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Abstract

A Vlasov-Schrédinger-Poisson system is studied, modeling the transport
and interactions of electrons in a bidimensional electron gas. The particles
are assumed to have a wave behaviour in the confinement direction (z) and
to behave like point particles in the directions parallel to the electron gas (x).
For each fixed x and at each time ¢, the eigenfunctions and the eigen-energies
of the Schrodinger operator in the z are computed. The occupation number
of each eigenfunction is computed through the resolution of a Vlasov equation
in the z direction, the force field being the gradient of the eigen-energy. The
whole system is coupled to the Poisson equation for the electrostatic interac-
tion. Existence of weak solutions is shown for boundary value problems in the
stationary and time-dependent regimes.

1 Introduction and main results

1.1 The Quantum-Kinetic Subband Model

Classical motion of charged particles (say electrons) can be described by kinetic
equations (Vlasov, Boltzmann) coupled to Poisson equation for the electrostatic
forces [1, 6, 12, 30, 36, 42, and references therein]. For ultrasmall electron sys-
tems, like nanostructures, quantum effects such as tunneling become important
(17, 52, 23]. The system is then well described by the Schrédinger-Poisson system
(15, 32, 33, 37, 39, 44, 45, 46, 47| or by its phase-space counterpart, the Wigner-
Poisson system [3, 4, 14, 25, 35, 38]. In various situations, like in resonant tunneling
diodes [16, 24, 43], quantum effects occur in some parts of the electron ensemble while
other parts exhibit purely classical behaviour. A sound description of such systems
requires the use of the Schrédinger equation when necessary and kinetic (or fluid)
equations otherwise. This leads to spatial coupling strategies between quantum and
classical models [7, 8, 18].

In partially confined electron systems like two dimensional electron gases (2DEG),
nanotubes or nanowires, the quantum-classical coupling has different features. In-
deed, the width of a two-dimensional electron gas lying at a heterojunction (like
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Silicon-Oxide junctions in field effect transistors, or GaAs-AlGaAs junctions in mod-
ulation doped structures) is a few nanometers. As this length is comparable to the
electron de Broglie length, the description of transport phenomena necessitates the
use of the Schrodinger equation. In the direction(s) parallel to the heterojunction,
the lengthscale is usually several times higher, and a classical description for elec-
tron transport is suitable. This leads to a coupling between classical and quantum
models in momentum space. The so-called subband models [2, 5, 17, 23] which rely
on the Born-Oppenheimer approximation allow such coupling. They have been re-
cently derived by the authors in [10] thanks to a partial semi-classical limit of the
Schrodinger equation (see [29, 51] and references therein for a related approach in
molecular dynamics). The aim of this paper is to analyze the subband model coupled
to the Poisson equation.

All along the paper, the confined direction is denoted by z € (0,1) (the study is
restricted to one-dimensional confinement), while the non-confined direction is called
r € w, where w is a bounded regular domain of R?. We shall use the symbols A and
V for the Laplace and Gradient operators in the (z,z) variables and shall use the
subscript x when the differentiations are done with respect to the x variable only.
We set Q@ = w x (0,1) and denote by v(z) the outward unit normal vector at x € dw.
The domain €2 represents the spatial domain where transport and interaction will be
studied. The incoming/outgoing sets are defined by

Yy ={(z,v) € X; tv-v(x) > 0}, where ¥ = 0w x R?,
and equipped with the measure
d>(z,v) = |v-v(z)|do(x) dv,

do being the surface measure on dw. In dimensionless variables, the problem consists
in finding, fort € (0,T),z € w, z € (0,1), v € R? and p € N*, the functions V (¢, x, 2),
€,(t,x), xp(t,z, 2), fp(t, z,v) solving

Ofp+v-Vufy,—Va.€,-Vyf, =0,

’Y_fp :gp on (O7T) X 2—7 fp(ovl‘)?}) :fp,O(xav)7
where (€,(t, ), x,(t,2))y>1 is the complete set of (increasing) eigenvalues and eigen-
functions of the quasistatic one-dimensional Schrodinger equation

(1.1)

1
) aszp +(V + Veat)Xp = € Xp s
(1.2)

1
Xp(tvxa ) € H01(07 1)7 / Xp Xq dz = 5pq7
0

V.. being a given external potential and V' the selfconsistent electrostatic potential
which satisfies the Poisson equation

_AV = Z (/R? fpdv) ol (1.3)

p>1

V=0 ondwx(0,1), 0.V =0 onwx{0} Uwx{l1}.



In this description, the electron ensemble is, for each given (¢, ), in a mixed quantum
state

Q(tv IL', Zv Z/) = Z pp(tv l') Xp(tv :L‘a Z) Xp(tv l', Zl)a

p>1

whose occupation numbers p,(¢, ) =[5, f,(t, 2, v) dv are deduced from the classical
evolution (1.1). The functions €,, x, are the energy and wave function of the p-th
subband. For a given potential V', the problem (1.2) is an eigenvalue problem in
the z variable, parametrized by ¢t and x. The study is restricted to one-dimensional
confinement in order to avoid energy crossing and to ensure the regularity, with
respect to V, of the wave functions and energies of subbands.

1.2 Main Result

The data of the problem are the initial distribution functions f,, the injection
distribution functions at the boundary g, and the external potential V.,,. We shall
assume that, for any T" > 0,

H the function V,,; lies in C([0, 7], C%(2)) N CY([0,T],C(2)) and Vs > 0;

fro =0, (L4024 p?) fro) € O'(LH(w x R?));

-1)
H-2)
-3)  (fpo) € LH(L¥(w x R?));
-4)
-5)

(

(
(H
(H 9 >0,  ((1+v*+p°)g,) € (L0, T), LY, dx)));
(

H (9p) € E/(L=((0,T) x X)),

where, for any Banach space E, we have denoted by ¢!(E) the space of sequences
(hp)pen= such that for all p > 1 we have h,, € E' and such that -, [|hy[| < +oo, the
last quantity being the norm of (h,)pen+ in ¢*(E). When there is no ambiguity, we
shall shortly denote by || follrs  the LI((0,T) x w x R?) norm of f, and analogously
by [lgpllpe . the L((0,T) x S_,dt d¥) norm of g,. Similarly the notation Lg , will
be used for LI(w x R?) as well as for L1(S_, dX).

The main result of this paper is the following

Theorem 1.1 LetT > 0 and assume that (H-1)~(H-5) hold. For any My > 0, there

exists a constant & (depending only on My, on ||Vewt(0)||c2 and on fOT [0 Vewt) T || e dt)
such that if

> (102 4+ frolles, + 102+ 22 gyl

t,x,v
p=1

+ Inollzzs, + lgplless,, ) < Mo

t,x,v

and

> (Ipollas, + llgollzy,., ) <6,

p>2



then the system (1.1)-(1.2)-(1.3) admits a weak solution (V, (€,, Xp, fp)pen+) on [0,T]
in the following functional spaces

Ve C(0,T), H* (), €, € C([0,T], H*(w)),

xp € C([0,T], H*()), f, € L=((0,T), L' N L*®(w x R?)).

Remark 1.2 The solution constructed here satisfies the charge density and energy
inequalities (4.4) and (4.5) (where € is omitted).

The case f,0 = 0, g, = 0 for p > 2 is referred to in physical literature [23] as
the electrical quantum limit. Theorem 1.1 provides a solution for this case without
smallness assumption on f and g;. In the general case, the smallness assumption
only concerns higher subbands. This is not due to a failure of the energy estimate
(which holds without the smallness hypothesis). The reason is that —as described
below in Subsection 1.3— our strategy of proof uses the resolution of quasistatic
Schrodinger-Poisson subsystems (1.2)-(1.3) and we are not able to prove that the
solution of this system is unique for large data on higher subbands, nor to select
a solution which continuously depends on the data (for large data). This results
in a lack of time compactness which is necessary for the construction of a solu-
tion for the Vlasov-Schrodinger-Poisson system. We also refer to the discussion of
the Schrodinger-Poisson system in Remark 3.7, which indicates that the smallness
assumption might not be only technical.

1.3 Strategy of the Proof

In order to construct a solution, we shall take advantage of the structure of the
whole coupled system: an evolution system of Vlasov equations (1.1) coupled to a
quasistatic Schrodinger-Poisson problem (1.2)—(1.3). Therefore, the main ingredients
of the existence proof which relies on a fixed-point argument will be the following
ones: some a priori estimates following from physical conservations, and the well-
posedness of the nonlinear Schrodinger-Poisson problem.

The analysis of this quasistatic Schrodinger-Poisson problem, close to the one
studied by Nier in [44], is the object of Section 3. In section 4, the coupled time-
dependent problem is tackled with a fixed point procedure. The a priori estimate is
obtained in Subsection 4.1. The properties of the Vlasov equation (1.1) are recalled in
Subsection 4.2, while Subsection 4.3 is devoted to the analysis of a regularized Vlasov-
Schrodinger-Poisson problem whose unregularized limit, performed in Subsection 4.4,
finishes the proof of Theorem 1.1. Section 5 is then devoted to the analysis of the
stationary situation, which can be solved independently of Theorem 1.1 with no
smallness assumption and in Section 6 we briefly mention how volume and boundary
collisions can be incorporated in this model.

As mentioned above, we shall introduce a regularization of the overall problem.
This is known for Vlasov-Poisson systems and is done in order to insure sufficient



regularity of the driving forces (V,€, in our case) for the Vlasov equation to have
a unique weak solution. Let us now make precise this regularized problem. First
define the linear regularization operator by

R LMQ) — C=(Q)
V = R[V](z,z2) = (V g Sex %2 552) }ﬁ

where V is the extension of V by zero outside  and &, , and &, , are C* nonnegative
compactly supported even approximations of the unity, respectively on R? and R.
Then the regularized system is written

(1.4)

Of + v Vofs = V€ -V, fs =0,

Pyif; =gp oOn (O7T) X 277 f;((),x,v) = fp,O(xav)a

(1.5)

1
_5 aszp (RE[VE] + Vv@ﬂﬁt)Xp = Epo’
1 (16)
X;(t,x, ) € Hé(O, 1), / Xp Xq Az = 0pg s
0

2 </R? f;dv) ’X;’zl ’ (1.7)

p>1

( VE=0 onodwx (0,1), 0.VeE=0 onwx{0} U wx {1}

Remark 1.3 When € = 0, we have R® = Id and the reqularized problem (1.5)—(1.7)
reduces to the unregularized system (1.1)—(1.3).

—AV® = Fk°

2 Notation and auxiliary lemmas

Anisotropic Sobolev embeddings.

The spatial directions z and z do not play symmetric roles in this problem, and
we shall employ throughout this paper some anisotropic functional spaces. In this
section, we consider an arbitrary space dimension d for the x variable which belongs
to w C R? (although only d = 2 will be used in the sequel), and we set Q = w x (0, 1).

Definition 2.1 (i) For 1 < p,q < +00, we define

%@z{ue%x>|wmy=(/m Woanye) <+w} 21

(with an obvious generalization of this definition for p = 4+00).
(ii) Define for 1 <r < +oo

W ={ue WH(Q), u=0ondwx (0,1)}; H=Wwl (2.2)



(iii) If 1 < r < 400, we define Ww_l"“/ as the dual of WL, where r' = L.

By using Gagliardo-Nirenberg inequalities and some interpolation and Sobolev em-
bedding results, one can prove the following anisotropic Sobolev embedding (which
gives the standard result when p = ¢) (the proof, which is rather straightforward, is
skipped here; a similar result with H*® spaces can be found in [31]):

Lemma 2.2 Let s > 1. The following Sobolev embeddings hold true:
(i)1<s<d Letl1<p<+o0,s<q<+oo be such that

d n 1 S 1 1
p(d+1) q(d+1) s d+1
Then Wh#(Q)) C L2LY. If (2.3) holds strictly then the embedding is compact.

(ii)) 1<s=d. Let1 <p < +oo and 1 < q < 4o00. Then WH(Q) is compactly
embedded in LP LY if

(2.3)

d 1 - 1
poq d

If p < q and if (2.4) is an equality then W15(Q) is continuously embedded in LPLA.

(1ii) d<s<d+1. If1 < p,qg < +oo satisfy (2.3) then Wh5(Q) C LELL. The

embedding is compact if (2.3) holds strictly.

() d/2 < s. Then W**(Q2) C C°(w, L*(0,1)) and the embedding is compact.

(2.4)

Spectral properties of Sturm-Liouville operators.

We now present some basic properties satisfied by the eigenvalues and eigenfunctions
of the one-dimensional Schrodinger operator. Most of these properties are standard
and given without proof; they can be found for instance in [34, 44, 49, 50]. Let U be
a real-valued function in L?(0, 1) and let H[U] be the Dirichlet Schrodinger operator
H|U L& U 2.5

V) =575+ U(2) (2.5)
defined on the domain D(H[U]) = H?(0,1) N H}(0,1). The operator H[U] is a
selfadjoint operator on L?(0,1), bounded from below and with compact resolvent.
There exists a strictly increasing sequence (€,[U]),>1 of real numbers tending to +oo
and an orthonormal basis of L?(0,1) (x,[U]),>1 such that

1
T2 q2\

1
Xp € H&(O, 1), / Xp(z) Xq(Z) dz = Opg -
0

+Uxp = €pXp s
(2.6)

The eigenvalues €,[U] are simple, while the corresponding eigenfunctions are uniquely
defined by the convention <L x,(0) > 0. Besides, it is readily seen from (2.6) that

1 1
€p:§ ;

2

d

2 X() W*AU@WWWM, (2.7)




and for U = 0, we have

€,[0] :%ﬁﬁ ; x[0)(2) = V2sin(mp2).

An immediate consequence of the Min-Max formula [34] is
if U>V ae on(0,1) then  Vpe N* €,[U] > €,[V]. (2.8)

Another consequence is that if U and V are two real-valued functions such that
U—-V e L>*(0,1), the corresponding eigenvalues verify

|€,[U] = €[V < |U = VL= (0.)- (2.9)

For Section 3, it is interesting to consider the Schrodinger operator with L(0,1)
potentials. By adapting the proofs of [49] (Chapt. 2) for such potentials, one can
prove the following lemmas:

Lemma 2.3 Let U € L'(0,1). Then the eigenvalue problem (2.6) admits a unique
solution (€, Xp)p>1. The sequence (€,),>1 1 strictly increasing to +00. The sequence
(Xp)p>1 8 an orthonormal basis of L*(0,1).

Lemma 2.4 Let U,V € L'(0,1). Then there exists a positive constant Cyry such
that

|€:[U] = €[V + [Ixp[U] — Xp[V]HLoo(o,U < Cuyv |U = V||p1. (2.10)

Moreover the constant Cyy can be chosen independent of p and such that
Cuv < Crexp (Co||U]|r1) + Crexp (Co ||V | 11)
the constants Cy and Cy being independent of U and V.

Lemma 2.5 For any p € N*, the mappings
€[]: VelL(0,1) — €J[V]eR,
o] VeL' (0,1) — x,[V]eL>0,1),

are Gateaux differentiable and their derivatives are respectively given by

V] W= / W V]2 dz,

dx,[V]- W = Z (/ prquz)

qsﬁp

The regularization operator R°

We end this section by stating the following lemma satisfied by the regularization
operator defined in Subsection 1.3. It can be obtained straightforwardly by using
convolution results:



Lemma 2.6 (i) The operator R® is a bounded operator on LPL1 for 1 < p,q < 400
and satisfies

YWe LPLL,  ||RE[V]|ers < IV eepe,

Tz

if 1<p,g<+4+oo0 and V € LEL?  then liH(l) |R*[V] = V||ere = 0.

x Tz

(ii) Assume that V € C°((w), L1(0,1)) for some ¢ < +o0. Then

lim [[R[V] = V| g 18w (0,1)) = 0

for any open w' such that W' C w. If in addition V(x,-) =0 on Ow, then
ln | B(V) = V1 = .

(iii) The operator RF is selfadjoint on L*(2).
(iv) Let v > 1 be given and let V€ WL, Then

VLRV = RIV.V] 5 lim [ Vo RV] = VoV ) = 0.

3 Analysis of the Schrodinger-Poisson system

This section is devoted to the study of the “quasistatic part” of (1.5)—(1.7): the
regularized Schrodinger-Poisson system

p

1
_5 a,sz;a) + (RE[VE] + ‘/eazt)X; = E;E;X;a)a

1
X;(t,x, ) € H&(O, 1), / Xp Xq Az = 0pq s
0

~AVE = R

>0 byl -

p>1

( VE=0 ondwx (0,1), 0.VF=0 onwx {0} U wx {1},

where the occupation numbers p, are assumed to be given nonnegative functions,
and where the regularization parameter ¢ lies in [0, 1]. Recall that in the case € = 0
we recover the unregularized Schrodinger-Poisson system (1.2)-(1.3) (where we set
pp = [ fpdv). The time ¢ only appears as a parameter and is skipped for notational
simplicity: p, = p,(z). We shall denote (p) = (p,)pen+ and define *(L4(w))* by

(LY w)" ={(p) € (L)) = pp=0 V¥p=>1}

If (V=, (€5, X5 )p>1) solves (3.1)-(3.2) then we define the kinetic and potential energies

by
&€ 1 €
Erin,z = Z // B |az>(p|2 ppdz dz, (3.3)
p>1 774



1
5;Ot = Z//Q \/;xtppdxdz+//§2§|vvs|2dxdz. (3.4)

p>1

The main results of this section are the following two theorems:

Theorem 3.1 (Existence and estimates) Let ¢ € [0,1], 1 < ¢ < +00 and (p) €
(15(w))"

(i) Assume that Ve € LELP N LPLL where ¢ = 5. Then (3.1)-(3.2) admits a
solution (V¢, (€5, X5 )p=1) such that V< € W>9(Q).

(i) Assume that Veay € LPLL and let (Ve (€5,X5)p=1) be a solution of (3.1)-(3.2)
such that V¢ € WL, Then V¢ € W24(Q) and

IVEllwza < Cp v 2Nl (o),

where C,y,,, is a generic constant continously depending on ||p| ¢ (ray and ||Vegt||Loor1 -
If moreover we have (p*p,)p>1 € (*(L'(w)) then the kinetic and potential energies
defined by (3.3) and (3.4) satisfy the estimates

Erinz < Cove D0 Mlppllr 5 & < Covi llplleriny. (3.5)

p>1

Theorem 3.2 (Uniqueness and continuity) Let ¢ € [0,1] and 1 < ¢ < 400.
Assume that Vo € LEL® N LPLL. There exists a neighborhood U C (L4 (w)) of
the set {(p) € (}(LY(w)) : p, =0 Vp > 2} such that the following properties hold:
(i) For any (p) € Ut :=UNL(LY(w))" the solution (V=, (€5, x;)p=1) of (3.1)-(3.2)
1s unique and satisfies

Ve lwaa < Con ol oo,

where C,, depends only on pi. Moreover, as e — 0, the solution V< of the reqularized
problem (3.1)-(3.2) converges to the solution V' of the unregularized problem in the
W24(Q) topology and uniformly with respect to (p) € £*(L?).

(i1) Let (p) € UT and (p) € UT. Then the corresponding solutions satisfy

IVE = VEllwaa < Cou llp — Allerczay, (3.6)
where C,, 5, depends only on p; and p,.

Remark 3.3 This theorem expresses the fact that the first occupation number p;
being arbitrary large, if p, for p > 2 is small enough then the solution of (3.1)-(3.2)
is unique. We shall construct the set U C (*(L(w)) as

U={(p) e (L), D llppllee < N(llpallza)},

p=>2

where N'(+) : Ry, — R, is a decreasing function, to be defined.

The proofs of these theorems are developed in the three following subsections.



3.1 Step 1 : Construction of a Solution in H!()

In order to construct a solution in H! of the regularized Schrodinger-Poisson sys-
tem, we proceed analogously to [44] and notice that this problem has a variational
structure. Indeed, we shall see that (V=, (€5, x5),>1) is a weak solution of (3.1)-(3.2)
if and only if V¢ is a critical point in H]! of the functional

Joe(V) = J0(V)+ T, (V), (3.7)

1
:—//\VV|2dxdz
2 JJa

Z/ e“*’t GP[Ra[V] (l’, ) + ‘/ext(l'a )]) pp(x) dz .

p>1

where

and

The function €,[U] is the one defined in Section 2. We shall prove that, under slightly
different hypotheses from those of Theorem 3.1, the above functional has a minimizer
and that this minimizer defines a solution of (3.1)-(3.2).

Lemma 3.4 Let ¢ € [0,1]. Assume that (p) € (L% (w)) for some ¢ > 4/3 and
that Ve € LYLX. Then the functional Jpe defined in (3.7) is continuous, locally
Lipschitz and weakly lower semicontinuous on HY. It is coercive : there erists a
constant C,, depending on q (and not on €) such that

1
Toe(V) 2 SIVVIZ2 = Collpllo @ IVV 2.

Proof. We have J,. = J% + J e ! . The first functional J° is clearly continuous and
weakly lower semicontinuous on H 1(Q), while the second one J ;’5 satisfies

|J2.(U) (V)] <D NERTUT + Vewr] = €G[REV] + Veat) | o | £l o

p>1
where ¢’ < 4 is the conjugate coefficient of ¢. Lemma 2.6 and (2.9) imply

L) = T < plle o | B = V|
< lpllewallU = V||

LY L

LY L

Therefore J ;75 is Lipschitz on LZLEO (with an e-independent Lipschitz constant). By
Lemma 2.2 (ii), we have H'(Q) — L2L® and H'(Q) is compactly embedded in
LTL¥. Hence J!_ is Lipschitz and weakly continuous on H'((2). Finally, the coer-
civity inequality on J,. can be deduced from J ;75(0) = 0 and Poincaré’s inequality
which is satisfied on H!. 0

10



We are now able to prove the

Proposition 3.5 Let ¢ € [0,1] and (py(x)),>1 be a set of occupation factors in
(Y (L9 (w)) for some q > 4/3. Assume that Vuy € LY L, where ' is the conjugate of q.
Then the system (3.1)-(3.2) admits a solution (V=, (€7, X5)p>1) such that V< € H'(2).

Proof. Lemma 3.4 yields the existence of a minimizer V¢ to .J,.. Since J,.(0) =0,
the coercivity inequality implies ||[VV®|| 2 < 2C,|p||e1(Lq). Besides, from Lemma 2.5,
it is clear that J,. is Gateaux differentiable and that for any W € H'(Q) we have

dJ, V] - W = // VV - VW dzdz
Q

) // S 00l@) D l(BE V] + Vo) (2, )] () B W] (2, 2) de =

p=1

From the selfadjointness of R® on L?*(€2), one deduces that any minimizer V¢ € H}
of J,. satisfies (3.1)-(3.2). O

In the special case where the p, are decreasing with respect to p, the solution
of (3.1)-(3.2) can be shown to be unique. The following result is independent of
Theorems 3.1 and 3.2 and is true even for large data p, :

Proposition 3.6 Let ¢ € [0,1] and (py(x)),>1 be a set of occupation factors in
(Y (L9(w)) for some q > 4/3. Assume that Vu € LY L, where ¢ is the conjugate

of q. If ppy1(x) < pp(z) for all (p,x) € N* x w then the system (3.1)-(3.2) admits a
unique solution such that V € H).

Proof. Only the uniqueness has to be proved. To this aim, we proceed analogously
to [44] and prove that J,. is strictly convex. But since J is itself strictly convex, it
is enough to show that J;E is convex. By a density argument it is enough to show
that for Ve, € L(Q) the functional J) _ is convex on L*°(€2). To this aim, we apply
Lemma 2.5 to deduce that J ;75 is twice Gateaux differentiable on L>°(£2) and satisfies

2

—222/@}%%’661 (/lequRa[W]dz) dx

P g#p

_ 1 2
- ZZ/M(/ XquRE[W]dZ) dz > 0.
weq_ep 0

D q#p

2 11
d pre[V] -W-w

Remark 3.7 The result of Proposition 3.6 is related to the work of F. Nier [/,
45, 46] where the electron system is assumed at thermodynamical equilibrium: in

11



this case, p, = F(€,), where F is a given decreasing function (typically related to
Boltzmann or Fermi-Dirac statistics). The classical counterpart of this Schrédinger-
Poisson system is the semi-linear elliptic equation

—AV = F(V + Vo) (with boundary conditions) (3.8)

which is known to be well-posed if F is monotone decreasing. This suggests that
the solution of the Schridinger-Poisson system (3.1)-(3.2) with non decreasing (p,)
might exhibit similar difficulties as (3.8) when F is not decreasing. When we couple
the Schrodinger-Poisson system (3.1)-(3.2) to the Viasov equations (1.1), the p,’s are
computed through classical dynamics with different force fields (V,€,). Therefore,
in the general case it is not possible to ensure that (p,) stays (pointwise in (t,z))
decreasing with respect to p. Nevertheless, the electrical quantum limit (py arbitrary
and p, = 0 for p > 2) satisfies the decay property and the smallness assumption in
Theorem 1.1 ensures that (p,) is a small perturbation of this case.

3.2 Step 2 : Proof of Theorem 3.1

W24 estimate. Let (V¢ (€5,x5),>1) be a solution of (3.1)-(3.2) such that V*
W11, Since the p,’s are nonnegative, by the maximum principle V¢ is nonnegative.
Therefore, the function

1
Wwwwwmwwm:/vWWMz
0

satisfies the equation

A WE ()

@M\

pr ) Ixp(2, )] ] dz

p>1

<

hmmmw@whm:Zm%mam»

p>1

Standard elliptic regularity results insure that W¢ € W?2%(w) and that its norm
depends only on ||p||s(re). Besides, since ¢ > 1, W?4(w) is embedded in L*(w).
Hence V¢ € LLL. Since V., € LLL, we deduce from Lemmas 2.4 and 2.6 that
the x;’s are bounded in L*>(2) independently of p:

Xl < Coviwr = Crexp (Ca llpller o)

where the constants are independent of p and e. Therefore the right-hand side
R*[3, polx;|?] of the Poisson equation (3.2) is in L9(Q2) and its norm is bounded by
(Covews)? 1Pl e2(Lay- Elliptic regularity results show that V' € W24(Q) and finishes the
proof the first part of Theorem 3.1, Item (7).
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Energy estimates. Let us now end the proof of Item (ii). From the L°L! bound
of RE[VE] + Ve and (2.10) we deduce

Gl < Covie 3 €Nl < P*Coyn,

(C)v.., being a generic constant depending on p and V,,;). Consequently (2.7) implies
the uniform estimate

10X 17 r2 < 97 Cp v
This gives the estimate of £, _, while the estimate of £,
(3.2) by V¢ and integrating on 2

/ IVVE|2 da dz ://VERE

< WVe e ol Sup IXG17ee < Covins Pl er (-
p=

, 1s obtained by multiplying

> o }Xff] dx dz

p>1

Proof of Item (i). For ¢ > 4/3, Proposition 3.5 insures the existence of a solution.
The fact that V¢ belongs to W24(Q) is a consequence of Item (i) of Theorem 3.1.

In the case 1 < ¢ < 4/3, we set p) = Hlpipﬂ‘ for n > 0 and define V" as the
o P7 | Pp

corresponding solution of the regularized Schrodinger-Poisson system constructed in

Proposition 3.5. It is clear that (p") € ¢*(L°°(w)) and that

o™ lerzay < llpller zoy-

Item (i) implies that ||[V"||y24 < C, where C'is independent of n. Hence by Lemma
2.2 we can extract a subsequence which converges as n — oo in the L°L? strong
topology and in the W29(Q) weak topology. The inequality (2.10) enables to deduce
that for any fixed p the sequences €7 and xj also converge as n — oo respectively
in L>®(w) and L*°()) (uniformly with respect to p). Therefore we can pass to the
limit in (3.1)-(3.2) and the limit V is a W%(£2) solution of this system. The proof
of Theorem 3.1 is complete. 0

3.3 Step 3 : Proof of Theorem 3.2

Let us start with Item (). We will define I as in Remark 3.3. Consider M > 0 and
let (p) and (p) in ¢*(L%(w)) such that ||p1||r« < M and ||p1]]ze < M. The aim is to
find a constant N' = N (M) > 0, depending on M, such that (3.6) holds if we have

S lloplle <N 5 D lpplle < N

p>2 p>2

Let V¢ and V¢ be two solutions corresponding to (p) and (5). We have

Y eGP - |>2;|2)] . (3.9)

p>1

—A(VE-V®) = R° + K°

Z (Pp = Pp) |>Z;|2

p>1

13



By Item (%) of Theorem 3.1 and the embedding W24(Q2) — C%(w, L(0, 1)) we have
1V peors + ||‘N/€||Lg°Lg <C,;

where C,, 5 denotes a generic constant depending on ||p|[s(Lq), ||Aler(ze) (and also on
|Veat|| oor1 ), uniform in e. From (2.10) and Lemmas 2.2, 2.6 we deduce that

Xl + X5l e < G

vr<+4oo g~ Gllegre < Cop Ve = VeI,

thus for any s < g we have

> o (NG - |>z;|2)]

p=>2

R < Cpp Ve =Vl Y llppllrs

‘ >2
Ls L p=

< Cpp N [VE = V¥l

Next, multiplying (3.9) by V¢ — V¢ and integrating on €2, we obtain
2 .
dads~ ([ R [ (WGP = [GP)] (V= V) dodz
Q
< CoplVE = Vol llp = plleray + Cop NIV = VI3

//Q V(v - 7)
(3.10)

where we used the embedding H'(Q) < L# L!. We will now prove that the second
term in the left-hand side of (3.10) is nonnegative, i.e. (thanks to the selfadjointness

of R°) that
—// o (G)7 = [ P) R [vs . 176] dzdz > 0. (3.11)
Q
For any U and U in L'(0,1), consider the application from [0, 1] to R defined by
A= EN) = &[U +NU -U)).

We also denote x(\) = x1[U + AM(U — U)]. By Lemma 2.5, the application € is
differentiable and

= [ hoR@ - vy
T )X '
Furthermore, thanks to the min-max formula which defines the first eigenvalue by

, '11]d
€:[U]= min (/ 5 d—¢(z)
peHL(0,1) \ /0 z
||¢||L2:1

a+ [ UG |¢<z>|2dz> ,

it is clear that the mapping U +— €;[U] is concave, thus € is also concave. Conse-

quently
de de
0) >

ﬁ( ) > 5(1)7
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which means that

/0 (xal? = (U = U)dz < 0.

Applying this inequality to U = R*[V®] + V. and U = R*[V®] + V.p leads to (3.11).
Therefore Poincaré’s inequality together with (3.10) give

IVE =Vl < Cosllp = plleruoy + Cop NIV = V|
Consequently, if A is small enough, we can deduce the estimate
Ve =Vl < Copllp = pller oy,

The W24 estimate of Item (7) is then obtained from (3.9) after a bootstrap argument.

The first part of Item (i) (the uniqueness property) follows from (7i). To prove the
second part, consider (p) € U and let V= (resp. V') be the solution of the regularized
(resp. unregularized) Schrodinger-Poisson problem. We have

~A(VE—V) = (R — Id) [Z oo 2| + R

p>1

> o (G - |Xp|2)] . (3.12)

p>1

. 2 . .
Since HZPEl Pp | X! Lira < C, Lemma 2.6 implies the convergence to zero (ase — 0,

and in L2L?) of the first term of the right-hand side of (3.12). In order to show the
convergence V¢ — V in W%4(Q), we first prove this convergence in H'(Q), then a
bootstrap argument can be used (left to the reader). Multiply (3.12) by V¢ —V and
integrate on . By using (3.11) (with V* replaced by V), Poincar’s inequality and
Lemma 2.6, we get (with any s € (1,¢))

> o |xp\2]

p=>1

Ve = Vm < C (B - Id) e

Lir2

> o (106G = al?)

p>2

L3L2

(we also used the fact that H'(Q) < L L? for any r < +oc). Moreover, the uniform
L> bound of x* and Lemma 2.4 imply

pr (|X;E)|2 - ‘Xp|2)

p>2

< ON RV = Vs

LsL2
<ON (IR V] = RV llare + [ BEIV] = Vaz2)
< CON (IVF =Vl + (R = Id)[V]llzaz2) -

Using the convergence of R to Id and choosing N small enough, we obtain the
convergence of V¢ towards V in H'(Q) strong. 0

15



4 Analysis of the Vlasov-Schrodinger-Poisson sys-
tem

The aim of this section is the proof of the main Theorem 1.1. As we said in the

Introduction, the strategy relies on a fixed point argument. Remark that the Pois-

son equation provides compactness with respect to position variables but not with

respect to time. Therefore, we shall use the averaging lemmas of the Vlasov equation

presented in Subsection 4.2, coupled to the results of Section 3 (Theorems 3.1 and
3.2), which requires the smallness of the distribution functions for subbands p > 2.

4.1 The Energy Estimate

We present here some a prior: estimates which are satisfied by the solutions of the
regularized Vlasov-Schrodinger-Poisson system (1.5)—(1.7). Let us first introduce a
few notations. For any solution of this system, the p—th subband surface charge
density and surface current density are defined by

Py = fpdv j;:/ v fydv (4.1)
RQ

RQ

while the total (volume) charge density is

W:ZXAﬁMJup A (42)

p>1 p>1

The kinetic energy and the potential energy of the system are defined by

() Z/ ffdg;varZ/// 10X f5 dw dz dv

pot //TL ‘/emt dlL‘dZ—}-// |VVE|2dZL‘dZ

and the total energy is
Eior(t) = Ein(t) + Eppr(t)- (4.3)

Proposition 4.1 (Energy estimate)

Under Assumptions (H-1)-(H-5), let ¢ € (0,1] and (V=, (€, X5, [*)p>1) be a weak
solution of (1.5)—(1.7). Then the charge density and energy respectively defined by
(4.2) and (4.3) satisfy the inequalities

[0 (®)] 22 < [[n(0 m+2///%@w (1.4)

p>1

€5, (1) < £2,(0) (/MIMMmMWm®

L (Gee) iz

p>1
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Proof. For notational simplicity, we skip the exponent ¢ in this proof. The inte-
gration of (1.5) with respect to v yields the charge conservation equation

Brpp + div, j, = 0. (4.6)

Inequality (4.4) is obtained by integrating this equation with respect to x and t and
summing up with respect to p. Besides, multiplying (1.5) by % and integrating with
respect to x and v leads, after some algebra, to

//( —l—E)fpdxdv—/ £, 0,€, da dv .

_ _// (3 +ep> fov - vdodv.
2
Identity (2.7) gives

Z//E fpd:cdv—Z/// 10X, /” fpdxdzdv—l—//(RE[V]+Vext)ndxdz

and Lemma 2.5 implies 0,€, = fol 1Xp|? Ou(RE[V] + Vieye) dz. Therefore, we have

_Z//fpate dl’dl}— //nat Ra +‘/ext)dl'd2

p>1

Besides, it is readily seen from the regularized Poisson equation (1.7) and from
Lemma 2.6 that

//Ra[V]ndxdz://|VV|2dxdz ; //n@tRE[V] drdz = aa//|VV|2d:Edz

Consequently, after a summation on p, (4.7) becomes

d&ot_// 8V, dd—Z// Ve fou-vdod
dt = N OtVert AT A2 o . B P pU o av.

Finally, (4.5) is obtained from the above inequality after having noticed that €, is
positive in virtue of the positivity of the potential.

The above formal proof is fully justified if the f’s are classical solutions of the
Vlasov equation and compactly supported in the v variable. However, the final result
is still valid for weak solutions under the hypotheses (H-1)—(H-5). Indeed, thanks to
the uniqueness of the solution of the linear Vlasov equation (see Lemma 4.2 below),
the function f; can be approximated by truncating the initial and boundary data
(keeping the € unchanged). The corresponding solution is compactly supported in
v. With an adequate choice of test-function, we obtain (4.7) in the distribution sense
(see for instance [6]). The energy inequality is then obtained for the cut-off problem
(up to remainders which vanish at the limit); it is conserved in the limit. 0

17



4.2 The Linear Vlasov Equation

Let us now give some results about the collection of Vlasov equations (1.1). We shall
assume that the force fields Fj, = —V €, are known and solve the equations indexed

by p

{ Ofp+v-Vaofy+FE,-V,f, =0
(4.8)

V_fp =3gp On (O7T) X Z—) fp(O,ZL‘,U) :fp,O(xaU)-
The following lemma states the existence and uniqueness of the weak solution for

each Vlasov equation (4.8):

Lemma 4.2 Let T' > 0 and assume that the initial and boundary data f,o and g,
satisfy
fr0>0, (1+0*)f0€ L' (wxR?, fro€L®(wxR?,

9, >0, (1+v%)g, € L*((0,T), L"(X_,d%)), g, € L=((0,T) x L_).

Assume that F, € L'((0,T), WhHw)NL>®(w)). Then (4.8) admits a unique weak so-
lution f, € L>=((0,T), L*'NL>*(wxR?)). Moreover, this solution lies in C'([0,T], LY(wx
R?)) for any q < 400 and satisfies the following estimates:

0< fp(tv'rvv) < maX(ngHL"Ov pr,OHL‘X’) a.c., (49)

t
1ot )lrwxr2y < [ fooll Lt wxr2) +/ 9pll1(s_ ax) ds. (4.10)

If we additionally assume that ((1+v?) fo0) € €' (Ly,), (fpo) € H(L,), (1+07)g,) €
(" (L{,.): (gp) € OH(LgS,,,) and F, is bounded in Ll((O,T) ) independently of p,

t,x,v

then the kinetic energy
Erin(t) Z//wxﬂa? 5 »(t,x,v) dx dv
p>1
satisfies the inequality
Erin(t) < Erin(0 +Z/ // (s, 2,0) d¥ ds + B(t) + (1), (4.11)
p>1

where
4
=C (ZﬂprLoo) / sup || Fy(s, ) ||z~ ds
p>1 0 g=1

and C' is a constant of the data.

Proof. Since the results of this lemma are standard [1, 6, 13, 19, 30, 41], we shall
only detail the proof of (4.11) which is more specific. Like in the proof of Proposition
4.1, we shall give a formal proof which would be valid for classical solutions. The
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final results is however valid for weak solutions (see the end of the proof of 4.1).
Multiplying (4.8) by % then integrating on w x R? and summing over p, one obtains

dg in 2
d]jf = — Z// %fp(t,x,v) v-vdodv + / F,(t,z) - j,(t, x) dx, (4.12)
p=1 7 “

where j, = [vf,dv. Like in the proof of Proposition 4.1, we have

v? v?
—// —fpv-ydadvg// —Gp¥ - vdXdv.
5 2 s 2

Besides, classical interpolation results for kinetic equations [13] lead to

A 02 3/4
. 1
ol < CURILE ([ 5 feanas)

and Holder inequality leads to

2 3/4
[ Bt eoyds < C1E = 151 [ 5 bt dvd)

(the domain w is bounded). Inserting this inequality in (4.12), one obtains

1/4
& n 2
0 < C sup |0, <Z||fp||mo> G+ [[[ 5w iz

p>1 p>1

This leads to the result after a Gronwall argument. 0

The following lemma given without proof generalizes the standard interpolation
inequalities [13] for the Vlasov equation.

Lemma 4.3 Assume that (f,)p>1 lies in (L= (w x R?)) and (v2f,),>1 € 0 (L' (w X
R?)). Then p, = [ f,dv belongs to L*(w) and satisfies

1/2 1/2
Y lpplz<C (Z IprIILoo> (Z ||v2fp||L1> : (4.13)

p=>1 p=>1 p=>1

It is well-known that the average quantities of f with respect to the velocity satisfy
compactness properties. The following Lemma makes them precise in the case of

series (f,):
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Lemma 4.4 Let I} € LY(0,T) x w) for any p and n, such that for any fized p
| E ][z is bounded independently of n. Let (f)') be a sequence of weak solutions of

(4.8) such that for alln € N
S (1, + 102+ ) 0, ) < C. (4.14)

t,x,v
p=1

with a uniform bound with respect to n. Then the sequence of charge densities
(Pp)p=1 = ([ £} dv)p>1 is compact (with respect ton) in the £*(LI((0, T) xw)) topology
for any q < 2.

Proof. Since Lemma 4.3 yields the boundedness of (p") in ¢*(L*((0,T) x w)), it is
enough to prove the compactness of (p") in £*(L*((0,T) x w)).

The first step of this proof is the standard mean compactness result from [26,
27, 20] (more precisely, we refer to Theorem 1.8 of the book [13]): for any function
Y € C°(R?) and for any fixed p, the sequence indexed by n

Sy (2, 0)i(v) do

R2
is compact in L}, .((0,T) X w).

Let ¢ € C°(R?) be a cut-off function such that 0 < ¢ < 1 and ¢(v) = 1 if
lu| < 1. For any R > 0 we denote by Ag C (0,7) X w the set of all (¢, z) whose
distance to the boundary of (0,7") x w is larger than 1/R. Then for any R > 0, the
charge density can be written

n o __

pp=pp "+t
with
" = Ty Tmens [ (b 0ot/ R) o
After a diagonal extraction procedure, for any R € N* (a subsequence of) the se-
quence (p™%) converges in (*(L*((0,T) x w)) as n — +oo. Inequalities (4.14) and

(4.13) enable to show that > -, 177 Bl o1 (11 ((0,1)xw)) 18 arbitrarily small when R is
large, uniformly in n. This is enough to conclude the proof. 0

We end this section by a stability result whose proof is skipped (its second part
is a consequence of Lemma 4.4).

Lemma 4.5 Let F' € L'((0,T) x w) be a collection of force fields and let f) be a
corresponding sequence of weak solutions of (4.8). (i) If for all p > 1

n—oo
F}— F, i L, , [ — [, wmlLj,

weak — % (4.15)

then the limit f, is a weak solution of (4.8) with the force field F,.
(ii) If additionally we have

S (1, + 102+ 2 0, ) < C (4.16)

t,x,v
p=1
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where C' 1s a constant independent of n, then for any q < 2

= (/ f;dv)p21 X (p) = (/ fpdv)p21 in 1 (LY((0,T) x w)).

4.3 Weak Solutions for the regularized VSP Problem

In this subsection, we shall construct weak solutions of the regularized problem. To
this aim we shall use the following notations

Lit) = > 1@ +0) fplles, + D 1oz,

p>1 p>1
/ SN+ ) 0oz ds+ 3 sup [lgp(s)llem,  (417)
p>1 p>1 se(t,T)
L) = SO0, + Y / l9p(3) 22, ds (4.18)
p>2 p>2

Let us first start with the following two technical lemmas

Lemma 4.6 Let T > 0 be given and let (V=, (€7, X5, f5)p>1) be a weak solution of
the regqularized system (1.5)—(1.7) on the interval [O T)|. We have the following prop-
erties:

(i) The function Ly defined in (4.18) is nondecreasing.

(i) For any My > 0, there exists My and €y, depending on My, T and fOT 1[0t Vewt) Tl e dt
such that

Li0) < My = Wtel|0,T), Vee (0,em), E5,(t) < M,

where &, is given by (4.3).
(iii) For any My > 0, there exists M > My and ey, depending on My, T and

SN0Vt 1o dt such that
Li(0) < My = Vtel0,T], Ve € (0,en,), L1(t) < M.

Proof. Item (i) is immediate in view of (4.4) while (7ii) follows easily from (i) and
(ii). In order to prove (i), we proceed in two steps. We first give a formal proof in
the case ¢ = 0, although the result is not true in this case, and then treat the case
¢ > 0 which involves additional technicalities.

The unregularized system (1.1)—(1.3).

For simplicity, we start this proof with the case ¢ = 0 (the results of Proposition
4.1 will be used formally). By Lemma 4.3, we have (p,(0,-)) € ¢*(L*(w)), thus an
application of Theorem 3.1 (with g = 2) leads to

gtot(o) S CMO .
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For ¢t > 0 and (z,2) € 0w x (0,1) we have V(t,z,2) = 0. Thus, with the notations
of Section 2, we have €,(t,z) = €,[Veut(t,z,)] and from (2.8) and (2.9) we deduce
that

1
€ <57 + Ve (D)l

1

< ST [Ve0) 1~ + /||at ot()] || ds.

Consequently, (4.4) leads to
t
[ s ot e ds+ 3 [ [ (5 +) gisds <
0 p>1

This inequality, together with the estimate of the initial energy and (4.5), leads to
Item (ii).

The reqularized system.

If ¢ > 0, the formal above proof is rigorous, except for one modification which
concerns the estimate of € at the boundary, since we do not have R°[V®] = 0
on Ow x (0,1). Nevertheless we can use the fact that this quantity is small. Let
T € Ow x (0,1). Since €;(t,7) = €,[R°[V*] + Veuu|(t, ), we deduce from (2.10) that

€5 — € [Veadl| (1, 2) < Ce W ezl | RV (8,2, )| 1 01 -
Therefore we have
€ 1 C1|VE|l; 0071 Er1/€
€, (t,7) < §7T2p + [[[Veat (O]l + Ce VEllgo ry | RE[VE](L, ')HLi(O,l)' (4.19)
We recall that by Theorem 3.1 and (4.13)
1V Lo ra (t) < ClIVE[|2(t) < Oy (1 + E5y(2)) (4.20)

and that |R°[V] — V|2 — 0 as e — 0 for any function V' € C°(w, L'(0,1))
such that V(z, z) = 0 on dw x (0, 1) (see Lemma 2.6). Since the embedding of H?(2)
in C%@, L'(0, 1)) is compact, it is not difficult to show by contradiction the existence
of a constant C(¢) > 0 such that lim._, C(¢) = 0 and

[7EV] = Vg < CE)IV 2 (4.21)
Since V=0 on dw x (0, 1), (4.20) implies that for z € dw
HREVEIE 2, )| ) < Casp CE)(1 4 E5y(1)).
Inserting this inequality and (4.20) in (4.19), then using (4.5), leads to

t
E(t) < Cupy + Oy C(g)/ (1+E5,(s)) eC1€u0t(8) s
0

A standard perturbation argument coupled with a Gronwall lemma shows that for
any 1" > 0 there exists ey, > 0 and M; such that & ,(t) < M; for € < €3, and

€ (0,7). O
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Lemma 4.7 Let M > 0 and let (f,(z,v))p>1 be a sequence of nonnegative distribu-
tion functions. Then there exists a constant 6pr > 0 such that if (f,)p,>1 verifies

Do fpllee + DM@+ D fplloe <4M, Y N fpller < 6, (4.22)

p>1 p>1 p>2

then the collection of charge densities defined by p, = [ f,dv satisfies (p) € U, where
U is the set defined in Theorem 3.2 with ¢ = 3/2.

Proof. This Lemma is a direct consequence of the interpolation Lemma 4.3 and of
Remark 3.3. Indeed, we deduce from (4.13) and (4.22) that there exists a constant

Cy such that
> llppllze < CoM.

p>1

This leads to

2/3 1/3
leppllLsmS(ZprHm) (ZHP;»I!u) < (C3M?6p)'?,

p>2 p>2 p>2

while
lpull o < o268l < 43¢5 M.

Applying Remark 3.3 to define N'(-), one can see that a convenient d; is given by

3
<N(41/3C§/3M))
C2 M?

o =

Proposition 4.8 LetT > 0 and My > 0 be given and let Assumptions (H-1)-(H-5)
be satisfied. Let €p, and M be defined in terms of My thanks to Lemma 4.6 (iii) and
Orr be defined in terms of M like in Lemma 4.7. Assume that the initial data verify

Ly1(0) < My (4.23)

and that
Ls(0)) < s, (4.24)

where Ly and Lo are defined by (4.17),(4.18). Then for any € € (0,eyy,) the requ-
larized VSP problem (1.5)-(1.7) admits a global weak solution (V= (€5, X5, f5)p=1) on
the interval [0, T].

Proof.

The proof relies on the Schauder fixed point theorem. Since we have to check that
the occupation numbers (p,),>1 stay in U* during time evolution, we will only be
able to prove existence of solutions on a small time interval. The idea is then to
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prove that this solution can be extended to a larger time interval and to check that
the time increment does not become small. To this aim, the energy estimate will be
of great use.

Let T} > 0 be given and assume that we have already constructed a weak solution
on the interval [0, 7], such that f € C([0,T7], L?) and let us prove that we can extend
this solution to the interval [0, T} 4+ T.], where T. > 0 does not depend on 77 but only
on M. To this aim, we shall apply the Schauder fixed point theorem on the unknown
Ve for t € [T1, Ty + T.]. Namely, we define the mapping S¢ as follows : starting from
Ve L¥2((Ty, Ty +T.) x Q), we set €, = €,[RE[V] + Vo). The regularity of V.,
(assumption (H-1)) implies that R[V] 4+ V.. belongs to L3?((Ty, T1 + T.), C*(Q)).
Then the properties of the eigenvalues problem (2.6) insure that €, € L¥2((T}, Ty +
T.),C?*(w)). This allows to construct (f,),>1 by solving the Vlasov equations (1.5) on
the interval [Ty, T + T.] where the initial condition at time ¢ = T} is provided by the
value at t = T; of the already constructed solution on [0,77]. Finally, we compute
(V*, (€5, X;)p=1) as the solution of the regularized Schrédinger-Poisson system (3.1)-
(3.2) in which p, = [ f,dv. By definition, we set

S(V)=V~.
The key point is to find 7. such that for ¢t € [T}, T} + T¢], we have (p(t)) € U™, where
U™ is defined in Theorem 3.2, which insures that V* is uniquely defined.
To find such a T, let us define for any 7 > 0 the bounded, closed, convex set
K. ={VeL*((T,r+T)) xQ) : 0<|[V]sp2 <1} (4.25)

We shall prove here that there exists 7. > 0 such that S¢(Kr,) C K. and such that
for any V € K7, and t € (T4, T + 1.), the p, defined above satisfy (p(t)) € UT.

We first deduce from Lemma 4.6 (i) and (7ii) and from the hypotheses of this
proposition, that Li(7)) < M and Ls(T7) < 0p, where Ly and Ly are defined in
(4.17),(4.18). Besides, we deduce from (4.9), (4.10), that the sequence (f,(t))p>1
satisfies independently of 7.

Vie [Th, Ty + T, Lo(t) <on, Li(t) < M—I—Z//v2fp(t,x,v) dx dv.
p>1

Therefore, in virtue of Lemma 4.7, the only thing we need to check in order to define
T, is that

S°(Kr.) CKr., and Z//v2fp(t,x,v) dx dv < 3M.
p>1

For this purpose we first notice that for any 7 and for any V' € K., the eigenvalues
€, corresponding to the potential R°[V] + V., satisfy

HVCEEPHL?/Q ) S C{-:, (426)

(W
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where C. only depends on € and V,,; (and not on 7 nor on p). Applying (4.11) yields

Z//U2fp(t,l',v) dedv < Z//v2fp(T1,x,v) da dv + M + (1) + &(1)

p>1 p>1

< 2M + (1) + d°(1)*,

where

¢
O (t) < CMY* Séll\? . IV2€p (s, M noo(w)y ds < Cong (t — T1)1/3,
peN* it

and where the generic constant C. j; depends on M and e. Defining T2 by

Cear (TP + (Cena (T2)'P) = M,

£

we have

vt € (Ty, Ty + T?) Z // V2 f,(t, ,v) dx dv < 3M. (4.27)

p>1

Therefore Lemma 4.7 can be applied and, since the f,’s are nonnegative, we have

(p(t)) € U™ for any t € (Ty, Ty + TP). By Theorem 3.2, the regularized Schrodinger-

Poisson system (3.1)-(3.2) with p, = [ f, dv admits a unique solution (V*, (€5, x})p>1),
which satisfies the uniform in ¢ estimate

”V*”L°°((T1,T1+T£),W2’3/2(Q)) <C.

This implies that if 7 < T2 the mapping S° is well-defined and satisfies
1S* (V) L3720,y x) < Co 3, (4.28)

where Cj only depends on V.. Setting T, = min(7°, C, 8/ %), (4.28) shows that the
set ICr. is stable by S°.

In order to show that S° is compact and continuous, we notice that for any V' in
KCr., the corresponding sequence (f,),>1 defined in the mapping S° satisfies

> (ol zeom xoxezy + 10 + ) foll 21 012y o)) < C-

p>1

Since by (4.26) the force fields in the Vlasov equations are bounded, the compactness
of &° is then a consequence of Lemma 4.4 and its continuity is a consequence of
Lemma 4.5. Hence Schauder’s fixed-point theorem applies and provides the existence
of a solution of (1.5)—(1.7) on (73,7} + 1%.): the proof is complete.

O
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4.4 Proof of Theorem 1.1

Theorem 1.1 is obtained by passing to the limit ¢ — 0 in the regularized problem
(1.5)-(1.7). Its proof is rather straightforward; we shall only sketch it and leave the
details for the reader.

First remark that, thanks to Lemma 4.6, we have the estimate

> (1, + 102+ 59 S laens, ) < C.

p>1

where C' does not depend on . Hence by Lemma 4.3 and Theorem 3.1 we deduce
IVEIl oo 0,1y w2872(0)) < C

Thanks to standard results about the eigenvalue problem (2.6) (see for instance
[34, 50]), the eigenvalues €7 inherit the regularity of R°[V*®] + V,, with respect to z,
thus we obtain

Vo€l ooy w18/2(0)) < Cp

where the constant C),, depends on p but not on e. Therefore the compactness
Lemma 4.4 implies that, up to an extraction of subsequence, (p°®) converges to (p) in
CHL32((0,T) x w)).

Moreover, for any ¢ € (0,7) and ¢ € (0,ey), we have (p°(t)) € Ut: the qua-
sistatic Schrodinger-Poisson part of the problem is always solved in the framework
of Theorem 3.2, i.e. its solution (V¢, (€5, x;)p>1) is continuous with respect to (p°).
Denote by (V, (€,, Xp)p>1) the solution of the unregulamzed Schrodinger-Poisson sys-
tem with the occupation factors p, and by (V% (€)°, x)°),>1) the solution of the
unregularized Schrodinger-Poisson system with the occupation factors pf, :

1
J— azzxg,e + (VO,E + th)xg,e _ Eg,exg,a’

VOE pr ’X
p>1
By Item (i) of Theorem 3.2, V¢ — V% converges to 0 in L32((0,T), W>3/2(Q)) as
e — 0. Moreover, by Item (7i) of the same theorem (applied to the unregularized S-P
system), we have

V2 = Viliaromywearz@) < Clo" = pllewszomxwy

which implies that V¢ converges to V in L*2((0,T), W%%2(Q)). Since V¢ and
V' belong to wks/ 2, by Lemma 2.6 the regularization R°[V¢] converges to V in
L32((0,T), WH32(Q)). Consequently, the eigenvalues €5 := €,[R*[V] + Veyy] con-
verge to €,[V + Vi in L32((0,T), W'32(w)) as e — 0, and by Lemma 4.5 one
can pass to the limit in the Vlasov equations and obtain a weak solution of the
unregularized Vlasov-Schrodinger-Poisson system which satisfies (4.4) and (4.5).

The occupation numbers (p,),>1 are in £1(L>°((0,T), L*(w))). A similar argument
to the one developed in [19] shows that (p,),>1 € ¢*(C([0,T], L*(w))), which yields
V e C([0,T], H*(Q)) in view of Theorem 3.1.
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5 The stationary situation

This section is devoted to the study of the stationary solutions of (1.1)—(1.3). The
analysis relies on a fixed point procedure different from the one used in the time-
dependent case. In particular it is independent of Section 3 and no smallness as-
sumption will be necessary. Let us first write the system studied here. We seek

V(:L‘v Z)a (Ep(l')a Xp(l'a 2)7 fp(xa U))le SOlVing
0 Vo, — Vi€, Vof, =0,

V=9 on(0,T)x%_,

;

1
5 aszp + (V4 Veat) Xp = €pXop

1
Xp(T,+) € H&(Oa 1), / Xp Xgdz = 0pq
0

\

( AV =n=%" (/R fpdv) Xl (5.3)

p>1

V=0 ondwx(0,1), 9.V=0 onwx{0} Uwx{1}.

\
We make the following assumptions on the data of the stationary problem:
(HS-1)  The external potential V,,; is nonnegative and lies in C2(€2).

(HS-2)  There exists a sequence of nonincreasing functions (G,),>1 such that

U2 7T2p2
0 < gp(z,v) <G, (5 +—+ aﬂé&}(%m)) ;

2,,2

+oo
with Zp/ G’p(e—f-%) de < 400 VaeR.

Theorem 5.1 Under Hypotheses (HS-1)-(HS-2), there exists a weak solution
(V, (€, Xp» fo)pen+) of (5.1)~(5.3) such that V. € W?*3(Q), €, € W?%(w), x, €
W25(Q) for all s < +oo and the total charge density n belongs to L>(2). Moreover
this solution satisfies the following pointwise estimate

2

0< folz,v) <G, (% + Ep(x)> , (7,v) €w x R (5.4)

Proof. The analysis relies on the application of Schauder fixed point theorem
for a regularization of the problem and uses the supersolution technique developed
by Poupaud in [48]. More precisely, let ¢ € (0,1) and A € (0,1) be two positive
regularization parameters that we shall let tend to zero. Consider the mapping S, .
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defined on W in the following way : for a given potential V'€ W24 let (€,, xp)p>1
be the eigenvalues and eigenfunctions defined by

1
5 Oxp(@32) + (RV] 4 Vear)x (1:2) = Epl)x,(332),
1 (5.5)
Xp(T,+) € H&(O,l), / Xp Xq % = Opg ,
0

where the regularization operator R® is defined in (1.4). Then, compute f, by solving

Myp+0-Vofy— Vi€, Vof, =0,
(5.6)

v fp=9, onX_.
Finally, define V* = S, (V) as the unique solution of

3 (/w fpdv) |xp|2] : (5.7)

p>1

V*¥=0 ondw x (0,1), 9.V*=0 onwx{0} Uwx{1}

—AV* = R°

The mapping S, . is clearly uniquely defined. Indeed, the only thing to be checked
is the existence and uniqueness of solutions of (5.6). This is a consequence of the
fact that €, is in C?(W) (the €,’s have the same regularity as the potential) and of
the positivity of the damping coefficient A. For this point, we refer to [48].

For any A > 0, we now define

Bl={veWwlt  |VIps<A and 0<V(z,2) ael.

Proceeding by contradiction as for (4.21), one can show the existence of a constant
C(e) > 0 such that lim._, C(e) = 0 and

[RE[V] = Vlperr < CEV lwra@)-

Combining this inequality and (2.10), since V' vanishes on dw x (0, 1), one can find
£ax > 0 (depending only on A and M) such that for ¢ € (0,£4,) and V € Bf we
have
Ve € 0w VpeN* |€L[REV] + Vear] — €p[Veur)|(z) < A
Thus from (2.8) we deduce that the €,’s defined by (5.5) satisty
2,2

™p
Vex A
5t omax (Vert) +

Ve € 0w Vpe N €,(x) <

Thanks to Assumption (HS-2), this is enough to conclude that Gp(g + €,(x) — N)
is a supersolution of (5.6). This implies that

0< fo(,0) <G, ("’; +€,(z) — /\) . (5.8)
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This supersolution estimate shows that the corresponding p, = [ f, dv satisfy
+oo
0 < pp(z) < 27?/ Gy (e + €,(z) — N) de.
0

Since V + V., > 0 and A € (0, 1), it follows from Hypothesis (HS-2) and from (2.8)
that

400 7r2p2
ngp(:v)SMp:ZT/ Gp<e—|— 5 —1) de.
0

Besides, applying (2.7), (2.9) and a Gagliardo-Nirenberg inequality yields, for any
T EwW

d

x| S Cpt+ CIVIEL + OVl

IxXp (2, )7 < Cllxp(, )2z

L2
thus, thanks to the embedding W4(Q) — L*>(Q),

0<—AV*<CY pM,+CA*> " M,. (5.9)

p>1 p>1

The first inequality implies the positivity of V*, while the second one yields, by
elliptic regularity and Sobolev embeddings,

||V*||W1,4(Q) < C(l + Al/Q).

Let Ay be such that Ay > C(1 + A(l)/Q) and € € (0,e4,). Then it is clear that the
mapping S, . satisfies the following property:

S,\vE(BfO) C Bfo.
Moreover, coming back to (5.9) and using again elliptic regularity, we also have
Vg € [1,400),  Sre(BX)C{VeW?(Q) 1 [[V]weaq) < Cy},

where (), is independent of € and .

This shows the existence of a convex bounded set of W ! which is let invariant by
Sy and also shows the compactness of Sy .. The continuity of S, . is easily obtained
(the details are left to the reader). Hence, S). admits a fixed point V) .. Then we
pass successively to the limit ¢ — 0, A — 0. This can be done without difficulty
since V3. is bounded uniformly in W24 for all ¢ < +oo. This shows the existence
of solutions of the unmodified stationary Vlasov-Schrodinger-Poisson problem (5.1)—
(5.3). Passing to the limit in (5.8) shows that the solution satisfies the supersolution
estimate (5.4). To complete the proof of Theorem 5.1, it remains to recall that the
regularity of the eigenvalues €, and eigenfunctions x, can be deduced from the reg-
ularity of the potential V' (see for instance [50]). O
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6 Volume and boundary collisions

In this section, we describe two extensions which lead to similar existence results as
those obtained in Sections 2-5.

Volume collisions.

In the model analyzed in this paper, the only couplings between the subbands which
are taken into account are collective interactions through the selfconsistent potential.
Moreover, no transition can occur from one subband to another one during the
evolution of the system. The transport in the x direction is ballistic and described
by the Vlasov equation.

In order to take into account collisions in this model, the Vlasov equation can be
replaced by Boltzmann type equations

Ofp+v-Vaofy = Vi€ Vifpy=Q(f)y

where f = (f,)nen+ and @ is a matrix collision operator which models intersubband
transition (extra-diagonal terms) and intrasubband transitions (diagonal terms).

For the linear, diagonal, elastic collision operator, the existence Theorems 1.1
and 5.1 apply without any change. Namely, we take () under the form

QU )y = Qp(fo) = /Oép(t, z,0,0) (f(') = f()) 8(Jv]* = [v']*) dv’
and assume that o, is nonnegative, symmetric (with respect to v and v’) and satisfies
/ap(t,x,v,vl) S(|of2 = [P dv! € L.

The formula [ h(v") §(|v'|> — a) dv’ is defined for almost every a like in [9] thanks to
the coarea formula by

1

s —aae =5 [ oy dow),

where do is the surface measure on the unit sphere S*. One can show, with the above
collision operator that the results of Sections 2-5 hold true. The reason for this is
that (), conserves any function of the energy, that it conserves the L* norm and
that any isotropic (in velocity) function belongs to the kernel of (),,. Moreover, since
there is no intersubband transition term, the initial data can still be arbitrary large
on the first subband.

In [11], a Drift-Diffusion-Schrédinger-Poisson system was studied, obtained thanks
to a diffusion limit of such a Boltzmann-Schrédinger-Poisson system.

Boundary collisions

The boundary operator which has been chosen in the paper was a purely absorb-
ing boundary operator. More sophisticated mechanisms at the boundary can be
described by an elastic-diffusive operator similar as in [9, 40]:

Y fp = Bgp+ (1 — 6)Rp(7+fp>a
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where 3 € [0, 1] and

Rp(f)(t, 2, 0) = / ap(t, 2,0, 0) 0(Jo* = ') f(t, 2, 0") V' v(z)| do'.
v -v(z)>0

If the cross section o0, is a nonnegative function satisfying mass conservation and

reciprocity:

/ op(t, 2,0, 0)6([v]* = [V)?) Jv-v(x)|dvo =1 for (t,z,v") € (0,T) x B
vv(z)<0

o(t,z,v',v) =o(t,x,—v, =),

then the analysis of the time-dependent case can be done as in Section 4. In the
stationary situation, the analysis of Section 5 can be reproduced when the accomo-
dation coefficient 3 is different from zero. If 3 = 0, the system is isolated and the
total mass, as well as the profile in the energy of the solution, has to be prescribed.
We do not develop this case here and refer to [21, 22, 28].
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