
explicitely but this is possible only for this example.

A summary of Kohn’s method for general type I and type II Hérmander op-
erators may be found in [HelNi]. A variation of it has been recently proposed
by C. Villani in [Vil] in order to handle nonlinear kinetic equations.

Other methods are :

e Fine microlocal and geometric methods in the derivation of subelliptic
estimates. A presentation of this can be found in [Hor2]-XXVIL. A
slightly different treatment with analytic coefficients was developed by
Maire in [Mai] after Treves in [Tr1]|[Tr2].

e Nilpotent Lie algebra techniques after Rothschild-Stein [RoSt]|, Helffer-
Nourrigat [HeNo], Nourrigat [Nou]. This method which is very alge-
braic provides a lot of information. There is a local-global rigidity
which can be bypassed with other methods and an interesting inter-
play between qualitative estimates (that is without any control of the
constants) and quantitative asymptotic estimates with respect to some
“frequency” parameters.

Both methods provide the optimal Sobolev exponent for our example.
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1.2 From stochastic differential equations to Witten
Laplacians and Fokker-Planck operators.

We simply review here how the Witten Laplacian and the kinetic Fokker-
Planck operator (sometimes called Kramers operator) are related with stochas-
tic processes. We refer the reader for example to [Ris|[Ev] for more details.
In this section, we simply make computations without taking care about
regularity or decay assumptions.

1.2.1 A brief review on SDE.

Take the notations

XeR", b:R*"—=R" Be M,(R)
X — b(X)
W n-dimensional white noise dW;,dW, = iy, ,dt,

and consider the stochastic differential equation
dX = b(X)dt + BdW . (1.6)

Ito formulas : For a smooth function (z,t) — wu(x,t), Ito’s chain rule says® :
du(X,t) dt dX dX;dX;
( * Z 3 Z c%cj 3% !

with  dt? =0, dWdt=0, dW,dW,= (5k7gdt.

When X solves the SDE (1.6), this leads to

du(X(t)] = —dt Za bi(X,t) dt + (B dW),]

1 0*u
+§ Z o1 a BZ1ZQB]1]2 dI/VldeVJz :
11,J1,82,j2=1 "

= {&u + b.0,u + 5@;.(336&;4 dt + O,u.(B dW).

If vy is an observable independent of the t-variable, one gets

vo(X (1)) = vo(X(0)) + /0 (b.@xvo + %01.(BBt)8xvo(X(s))) ds
—l—/t@xvo(X(s)).BdW. (1.7)

Formally compute the first order variation of u(X,t) while assuming diW = O(dt/?).

11



The relationship between stochastic differential equations and drift-diffusion
semigroups is obtained after computing the expectation value

v(x,t) = E (vo(X, t); X(0) = x0) ,

for some smooth and decaying observable vy .
According to (1.7) we get

t
v(xg,t) = vo(xo) + / (b.@xv + %@.(BBt)@xv) (xo,s) ds+0,
0

because E < f(f G(s) dW(s)) = 0, for any progressively measurable function

G such that E ( I G(s)? ds) <.
By setting
1
L=-b.0,— §8$.(BBt)8$ : (1.8)

we obtain

v(xo, t) = vo(xo) +/0 (—Lw)(s) ds,

which is the integral form of

_ O = —Lv = b.0,v + £0,(BB")0,v
— tL t T o Vx T
v(t) =e "y, or { o(t = 0) = v (1.9)
1.2.2 Application 1 : Reversible diffusion processes.

Consider the case when the drift vector field is a gradient b(z) = —39,V (x)
(in this case the diffusion process is said reversible) and B = v/2Id. The SDE
(1.6) reads

dX = —0,V(X) dt +/2dW

and the generator of the corresponding semigroup (1.8) equals
L=0,V(x).0, — Ay = (0, V(x) — 0y) .0y .
An invariant measure is then given by % <e_tLvo, u>D, = 0, or equivalently
L'p=0 with L'=-9,.0,V(z) — A, = —0,.(0,V(z) + 9,) .

Hence for a reversible diffusion process the invariant probability measure

equals
e—V(a:)

uy = —fRn VO 4y dx

provided that e™V € LY(R", dx) .

12



Property : For a reversible diffusion process with e=" € LY(R";dx), the
semigroup generator L = (0,V — 0,).0, with domain D(L) = Cg°(R") is
symmetric in the Hilbert space L*(R™, duy) .

Another writing of L makes this property more obvious. Set f = eTu

(f € LA(R", duy)) < <u —eife LQ(R”,d:U))

v
2

O, f = ax(e%u) =e2(0, + %@V(x))u

0 V)t V)
1 2 1
= Aot 10V (@) - 5AV ().

Definition 1.4. For a potential V- € C®(R™), the Witten Laplacian (on
0-forms) associated with V /2 is the operator defined by

A(O)

. (0)

) = CF(R") € LA(R", dx) — L*(R", dx)

1 1
AY), = —A+ 1 10,V (z)]* — SAV ().

Actually the name Witten Laplacian better refers to a deformation of
Hodge theory, acting on p-forms[Wi][CFKS]. On a Riemannian manifold
(M, g) it is defined as follows. Let d denote the differential operator d :
Co(M; APT*M) — C3°(M; APTYT* M) defined in local coordinates by

.....

d (wil ip dl’il AN d.fEip> = Z @ciwil ..... ip d.fEZ A dl’il AU A dl’ip .

The codifferential d* : C3°(M; APT*M) — C°(M; AP~T*M) is then defined
as the adjoint of d via the scalar product [, (w, n)g@)p(z) dvg(z) where
( )g(x)p and dy, are the scalar product on p-forms at € M and the mea-
sure on M associated with the metric g.

For a C* function V on M and for h > 0, the deformed differential is
defined as

1
dy o = e/ (hd)e"/*" = hd + FAVA

and its adjoint is

1
vion = €2 (hd*)e™ VP = hd* + §ivv :

where A denotes the exterior product an ix the interior product with the
tangent vector X . These distorted differentials satisfy

dya,n 0 dyjen, =0 and d*v/2,h © d;/Q,h =0.

13



The Witten Laplacian is then defined on C*(M; AT*M) as
Avyan = (dvjan o dyop + dyjop © d}\L//Q) = (dv/on + dT//Zh)Q ;

and its restriction on p-forms is usually denoted Ag% B

Here we focus on the case p = 0 with h = 1 and the writing A$)2 = d*v/zdv/g
is nothing but

AY, = - (ax _ %axV(a:)) . (ax + %axV(a:)) .

Note that this writing ensures that A$}2 is a nonnegative Schrodinger oper-

ator with the C> potential 0,V (z)|* — sAV(z). A result by Simader (see
[Simal) then says

Proposition 1.5. When V € C*(R"), the Witten Laplacian A$)2 s essen-
tially self-adjoint* on CS°(R") .

Notation : In the sequel the same notation AEB/)Z will be used for the self-
adjoint closure.

Exercise 1.6. Check that u € Ker (Agﬁ%) if and only if
u € L*(R") and d(e%u) =0 D'(R";R").

( Approzimate u € Ker (Ag?/)Q) by au, € C5°(R") in the graph norm || ||y, =
0
1112 + || AP f

From this result of which a variation will be studied later, we know that the
—tL)

) and study the limit dy/ou, .)

unitary group (eitAg)/)Q)teR and the semigroup (e_tAg)/)Q)bo (therefore (e 7"*);~0)
are well defined. An important question in the study of stochastic processes
and their application concerns the return to the equilibrium.

(QWO) Is there a constant ay > 0 such that

—tal V)2
He vVizy — c,e /

LSO e 7

Within the probabilistic framework it is often presented as the question
of having a Poincaré inequality

2
/ <f—/ fduv) dpy < — [ |VFP dp.
n n aw Jrn

2Remember that this says that AEE)/)Q admits a unique self-adjoint extension given by

D(AY),) = {u € I2(R", dx), Al),u € L2(R", dx)},

14



With the previous result it is a question about the spectrum of A$}2 :

inf[o(A7),) \ {0}] = aw > 0.
This leads to two questions :

(QW1) Is the resolvent (1+ AE?/)Q)_l compact ?

(QW2) For the parameter dependent version A$}2 ,» 18 it possible to have
accurate expansions for ayy (h) ?

1.2.3 Application 2 : kinetic Fokker-Planck equation.

We consider now the stochastic dynamic in the phase-space R2% (more re-
alistic brownian motion also referred to as the Ornstein-Uhlenbeck process)
given by :

dr = wvdt

1 2
dv = ——0,V(x)dt —yvdt+ [ ——=dW .
m mp
1

The parameters are m, the particle mass, v > 0 a friction coefficient, g = BT
the inverse temperature and W is a d-dimensional white noise. Following
the rule of (1.8), we find that the evolution of observable is governed by the
semigroup® generated by

Ki= —0.0, + ~0,V(2).0y + L (=0, + mBv) .0, .
m mp

Its formal adjoint equals
/ 1 gl
K| =v.0, — —0,V(2).0, — —0,(0, + mpv).
m mp

Hence an invariant probability measure (when it exists) is given by the nor-
malized Maxwellian

o B 4V (@)

fde e~ PPV @) drdy

M(z,v) = dxdv .

Like in the derivation of the Witten Laplacian, the symmetry properties
of the operators K; and K7 are better understood after conjugating with

31t will be checked that it is well defined.

15



mv? +2V(x)
67ﬁ7

i . We are led to the analysis of

m'u2 x va z 1
m
y mp mp N\ .
+mﬂ( %t U)'(a”+ 2 U) B
i P4y 1
P per g 0,V (2).6,
m
y mp mB N\ _
+mﬂ( o U)’(a”+ 2 U) B

with K. : CP(R*) ¢ L*(R*, duedv) — L*(R?).

The real part of K,

1 7 m mf
§(K+ + K,) — m—ﬁ <_au + 7/0) . <av + T’U)

is a Witten Laplacian in the velocity variable (actually it is an harmonic
oscillator hamiltonian).
The imaginary part

1 1
§(K+ - K_) = U.a$ - E8$V(I')av

is the Hamiltonian vector field associated with the classical energy p(z,v) =
mT”2 + V(z) and the symplectic form

O'(Xl,XQ) = Muv1.2Z9 — TX1.Vg, Xz = (.CL"Z‘,/UZ‘) .

The question of the return to the equilibrium can be stated as
(QFPO) Is there a constant app > 0 such that

He"tKﬂ“u—qu\/[l/2 < Ce P! |ul|2 ?

Iz
It can be decomposed into two steps
(QFP1) Is the resolvent (1 + K1)~ compact ?

(QFP2) Is it possible to compute or estimate agpp(m,~y, 3) in terms of the
parameters (m,~y,[3) 7

Here are two important differences with the case of the Witten Laplacian:
e K is not elliptic. Only hypoellipticity can be expected.

e K is not self-adjoint. This makes its spectral analysis and the intro-
duction of a constant aypp more subtle.
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1.3 General remarks.

a) Once the operator Ag% and K4 have been derived from probabilistic

arguments, it is no more necessary to restrict the analysis to the case
when e=V(® € L1(RY). Actually for some properties like the compact-
ness of the resolvent, it is important to get rid of this restriction in
order to have a better insight of what is really in the balance. It will be
possible to consider a potential V' such that lim, .., V(z) = oo and
the discussion on the sign contains a lot of information.

b) The Witten Laplacian arises from a model with a complete diffusion (in all
direction) and it is therefore elliptic. The reversibility of the stochastic
process ensures it self-adjointness.

c) The two previous properties of the Witten Laplacian are lost for K.
Nevertheless the strong relationships that can be exhibited between
the two operators allow to get a quite accurate information on K.
Actually the question QFP1 and QW1 about the compactness of the
resolvent are intimately related. Similarly some accurate comparison
exists between ay (h) (see QW2) and app(m,, 3) (see QFP2), with
h ~ 37! In some sense the Witten Laplacian will play the role of the
Laplace operator A, in our initial example (1.1).

d) The hypoelliptic Laplacian introduced recently by J.M. Bismut ([Bi]
[BiLe| [Leb1] [Leb2]) is the geometric extension of kinetic Fokker-Planck
operators on the contangent T*M of a Riemannian manifold M. Writ-
ten in a Hodge setting it appears as a microlocalization (or phase-space)
version of Witten’s deformation of Hodge theory. It raises a lot of inter-
esting questions in analysis and provides a better information on some
geometric structures.

Remark 1.7. In these notes, we will focus on the qualitative problems namely
QW1 and QFP1. Nothing will be required about Hodge theory while it is a
key point in the quantitative analysis of exponentially small eigenvalues done
in [HelKINi]. Actually the two questions Q@*1 and Q*2 are not completely
separated and this will appear especially when we will apply Helffer-Nourrigat
results (techniques of adding or reducing variables).

(0)

2 First properties and relations between A, /2

and K..

2.1 Maximal accretivity.

The references about maximal accretivity can be the books by Dautray-
Lions [DalLi](Vol. 5, Chapter XVII), Reed-Simon [ReSi| or [Davl]. Here is a
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summary. Let H be a complex (or real) Hilbert space.

Definition 2.1.

o Let A be an unbounded operator in H with domain D(A). We say that
A is accretive if

Re (Ax | z)y >0, Yz € D(A) . (2.1)

e An accretive operator A is mazximally accretive if there there is no ac-

cretive extension A with strict inclusion of D(A) in D(A).

Actually the notion of accretivity corresponds to a semi-symmetry and
the notion of maximal accretivity corresponds to a semi-self-adjointness, ac-
cording to the following table.

A=1iB
A accretive : Re (Az, z) >0 B symmetric : (Bz, ) € R
Re (Az, z) <0 and >0

(A accretive) = (A accretive) (B symm.) = (B symm.)
(A accretive) = (A* accretive) (B symm.) = (B* symm.)
A maximally accretive B self-adjoint
Hille-Yosida theorem Stone theorem

for contraction semigroup : for unitary group :

((e7)20) & (A max. acc.) ((e7B)ser) & (B self-adj.)
(A max. acc.) implies (B self-adj.) implies

(0(A) C {Rez > 0}) (c(B) C R)

By following this correspondence it is possible to introduce the notion of
essential maximal accretivity when the domain of the closed operator cannot
be made explicit.

Definition 2.2. An accretive operator A in 'H with domain D(A), is said
essentially mazximally accretive if it admits a unique maximally accretive ex-
tension.

18



The equivalence of the next statements can easily be checked :
1. A is essentially maximally accretive.
2. A is maximally accretive.
3. There exists Ag > 0 such that A* + A\l is injective.
4. There exists A\; > 0 such that the range of A+ A{[ is dense in H.

Remark 2.3. A particular case is when A is a differential operator with C*
coefficients initially defined with D(A) = C*(R™) in L*(R™). The domain of
its closure equals

D(A) = {f € L*(R"), Af € L*(R")} .

According to the point 4, the essential maximal accretivity of A is true if for
some Ay >0

(M +A)f=0iDR"), feL*(R") = (f=0)

where A’ is the formal adjoint of A .

2.2 Essential maximal accretivity of the Fokker-Planck
operator.

The next result is a variation of Simader’s theorem [Sima] which says that
a semi-bounded Schrodinger operator with a C*> potential is essentially self-
adjoint on C3°(R™). For the sake of simplicity, we take m = f =~ = 1 and
we write K = K ( its formal adjoint K _ shares the same properties).

Proposition 2.4.
Let V be a C* potential on R, then Fokker-Planck operator defined on
C°(R?*) defined by

1 d
K:=-A,+-|v]* - = + Xo, (2.2)
4 2
where
Xo:=v-0, —VV(z)-0, (2.3)
15 essentially maximally accretive.

Remark 2.5. Actually this result is somehow surprising. Nothing is required
about the sign or the behaviour of the potential V() at infinity. The following
discussion can be made after introducing the friction coefficient v > 0 (with
m = [ = 1). When v = 0 the Fokker-Planck operator is reduced to the
Hamiltonian vector field v.0, —0,V (x).0, and it is known that the dynamics is
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not well defined (globally in time) when V (z) goes to —oo faster than —Cxz?.
The previous result simply says that the dynamics (that is the semigroup
(e7tB%)150) is well defined as soon as v > 0, whatever the potential V(z)
does at infinity.

Proof: We apply the abstract criterion taking H = L*(R??) and A = K.
The operators being real, we can consider everywhere real functions. The
accretivity on C§°(R??) is clear. Changing K in T := K + (£ +1)I, we would
like to show that its range is dense.

Let f € L?(R%d) be such that

< f|Tu>y=0, Vuc CR™) . (2.4)

We have to show that f = 0.
Because K is real, one can assume that f is real.
We first observe that (2.4) implies that :

(—A, +v3/44+1—Xo)f =0, in D'(R*).

The standard hypoellipticity theorem for the Hormander operators of type 2
implies that f € C*(R??). Actually this can be recovered from Proposition
1.2 and Corollary 1.3 by writing

—0.0,f = Ao f = =8,V ()8, f — v /Af — f

and checking first the regularity of 0, f from the ellipticity in the v variable.
We now introduce a family of cut-oft functions ¢; := (i, , by

Cry o (7, 0) 1= (/K1) (v/ k) , VK € N? | (2.5)

where ¢ is a C*° function satisfying 0 < ¢ < 1, ( = 1 on B(0,1) and
supp ¢ C B(0,2).
For a derivation 0 and a cut-off (, we start with the formula

9(Cu) = (0Q)u + (COu)
and its adjoint relation
—((0.X) = =0.(¢CX) + (0¢).X .
We obtain

—(0.(0(Cu)) = —(0.[(0C)u] — ¢2.[¢(Ou)]
= —0.[¢(9¢)u] + |0¢|* u — 0. [¢*u] + ¢(9C).(Ou)
= +0.[C(A¢)u] +10¢|* u — 8.0[¢*u] + ¢(9C)-(Ou) .

20



Apply this with 0 = V,,, ¢ = (i, u € C°(R?*?) and take the scalar product
with f e L?:

/V Ckf Cku dxdv = /f(_Av(Clzu))‘HVUCk\qu dedv
d
+Z/(fa%u_avifu) (O, ), dxdv
i=1

By adding the terms of K other than —A, one gets :

I Vo(Cef) - Vo(Gou) dzdo + [ Gz, v)* (02 /4 + Du(z,v) f(z,v) dedv
LTG0 %GR (a,v) drdo
= [T e o)
+ iy S (f(Ow) = w(@, f)) (2, 0) G, 0) (00, Ge) (i, 0) dir du
+(/(z, U)\TCk )

(2.6)
When f satisfies (2.4), we get :
Jza V Ckf Vo(Gu) dedv + [ G(0?/4+ Du(z,v) f(z,v) dzdv
—l—ff x,v XO(Cku) (x,v)dz dv o7
=T el a0 oo (27)
+ Zz 1 f a u - u(a f)) (ZE, U)Ck(‘I?U)(aviCk)(xv U) dx dv )
for all u € C*(R%*). In particular, we can take u = f.
We obtain
<VGF) | VolGof) > + [ Gt /A+ V()2 dudo
+ [ [, 0)(Xo(G ) (2, v) do dv (2.8)

= [ IVuGl?|f(z,v)[? dado
With an additional integration by part, we get

< V(G f) | VolCef) > + [ G*/4A+1)|f(x,v)|* dudv
+ [ Gf (2, 0)*(XoGr) (2, v) d dv (2.9)
= [|VuCl*|f(z,v)|* dudv .

This leads to the existence of a constant C' such that, for all &,

Gk I + 3lIGku fII? (2.10)
< ColIAIF + ORI A 111+ CEIVV @Il 1] |

(The constant C' will possibly be changed from line to line). This leads to

16 A1+ 6w FIF < Ol + AR+ COEIGAN AL (1)

k2
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where
C(ky) = sup |V,V(x)

|x|<2k1

This implies 3
C(k 1
6P < ey Dy (2.12)
2 1

This finally leads to f = 0. For example, one can take first the limit
ko — 400, which leads to

T C
\\C(k—l)fHQSk—%HfHQ,

and then the limit k; — +o00. ]
Notation : Like for Witten Laplacians, the same notation will be used for
the Fokker-Planck operator K4 with D(K.) = C5°(R??) and its closure with

D(Ky) ={f e L*R*), K.f € L*(R*")} .

2.3 An elementary link between QW1 and QFP1.

We recall that K cannot have a compact resolvent as soon as there exists
an orthonormal sequence (Uy)reny in L*(R?*"), with U, € D(K), such that
| KUy|| remains bounded.

Theorem 2.6.
Assume that V' is C'*° function. If the operator K4 has a compact resolvent
then A$}2 has a compact resolvent.

Proof: By contradiction, assume that (1 + A$}2)_1 is not compact. Since

Ag?/g is self-adjoint, there exists an orthonormal sequence (uy)gen such that

(wr | A)yur) = [|dysue
is bounded. The sequence given by
Up(,v) = ug,(z)(2m) e "/
is an orthogonal sequence and satisfies
Vi € N, KUy = (21) Y (dyjpup(x)).ve™ /" in D'(R*) |

Hence every Uy belongs to D(K) and we have found an orthonormal (after
normalization) sequence (Uy)gen such that || KUyl 12 is uniformly bounded. &
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Exercise 2.7. Prove
(0 c aess(Aﬁ’)Q) = (0 € 0pus(K2)) .

We recall that \ € 0.s5(A) as soon as there ezists an orthonormal sequence
(U)ken in D(A) such that limy_. ||(A — X) Ug|| = 0 and that this condition
s mecessary and sufficient when A is self-adjoint.

2.4 A conjecture.

In [HelNi] the next conjecture was stated and studied.

Conjecture 2.8. [HelNi] For V. € C>(R?®), the Fokker-Planck operator
K4 has a compact resolvent if and only if the Witten Laplacian A$)2 has a
compact resolvent.

We will show in the next sections that it can be partly proved...and that it
is far from being completely solved.

3 (Global Kohn method for Fokker-Planck op-
erators.

We follow the same lines as in Proposition 1.2 and Corollary 1.3 but now
we have to introduce some pseudo-differential calculus. Pseudo-differential
calculus is useful for at least three points

1. Estimating operators and commutators by simply counting exponents.

2. Before 1, ensuring the definition of commutators as operators well de-
fined within a Sobolev scale. It is well-known (see for example [ReSi])
that a weak definition of commutators via bilinear forms can be mis-
leading.

3. Providing estimates for operators constructed via functional analysis
arguments.

3.1 Global Weyl-Hormander pseudo-differential calcu-
lus.

An interest of the Weyl-Hormander pseudo-differential calculus is that it pro-

vides directly global estimates. We give here a brief account of the general

theory and then explain how it is applied (details may be found in [Hor2]-
Chap XVIII, [BoLe], [BonChe], [NaNi], [HelNi]).
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3.1.1 General review.

The introduction of a (small)-parameter h > 0 makes the asymptotic expan-
sions more obvious, although we will essentially use the case h = 1 in these
notes.

Notations : The generic phase-space coordinate will be denoted Z =
(2,{) € R*™. On R?", the symplectic form is 0(Zy, Zs) = (1.2 — 21.(o.
We shall use the notations

1 1
DZ = —,&Z and DZ = —,GZ
7 7

Weyl quantization : For a € §'(R?"), the kernel

=)o 2+ 2 d¢
K / — )
() = [ S0 G
1, z+2 2=72
belongs to &' (R*"). Therefore
[ (2, hD)]u(z) = Ko(z, 2 Yu(Z') d’
Rn

defines the operator @' (z, hD,) as a continuous operator S(R") — S'(R") .
(a" (2, hD,) symmetric) < (a real) .

Class of symbols : The standard class of symbols is defined as the set of
C* functions which fulfill

0200a(z Q)| < Cug ()"

This can be written as

92 ((0) 0c)° a(z Q)| < Ca ()"

and one notes that 0., and ()0, j = 1,...,n, are vector fieds T on R*"

such that g(T) < 1 in the metric g = dz* + %. Hence a general symbol

class can be defined with a metric g on R?*" and a weight (here the function
(O")-

Definition 3.1. For a Riemannian metric g on R*" and a weight M : R*™ —
(0, +00), the symbol class S(M, g) is the space of C* functions such that

VN € N,3Cy > 0,V(z,¢) € R*", max  |Ty...Tya(z,¢)| < CyM(z, ().
Ti, ..., Tn
9(Th) <1
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Remark 3.2. The best constant Cy provide a semi-norm py(a) and S(M, g)
18 a Fréchet space.

Definition 3.3. For a metric g on R?", the dual metric ¢° is defined by

o (7 — o (T X))
S

The gain function \ : R*" — (0, +00) is then defined by

(T
NZ)? — min 7 (T) :
T#0 g(T)
. no o de? dc? -
Exercise 3.4. Check that for g =3 i | o + 5 the dual metric is

9" = bi(Z)’dz} + a}(2)d(]
j=1

and compute \(Z) .
The assumptions which lead to a good pseudo-differential calculus are :

. S ) 97(T) 2
(H1) Uncertainty principle : VZ, T, o = A(Z) = 1.

(H2) Slowness : The metric varies slowly :

T) +1
/ 7NV < o7t gZ( < ’
ICo > 0,Y2, 7', (92(Z—2') < C; ):>ICIF12(}){<<QZ/(T))) =

(H3) Temperance : The metric is tempered, according to

gZ(T>))i1 "\ V1
3C; > 0,dN; € N, <Ci(1+g93(Z—-Z )
1 1 1}112())( ((gz’(T) 1 ( gZ( ))

(H4) Temperance of the weight : The weight M satisfies the g-dependent
temperance estimate

M(Z)

M(Z")

+1
4C; > 0,dN; € N, ( ) < Cy (14 g%(Z - Z/))NQ .

Remarks 3.5. a) In a semiclassical setting h — 0 and with an h-dependent
metric H1 can be replaced by \'(Z) > h with different results.

b) The slowness assumption H2 allows the construction of a partition of
unity so that locally the metric gz can be replaced by a frozen metric

9z, -
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c) The temperance assumptions H8 and H4 allow the summation of all the
quantities localized after the partition of unity.

The basic results under these assumptions are :

(R1) For any a € S(M,g), the aV(z,hD.) defines a continuous operator
from S(R™) (resp. S’(R™)) into itself. The composition on the left or right
with any continuous operator S(R™) — S'(R") is possible, in particular with
another pseudodifferential operator.

(R2) The algebra of pseudodifferential operators is transformed into an al-
gebra of symbols after introducing the operation §"+"

(at""D)V (2, hD.) = a"V (2, hD,) o bW (2, hD,) .

For this operation one has the asymptotic expansion

W,h _ ([ Ho(Dz,,Dz,)
af”"b(2) (6 G(Z1)b(Z2)> Stz (3.1)
J=1 (hi J
Lo(Dg,, Dy,
_ 5~ Gl & 2)) a(Z1)b(Zs) (3:2)
=0 ] IW=Zo=7
+/lw so0n0z (Mo, 0,0 azpz)| @3
o (J=1)! ‘ 9 O\ Fz) | MEVURE)|
J-1 i J
(20(Dy,, D
_ ha<2"( Z%; 7)) a(Z,)b(Zy) +h'Ry(a,b,h)(Z). (3.4)
= 7! Z=Z2=2Z
In this sum, every term
i0(Dy, Dz,))’
L e

defines a bilinear continuous mapping
S(Mla g) X S(M2> g) - S(MlMQ)\i% g)

and the remainder
(a,b) — Ry(a,b,h)

defines a bilinear continuous mapping
S(M17 g) X S(M27 g) - S(MlMZ)\iJa g)

with a uniform control with respect to h € (0, hy) .
(R3) Calderon-Vaillancourt Theorem :

(a€5(1,9)) = ([[a" (2. hD.)] 12y < Cow(a))
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with C' > 0 and N € N independent of h € (0, hy) .
(R3’) Compactness criterion : If limy o, M(Z) = 0 then a € S(M, g) im-
plies that a''(z, hD.) is a compact operator in L?(R™).

A particular case is when M(Z) = M(Z) . One gets for a; € S\, g),
i=1,2,

aljjw’hag = a1a9 + th (al, as, h)
with Rj(ay,as, h) uniformly bounded in S(AF1+*271 ¢) Hence in the limit
h — 0 or when limz .. A(Z) = +o00, the """ operation is asymptotically
commutative. In any cases (even when h = 1 and A\(Z) = 1) one can compute

h
i [alﬂw’hGQ - a2ﬂ@1] = {a1, a2} + ;R2(a1, as, h),
where the Poisson bracket

{&1, ag} = agal.az&g — 8Za1.8¢a2 s

belongs to S(A*+*271 g) and Ry is uniformly bounded in S(AF%272 g)

Exercise 3.6. Compute g°, A and check the assumptions H1... Hj for the
metrics

dc? 4 det Az
0<6<p<1), T .
orl0si=es et gy

We end this review with the Beals criterion. We need and additional
assumption (which can be weakened) :
(H5) Assume that the metric g is splitted :

(O)®d? +

9z(t., —tc) = gz(tz, te),

which means that g; has the block diagonal form

gz = Z (Zijdzide + bl]dC’LdC] .
2%
With the assumptions H1...HS5, the Beals criterion says :
(R4) A = a"(z,hD_;h) with a(h) uniformly bounded in S(M, g) if and only
if

Y(a, 3) € N4, plal=lAl HadﬁDzadeHc(Hh(M’g));LQ <Cup.

The Sobolev spaces are defined such that H"(1, g) = L*(R") and b (2, hD,) :
H"(M,g) — H"(M/M,,g) when b € S(M,,g) with possibly h-dependent
norms (see [BonChe| for h = 1 and [NaNi| for the h-dependent version).
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3.1.2 Some specific metrics.

We work now with A = 1. Assume that the function ¥ : R** — (0, 4+00)
satisfies :

(T1) ¥ > 1

(¥2) For some constant ¢y > 0, (|2 — 2| < ¢;') and [¢ — | < ¢;'¥(2,()

imply U(7)\ £
(35"

(¥3) There exist two constants ¢; > 0 and v > 0 such that

U(2)
A

+1 v
VZ,2' € R, < ) <o (1+w@2 - 2P +1c-CF) .

Then the metric dC2
g = d2’2 + F

satisfies H1... H5 and we have
g7 =V +d¢*, MNZ)=V(Z).

Definition 3.7. Under the assumptions (V1)(W2)(V3) the symbol class ST},
m € R, equals S(¥™,dz* + C\%) The space of operators OpSy' is defined as

OpSy ={ad"(2,D.), acSJ'}.

In [HelNi] we proved the next result for functions of bounded from below
self-adjoint operators within such a class.

Proposition 3.8. [HelNi] Let A = a"V(z,D,) € OpS¥ be a self-adjoint
operator with

e A>cld, ¢g >0
e m>1
o la| >CU"™ — R Re S™ % withC >0 and§ > 0.
Then for any s € R, A* € OpSy® and there exists to > 0 such that

VseR, A°—[(to+a)"(z,D.)]" € OpSy*~".
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Sketch of the proof : We provide the outline of the proof in the simple
case ¥ =1 and A € OpSY,. We know

AcL(LY, A>cy, AlteL(L?
A=ad"(z,D.), aecS(1,dz*+d¢?).

Consider the vector of operators L = (D,, z) = (Ly, La, ..., La,) and note
(provided that it makes sense)

ad B = [L;[Li, ... [Li,. B]]...], I={(ir,...,ip),p= 1] .
The commutators ad 7 ad 5 A= can be studied by induction

e Start with [B, A™'] = —A7![B, AJA~! which makes no problem in this
simple case.

e [terate according to

ad$ ad?A™" = Z c?f..INA_l(ad?A)A_lo
L]+ [ In] = [af + |5
|1 # 0

(ad2A)... A (ad N A) AL,
More generally one can prove in this particular case
Had%zadf(t + A)_lH < Copa(l+ t)_1 )

r € Z: The Beals criterion implies A™' € OpSy and A" € OpSY for any
rei.

r € (—1,0): We write

_sin(mr)

AT =

/ tr(t4 At dt
0

and one integrates the previous t-dependent inequality. This leads to

™

A" € OpSy .
A little more has to be done in order to check that the principal symbol is
(ts +a)" (case when V¥ is not 1). |

Remark 3.9. The Beals criterion is a convenient tool to check that an op-
erator provided by functional analysis is a pseudodifferential operator : Via
an integral representation reduce the problem to estimating commutators with
the resolvent (z — A)~'. Another often used formula is the Dynkin-Helffer-
Sjostrand formula (see [HeSj[) for self-adjoint operators (written with f al-
most analytic extension of f)

£(A) = % /C@gf(z)(z ~ A dz A ds.
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3.1.3 Application to the Fokker-Planck framework.

We now apply the previous results with n = d, Z = (z,£) and n = 2d,

Z = (x7v7€717) °
Assume that the potential V € C*(R?) satify one of the two assumptions

(V1) For |a| > 1, there exists C,, such that
05V ()] < Ca (0:V () -
There exists C' > 0 and M > 0 such that
O @)™ < 0,V (2)) < C (m)™
(V1) For |a| > 1, there exists C,, such that
05V (2)] < Ca (0:V () -
There are constants C' > 0, M > 0 and g9 > 0 such that

0.V (2)) < C ()"
for laf =2 |07V (z)| < C(8:V () {x) "™ .

Proposition 3.10. [HelNi] By assuming V1 of V1’ the properties U1, W2
and W3 are satisfied by

\Il(x,f):\/1+\§] + - ]8 V(z)]> on R* (3.5)

W & o) = 1467 b7+ Lo+ LoV @ on B9 30

Corollary 3.11. Assume V1 of V1’ and take ¥ according to (3.6) on R,
The operators involved in the analysis of the Fokker-Planck operator satisfy

a$]-,avi,vj,a$jV(x)€OpS&,, j:]'?“‘?d?

1+Aw2 A, +02/4—dj2 = 1+A2/4+V , € OpS,
L =0.0p — 8V()8V—Av+02/4—d/260p5\%

A= (1+AD ) € ODS3y

A —[ 2 (0, Dx,DV) € OpSy™

’U2

1
with  a=ty+&+n°+ = \8 V(z))? —§AV(x)+Z.
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3.1.4 (Important) remarks

e In Proposition 3.10, the treatment of (3.6) can be reduced to the one of
(3.5) after replacing V' (x) by ®(z,v) = v?/2 + V(x) which also fulfills
V1or V1'.

e The proof of Proposition 3.10 is a bit technical although rather stan-
dard. This is often the case when one wants to use the pseudodiffer-
ential calculus. Part of the technicalities are contained in the study of
the metric. Once it is solved, a lot of estimates come from the general
theory.

e In [HerNi] the assumption was stronger
CH )" < (0:V (@) < C ()"

with the same exponent on both sides (ellipticity assumption for the
Witten Laplacian). The hypotheses V1 and V1’ are weaker.

e Important Remark : Both assumptions V1 and V1’ imply that the
Hessian Hess V() is controlled by the gradient 0,V (z) at infinity. We
shall come back to this point later.

3.2 Sufficient conditions for the compactness of (1 +
Kj:>_1.

The compactness of (1 + K.)~! will be deduced from hypoelliptic estimates
where vector fields are replaced by (possibly deformed) creation-annihilation
operators of the harmonic oscillator Hamiltonian. With such an approach
and with a global pseudo-differential calculus the regularity and decay es-
timates are on the same level. This analysis carried out in [HerNi] and
slightly improved in [HelNi] was inspired by a former work by Eckmann-
Pillet-ReyBellet [EckPiRe-Be].

3.2.1 Notations and result.

Let us introduce some convenient notations. We observe that the operator
K defined in (2.2) and (2.3)) can be written

K =X,+ b, (3.7)
where

Xo = (b"a —a*b). (3.8)
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with
b1 1 a1
b=0,+ == : , a:3$+§3$V: : ) (3.9)

by an

The adjoint forms of a and b are

b* = (bj,...,b;) and a" = (aj,...,a,);. (3.10)

With these notations the operator A already introduced in Corollary 3.11 is
given by
A =1+a*a+b'D,

and provides a natural Sobolev scale for the problem. Its square

A —1=a'a+0'b=AY), =AY, ®1d, +1d, ® A

is the phase-space Witten Laplacian associated to ®/2, with & = % +V(x).

Theorem 3.12.
If the potential V' € C*(R™) werifies Assumption V1 or V1’ then there
exists a constant C' > 0 such that

Vu € C* (R, ||AY4u||” < © (I|Kul® + [ull?) - (3.11)

Remark 3.13.

As for Kohn’s proof for the hypoellipticity in Proposition 1.2, the exponent i
in (3.11) is not optimal. The accurate analysis which can be easily carried
out like in [HelNi] with a quadratic potential gives the exponent 2/3. For
the geometric Fokker-Planck equations on compact Riemannian manifold the
exponent 2/3 has also been proved in [Leb2].

Corollary 3.14.

If the potential V€ C®(R") satisfies Assumption V1 then the operator K
has a compact resolvent.

If the potential V € C*(R") satisfies Assumption V1’ , then K has a compact

resolvent if (and only if) the Witten Laplacian A$}2 has a compact resolvent.

Proof:
The closure of K, initially defined on C{°(R"), is maximally accretive accord-
ing to Proposition 2.4. Theorem 3.12 says that the first factor of

1+ K)™' = [(1+ K)AV A

is bounded, while the second one belongs to the class Op S\I_,l/ : owing to
Corollary 3.11. Under Assumption V1, the function ¥ satisfies

(I7U7§7T1)*}OO
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and A~'/* is compact. This last condition is not implied by Assumption
V1’ but the compactness of A='/4 is then a consequence of the compactness

-1
of A72 = <1 + A$)2 + Aig)ﬂ) . The “only if” part was proved in Theo—

rem 2.6. |

3.2.2 Algebraic properties of the Fokker-Planck operator. The
bracket condition.

Before starting the proof of Theorem 3.12 let us recall the algebraic properties
associated with the Fokker-Planck operator.

The Canonical Commutation Relations (CCR) of the annihilation-creation
operators b;, b} are satisfied :

[bj,br] = [b7,b;] =0, [0, k] = 6. - (3.12)
More generally with 0,,0,,V = 0,,0,,V, we have :
laj, ag] = [ag,a;] =0, laj, ay] = aﬁjxkv : (3.13)

The a’s and b’s commute with each other
[al,b}] =0, (3.14)

where a' (resp. b*) equals a or a* (resp. b or b*).
The bracket condition is formally the same as in our initial example (1.1).
Here it reads :

b5, Xo] = aj , 07, Xo] = aj . (3.15)

Similarly, the b;’s and b}’s can be derived from the a;’s, a}’s and X,

X == (2.0 V)ber o Xol = - S (22.,V) - (316)
k=1

k=1
For any r,r" € R, we have :

[AT, (1+ a*a)“} - [AT, (1+ b*b)’“] ~0. (3.17)
The relations (3.15) and (3.16) are summarized by
[b7 XO] =a, [b*7X0] =a" )

[&7 XO] = —Hess V' b , [@*7 XO] = —_b*Hess V (318)

where we make use of the notations (3.9) and (3.10).We will often use this
matricial notation where * refers to forms or line matrices. As an example,
we also have by combination the formulas :

[A%, Xo] = —b*(Hess V — Id)a — a*(Hess V — Id)b (3.19)
and

b(b*b) = (bb + 1)b . (3.20)
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3.2.3 Hypoelliptic estimates : a basic lemma.

As a consequence of these relations combined with the estimates

HAQp—Qa*

<1 (3.21)

and
} } A2p—2 b*

for p < 1/2, one has the following result which is a variation of the beginning
of the proof of Proposition 1.2.

<1, (3.22)

Lemma 3.15.
Take p € [0,1/4]. The estimate

|APul|* < Re(Ku| (L + L*)u) — Re (A*bu | u) + Re (LKu | Lu)
—Re (A*bu | Lu) + 3 |[bul|* + 3 [|u]?,
(3.23)
holds for any u € C3°(R??), with

L=A"2a"b= A7) ally)
J
and
A" = [A*7%a7, Xo] = (A]), A5 = [A* a5, Xo]

Proof: Step 1.
We first show that :

||Apu||2 < Re (Xou | (L + L*)u) — Re (A*bu | u) + ||bul| ||u|| + HAp_luH2 )
(3.24)
The starting point is

[APu)|® = (A% ~26"bu | u) + (A% 2a*au | u) + (A% u | u) .
We obtain the result immediately from (3.22) and from the identity
(A*2aq*au | u) = Re (Xou | (L + L*)u) — Re (A*bu | u) ,

which simply results from a = Xy — Xob (cf (3.18) ).
Step 2.
We now show that

Re (Xou | (L+ L") u) < Re(Ku | (L+ L*)u) —2Re (b*bu | Lu) + ||bul| ||ul| .
(3.25)
We start from

Re (Xou | (L+L*)u) = Re (Ku | (L+L")u)— Re (b*bu | Lu)— Re (b*bu | L*u) ,

34



and work on the last term of the right hand side. We have
Re (b*bu | L*u) = Re (bb*bu | aA* " 2u) .
Using bb*b = (b*b+ 1) b we get
Re (b*bu | L*u) = Re (b*bbu | aA*2u) + Re (bu | aA**~*u) .
The next point is to observe the commutation of b*b with A
Re (b*bu | L*u) = Re (bu, | aA**~2b*bu) + Re (bu | aA*~2u)
= Re (b*bu | Lu) + Re (bu | aA*~u) .

We conclude by using (3.21) for the last term.
Step 3.
It remains to control —2Re (b*bu | Lu). We will show

1
—2Re (b*bu | Lu) < gHbuH2 + Re (LKu | Lu) — Re (A"bu | Lu) + §]|u]|2 :
(3.26)
We start from

—2Re (b*bu | Lu) bul|* + ||bLul|?

<||
< ||bu||* + Re (K Lu | Lu)
< ||bu||* + Re{[K, Llu | Lu) + Re(LKu | Lu) .

We now observe that :
[K,L] = —L— A*b — A**a*a .
The last term to control is
—Re (A*2a*au | Lu) = — Re (aA**a*au | bu) .

Using again (3.21), it is controlled when p < 1.
Putting together (3.24), (3.25) and (3.26) ends the proof of the lemma. 1

3.2.4 Proof of Theorem 3.12.

We are now able to prove Theorem 3.12 by bounding each of the six terms
in the right-hand side of (3.23) :

First term :

We write

[(Ku | Lu)| < | Kull | Lu]| < [[Kul| [|A*a"

b
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and recall ||A?’~2a*|| < 1 for p < 1/2. The simple inequality
loul)* = (0w | u) = Re (Ku | u) < || Kul |lul

now gives
[(Ku | Lu)| < [|Kul*? ul'"?.

For the second part we write |(Ku | L*u)| < [[Kul| [[L*u| and we use, ob-
serving the commutation of b*b with a and A,

L* = b*aA®72(1 + 0°b) V2 (1 4+ b*b)Y2 = b* (1 + b*b) " V2aA® 72 (1 4 b*b) Y2 .
From this we deduce

L) <o (1 +670) 2| [|aA® 2| || (1 + 6*b)"/2u]|
< Co (IKull llul) + [lul) "

and we obtain
[(Ku | (L+L)u)| < C (| Kull* +|ul®) .

Terms 5 and 6 :
They are all bounded by

C (Ibull® + [lul®) < C" (1K ul* + [lul®) -

Term 3 :
We write

Re (LKu | Lu) = Re (A*?a*bKu | A*2a*bu) = Re (aA**a*bKu | bu) .

Since a, a* and b belong to Op S, the operator aA*~*a*b is bounded for
p < 1/4, which is just the condition appearing in Theorem 3.12. We get

|Re(LKu | Lu)| < C||Kull |bull < C (|[Kul* + [[u]®)

for p < 1/4.
Term 4 :
We write

Re (A*bu | Lu) = Re ([A*%a*, Xo] bu | A**a*bu)
= Re (aA”7* [A*2a*, Xo] bu | bu) .

The Hamiltonian vector field X belongs to Op S3 (see (3.8)) and the pseudo-
differential calculus for commutators gives :

a2 [A*%a*, Xo] € Op Sy = 0psSyt c £(L?),

36



for p < 1/4. We conclude like for the third term with
| Re (A*bu | Lu)| < C (|| Kull* + [Jul?) .

Term 2 :

This term is the more delicate and we have to split the variables x and v
while refining our pseudo-differential calculus with some exact commutator
expressions. First we have

A" = [AZ’)’ZQ*,XO} = [AZ’)’Q,XO} a* + A*2p*Hess V
= (b"b+ D)V b+ 1)V [A%72 X] a
+(b*b 4+ DY2A%* 2 (0 + 1) "2 Hess V
= (b + 1)Y2 (A + Ay)

with
Al = (]_ + b*b)_1/2 [A29—27X0} a* s

and
Ay = A*2(0*b + 1) V" Hess V .

If A; and Ay are bounded, one obtains
| Re (A"bu | u)| < }Re (A1 + Ag)bu | (1 + b*b)1/2u>‘ <C (HKUH2 + HuHQ) )

The boundedness of A, is simple to verify. The coefficients A*~203 , V
belong to Op Sa* > and are bounded if p < 1/2. The boundedness of A,
is then a consequence of the property that (14 b*b) /2% € £(L?).

Noting that A; = ((1+b"0)""? [A%72, Xo] A) (A~'a*), the boundedness
of A; is given by the following lemma applied with r; = 0, ro = 2p — 2 and
rs = 1 (this requires p < 1/2).

Lemma 3.16.

Forry +ry+13 <0, the operator (1+b*b)~/2A™ [A™2, Xo] A" is bounded on
L2 (R2n) .

Proof :

Since A" [A™, Xo] = [A"F72, Xo] — [A™, Xo]A™ we can simply consider the
case 1 = 0. Note that the vector field Xy = v-0, — 9,V (z) - 0, is the sum of

terms in the form ¢(v, D,)a(z,v, D, D,) where ¢ is a linear symbol in (v,7)
and a € S},. We expand the commutator as

[ATQ’ E(U’ Dv)a(x> v, Dy, Dv)]
= [A"?, (v, D,)] a(x,v, Dy, D,) + £(v, D,) [A™, a(x,v, D, D,)]
= Bl + Bg.
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Since the commutator [A"2, a(z,v, D,, D,)] belongs to Op Sy, we have
(1+0*b) ' ByA™™ € L(L?) .
Let us now look at B;. It is enough to show the

Sublemma 3.17.
[A"™ ¢(v, D,)] € Op S\’i,rl )

We first note that this is not a direct consequence of the previous pseudo-
differential calculus which says only that this term is in Op Sy?. But this
calculus says that modulo S\’i?_l the symbol of the commutator is obtained
by % the Poisson bracket of the principal symbols of A™ (equal to W2 accord-
ing to Corollary 3.11) and of ¢(v, D,). An explicit computation then shows
that this Poisson bracket is actually in Sy " . 1

We proved
|Re (A%bu [ w)] < C (|| Kul” + [[ull®)

which ends the proof of (3.11) in Theorem 3.12. |

4 Degenerate Witten Laplacian. Compact-
ness criteria.

Here some compactness criteria of the Witten Laplacian will be studied with
assumptions which are much weaker than the ones, V1 or V1’, used in the
analysis of the Fokker-Planck operator. For a stronger property than the
compactness of the resolvent, a necessary and sufficient condition is provided
by Helffer-Nourrigat results. We shall see also that a natural relationship ex-
ists between the qualitative results for Witten Laplacians (question QW2)
and quantitative estimates (question QW1).

In the two first subsections the potential V(z) is a C> function on RZ. In
the other subsections we will focus on polynomial potentials V' = Zla\ < Qo T,

x € R4,

4.1 Structures associated with A%%.

We already introduced the parameter dependent (h > 0) Witten Laplacian
on O-form as a deformed Hodge Laplacian in Subsubsection 1.2.2 :

A@h - d*V,th,h (dvn = €_V/h(hd)€v/h d;h - 6V/h(hd*>€_wh)
—(h0y — 0,V (2)).(h0, + 0,V (x))
= —R2A 4|0,V (z)]” — hAV (z).

38



It is non negative and Proposition 1.5 says that it is essentially self-adjoint
on C°(R™).
Another writing of the parameter dependence

1
h2A ——A+—\8 V() EAV(x):Ag?V

is possible with 79 = h™! € (0, +00). We will see that it is interesting to
consider more generally the Witten Laplacian

0 0 *
Aﬂ('o)‘/ = (AS'())\/,l)’ To € R ?

that is with possibly 75 < 0.
Owing to the H?  regularity when solving Aig)vu = f € L?, the compactness

of A( ,v 18 a consequence (see also Person’s Lemma in [CFKS]) of :
YueCER")  |R@)ul® = (u, Rx)?u) < C [<u Amvu> + Huyﬂ (4.1)
with  lim R(z) = +o00.

r—00

We end this yaragraph with the introduction of the Lie-algebra structure
hidden in A and which will be explored further.

Consider in Riﬁl, the Lie algebra generated by the vector fields

X;=0,, Y;=0,V(@)d j=1,....d (4.2)

For any 79 € R*, we consider the unitary representation IIy ., of this Lie-
algebra in L?(R%) given by

My (X;) = 0y, Hyr (V) = 0, V()itg
After setting
Lj=X; —iY; =0, —i0,,V(x)0, j=1,...,d, (4.3)
the Witten Laplacian A( ,v can be written

ALy = ZHVTO )Ty (L)

= ZHVTO Y2+Z[XJ7)/J])
= HV(L*L).

Hence finding an lower bound like (4.1) becomes now related to the hypoel-
lipticity of the overdetermined system L = (L1, ..., L), that is the question
whether for some neighborhood w,, ; of (xg,t) € R

(Lju € C™®(wyort), Vi €{L,...,d}) = (u € C®(wyyt)) -
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4.2 Examples with polyhomogeneous potentials.

We shall work here with a simple comparison principle which was extensively
used in [HelNil].

Lemma 4.1. For two potentials Vi, Vo € C*(R?), the inequalities

AY = A 420,V (2).0,Va(2) + |0, Va(2) 2 — AVi()
20,Vi(2).0,Va() + [0:Va()|” — AVa(x)

V

holds in the sense of quadratic forms on C3°(RY).
Consider the examples £V, + V5 built with the two potentials in R?
o Vi(ar,a2) = 2z}

o Vo(z1,20) = (22 + 22)H9/2 for |z| > 1, with V, € C®°(R?) and 0 <

With the polar coordinates,
(x1,22) = (rcosf,rsinf), reRi,0¢€[—m ),

we have

Vo=1r" forr > 1.

Example 1: Take V =V, 4+ V5. Lemma 4.1 says
AS)) >8(140)r*FPp@) + (1+0)*® —C>1+0)4%% - C

and Ag) has a compact resolvent.
The Hessian in the direction § = 0, x = (x1,0) increases like 2% that is like
r? while the gradient in this direction is bounded by 7 < r.

Conclusion 1: This is an example of potential for which Ag) has a compact
resolvent while Assumptions V1 and V1’ are not true.

Let us look a bit further. A complete computation of the symbol of A&g)
gives

€17 +10,Vi(2)|* = AVi(z) = [€° +16r°0(0) + 7% (0)* — 16r°(0) — r?¢" (6)
By taking |0] < C~'r~2), C' > 0 large enough, we get

€12 + 0. Vi(2)]? — AVi(z) < [¢P = r?/2 - C
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Even after adding the correction
20,Vi().0,Va(z) + [0, Va(2) | — AVi(x)
one gets
€2 +10:Vi(2)]* — AVi(z) << J¢) = r?/4 - C

if 0| <C'r2?andd < 1.

Conclusion 2: This example with 6 < 1, shows that the lower bound (4.1)
cannot be obtained from a naive application of pseudo-differential calculus
(the symbol goes to —oo in some directions). One has to consider more ac-
curately the uncertainty principle.

Example 2: V = 4V),. For V = —V], one gets at once
A 1%

—Vi

—A + |0, Vl\ + AVi(z) > AV] = 2(23 + 2?) "=° 40
and A( . has a compact resolvent.

For V' = 4+Vj, 0 actually belongs to the essential spectrum of Ag?l) (the
resolvent cannot be compact). It suffices to note that for x € C5°(R?),

(e, AP (™)) = @0

We take a sequence of cut-off functions

Xn(z) =¥(27"r)o(0), neN

and we set u, = x,e~", with 1 supported around § = 0 with ¢¥p = 1 in a
smaller neighborhood and ) supported in (3/4,3/2) with ¢ = 1 around 1.
An simple asymptotic expansion of Laplace integrals (around 6 = 0) ensures
that the Rayleigh quotient

0 n
(s &) 302 7 (P l? 12 P e d
inl? L 0P oo 22y do

goes to 0 as n — oo (and the w,’s are orthogonal).

Conclusion 3: The compactness of the resolvent of Aiﬁ’v depends on the
sign of 1y .

4.3 Maximal microhypoellipticity for systems.

We work here with a polynomial potential V' € R[Xy,..., X ], of degree
r e N.
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Definition 4.2. Forr € N, let E, denote the set of polynomials with degree
not greater than r :

E,={PeR[Xy,..., Xy, d°P<r}
A natural quantity will often be used.

Definition 4.3. For a polynomial P € E,, the function Rp : R — R is
defined by

Rp(x) = > [0P(x)[". (4.4)

1<|of<r

Exercise 4.4. By using the Taylor formula for polynomaials

8% P(x,)

P+ = 3 LE@),
|a|<d° P
check that
1. the family of polynomials (P(zo+ 7. (75) — P(%0))syere, per, is compact
m R[Xl, ey Xd] N

2. for a fived P € E,, the metric Rp(z)?dz?* is slow : There exists C' > 0

such that
(Jz — zo| < Rp(zo)~') = ((}];;((;;))) - O) |

The link with Rothschild-Stein theory involving nilpotent Lie algebras is
immediate for polynomial potentials

Proposition 4.5. When V' belongs to E,, the Lie algebra G generated by the
vector fields (X;,Y})j=1.. .4 defined on Rgfgl by (4.2) is nilpotent with rank

less than r (indeed the rank of G equals here d°V').

Definition 4.6. The system Ly, ..., Ly introduced in (4.3) on REF is said
mazximally hypoelliptic at a point (xq,to) if there exists C > 0 such that

d
D (IXull® + [Yjull?) < €

J=1

d
2 2
D ILgull® + Jul

J=1

holds for all u € C3°(RY) supported in a neighborhood w4, of (xo,to)-
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After taking the representation Ily ., the maximal hypoellipticity of the
system (4.3) globally satisfied on all R** would imply

U

Vu e C5°( Rd,z }a»c]uH + |0l 10,V (x uH <C[<u A(Ovu>+HuH}

J=1

with no condition on the sign of 75. Actually we will see below that such an
inequality would imply the compactness of the resolvent (for example for V' =
+2223) with no sign condition, in contradiction with Conclusion 3. Hence
we have to treat separately the positive and negative frequency variables 7,
that is to work microlocally.

Definition 4.7. The system Ly,..., Ly introduced in (4.3) on Rgfgl s said
maximally microhypoelliptic around xy in the direction T > 0, if there exists
C > 0 such that the estimate

d

> My (G ull” + |y, (Y5)ul*) < € ZHHVTO yull* + [l

J=1

holds for all o > 0 and all u € C§°(wy,) -

4.4 A criterion for maximal microhypoellipticity.
4.4.1 Canonical sets.

The notion of maximal microhypoellipticity of the system (4.3) leads us to
consider the global inequalities

d
Yu € C(RY), > ([ITyim, (X )ul* + || Tyiry (¥ )ue]*)
j=1
< Cs ZHHVTO Jull* + 6By (0)° lul* |, (r0>0) (4.5)

for § € {0,1}. Actually the case 6 = 1 is a rewriting of a global version of
Definition 4.7 and the case 6 = 0 has to be introduced in the analysis relying
on some induction on r = d°V.

Definition 4.8. The estimate (4.5) is called a (global) mazimal estimate
(with remainder term when § =1).

A simple change of variable u(*5™) shows that the maximal estimate

(4.5) for the potential V' € E,., implies the same estimate for the potential
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y — V(xo + Ay). Moreover by writing

d 2 9
j— HTOX'U +HTOY'U
Cs(Vim) = sup Zaj(H Vo (X)) \12 Ty (V7) H2>
u € g |:Zj:1 MLy, (L )ul|* + 6 Ry (0)? HUH]
Jul| = 1

we see 4 that the set of potentials V' for which Cs(V, 79) < Cj is closed. Note
finally that the value V(0) can be set to 0 because only derivatives of V' are
involved in the problem. We are thus led to introduce the notion of canonical
sets.

Definition 4.9. A subset L of E,. will be said canonical if the three next
properties are true :

1. If P € L and y € RY, then the polynomial defined by
Qz) = P(z+y) — P(y),Vz €R?,
s also in L.
2. If Pe L and A > 0, then Q(z) = P(A\x) is also in L.
3. L is a closed subset of E,. .

Definition 4.10. For a potential V € E,., the smallest canonical set which
contains V is denoted Ly .

The set Ly is made of limits with respect the parameters (x, A) of poly-
nomials

Vie+ ) - Vi) = 3 YET

1< <r

and all the possible limits
(AOEV (@) g1 = ()lalz1 = (07 P(0)) ajz1
have to be considered.

Exercise 4.11. Assume lim, .o, Ry(x) = 4+00. Check that there are two
possible kinds of limits (after the extraction of subsequences) :

1. lim, oo Ay = Ao € (0, 4+00), lim, oo 2, = 29 € R? and P(y) = V(z¢ +
Aoy) — V(2o).

2. lim,_ oA, =0 and d°P <r —1.

4The case 6 = 0 will be clarified further.
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If the inequality holds for one 75 > 0, then it is true for any M > 0 and
70 € (0, M] with a constant Cs(M). For the compactness criterion, we can
work with 75 > 0 fixed. But when one considers really the microhypoellipticy
question the limit 77 — +oo has to be considered. We are thus led to
introduce for this analysis the polynomials which are limits of

ANV (2,)
al

a

TolV (2 + Ay) — V(z,)] = Z ye.

1<]|al<r

Definition 4.12.

We denote by Ly, the canonical set which contains all the polynomials P
of degree less or equal to r (P € E,) vanishing al xo such that there exists a
sequence T, — xg, T, — +0o and d, — 0 such that :

A7, (0%V ) () — O%P(q) . (4.6)

Exercise 4.13. Check that when lim, .., Ry(x) = +oo the limit process
(4.6) can lead to a polynomial of degre r only if V(x — xq) is homogeneous
and P = cV.

4.4.2 Maximal estimate and compactness of Ag).

We start with a Lemma which is a rather straightforward consequence of the
Baker-Campbell-Hausdorff formula (see [Horl] and [Nou| for other versions).

Lemma 4.14. In a Hilbert space H assume that Ay, ..., A, is a collection of
self-adjoint operators with a common core D and such that the commutators

iAp = [1A; [ Ay, .. [iA_iA)] ..., T = (i1,... ip)
form a nilpotent Lie algebra G4 with rank r € N
iA; =0 (when) p=|I|>r,

all the A;’s being essentially self-adjoint on D °. Then the estimate

vue D, A’ <O |3 1Al + ful’?
j=1

holds for all I, |I| < r.

Such an assumption is redundant in the nilpotent setting but it is immediately checked
in our case.
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Proof: For a self-adjoint operator B the norm in D((B)") is equivalent to

o) » 9 dt o0
[ e a5 = [

for any v € (0, 1]°.

For a self-adjoint operator A, the Hilbert space D({A)") is denoted by H%
for vR.

Now it is more convenient to work with “vector fields” by setting X; = —iA;.
For |I;| < r and |I3| <, the Baker-Campbell-Hausdorff formula implies :

2 pdt
3

11/v
ezt BU o

(4.7)

et‘th et‘IQ‘Xb eftul X1, eft‘IQ‘XIQ = etulmb‘ (X1, Y]+ 2(11,12,t)

where Z(I,I5,t) is a finite (G4 is nilpotent) series

Z(I,Lit)= Y etlx;
T[> | 11|+ T2

From this one can show by induction that for |I| < r, there exist Z;(t) and
sequences (Ji,...,Jn,), (€1,...,6n,;), with jp € {1...,n} and ¢;, = %1 for
all & < Ny, such that

I .
et‘ ‘X[ — ealthjl esth]'2 L esNItXJ Z[(t)

Nre
with

Z](t) = Z CLJt'J‘XJ .
|1>11]

This leads to
dIlx e1t1Xj, Le2tX; enytX; Zr(t
<e ‘”—Id):e““e2 2. ..e JNI(e’()—Id)+-~-
St Xy g2t Xy <65NIthNI _ Id) 4+ (661t1Xj1 — Id) .

We obtain

Another application of Baker-Campbell-Hausdorff formula, with the same
decomposition as above, leads to

= < (e 1)l + o) D1l + )

1]
HeZI(t)u_uH < C} § HedI,Jt XJU_UH .
|J]>|1]

6Simply use the spectral theorem and Fubini theorem with fooo sin%tm)% =C,z%.
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We make an integration with respect to ¢ with the measure dt/t> according
to (4.7) :

|47 < e Jhul+ 2 Iagull + 3 |47 | -
j=1

1>

We conclude by reverse induction starting from |I| = r. |
A consequence is a lower bound for the Witten Laplacian when the system
(4.3) is maximally microhypoelliptic.

Proposition 4.15. If the mazimal estimate (4.5) holds for Ty then there
exists a constant C' > 0 such that

Vu € G (RY), | By (@)ull” < C [(w, AQu) + ul?]  (48)

with R,y defined in (4.4).

If moreover the condition

lim R, y(x) = +o0 (4.9)

is satisfied then Aig)v has a compact resolvent.

Proof: It suffices to apply Lemma 4.14 with n = 2d, D = C5°(RY),
Ajgd == ia$j, Aj>d = (ag;j_dV(I'))To

for which the higher order commutators are

{As, [T =p} ={0;V ()0, [al =p}, (2<p<r).

Remark 4.16. The condition (4.9) for a polynomial actually means that V
depend on all variables. (see the exercise below).

Exercise 4.17. Let V(Y) belong to R[Y1,...,Yy]. Prove that one can find an
affine change of coordinate Y = AX + B, (X1,...,X4) onR?, andn(V) € N
such that

1. forallje{1,....,n(V)} 0x,V =0;
2. for j e {n(V)+1,...,d}, there exists ®; € R[ X1, ..., Xq4] such that

Xj -+ @j(XjJrl, R ,Xd) € Span{@?‘(v, o€ Nd} .
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Indication: Consider the linear mappings Oy,, j = 1,...,d, which send the
finite dimensional vector space F,, = Span{0g:V, |a| > p} into F,+1 and con-
struct the coordinates X;’s by reverse induction in a Jordan approach.
Prove that when n(V') = 0, there exists a polynomial Qp € R[(T)end joj<r]
such that

Qr((O2V (V) aeritja<r]) ZW

Conclude that lim, .., Ry(y) = +oo if and only if there is no e € RY such
that (e.0y)V =0 and that moreover Ry (y) > (1 + |y|)** for some ap > 0.

4.4.3 Reduction of the number of variables.

We saw that the maximal estimates have to be considered for all P € Ly, .
While doing so, we are led to consider polynomials P which do not depend on
all the (x1, ..., z4) variables. After a suitable affine change of variables z — ¢,
we get an integer n(P) such that 9, P =0 for all j = 1,...n(P). The linear
change of variable x — t can be implemented by a unitary transformation on
L*(R%). After taking the Fourier transform with respect to the (t1, ..., typ))
variable the maximal estimates (4.5) with P becomes

d

PRI+ > ([8gu + [|7ds, Pul*)
=n(P)+1
d
PRl S |@, + 700y, Pyu)’ + 6Rp(0) ful?
j=n(P)+1

with 7 = (71,...,Tup)). Weset k = k(P) = d —n(P) and 7 = (79, 7') €
(0, +00) x R™P). The previous inequality for all u € C3°(R?) is equivalent to
the inequality for all 7/ € R™") and all u € C°(R¥). We are led to introduce
the unitary representation Ilp, of the Lie algebra G generated by (4.2) on

L2(RFP)) T defined by

L (8,) =7+ for j=1.....n(P)
Hpr(atj) @],for]—n(P)—i-l,...,d, (4.10)
(6 PO} =0 Tor j = 1.....n(P) . '

T

(0,5 )@):i(atjp)m, for]:n(P)+1,,d
This representation is irreductible in the sense that

lim Rp(t) = 400 in RMP),

t—o0

"Kirillov’s theory of nilpotent Lie algebra says that all the irreducible induced repre-
sentations of G are obtained in this way.
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Hence it suffices to prove the estimate
d
Vu € Cg*(RMP), S (e (X )ull” + [[Tp, (Y5)ul*)
7j=1

< Cs ZIIHPT Jull® + 6Rp(0)* |Jul”

for any P € Ly (with Cs > 1). Only the case 7/ = 0 has to be considered.

We end here with a remark about the relationship between the maximal es-
timates with remainder (§ = 1) and the maximal estimate (6 = 0): If the
maximal estimate with remainder, (4.5) with § = 1, holds then Proposi-

tion 4.15 implies that the Witten Laplacian ATOP > e (L) p (L)
has a compact resolvent in L?(R¥)). The control of the remainder term
Rp(0)? ||ul|® by <u, A(T?))Pu> is then equivalent to the injectivity of ASO))P (see
Step d) below).

4.4.4 Helffer-Nourrigat result applied to the Witten Laplacian.

The result by Helffer-Nourrigat on polynomials of vector fields take the fol-
lowing form in the framework of Witten Laplacians. This presentation is
partly inspired by the Lecture Notes [Nou] by J. Nourrigat and by an appli-
cation to Schrodinger operators with magnetic fields in [HelMo] by B. Helffer
and A. Morame.

Theorem 4.18. (Helffer-Nourrigat [HeNo]) The system (4.3) is max-
imally microhypoelliptic around xo if and only if no nonzero polynomial
P e Ly, NE,_1 admits a local minimum.

A variation of it which answers the question of the compactness of (1 +
A1 g

Theorem 4.19.
Let V € E, and let us assume that :

1. lim, o Ry (x) = 400

2. No non zero polynomial of the canonical set Ly N E,._1 admits a local
MINLIMUM.

Then the Witten Laplacian A%ﬁ)) has compact resolvent. Moreover the maxi-
mal estimate (4.5) with 6 =1 and the lower bound (4.8) hold.
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4.5 Helffer-Nourrigat induction argument.

We shall give a complete proof of Theorem 4.19 by mimicking Helffer-Nourrigat
induction for more general problems. We will focus on 7p = +1.

4.5.1 Partition of unity.

Since the metric Rp(z)?dz? is slow one can introduce a partition of unity
associated with Rp (see [Hor2| for example).

Proposition 4.20. For any P € E, there exists a partition of unity ZjeN w?. =
1 on R? such that

1. For any x € R, £{j,¢;(x) # 0} is uniformly bounded.

2. suppy; C B(z;,aRp(z;)~') and ¢¥; = 1 in B(x;,bRp(x;)~") for some
z; € R? with 0 < b < a independent of j € N.

3. For all « € N\ {0}, there exists C, > 0

3102017 < CaRpla)?!

jeN

Moreover the constant a, b and C,, can be chosen uniformly with respect to
P e E,., oncer € N and the dimension d € N are fized.

Remark 4.21. The uniformity of the constants a,b,C, is due to the uni-
formaty of the slowness constant. It is proved after noticing that for any
V € B, and zy € R%, the polynomial V (zo + Ry (z0) ty) — V(xg) belongs to
the compact familly of polynomials {P € E,, P(0) =0 and Rp(0) = 1}.

We can combine this with the IMS localization formula (J[CFKS])

Ay = (=D — |0 ().

jEN

By taking V € E, and P = ¢V with € > 0 the inequality
R.y(z) < al/TRv(x)

leads to

AP > Al - O Ry o). (1

jeN
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4.5.2 Proof of Theorem 4.19

Assume that £ is a canonical set of E, such that no non zero P € LN E,_;
admits a local minimum.

We shall prove by induction on r € N* the ordered sequence of results
(with 79 = +1) :

a) There is a constant ¢y > 0 such that the maximal estimate (4.5) holds
uniformly with 6 =0 forall Pe LN E,_; .

b) For any V € L there exists a constant C; (V') > 1 such that the maximal
estimate (4.5) with remainder (i.e. with § = 1) is true.

c) For V € L such that lim, . Ry(z) = +oo, Agﬁ)) = II; v(L*L) has a
compact resolvent.

d) If V € £ has no local minimum, then the maximal estimate (4.5) is true
with § = 0 and a constant Co(V') > 1.

e) When no nonzero V' € £ admits a local minimum the constant Cy(V') can
be chosen uniformly on £

r = 1 The case r = 1 is solved because the only irreducible case is k(P) =0
with scalar representations.

Assume the result at step r — 1.

a) is contained in step r — 1.

b) Let V be a polynomial with d°V = r. By possibly reducing the number
of variables we can assume lim,_,., Ry (z) = +oo (For the sake of simplicity
we still note d the dimension k(V')). Assume that there exists a sequence

(un)neN
[02tal” + 10V @eaall” = Cor [ (1t AP ) + R (02 [

such that lim,,_ ., C,, = +oo. After the introduction of the partition of unity
associated with P = ¢V we obtain

> [10: (sun) [P + 110,V (@)byunll”

> Co 0 [t AP ) = O || Ry (2)gun

J€EN

+ Ry (0)? [[ohjun|*] -
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By referring to Lemma 4.14 with n = 2d, Aj<q = i0,, and Aj-q = 0,,V (),
this implies

Z [||(9$(77/)]un)||2 + H@x\/(x)@/)]unHQ]
jEN

> Co 3 [yt AP ) = 20 (00 () I + 1105V (@)
JEN

+ (Ry(0)? = C"e*") || *] -
Hence we can find a sequence of functions v,, = v, un, 7# 0 supported in
B(zj,,,aR.v (v, )"") C B(w, ,ac ' Ry(z;, )~") such that
16z, [[* + [[0:V ()0 |
> Cy, I <vnq, Ag)vnq> - 0/52/T(H@Uan2 + H@xV(x)vanQ)
+ (Ry (00 = C'&") [|o, ]

with limg 2, = 00 and lim, .o Ry (zj,,) = limy.o C;, = +o00. After
taking ¢ large enough and after making the change of variable x = x; +
Ry (z;) "'y, there exists a sequence (wy,)gen, Wy, € C°(R?) with w,, # 0,
supp wy, C B(0,ac™") and such that

02 Cp, [{wny AL, w0, ) = 20 (00, |+ 19,2, ()|

(Ry(0)* — C'e*/7) 2
Ry (z;,,)? Hwan ]-

with (@nq)qu compact in R[X, ..., Xg4]. Moreover since lim, .o Ry (z;, ) =
400 the only possible limits belong to E,_;. The constant € > 0 is chosen

such that )
C'er < min{c—o Ry (0) } .

47 2
This implies

0> i, A 0n,) =~ 20y, + 0,20 010

which is in contradiction with a) after considering a subsequence such that
®,, — ® € E,_; N L (Note that supp wy, remains in the fixed bounded set
B(0,ac™1)).

c) Once the maximal estimate with remainder (4.5) holds with a constant
Cy = C1(V) > 1 possibly depending on V, the compactness of the resolvent

of AQ) is deduced from Proposition 4.15.
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d) Assume that V' € E, has no local minimum. After reducing the number of
variables V has no local minimum in R*() while the estimate with remainder
implies that the non negative operator Agﬁ)), acting on R*Y) has a compact
resolvent. Hence the maximal estimate without remainder is true except if
A has a non trivial kernel. This occurs only if eV € L2(R¥Y), which
implies that e™" has a local maximum and V has a local minimum!! Hence
the maximal estimate (4.5) is true with § = 0 and a possibly V-dependent
constant.

e) The uniformity of the constant

< Mo ull?+ 0.V ?
o) — oy S ol + o,V (@)
ueCse <u,A$)u>

(4.12)

which allows the induction via a) is obtained in two steps, with a second one
which refers to a more general framework. We need two specific notions for
this part.

Definition 4.22. With a sequence V = (V,,)nen of L is associated the subset
Ly of L made of all possible limits

P = lim V, (zq + Ay) — Vi, (74)
g—00
where (Vi )gen is a subsequence of V (ng < ngy1) and ((Ag, Z4))gen 5 @
sequence of R7 x R4 .

Definition 4.23. We say that a function f : L — R, satisfies the orbital
semicontinuity property (denoted by OSCP) if any sequence V = (Vy)nen
such that suppcp,, f(P) = Ky < 400 satisfies:

V6 >0,3N; € N,Vn > N5, f(V,) < Ky+34.

Step 1: The function V' — Cy(V) defined by (4.12) satisfies the orbital
semicontinuity property (OSCP).

Assume on the contrary that there exists a sequence V = (V},)nen with
supper, Co(P) = Ky < +00, § > 0 and a subsequence (V;,, )4en such that

VgeN, Co(Vy,)> Ky+6.

By definition of Cy(Vj,), there exists a sequence (ug)gen of C5°(R?) such that

0
[9tgll* + ([0 Ve g |* = (B + 5) (s A )

We now consider like before, but for every ¢ € N, a partition of unity
ZjeN wiq = 1 associated with the polynomial eV}, where ¢ > 0 will be

53



fixed further. We obtain for all ¢ € N
2
D 10u(5qu) 1P + || (02 Vi, ) (85 1) |

jEN
, 2
> (Ky+8/2) > [(Usquq. AP tigug) — C=2 || Ry, 40
jEN
Hence there is a sequence (j,)qen such that v, = v, 4u, satisfies
vy € Coo(B(2),.4, aRev,, (qu,q))il)a vy # 0
2 , 2
100l + (D2 Vi, o | = (5w +8/2) [ (v, AL v ) = C*" || Ry, ]
By setting
wQ(y) = /Uq(qu,q +Rvnq (quﬂ)ily) a’nd (bq(y) - an (qu,q +Rvnq (quﬂ)ily) )

the sequence (®,),en is compact in £ with limit points in £y, and all the w,’s
belong to C°(B(0,as™ 1)) with

||ayqu2 + ||(ayq)q)wq“2
> (K +8/2) [(wes Ay ) = C&/ D, |* = O (9,2 )]
or equivalently

2 2 Ky +0/2 (0)
0yl + 10,2yl > e g (s M)

We first fix & > 0 such that the right-hand side is greater than (K +

5/4) <wq , Ag)q)wq> . By extracting a subsequence we can assume limj_,o, ®,, =

P € Ly. With the uniform control of the support suppw,, C B(0,ac™?),
this contradicts the bound Cy(P) < Ky, .

Step 2: The last step is actually the application of the next Proposition of
which the proof is deferred to the next paragraph.

Proposition 4.24. Let L be a canonical set of E, and let f : L — R which
satisfies the next three conditions:

Invariance: f(Q)= f(P) if Q(y) = P(zo + A\y) — P(xg) for some (x9, \) €
R? x R .
OSCP: f satisfies the orbital semicontinuity property of Definition 4.235.

Induction: f s bounded on LN E,_1 .
Then f is bounded on L .

The function Cj satisfies these three conditions: the invariance after using
the change of variables z = xy + Ay the OSCP according to Step 1 and the
last one is simply given by the induction assumption. Hence Cj is bounded
on L |
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4.5.3 Orbital semicontinuity is enough.

Here is given as a final step the proof of Proposition 4.24, which says that
the the orbital semicontinuity property combined with the two other assump-
tions provides the same uniform bound on compact set as the usual upper
semicontinuity. It is actually the most intimately connected point with the
representation theory of nilpotent Lie groups. A more general version of it
which enters in the Helffer-Nourrigat general approach of polynomials of vec-
tor fields is given in the paragraph VIII-4 (pp 172-176) of [HeNo].

Some notations: Let G be the abelian additive group R? with Lie algebra
g= {&Cj,j =1,... ,d}. There is a natural action of G on E,./R given by

(7o P) () = P(x0 + x) — P(0)

which can be generalized as follows. Introduce the linearly free family (ea)a@w1 <lal<r
and consider for any j € {1,...,r} the vector space

L7 = {(0; P ® €a)aent, j<joi<r P € Br} C Digjai<r[Erjo) ® Rea]
We shall use the notation for any P € E, and j > 1:
0% P = (0“P ®e,)

a2 € L7

while on the contrary Q, denotes the e,-component of Q € L7 . The action
of G =R? on L’ is given by the Taylor formula

g
U9 (20).(05 P)lo = 0P(xg+.) =P+ Y %aﬁﬂp
1<|g]

This defines a unipotent representation of G = R¢ on the finite dimensional
space L7, j > 1, that is for any g, U?(x) — Id is a nilpotent linear mapping
on 7.

For j € {1,...,r} and Q € E,, the orbit of 327Q in L7 is denoted by

O (077Q) = {077 P s.t.3xo € R, Va e NV j < |a| <r,00P(0) = 9°Q(xo)} -

Lemma 4.25. Take j € {1,...,r} and Q in E,. The orbit OI(Q) is closed
in L7. Moreover, for any sequence (Py)nen of O7(Q) which admits a limit
P in L7, there exists a sequence (2"),eny such that lim,_,o 2™ = 2> and

Vn e NU{oo}, P, =U’'(z")(07Q).
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Proof:  The integer j € {1,...,r} and the polynomial @) € E, are fixed.
With the same method as in Exercise 4.17, an affine change of coordinates
such that in the new @-dependent coordinates system (z1,...,x,4) the poly-
nomial () satisfies :

e For all k € {1,...,n(V,j)} and for all & € N? such that |a] > 7,
0,090 =0.

e For k € {n(V,j)+1,...,d}, there exists &, € R[zy41,...,24 such
that

x4+ P (Tpa1,- .., xq) € Span {32‘@,04 e N, |a| > j} )

By definition, any P, € O7(Q) can be written (92Q(2" + .) ® €q)ja|>j-
According to the first condition of the coordinate system, the polynomials
(05Q(2" +.))|a)>; depend only on the variables (:Un(w)“, . ,xd) and on the

parameters <$Z(v PYSTERS ,aﬁ) . Moreover the convergence and the second

condition provide the existence of (230, ..., 25") € R*") such that
T (@10 2) = (@0 0T).

It suffices to take in this coordinate system z" = (0,...,0, xz(w)ﬂ, )

for any n € NU {o0}. ]

Remark 4.26. In [HeNo/-ChapVIII-Lemma 4.4 a more general result for
unipotent representations of nilpotent Lie groups is stated. It refers to the
general description of orbits in finite dimensional unipotent representations
of nilpotent Lie groups (see [Puk]-Part.1I-Chap.I-Section 3 for example).

Proof of Proposition 4.24: The proof uses the homogeneity with respect
to the transformation P — P(\y), A > 0, in a different way than the core of
Helffer-Nourrigat induction. Moreover an additional induction process will
be used.

We set

B:{Peﬂw ZN@P@W“:l}

laf=r

and for any j € {1,...,r} and any Q) € B:
F(Q.j)={P e LnB,3xs e R, Vas.t.la| >j, 9°P0)=0Q(w)} ,
with the additional convention

FQ,r+1)=LNB.
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Indeed the case LNB = () is solved for it corresponds to the case £ = LNE,_;
on which the function f is assumed to be bounded.
Note also that
0’'(077Q) ={077P, PeF(Q,j)}
is nothing but the orbit of 827Q under the action of R? on L7 .
We prove by induction on j € {1,...,7 + 1}, that f is bounded on F(Q,j)
forany Q € LN B.
1) For j = 1, the set F'(Q,1) is nothing but

{PeL, xoeR P(x) =Q(zo+ z) — Q(z0) }

and f(P) = f(Q) for any P € F(Q,1).

2) Assume that the result is true for j — 1 € {1,...,r}. Let Q@ € B and
assume that there exists a sequence V = (V,)nen in F(Q,5) C LN B such
that lim,, . f(V,,) = 400. The boundedness of f on £ N E,_; and the
OSCP assumption implies £y, ¢ E,. ;. Hence the set £; = £y, N B is not
empty. Moreover the convergence

Vi (g + Ay) = Vi () "= P e Ly

q

combined with V,,, € B implies \, = 1, for all ¢ € N. We set V, =V}, (z, +
) = Vi, (24) and we have

0PV, € OP(9%"V,,,) and lim 9PV, = 92*P, Vp>1.

q—00

This is true in particular for p = j and Lemma 4.25 can be applied in L7 for
this converging sequence: there exists a converging sequence (x,)4en, With
lim, o T4 = T such that

07V, = Ul (2,)07Q and 077 P = U7 (24,)07Q.
Then the sequence (92771Q,),en and the element 92771Q" defined by
0771Qy = U (—2)V, and 077'Q =U""(~z4)P,
satisfy ' .
lim 92771Q, = 9271¢)' .

g—00

A more accurate version says

5 (Qq—Q) =0 for |a| > (4.13)
lim 0%(Q, — @) =0 for |B]=7—1. (4.14)

q—0

By setting V' = (V,,,)4en We shall check

EV/QBCF(QI,j—l).
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Assume R € Ly» N B. There is a sequence (f/qk)keN, with

82"V, € OP(927V,

N,

) = OP(0%"V,,), and klim 9PV, = 0ZPR, Vp>1.

Owing to 92771V, = Ui (x,,)Q,,, there exists for all k& € N an element
21 € R? such that

82j—117k = Uj_l(Zk)aZj_quk .

The fact that the representation U7~! is unipotent combined with (4.13) and
(4.14) implies

lim U7 (z) (027'Q, — 077'Q') = 0.

k—oo

One gets

07 R = lim U7} (2)0771Qy, = lim U774 ()07 1@,

We refer again to Lemma 4.25 applied on O’~1(Q’) € L’~! which says that
O’ 19771Q)") is closed:

0¥ 71R € 0T 9Z Q' j - 1).

We have proved £, N B C F(Q',j — 1).

By the induction assumption, the function f is bounded on F(Q’, 7 — 1) and
therefore on L. The orbital semicontinuity property then implies that the
sequence (f(Vy,))qen is bounded, in contradiction with the initial assumption
lim, .o f(Vi) = 400. ]

5.1

Comments and open problems.

Comments.

. The microhypoellipticity problem requires the additional analysis of

the dependence with respect the parameter 7, — +o00. Hence the
qualitative analysis (QW1) and the quantitative problem (QW2) are
related with this point of view. Actually our proof already requires a
parameter dependent analysis with respect to 7/ but it is completely
trivial in our specific case. The general theory requires an analysis with
respect to the full parameter 7 = (79, 7’) and some microlocalization in
cones in the 7-variable. The partition of the unity has to be made with
pseudodifferential cut-off in the phase-space, which makes the general
presentation significantly more sophisticated.
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2. There are known examples (see [HelNil]) where there is no maximal
estimate but the Witten Laplacian Agﬁ)) still has a compact resolvent.
Such examples rely on the examples by Maire in [Mai][Mai4] of subel-
liptic differential operators which are not maximally hypoelliptic op-

erators. Another more sophisticated example was given recently in
[JoTr].

3. The Witten Laplacian with a polynomial potential, in addition to ex-
hibiting a third interesting structure on Witten Laplacian (link with
SDE, deformed Hodge theory), has the advantage of providing a ped-
agogical example where the whole induction approach by Helffer and
Nourrigat in [HeNo] can be done completely without requiring all the
material of Kirillov theory nor subtle microlocal surgery.

4. One interest of an Helffer-Nourrigat type criterion provided by Theorem
4.19 is that it provides an algorithm to study possibly very degenerate
cases. Several examples were analyzed with this process in [HelNi].

5. There is still a big gap between our understanding of the Witten
Laplacian AQ) and of the Fokker-Planck operator. Actually for Ag)
the compactness criteria work with an arbitrarily large rank r in the
Hormander condition. For the Fokker-Planck operator, the condition
|02V (2)] < Cy (0, V (z)) essentially limits the result and the method to
rank 2.

6. In the example of Witten Laplacians, one see that the hypoellipticity
comes from a uniform estimate with respect to the parameter 75 > 0.
Actually for more general maximally hypoelliptic operators, a uniform
control with respect to “frequency parameters” is required within the
induction process in order to get the compactness of the resolvent (step
c)). Hence the analysis of the (maximal) hypoellipticity of operators
contains a lot of quantitative and accurate estimates. With respect to
this and from an historical point of view, it was interesting to hear
B. Helffer explaining during the workshop held in Rennes in February
2003 (see [HelNi]) how he naturally turned in the early eighties from
the analysis of hypoelliptic operators to the semiclassical analysis.

5.2 Open problems.

The conjecture
((1+ K, ) compact) & <(1 + AE?/)Q)_I compact) (5.1)

is far from being completely solved. It can be decomposed into several ques-
tions which have received no answer up to know :
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. Is it possible to prove the equivalence for a class of potential (or even an
example) for which the second derivative Hess V' (z) is not dominated
at infinity by (0,V (x)) .

. Are there examples for the Fokker-Planck operator for which the com-
pactness of the resolvent shows a microlocal nature (i.e. depends on the
sign £V (x)) 7 (The case V(x1,22) = £zir3 is not really understood
up to now.)

. In the case of a polynomial potential, is it possible to show that the
Fokker-Planck operator K. has a compact resolvent when no nonzero
polynomial in £y N E,._; has a local minimum ?

. Is the equivalence (5.1) true for general V' € C*(R?) ?
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Warning : Below is a rather short list of references. A more complete
bibliography may be found in [HelNi].
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