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Abstract

The semiclassical limit of a partially confined electron gas is performed.
The length scale in the confined direction is of the order of magnitude of the
electron de Broglie length whereas the non confined lengthscale is larger. A
partial semiclassical limit of the Schrodinger equation (in the non confined
direction) is performed and leads to the so-called subband model. The lim-
iting behaviour is described by an infinite number of quasistatic Schrodinger
equations for the confined direction and an infinite number of time-dependent
Vlasov equations in the non confined direction.

Résumé

Nous appliquons la limite semiclassique au systéme formé par un gaz d’élec-
trons partiellement confinés. Dans la direction du confinement, 1’échelle spa-
tiale caractéristique est de l'ordre de grandeur de la longueur de de Broglie
des électrons, tandis que cette échelle est bien plus grande dans les directions
non confinées. Une limite semiclassique partielle appliquée a 1’équation de
Schrédinger meéne au modeéle du transport par sous-bandes. Ce modele lim-
ite est constitué d’un nombre infini d’équations de Schrodinger quasistatiques
pour la direction du confinement couplé & un nombre infini d’équations de
Vlasov non stationnaires pour les directions non confinées.

Keywords: Semiclassical limit, Wigner measures, subband transport, two dimen-
sional electron gas.
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1 Introduction

The operation of many electronic nanostructures, like quantum waveguides or tran-
sistors, relies on the formation of a bidimensional electron gas. Such a system is
obtained by confining the electrons in one direction and allowing for improved trans-
port properties in the two other directions. Other nanostructures, like quantum wires
or nanotubes [13, 31], are confined in two directions while the transport is allowed
in the remaining one.

In this paper, we are interested in situations where the length scale in the con-
fined direction is of the order the de Broglie wavelength of electrons, while the non
confined directions have a much bigger length scale. In other terms, electrons are in
a quantum regime in the confined direction and exhibit classical behaviour in the non
confined ones. This gives rise to the theory of subbands which is widely used in the
semiconductor physics litterature [1, 2, 10, 34]. The aim of this paper is to derivate
rigorously the subband model from a partial semiclassical limit of the Schrédinger
equation.

The variables of the longitudinal directions are semiclassical and are denoted by
x € R™, where m € N*. In the one-dimensional transversal direction z, the electrons
have a quantum behaviour. The spatial domain is Q C R™*L. After an adequate
rescaling we consider the linear (one particle) Schrédinger equation:

10 = —%QAQM — %aﬁwé + VEyr, (1.1)
V(0 2, 2) = Yi(z, 2), (1.2)

where € denote the ratio between the length scales in the transversal and longitudinal
directions. The external potential V¢ = V(¢ z,z) is a data of the problem and
is assumed to be regular enough with respect to ¢ and x (see Assumption 2.1).
Furthermore, the confinement in the transversal direction is modeled through a hard-
wall potential assumption:

V(t,x,z2=0) = (t,z,z=1) =0, (1.3)
so that the spatial domain is the slab:
Q={(z,2) e R" x (0,1)}.

In Section 6 we generalize the analysis to the more general case of a domain with a
varying width. The general framework developed in this paper can also be applied
to analyze a smoother confinement, modeled by (1.1)-(1.2) where Q = R™"! and
Ve — +oo for |z] — +00.

Let us now introduce the subbands of the system. Thanks to the confinement
(1.3), the transversal Hamiltonian has a discrete spectrum and admits a complete
set of eigenfunctions. We denote by x; (¢, z, ) and €; (¢, z) the eigenfunctions (chosen
real-valued throughout this paper) and the eigenvalues of the operator —% 02 + Ve



acting on the z variable with homogeneous boundary conditions at z = 0 and z = 1.
They depend parametrically on ¢t and x and satisfy

1
—5 GV =6
1 (1.4
X;(t x,-) € Hy(0,1), / Xp Xg A2 = Opg-
0

Since the confinement occurs in dimension 1, the eigenvalues are simple and do
not cross. We denote by H = span(x;) C L?*(0,1) the p-th eigenspace and by
II7 the orthogonal projector on ‘H7. Then the p-th subband is defined as the space
L*(R™) ® H, = L*(R™, H;).

To perform rigourously the partial semiclassical limit ¢ — 0, we shall make use
of the Wigner transforms. This powerful tool was introduced by Wigner in the
early thirties [35] and has received an increasing interest from the Applied Mathe-
matics community during the last decade, when many important results have been
obtained. Namely, in the early 90’s, Gérard [15], Lions and Paul [20] and Markowich
and Mauser [21] have obtained convergence results for the semiclassical limit us-
ing Wigner function techniques. A review of these techniques as well as further
results can be found in [16]. The first reference [15] concerns linear Schrodinger
operators with rapidly oscillating potentials, the second [20] concerns self-consistent
Schrodinger-Poisson systems and the last one [21] concern a slightly mollified version
of the Schrédinger-Poisson system. Following the technique developed in [20], Wigner
series has been introduced by Markowich, Mauser and Poupaud [22] in order to an-
alyze the asymptotic behaviour in the presence of periodic potentials and a series of
results concerning Schrodinger and Dirac equations, coupled to the Poisson equation
with periodic and non periodic potentials, have been obtained by Béchouche, Gérard,
Markowich, Mauser and Poupaud [3, 4, 5, 6, 16, 22, 23]. The Wigner function tech-
nique has also been used by Poupaud and Ringhofer [29] to deal with the effective
mass approximation in crystals and by Markowich and Poupaud [24] to analyze some
finite difference schemes. Boundary problems have been studied in [26] and collisions
have been treated in [9, 11, 12, 27].

Throughout this paper the property of isolated subbands is fundamental. In
the case of crossing energies, the picture is much more complicated; Fermanian-
Kammerer and Gérard [14] have recently constructed double scale Wigner transform
in order to analyze the so-called Landau-Zener effect.

Let us come back to our problem. In order to have an insight into this problem, we
can derive formally the limit model by analogy with the Born-Oppenheimer theory
[8] in molecular dynamics. For the mathematical analysis of the Born-Oppenheimer
approximation, we refer to [17, 25, 32, 33| and to the references therein. At the limit
e — 0, one expects that two physical effects occur: the adiabatic decoupling of the
subbands and the semiclassical transport within each subband [32, 33]. The adia-
batic decoupling states that at the leading order in € the subbands are transported
through decoupled equations. More precisely, denote by H® = —%Am — %62 + Ve



the Hamiltonian of the system, and by Hg,,, the following Hamiltonian:

Hpy = Z I He 1L,

p>1

Then we expect that the dynamics generated by these two operators are asymp-
totically close: in an operator norm, we have for stationary and smooth enough
potentials V|

_iTJE —1HE.
He iH t/E —e ? dzagt/E —)0 aS€—>O

In other words, the solution of (1.1) is close to the function

Zw;(tv Z, Z) = Z ¢;(t7 l’) X;(l’, 2)7

p>1 p>1

where 1 (t, z,-) € H; and solves

2
: € (3 € € & )
Z{‘:atwp = Hp(—EAmwp + €p ¢p)

The above equation can be written in terms of the ¢7’s under the following form:

. g2 £2 1 )

In a second step, we apply formally the semiclassical limit to this equation. Let us
form the Wigner transform of ¢::

e (o <t, x — 5Q> 5; <t, T+ 8%) dn.

fo(t,z,v) = (27r)_m/ 5

From [20, 21], it is clear that if the x; and € are smooth enough, this function f;
converges as € — 0 to a bounded measure f, which satisfies the Vlasov equation

Ofp+v-Vafy— Vi€ -V, f,=0. (1.5)

m

The transport on each subband is driven by —Vchg, where 62 is the eigen-energy of
the subband: the classical equations of motion on the p-th subband are

X=V, V=-Vv,e.

Remark that at the limit, the electron system is described by the following ” density

matrix”
Z fp(tv T, U)Xg(l" Z)Xg(l" 2/)‘
p

The aim of this paper is to justify these arguments for (given) time dependent po-
tentials V. The analysis of the partial semiclassical limit for (1.1) in the nonlinear
case, where V¢ solves the Poisson equation, will be the object of a future work. In
this nonlinear case, the limit model (1.4)—(1.5) coupled with the Poisson equation
was analyzed in [7].



2 Assumptions and main results

For each ¢ € [0, 1], the external potential V¢ is defined on R* x © and we have the
following assumption:

Assumption 2.1 For any T > 0, the function (e,t,z,2) — VE(t,x, 2) is nonnega-
tive and belongs to
C°([0,1], Gy ([0, T] x R™, L>(0,1))).

In this assumption and in the sequel of the paper, C} denotes the space C' N W,
Then it is clear that the time-dependent Hamiltonian H = —% = %83 + Ve
is nonnegative and self-adjoint on its domain D(H) = H?*(Q) N HJ(2). Moreover
the subbands are well-defined by (1.4) and the eigen-elements of —% 9? + V¢ have
the same regularity as V' with respect to (¢,t,7): the function (,¢,z) — € (t, )
belongs to C°([0, 1], C4 ([0, T] x R™)) and the function (e, t,z, z) — x5(t, , z) belongs
to C°([0,1], CL([0,T] x R™, H%*(0,1))), for any T > 0. This result comes from the
perturbation theory of linear operators (see for instance [19, 30]).
Now we state the assumption on the initial wavefunction:

Assumption 2.2 The Cauchy data ¥5 belongs to H}(Q) and satisfies:

// (|07 + 2| Vo5 ? + 0.47)) dedz < C,
Q

independently of c.

Under the two Assumptions 2.1 and 2.2, the Schrodinger equation (1.1)—(1.3) admits
a unique weak solution

U € CORL, HY(Q)) N O (Ry, HH(Q)

(see for instance [28, 30]). Moreover, since 9;V ¢ is bounded independently of ¢ in
L (R4, L™®(12)), the energy estimate is propagated:

vt >0 //Q ([0°(®)]? + |V (O)]* + 0.0° (1)) dodz < C(2), (2.1)

where C(t) is a continuous function of ¢, independent of ¢ (for details, see further the
proof of Lemma A.1 in the Appendix). Let us define the particle charge and current
densities by

na(tv‘%z) = |77/)6(t,:L‘,Z)|2 ; j;(tvxvz) = EIm<EVx¢E) (2'2>

as well as the surface charge and surface current densities by

1 1 o
ni(t,x):/o n®(t,x,z)dz j;s(t,x,z):/o e Im (V%) dz. (2.3)



The motivation of this paper is the study of the limit ¢ — 0 of these macroscopic
quantities. The result is naturally expressed by means of the partial Wigner trans-
form in the x variable. For any function ¢ € S'(R™, L*(0, 1)), we define

We(p)(x,v,2,2") = (27)™™ /m e (x - 5%, z) %) (x + 5%, Z’) dn. (2.4)

With an obvious abuse of notation, we will denote the Wigner transform of ¢ by

We (o) (t, x,v, z,2').

Theorem 2.3 Suppose that Assumptions 2.1 and 2.2 are satisfied. Then, for a
subsequence still indezed by €, we have the following results at the semiclassical limat
e —0:

(i) For any p € N*, the Wigner transform We(II:¢)7) of the projection on the p-th
subband of the initial data converges in S'(R2" LQ(O 1) x L?*(0,1)) to

x,v?

Jor(t,,v) x,(0, 2, 2)x,(0,2,2") € Mb(R2m L*(0,1) x L*(0,1)).

T,V

(i) The Wigner transform We(y°) of the solution of (1.1)—(1.3) converges in the
L>®(Ry, S'(R27%, L*(0,1) x L*(0,1))) weak * topology to

x,v?

D ot 0) xp(t, 2, 2)xp(t, 2, 2') € CORy, My(RZT, LA(0, 1) x L*(0, 1)),

p>1

where f, > 0 solves

Oify+ v Vafy — Vi€ Vof, =0 (2.5)
fp(o,l',U> = fp,[(xav)' (26)

(iii) For every T > 0, the charge density and the current density defined by (2.2)
converge in the L=((0,T), My(R™, L'(0,1) — weak)) weak * topology to:

n(t, z, 2) 3 (/ ot z, v)dv> o (t, 2, 2)[%,

and

Gt 2) =) (/Rm vfy(t, 2, 0) dv) (L, 2, 2)]2.

p>1

(iv) The surface charge and current densities defined by (2. 3) converge locally uni-
formly on Ry in the My(R}*) weak * topology to ns = fo 2)dz and j,s =
fo Ju(+, 2) dz, which satisfy

Oms +divy jz s = 0.

In this theorem, as well as in the sequel of the paper, for ¢ = 0 we use the notations
€,, Xp and I, instead of 62, Xg and Hg. Moreover, if E is a Banach space, §'(R™, F)
denotes the space of F-valued tempered distributions and M,(R™, E) is the space
of F-valued bounded measures.



The analysis of this problem can be put in the general framework of semiclassical
limits of a Schrodinger equation with H-valued wavefunctions, where H is a Hilbert
space. Section 3 is devoted to the presentation of the general framework and to the
description of the required hypotheses. In Section 4, we define Wigner measures of
‘H-valued density matrices and we state their properties. We show that the known
results on matrix-valued Wigner functions extend to our case. These properties,
combined to the a priori bounds derived in Section 3, allow to pass to the limit
e — 0. The approach that we adopted follows closely the one found in [16] and [4].
The convergence results are obtained in Section 5 and are given in Theorems 5.2.
Theorem 2.3 is then shown to be a consequence of this theorem. In Section 6, we
give an extension to this problem by treating the case of a slab with a varying width.

3 The general framework

Let H be a separable complex Hilbert space equipped with its inner product (-, )y

and the associated norm || - ||, We consider the following initial value problem:
2
i) = —EAmwa + A%Y*° (3.1)
¥*(0,2) = ¥j(z), (z € R™) (3-2)

where the unknown ¢°(¢, ) is an H-valued function on Ry x R™ and A°(¢, z) is an
unbounded operator on H. We first make some hypotheses on the operator A® and

on )°.

Assumption 3.1 Forall (e,t,z) € [0, 1] xRy xR™, A%(t, x) is a densely defined self-
adjoint unbounded operator, whose domain D(A) is independent of (e,t,x). Moreover
we have

V(e t,z), Vo €D(A), (At 2)p,0)n > llell3

Remark that —up to a multiplication of ¢ by a phase factor €%/ in (3.1)— the
last assumption is equivalent to saying that A® is bounded from below with a lower
bound independent of (e, t,x).

Assumption 3.2 For any given (g,t,z) € [0,1] x Ry x R™, the operator A®(t,x)
has a compact resolvent.

Denote by
1 <€t r) <€(tr) <. <€(tr) <€, (tr) <.,

the sequence of its eigenvalues counted with their multiplicities, by H;(,z) the
corresponding eigenspaces and by II7 the orthogonal projectors on these eigenspaces.
For ¢ = 0, we shall use the notation II,, €, instead of Hg and Eg. Recall that the
II; are self-adjoint. We define their derivatives d;II; and V,II7 by the following
commutators:

OIL = [0, 1] 5 V,IT = [V, T,



Assumption 3.3 For any p € N* and for any T > 0, the functions (e,t,x)
€ (t,z) and (g,t,z) — TI5(t, ), as well as their derivatives with respect to t and
x are continuously bounded functions of (e,t,x) € [0,1] x [0,T] x R™, respectively
valued in R and L(H).

Let us now assume the existence of a solution to (3.1)—(3.2) in an adequate energy
space. Denoting by X4 the completion of D(A) in H with respect to the following
norm (dependent on t and z):

= (A5t )p(@), o(2))5),

the “energy space” is then
H) = H'(R™, H) N L*(R™, X4).

For p € HY, we set

&) = [ @l do+2 [ Vel dot [ (4o a)nds

Assumption 3.4 For any € > 0 the initial value problem (3.1)—(3.2) admits a weak
solution

iﬁs S CO(RJH H}X) A Cl(RJra Hil(Rma H)) N Cl(RJra Lz(Rma X,/4))
Moreover there exists a continuous function C(t) independent of € such that
vVt >0 E(W(t, ) < C(1). (3.3)

We shall not consider here the minimal hypotheses on A® which imply that this
Assumption 3.4 is satisfied. Nevertheless, we remark that if the first part of the
assumption is satisfied (the existence of ©¢), and if in addition we have

Vo e D(A) (A"t x)@, 0)n| < CL{t)(A°(L, 2)p, 0)n

where C(t) is a locally bounded function of time, then the second part (3.3) of the
assumption can be deduced.

Let us now derive the equation satisfied by the projection of ©)° on the eigenspaces
of A°. We denote ¢, ; = II7¢7 and state a last assumption:

Assumption 3.5 We assume that

1
p—-+oo mé%fm € (t, )

locally uniformly with respect to (e,t) € [0,1] x R,..



Lemma 3.6 Under Assumptions 3.1-3.4, ¢, = I[LY° satisfies
1/}157 € CO(RJH Hl(Rma H)) N CO(RJM Lz(Rma D(A)) M Cl(RJra Lz(Rma H)) (34>
and solves in the distribution sense

82

Up(0,2) = ¥y (), (z € R™) (3.6)

where the remainder writes

2 2

Ry =i (015) 07 + 5 (VLIE) - (V) + S dive (ValT5) 7).

If in addition Assumption 3.5 holds true then i satisfies for any given T > 0

2 vt

I
o

lim sup sup
N—=+00 c¢(0,1] te[0,T]

(3.7)

L2(Rm,H)
Proof. To prove the first part of the lemma, we recall that by Assumption 3.3 the

following commutators

OIL = [0,1] 5 V,II = [V, 1T

belong to C°(R, x R™, L(H)). Moreover we remark that for any (¢, z) the operator
IT(t, x) maps ‘H to D(A) and can be prolonged into a bounded operator from D(A)’
to ‘H. Consequently
¢; € CO(R-H L2(Rm7 D(A))a
Vaty = IL(Vot®) + (VLIT)0° € CO(Ry, L*(R™, H))
and

Oy =TI (0,0°) + (OIL)v° € C°(Ry, L*(R™, H)).

This gives (3.4). Equation (3.5) can be obtained by a straightforward calculation
(one can check that all the terms in R make sense).

Next, the proof of (3.7) is immediate. Indeed, Assumption 3.4 insures that we
have for some constant C'r independent of ¢

/m (A%(t,x)yY(t,x), ¥°(t,x)), de < Op

for e € (0,1] and ¢ € [0,7]. Now we remark the left-hand side of this inequality is

nothing but
> [ gl

p>1



which can be bounded from below by

S int {650} [ i) s
po1VE e

Therefore, we have

: >t et} [ 1uga) e

>N Cr
2 vl < TRGEO) = {6 (00))
p=N L2(R™,H) yeR™ ’ yeER™ ’
and the lemma is proved thanks to Assumption 3.5. 0

4 Wigner transform

4.1 Definitions

In order to perform the semiclassical limit of the Schrodinger equation (3.1), we
need to construct density matrices on the Hilbert space H. This is a generalisation
of density matrices on L?(R™) defined for instance in [20]. For this purpose, we start
with a little algebra (see [18] or [30] for details).

We first construct the conjugate tensor product of H with itself, denoted by HH.
For ¢1 € H and ¢y € H, the simple tensor p1®py denotes the bilinear form which
acts on ‘H x H as follows:

V(1 92) EH XH  (p1@p2)(¥1,%2) = (¢1, V1) (92, Ya)n = (1, 1)1 (Y2, p2)n-

Next, we define £ as the set of linear combination of simple tensors. This vectorial
space is equipped with the inner product (-, )z, defined on simple tensors by

(P1®p2, ¢1®¢2)H@H = (1, V1)1 (02, Y2)n

and extended by linearity. Then the Hilbert space H®H is defined as the completion
of the space £ with respect to this inner product.

The tensor product H®H can be identified with the ideal Jo C L(H) of the
Hilbert-Schmidt operators on ‘H. Indeed, there exists an isometric isomorphism from
H®H onto J> such that the action of simple tensors on elements of H is defined as
follows:

V(p1,92) € H xH Vi eH (L1@p2)Y = 1 (¥, p2)n-

Thanks to this identification, to describe an element of H®H, we can employ the
operator language as well as the Hilbert framework. For instance, if P € £L(H) is a
bounded operator on ‘H, we have

Plp1®¢2) = (Po1)®@ps 5 (01002)P* = 01@(Pyps).

10



Let us introduce two other ideals of L(H): the subspace of compact operators on 'H,
denoted by Com(H), and the subspace of trace class operators, denoted by J;. We
recall that

J1 C Jo € Com(H) C L(H),

(Com(H))' =F, T =L(H),

(see [30]). In particular, for any . € L(H), the application p — tr (L p) is a linear
form on Ji; this defines the weak topology on J;. Remark also that

V(e p2) EH XH  tr(pi®p2) = (1, 2)n.

As in [20], we are interested by a particular class of operators: the density matrices
on H. These are the nonnegative trace class Hermitian operators on H. Let p be
such an operator. Generically, a density matrix takes the form

p= Z Ap €pR€p,

peEN*

where (e,)pen+ is a Hilbertian basis of H and (\,)yen+ is a sequence of real numbers
satisfying
Vpe N* )\, >0, trp:Z)\p<—|—oo.

peN*

In analogy with [16, 20], we now introduce the tool which will enable to derive the
semiclassical limit of (3.1): the Wigner transform. Let ¢;(z) and pq(z) be two H-
valued distributions which belong to € S'(R?”",’H). For € > 0, the Wigner transform
of 1 and 9 is the H-valued distribution on R} x R7* defined by

W1, 02)(w,0) = (27)™ / ¢ o1 (22 Bpa (2 + ) d

2

m

This defines a continuous sesquilinear mapping from S’(R7”,'H) x S'(RI,H) to
S'(R™ x R™ HEH).

Example 4.1 To illustrate this, the standard example is H = L?*(RP C). Then
HRH can be identified with L*(RP x RP) thanks to (01@¢2)(z,2") = 01(2) @2(2).
Let 1(x, 2), po(z,2) be in € S (R™, L2 (RP)). We have

WE(SOM 902)(1.7/07 2, Z/) = (27T>m/ eiﬂ'v ®1 <33' - gﬂa Z) @2 <3§' + gﬂa Zl) d77 (41>

2 2

m

4.2 General properties of the Wigner transform

In this section, we adapt some results on the Wigner transforms which can be found
in [16] and [20]. We introduce the vector space of H&H-valued test functions:

Ay = {<P € C(RY' X RT,H@H)/(E@)@W) € Ll(an,Cg(Rg,H@H))}

11



(C? denotes the space of compactly supported functions). When equipped with the
norm

H‘Fv(p”LHR;,",(C%R;",H@H)) ’

Ay is a separable Banach space. We will show that if (1)) is a bounded sequence in
L*(R™,H), then (a subsequence of) the Wigner transform W¢ (¢, 1)¢) converges to
a nonnegative measure called Wigner measure.

Let us now define the equivalent of the macroscopic quantities introduced in
Section 2. Let ¢° € H'(R™,H). We associate to this wavefunction the density
matrix °(x)®y°(x’). Then we define a “density” and a “current” by

Ne(z) = ¢° (2)®¢°(z) JE(x):%

We have obviously N¢ € L'(R™, J;) and J¢ € (L*(R™, 71))™. In order to prove the
convergence of these macroscopic quantities, we will need two properties. The first
one says that the wavefunction ¢¢ is e-oscillatory [16):

(Vo™ (2)) @97 (x) — 9% (2) @V (2)] -

52/ V0|3, dx < C. (4.2)
]Rm

The second property is a compactness property:

There exists a sequence (P) ey of functions in CO([0, 1], x R™ Com(H)) such that

lim P =T in the £(H) weak * topology, locally uniformly w.r.t. x
A o 4.3
Tim Timsup [[ (1= B7) 95| 2 gm 5y = 0. 3

—0

Proposition 4.2 Let 1° be a bounded family of L*(R™,'H). Then we have
||VV€(77Z)E’we)HAg1 S ”QpEHi?(Rgp,H) .

After extraction of a subsequence, We (¢, ¢°) converges to W in A}, weak x. The
limit W° is a bounded measure with values in the space of nonnegative Hermitian
J1 operators and is called the Wigner measure associated to this subsequence of 1°.
Furthermore, if 1° satisfies (4.2) and (4.3) then we have

NE — / WO, v)dv  in My(R™, Jy — weak) weak * (4.4)
Rm

and
Jo = / vWO(,v)dv  in My(R™, Jy — weak) weak . (4.5)
Rm

Proof. This proposition is mostly a generalization of the results on the matrix

Wigner transform proved in [20] and [16]. The bound of W¢(¢°,¢°) in A}, can
be obtained by an immediate adaptation of [20, Proposition III.1]. In parallel the

12



bounds of ¥° and eV, imply that N° and J¢ are bounded in L*(R™, 7;). Hence
after extraction of sequences we have

We(S, %) = WO in A, weak x,
N =~ N° and J°—J° in Mu(R™ J,) weak *.
This means that

tr /m L(z) N¢(x) dx — tr /m L(z) N°(x) dx

for any function L in C?(R™, Com(H)) (and analogously for J¢). However, we shall
see in the proof of Theorem 2.3 at the end of Section 5, that we need to pass to the
limit for operators L which are in C?(R™, £(H)) which is the topology given in (4.4).

Let us first prove that W° belongs to M,(R™, ;). To this aim, we proceed like
in [20] and consider the Husimi transform of We:

We =We % G,

where
b eppye
(me)™
and the convolution is taken with respect to (z,v) € R*". The Husimi transform
has the following properties:

£

(1) We > 0 in the sense of operators on H;

(i1) // tr We da dv = HwEHLg(Rm

(23i) if U € Ay then U % G° converges to U in Ay as € — 0.

Properties (i) and (iz) imply that We is bounded in LY(R*™ 7,), hence a subsequence

converges in the ./\/lb(Ri”;, J1) weak * topology and this measure is nonnegative (in

the sense of operators on H). Property (iiz) implies that the subsequences of We
and ¢ have the same weak limit W©.

Let us now prove the convergence of N¢ in the sense of (4.4). The proof of
(4.5) can be done with the same argument and is skipped here. Consider a function
L(x) € CO(R™, L(H)) and let P (x) be a sequence such as in Property (4.3). We
are interested in the limit of tr [, L(z) N¢(x) dz. Since N* — N in M,(RD, 1)
weak * and since, as ¢ — 0, P converges to P2 locally uniformly on R™ in the £(H)
norm topology, we have for any n € N, as ¢ — 0,

tr /m P () L(z) N°(z) dz — tr / P (z) L(z) N°(z) dz.

m
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By (4.3), it is clear that the right-hand side converges to tr [, L(z) N°(z) dz as
n — 400 and that

lim Tim sup tr / (1 5 (0) L) 4 (20 ) = 0

n—o0 e—0

Hence
tr/ L(z) N*(x) dz — tr / L(z) N°(x) dx ase — 0
R R

and the convergence of N¢ holds in the M,(R™, J;-weak) weak * topology. Besides
we know that

v ) e M (4.6)

Weder = (2me)™™ <@Z)E®¢E( ) ) *o W
(in this expression~ denotes the Fourier transform). Choose a function ¢ € C°(R™),

0 < ¢ <1 with ¢(v) =1 in a neighbourhood of v = 0. From (4.2) and (4.6) we can
deduce that

Rm™

hm limsup tr // (1 —¢(v/R) )Wfdxdv—O
R— R2m

e—0

Therefore, as € — 0 and for any n, we have

tr //R P (2)L(2)We (2, v) do dv — tr //RMPO (2)W°(z,v) dz dv.

By using the identity

Wedo— Now, ©
/ U= (7T€)m/2

and by letting n — oo, we conclude that N® = [[WO(-,v) dv. 0

We now state three lemmas which will be useful further to pass to the limit in
the Wigner equation. The first one is given without proof and can be obtained by a
simple integration by parts:

Lemma 4.3 Let ¢, ¢ € S'(R™,’H). We have

% (WE(V:E% ) — We(p, in/J)) =10 We(p, ). (4.7)

Lemma 4.4 Let T > 0 and let ¢°(t,x),¥°(t,x) be two families in H indexed by
(e,t,z) € (0,1] x R™ x (0,T). We assume that ©°(t,-), ¥°(t,-) are bounded in
L2(R™, H) uniformly with respect tot € (0,T) and e € (0,1]. Let (e,t,z) — P*(t, x)
and (e,t,x) — Q°(t,x) be two continuous mappings from [0,1] x [0,T] x R™ with
values in L(H). Assume that

sup IP=(E, 2) |l 2wy + sup 1Q°(t, 2)ll ey < o0
(e,t,x)€[0,1]x[0,T] xR™ (e,t,x)€[0,1]x[0,T] xR™

14



Then we have
WE(IP)E (,DE, @sws) — P WE((,DE, @Z)E)(QE)* 0 ase—0
in A}, weak *, uniformly with respect to t on (0,T).

Proof. This proof is adapted from [20]. To simplify and without loss of generality,
we can assume that Q° = I. Consider a test-function © € S(R?* x R*, H&®H) such
that 7,0 € C°(R} x R}?, H®H). We can proceed by a density argument since the
set of such test-functions is densely embedded in A3 and, by Proposition 4.2, we
have

W@ o )y, <C. [PTWE(9%,9°) ||y, < C
For t € (0,7), let

RE(t) = (WP 9, 0°) @> LA T (P We(p%,4°) @>,4;1,,4H

e [[[ e ({#e D P e -} e+ <D,

- //RQm ({(]P’E(x — 5%) —P(x)) p°(x — sg)} Y (x + 83)7
,(fv@)(x,n))ﬁ(g?{ dx dn .

Hence

ol = ffL

Let K C R?™ be the compact support of F,0. Then we have

n
IP)E — = —]P)E H & m € m @ .
(x 52> (x) £ )HSO HLQ(R H) ”w HLQ(R H) ” HAH

[P - ) - Pe(a)|

-3,

X (Fo©) (,m) |39 dxdn.
(4.8)

V(e +ed)|

L(H)

R < swp |
(z,m)eK

Since P* depends continuously on (eg,¢, z), we deduce that R — 0 as € — 0 locally
uniformly with respect to t. 0

If the dependence of P*(¢,z) in the variable x is more regular, one can get an
expansion of We(Py® 1°) with respect to €. Once again, this result —given here
without proof-is directly adapted from [16] or [20] where it is stated in the stationary
case for scalar or matrix Wigner functions:

Lemma 4.5 Let ¢°, 1 be as in Lemma 4.4 and let P*(t,x) be an L(H)-valued
function. We assume that P and VP are continuous and bounded functions of the
variables (e,t,x) € [0,1] x [0, T] x R™ to L(H). Then, we have the following Anszits

WE(P® o, %) = PEWe (¢, %) + %5 VPV, W%, %) + e, (4.9)
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W, P2 %) = W2 09) () — 5 e VulWe(o%, ) - (VuP)" evs, (410)

where 5 — 0 and r5 — 0 in S'(R*", HRH) weak * uniformly with respect to t €
(0,T) as € goes to 0.

5 The Limit ¢ — 0

Let 1° be the solution of the Schrédinger equation (3.1)-(3.2) given by Assumption
3.4. By (3.3), it is clear that for all ¢ > 0, ¢(t, ) is a bounded family in L?*(R™, H),
which satisfies (4.2). Moreover, by setting

P, =) 1T,

p<n

and by applying (3.7) and Assumption 3.3, we deduce that the second condition
(4.3) is satisfied locally uniformly in time. Consequently, Proposition 4.2 applies; in
particular a subsequence of W¢(1)°, 1°) converges to W9 in L>°(R,, A},) weak *. Let
us define the Wigner functions

W5, = WIS (), TI5(0°)) = W (s, 05)

(for notational simplicity, we have dropped the (¢, ) dependence of II; and 7). For
p = ¢, we will simply denote W; = Wy . A simple algebra starting from (3.5) shows
that Wy  satisfies

€ Z &€ €,/ € = € €,/,€
W5 = Tz (W (€50 1g) — WE( p’eqwq))
1€
FWE((OIL) 07, ) + We(y, (1) ¢°)
26 (3 (3 1> 1> 26 € € 3 1>
_§W ([Aﬂhﬂp]w 7wq> + §W ( p? [ACIHHq]w )
Thanks to Lemma 4.3, we can simplify the second line of this equation:
26 € € € € € € &€
7 (WH(A5, 1) = WH(U5, Andf)) = —v- VW, (5.2)

Moreover, straightforward calculations enable to write the last line of (5.1) in a more
handy way:

Ze (3 (3 € € Ze (3 € € € € : I3
W ([Az,np]w ,¢q> W ( ° 1AL TE Y > = S +div, T%, (5.3)
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with
5= g (VI v ) - g (V). (7.0
—%WE ((V:vH;> - (eVYF), H;w) + %WE (H;wi (V.IL) - (f-:sz/f)) ,
Te = —%EWE ((vxng)w,n;w) + %’:Wa (H;z/ﬁ, (vzng)w) .
Lemma 5.1 Let p # q. Then we have
We, =0 inD'(Ry x R*, HQ®H) ase — 0.

Proof. Consider a test function § € C°(R, x R*™ H®H). We choose T' > 0 such
that 6(¢,-) = 0 for t > T. By using (5.1), (5.2) and (5.3) we get

/// ({We(ews, is) — We(s, €545) ), 0) Sp—
R2m+1
= —15/// W5, (00 +v- V@)) 5, dxdvdl
Ram+ (5.4)
— i /// (R°+ 5%, 0) gy de dvdt
R2m+1
R2m+1

where S€ and T° are given above and
R = WH((OIL)v", vy) + We(dy, (OI1)Yr) .

By Assumption 3.3, €; depends continuously on (e,t,r) and is bounded on [0, 1] x
[0, T] x R™. Moreover, 1¢(t,-) is bounded in L*(R™,H) uniformly with respect to
(e,t) (Assumption 3.4). Consequently, Lemma 4.4 implies

///RMH({WE(E; 5 5) = WEW, €005) } 1 0) 5y, dir dudt

(5.5)
—/// (€, —€)(W; .0 ygndrdvdt — 0 ase— 0.
R2m+1

Let us now treat the right-hand side of (5.4). Thanks to the uniform L*(R™,H)
bound on ¢*° and to Proposition 4.2, W} is bounded in L*°((0,7), A%,), uniformly
with respect to . Therefore

_25///Rl+2m o (00 +v -V 9))H®H dedvdt — 0 ase— 0. (5.6)

On the other hand, the regularity of IT7, O;I17 and V,II; in €, t and z and their uni-
form boundedness, as well as the boundedness of 1¢ and eV 2 in L>°((0,T), L*(R™, H))

imply:
R and S°¢ are bounded in L>((0,T),.A%,),
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T* is bounded in L*=((0,T), A3,)™.

Consequently, we have

T
5/ // ((R°+ S, 0)1mm — (T°, Vo) grym) dtdzdv  — 0 ase — 0.
0 R2m
(5.7)
Finally from (5.4), (5.5), (5.6) and (5.7) we deduce
(€ —€)W;, —0 inD'((0,T) x R*™ HIH).

By using the regularity of € and € with respect to ¢ € [0, 1] and (€,—€,)(p—q) > 0,
we get the result. 0

Since the Cauchy data 1% is bounded in L?(R™,H), by Proposition 4.2 and after
extraction of a subsequence, we have

We@g,v) = W) ase—0

in A}, weak x. Let W) = II, WPIL,. We recall the definitions of the macroscopic
quantities:

NE =y By 5 JF = (Ve B — 7B(Var)].

The main result of this Section is the

Theorem 5.2 Let ¢°, W7, WI?’I, N¢e, J¢ be defined as above and let () denote a
sequence tending to zero. Then, up to a diagonal extraction, we have the following
convergence results for e — 0:

(i) W5 converges, for every p € N* and locally uniformly on Ry in the Ay, weak *
topology to W) € CO(Ry, My(R*™, J1)), which is nonnegative (in the sense of oper-

ators) and solves

oW +v -V, WY = V,€,- V, W2 = (9,IL,) WL, + IL,IWI(9,11,)

(5.8)
+ v (VAW + v - IL,WE(V,1I1,)
W20, 2,v) = W) (z,v). (5.9)
(i1) We(¢°,4°) converges in the L>°(R., A},) weak * topology to
Wo=>"W € C'Ry, My(R™, 7)) (5.10)

peN*

and we have

VpeN* W) =1I,W'IL,

18



(iii) For all T > 0, N° and J° converge in the L>((0,T), My(R™, J; — weak))
weak * topology respectively to

NO:Z/ Wpodv and JO:Z/ legdv, (5.11)

peEN* pEN*

which belong to C°([0,T], My(R™, TJ1)).

(iv) The surface density nS = tr N° and the surface current density jS = trJ®
converge locally uniformly on Ry in the My(R™) weak * topology respectively to
n? = tr N° and j° = tr J°, which satisfy the equation:

om? + div, j° = 0. (5.12)

Remark 5.3 Taking into account the identity Wz? = HpWI())Hp, the Vlasov equation
(5.8) can be rewritten

I, [O,W,) +v -V, W) — V,€, - V,WJ] I, = 0. (5.13)
Moreover, by taking the trace of (5.8), we deduce that f19 =tr WI? solves
) +v-Vaf) — V€, Vo f) =0, (5.14)

fg(O,x,v) = tr ng(x,v). (5.15)

Proof. We start with the second item of the theorem. As we remarked at the
beginning of this section, by Assumption 3.4 and Proposition 4.2, W¢(1°,1¢) con-
verges, up to the extraction of a subsequence, towards a Wigner measure W9 in
L>((0,T),.A},) weak *. Moreover,

IEW* (%, °)IIE — IL,WOI, in L=((0,T), A},) weak .

For that, it suffices to remark that if ¢ € L'((0,T), Ay) then II¢ converges strongly
to II,p as ¢ — 0. Then, applying Lemma 4.4 once again, we obtain the following
convergence:

We, = ILWOI, in L®((0,T), Aj,) weak *,
and Lemma 5.1 yields:

for p # ¢ we have IL,W°II, = 0. (5.16)

It is important to remark that by construction of the Hilbert tensor product HQ®H
we have

wo =Y "1,wn, (5.17)
p.a
which leads finally to

W= "T,W,.

peEN*
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Since WI? = II,WPII,, is the limit of WW¢( °,15), we also deduce from Proposition 4.2
that WIS] is nonnegative.

Consider now the right-hand side of the Wigner equation (5.1) and let us perform
the limit ¢ — 0 in the case ¢ = p. In the sequel of the proof, T" is a given positive
real number. For the first line of (5.1), Lemma 4.5 with P*(¢, ) = €;(¢, )1 yields

Z’ 3 €,/,€ g 3 € € ,/,€
_g (W (ep pﬂpp) -W ( p? epwp» - VCEEP ’ VUW19
in L>((0,T),S'(R*"; HR®H)) weak x. By (5.2), the second line of (5.1) converges to
—v - VmWIS] in the same topology. The third line of (5.1) can be treated thanks to

Lemma 4.4, by using the boundedness of ¢ in L>=(R, L?>(R™,’H)) and the continuity
and boundedness of the operator g;II;. More precisely, we have

WO )0, ) + W (4, (A1) 47) =
(IR )W* (4, )L, + TEWS (47, %) AT, + g,

where both sides are bounded in L*>°((0,T'), .A%,) and r§ tends to 0 uniformly on [0, 7]
in A}, weak *. Next, using the same argument as above, we have

(BT W* (4, )T, — (H,TL,)WPIL, = (AIL,) W1,

in L>((0,7),A%) weak *, which implies the convergence of the third line of (5.1)
towards
(OI1,) WL, + I1L,W 9,11,

in L>((0,7), A%,) weak *. In order to study the limit of the fourth line of (5.1), we
first recall that it can be rewritten under the form S¢ + div, 7° (see (5.3)). Using
the same arguments as above, S¢ and 7% /e are bounded in L>((0,7").4%) and we
have

& Z (3 (3 &€ € (3 13 13 (3
/l: (3 (3 € € (3 € € (3 )
3T (W (4, 2V.0°) = WV, 49)) - VIl + 1,
where r{ tends to 0 in A}, weak * uniformly on [0,7]. This expression can be
simplified thanks to Lemma 4.3:

S¢ = (VIL)We (%, )L, + v - ILWE(¢°,¢°)V,IL, + 5.
We deduce as above that S¢ converges to
v+ (VL IL) WL, + v - TL,W)V,IL, (5.18)

in L>((0,7),.A},) weak *. Finally, since 7° tends to 0, the fourth line of (5.1)
converges to (5.18) in L>((0,7T), S (R*", HR®H)) weak *.
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From this analysis, we deduce two facts. Firstly, by passing to the limit in (5.1),
that W) verifies (5.8) in the sense of distributions S'((0,T') x R*™, H®H). Secondly,
that 9,7 is bounded in L*((0,T),S'(R*", H&H)). Hence W is equicontinuous in
t with values in §" and converges locally uniformly with respect to ¢. This proves
the first item of the theorem and (5.9).

To infer the continuity in time of W? stated in (5.10) it suffices now to remark
that Lemma 3.6 and Proposition 4.2 imply the uniform convergence of the series

S Wr o e C([0,7], Ap).

pEN*

The third part of the theorem is an immediate consequence of Proposition 4.2, of
(5.10) and of the uniform convergence of the series. Indeed, we have already checked
at the beginning of this Section that Properties (4.2) and (4.3) are satisfied.

Then the first part of Item (iv) is immediate, since by the J!'-weak convergence
of N¢ and J¢ we have

nt=trN° —=nd=tr N ; jE=trJ®— ;0 =trJ"

To prove (5.12), it suffices to take (5.14), to integrate with respect to v on R™ then
to sum on p. 0

The following Corollary provides an explicit way to compute I/Vp0 in the case of
simple eigenvalues:

Corollary 5.4 Assume that the eigenvalue €, is simple. Let x,(t,x) be the corre-
sponding unitary eigenfunction. Then

Wg(t,x,v) = fo(t, 2, v)x,(t, ) @x, (¢, z) (5.19)
where f, solves the Vlasov equation
Orfp+v-Vafp = Va€y - Vo fp =0 (5.20)
with the initial condition
Fo(0, 2, 0) = tr [y (x,0)].

Proof. The proof of this corollary is immediate. Defining f, by f, = tr I/Vp0 , since
WIS] = II,W°II,, we have directly (5.19). Then we apply Remark 5.3 to get (5.20).
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Application : Proof of Theorem 2.3.

Setting
1
H:L2(071> ) AE:—§83+VE ; D(A) :H2(071>7

we have seen in the beginning of Section 2 that Assumption 2.1 implies that As-
sumptions 3.1, 3.2 and 3.3 are satisfied. Moreover, the L>((0,1) x (0,7") x ) bound
of V¢ implies

72
€, — 5
uniformly for (e,¢,2) € (0,1) x (0,7) x R™, thus Assumption 3.5 is satisfied. Next,
Assumption 2.2 implies that Assumption 3.4 is satisfied: the assumptions of the
general framework are fulfilled and Theorem 5.2 applies, as well as its Corollary 5.4
(indeed, the eigenvalues €, are simple). Then it is immediate to deduce Item (), (it)
and (iv) of Theorem 2.3. It remains to prove Item (%ii). We will only prove the result
concerning the charge density n®; this proof can be easily adapted for the current
density j°. Recall that

<C,

Ne(t @, 2,2") = (b, o, 2)0" (tx, 2) 3 nf(t,x,2) = [05(t z, 2) %
By (5.11) and (5.19) we have
NO(t,m,v, 2, 7) = Z (/ fp(t,z,v) dv) Xo(t, , 2 xp (¢, 2, 2).
pEN* Rm™

Consider a function 8 € L'((0,7T),C%(R™, L>=(0,1))). Pointwise in ¢ and =z, the
multiplication by this function that we shall denote by ©, is a bounded operator on
L?*(0,1) (but not compact). Hence by Theorem 5.2, (4ii), we have as € — 0

T T
/ / tr (ON°®) dz dt — / / tr (ON°) dx dt.
o Jrm o Jrm

tr(@(t,x,~)N5(t,x,~,~)):/0 Ot 2. 2) n*(t, 2, 2) d

Remark that

and

tr (O(t,x, )N°(t,z,-,")) = fo(t,z,0) 0(t, 2, 2)|x,|* (¢, 7, 2)dv d=.

Rm™

By an identification, we deduce that n® converges to ([g. fp(-,v) dv)|x,|* in the
L>((0,T), My(R™, L'(0,1) — weak)) weak x topology.
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6 Extension: slab with a varying width

In this section we analyze the limit of the Schrédinger equation (1.1)-(1.2) in the
case when the domain is a slab of varying width:

Q={(z,2): zeR" Ii(z)<z<lx)},

where [, and [, are two C? functions such that

| 1 .
Hli”w2,oo(Rm) S Cl (Z = 1, 2) ; U < lz( ) — ll(l') S Cl (.Z' I~ R ), (61)
1

(4 > 0 being a constant. The hard-wall boundary condition (1.3) becomes

VE(t,x, i (x)) = °(t, z, la(x)) = 0. (6.2)

The general results developed in Section 3-5 cannot be applied directly here since
the Hilbert space L?(l1(x),l2(x)) depends on the x variable. This is the reason why
we shall perform a change of variable (t,z,z) — ({f\, Z,Z2) to transform the domain
Q into the reference domain Q = {(z,z) € R™ x (0,1)}. As a consequence, the
Hamiltonian —%Am — 192 4+ V= will be transformed into an operator which does not
take the form of (3.1). Nevertheless, we shall see that the additional terms can be
treated with only little modification and we will prove the equivalent of Theorem
2.3, under the following stronger assumptions:

Assumption 6.1 The function (e,t,z,2) — VEe(t,z, 2) is nonnegative and belongs
to

C°([0,1], CY (R, x R™, L*>(0,1))) N C°([0, 1], W}

loc

SRy, WHE(Q)).

Assumption 6.2 For every integer n,q verifying 0 < p+ q < 2, the Cauchy data
V] satisfies
/ |(eV)P (0,)1¢5|* dedz < C, (6.3)

with a constant C' independent of ¢.

Let us now write the main result of this Section. The subbands of the system are
still defined by

1
—5 83)(; +V 6)(; = 5; Xfw
(6.4)

l2(x)
otz ) € Hi(l (), 1o(2)), / X = 0

Since the domain {2 is not invariant with respect to x, the partial Wigner transform
defined in (2.4) cannot be applied to ¢°. Instead, we consider the coefficients of the
wavefunction on the subbands by writing

VE(t,x, 2) = Zgbatxxp(txz)

p>1
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and we apply to these coefficients the standard Wigner transform in dimension m:

e (o <t, x — 5Q> 5; <t, x + 5%) dn.

fo(t @, v) = (2m)" / :

Denoting f; ; = f5(0,7,v), we have the

Theorem 6.3 If Assumptions 6.1 and 6.2 are satisfied and if (6.1) is fulfilled, then,
for a subsequence still indexed by €, we have the following convergence as € — 0:

(i) For any p € N*, f7; converges in S'(R27%) to fpr € My(R37).

(ii) For any p € N*, f5 converges locally uniformly in the S’(Rifﬁ) weak * topology
to f, > 0 which solves

Ofp+v-Vufy —V.€,-V,f, =0 (6.5)

fp(oaxav> = fp,l(xav)- (66)

(iii) For every T > 0, the charge density n° and the current density jS defined by
(2.2) converge in the L*>((0,T), My(RZ)) weak * topology to:

nite.) = 3 ([, fltm0)@) botr P

and

it ) = X ([ opitado) ytea o

p>1

(iv) The surface charge and current densities defined by
l2(z) l2(x) .
ni(t,x) = / n(t,x,z)dz 5 jg(t,w z) = / e Im (YeV %) dz.
li(z) li(z)

converge locally uniformly on Ry in the My(R”) weak x topology to ns = fllf n(-, z)dz
and jys = j;lf Je (v, 2) dz, which satisfy

Oms +divy jz s = 0.

Proof. As announced above, we perform a change of variable, setting

t =t (t € R)
r =z (x € R™)

o (6.7)
s o= 27h@ @), b)),

lg(l‘) — ll (l’)

We denote
dz) =10L(@) - L) ; Z(Z,2)=4L(Z)+d@)z,
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so that z = Z(7,%). Then, denoting
(L, 7, 2) = (¢, x, 2), e (t,2,2) = nc(t, z, 2), Ve, 7,%) = Vo(t, z, 2),

a straightforward but lengthy computation leads to the following Schrodinger equa-
tion in (¢,7,2) € Ry x R™ x (0,1):
2

ie0° = _%AE& + ATYF + 2div 2(RYF) + e2R¥Y° (6.8)

V(4 7,0) = ¢5(4,T,1) = 0, (6.9)

where A°, R', R? are the linear operators indexed by x and acting on the variable
z € (0,1) defined by

AS(t 2y = _%a% (af(x,z)‘g—f) + Vet 2, 2)0, (6.10)
RY(z) = d(l )?ﬁ V.Z(z,2), (6.11)
R¥(a)y = 5(%2)2—15 (6.12)
and )
of(z,2) = 200) 1+ %V, Z(z,2)], (6.13)

Then, showing that n® converges towards

>

p

fp(t,z,v) dv} Ixp(t, @, 2)]?

Rm

is equivalent to showing that n° converges to
AE77) = { 02,0 0} 1 65,202 )

Let ( » Xp) be the eigenvalues and the unitary eigenfunctions of the operator A°
given by Formula (6.10) with ¢ = 0. Then it is readily seen that

61.7) = €(t,2) 3 Xp(07.2) = V@) x, (17, 2(2,2))
which implies that the limit of n® is

ﬁ(ﬁﬁczazz{ [ B2

p
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Denoting by fg(tA, Z,0) = f,(t,%,0)/d(Z), we can write
i = { [ ReEzna}iGeoe
p m
Consequently showing that f, solves (6.5) is equivalent to showing that ]?19 solves

Vad
- . (6.15)

at}.;)—'—i}\' v‘fi“?})) _vf/ép.vaj/[;) = —6.

From this analysis, it appears that we only have to prove that the additional terms
induced by R' and R? lead to the second-hand side —v - Y2¢ fy at the limit ¢ — 0.
Then Theorem 2.3 will be deduced from Theorem 5.2 and Corollary 5.4, where the
Vlasov equation (5.20) is replaced by (6.15).

Since Assumption 2.2 is weaker than Assumption 6.2, the estimate (2.1) holds
true. Besides, due to (6.1), the change of variable (t,z,z) — (t,%,2) is a C?-
diffeomorphism and belongs to W2, Next we deduce:

J (W @F + V0@ + o0 @) de iz < .

From now on and for notational simplicity, we drop the ~’s and denote the new
variables as the original ones. Denoting H = L?(0, 1), the wavefunction ¢°(¢,z) is
an H-valued function on R, x R™, solving

2
ied° = —%Amwf AR 4 2div, (RWF) + 2 R2yF (6.16)
Vv (x,0) = ¢i(x), = €R™ (6.17)
The operators A° and R? are unbounded operators on H while R! is an unbounded
operator from H on H X H. The domain of A® is D(A®) = H*(0,1) N H}(0,1) and

Assumptions 3.1-3.5 are all satisfied. Moreover the operators R! and R? satisfy the
uniform in € estimate

/Rm RS (t, 2)||2, do < / (A=yF, yf ) dz < O(). (6.18)

Rm

The projection of the Schrodinger equation on the p-th subband yields the following
equation: if ¥° is a solution of (6.16) then ¢y = I17¢) is solution of

2

€ € £
5 [Am Hp} (4

+1L (ediv, (R')°) + e R*y°), (6.19)

2
. € € € €,/€ . € €
1€ aﬂl}p = —E Am/I?Z)p + Epd)p + 1€ (8th) @Z) +
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which leads to the following identity satisfied by the Wigner transform W; =
We iy, vg):
€ Z € €./, 1> € 1> €,/,€
W5 = T (W (€55 ¥g) = WE(¥y, €q¢q))
26 € € € € 1> € € = € 1> € 1> € 1>
+§ (W (Amwzﬂwq) - W ( p’ Aqu)) + W ((atnp)w ’¢q) + W ( p’ (8th)77Z) )
/1/8 (= = € € /1/8 (= 1> € €
_EW ([Aa}a Hp]w 7%) + EW ( D [Ama Hq]w )
—i (WE(H;(EdiVx (RY%)°) + e R*F), V) — We(us, ITE (ediv, (RY) + €R2w€))) .
(6.20)
Since by (6.18) R%*Y* is bounded in L*(R™,'H), we have
lim W (I (e B24°), 05) = lim W* (45, T (e B24°)) = 0.
Therefore, the only additional term which has to be analyzed is
By, = —i (We(IL (ediv, (R')%)),v5) — We(, ITE (ediv, (R'Y7)))) .
This term can be rewritten thanks to (4.7):
By, = —i(W(edivy (T R'WS), vg) — Wo(yy, ediv, (IR'YF)))
+i (WH(e(VLITL) - (R'WF), 4g) — Wo(¢y, e(VLIT) - (R'49)))

By (6.18) the terms appearing in the second line of the above identity tend to zero
as € tends to zero in LiS (R, A}, ), while the first line can be rewritten

loc
C;q = -t (WE(H;leev 5Vz¢§) - We(gvxw;, H;RI@Z)E))
+2v - WE(IL R, ) + 20 - Wo (5, T R'Y)°). (6.21)

Since for every fixed p,q, C<_ is bounded in L2 (R, S (R*™, HQ®H)), it is readily

p.q loc
seen from the proof of Lemma 5.1 that

limW; =0 ;if p#q.

e—0

For p = ¢, we note that the final Vlasov equation now reads

IL, (O,W,) + v -V, W) = V,€,-V,W)) I, = lim C¢ (6.22)

ep PP

Now it remains to determine the limit of C’;’p. For that we shall make use of the
following identity:

Vod .
1L (6.23)

which can be proven easily from the following computation
e plyTe _ e pl. e e e
LRI ¢ = (/XpR Xpdz) (/ngbdz) Xp
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and from

o V.Z 0N, 1 [V.Z D . V,d
/XpRlxde:/ o—2Ldz = —/ —|Xp|2dz: ———

d P oz 2 d 0z

where we have taken into account the fact that x,, is real-valued.
Consider (6.21) with p = ¢. We immediately get

ce, = —i (WE(IIER"F, elI5V,ITEyF) — We (el V, 150, T R F) )
+2v - WL R, 45) + 20 - We(45, I R')%) + o(1).

Let us analyze the first term of the right-hand side of this identity. Applying Lemma
4.4 with P* = H;R1 (this can be done although H;Rl is an unbounded operator,
since 1)° lies uniformly in the domain of this operator), we have

—iWe(IL R, eIV, Il y") = —illo R' We(¢°, eV, I )L + o(1)
= —ilIER' We(eV, 4, ¢9)IIE
—2v - IER'W* (4%, ¥o)II + o(1).
Similarly for the other terms we have
W (Il V1T Y T RYF) = I We(e V05, 7)) (IIERY)* + o(1)
and

20 - WE(H;leE, Uy) + 20 - We(s, H;les)
_ e pPlyy/e(, )€ E\TTE ETATE (2, 5 € ply*
— 20 TR WA (4, 5)TI, + 20 - IEWS (45, o) (ILRY) + o(1).
Hence, summing up these identities, it follows
Cp, =20 - IEW* (¢, ) (I RY)* + 15 + o(1),
where
re = —ill; R' W (e V0%, 5T + ill; We(eV, 40, ¢°) (I RY)*.
Since W# (15, 4°) = ILWS TIZ 4 o(1), we deduce from (6.23) that

p " pptp
€ Vﬁd € €
Cpp=—0" y W, + 1, +o(1).
The only thing left to show now is that for all p € N* we have r; = o(1). This is
given by Lemma A.3 in the Appendix. O

Remark. Since R! is vector-valued, the above computations need some clarifica-
tions. Terms like WE(H;leE, ell; V,II74%) have to be understood in the following
way:

let 2= (z1,...,2m), v=(v1,...,0m), R'=(R{,...,R.),
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A

then WE(IERYWS, elEV,IEYS) = Y WIS RN, 1150, TI50°).
j=1

The algebra in the proof of Lemma A.3 is valid with R!, V., v replaced by le-, O, Vj
with j = 1,...,m. The result is then obtained by summing up on j.

Appendix

The aim of this Appendix is to prove a technical result that we use in Section 6 in
the proof of Theorem 6.3. We recall that

Q=A{(z,2): x e R™, l1(x) < z < ly(2)}, Q={(z,2): z€R™ 0<2<1}.

Lemma A.1 Under Assumptions 6.1 and 6.2, for any integers n, p, q such that
0 <2n+p+q <2, the solution of (1.1)-(1.2)-(6.2) satisfies

/Q 1(€0,)™ (V)P (0,)1 4P dx dz < C(t), (A.1)

where C(t) is a continuous function on R independent of .

Proof. The cases where n = 0 and 0 < p+ ¢ < 1 are consequences of the usual
mass and energy conservations for the Schrodinger equation. We have indeed

d €2 _
%//Q\w\ dxdz =0,

%// [£2|Vo0° P + 0,477 + 2V |¢°|?] dxdz:Q// OV |* drdz,
Q Q

which gives the result, under Assumption 2.1 (which holds true as since it is weaker
than Assumption 6.1). Let us now differentiate (1.1) with respect to x:

2

120, (eV,1°) = —%Ax(evmwa) — (V) + VE(EVF) + eV, VEYE.

Hence, multiplying this equation by SOV integrating on {2 and taking the real
part, we obtain

i// 6—4|A z/f|2+5—2|a V%2 + VRV 0 || dadz
- —25%73@ / / PV, Ve eV, dadz + 2eRe / / D (O,VVE) - eV ° dudz
Q Q
+2Re / / e V,VE - eV ° dudz + / / O, Ve eV % | dadz.
Q Q

We can do the same with 0,1¢° instead of eV ,1°. Then by integrating on [0, 7], by
using (A.1) with n =0 and 0 < p+ ¢ < 1 and by Assumption 6.1, we get

t
// [ Ay |? + €%|0. V" |* + |020° 7] dadz < C+C/ / |e0)°|? dxdzds.
Q 0 Q

29



We can conclude by using Equation (1.1) and a Gronwall estimate. O

We consider now the solution of (6.16)-(6.17), where the operators A°, R' and
R? are defined in (6.10)-(6.12).

Lemma A.2 [f Assumptions 6.1 and 6.2, as well as (6.1), are satisfied, then the
solution of (6.16)-(6.17)-(1.3) denoted by V=(t,z,z) on Ry x Q satisfies

/A (£8,)™ (V) (8.)' 4° > dz dz < C(t), (A.2)
Q

for any integers n, k, | such that 0 < 2n + k +1 < 2. Moreover, defining ;5; for
any p € N* by ¢f, = ﬁ;&ﬁ\e, where éﬁ\e = €Vz$ and 115 is the p-th spectral projector
associated to A%, then we have for p # q

lim W (35, 75) = 0,
where W¢ is defined by (4.1).

Proof. Estimate (A.2) is a straightforward consequence of (A.1). For that, it
suffices to recall that the system (6.16)-(6.17)-(1.3) can be deduced from (1.1)-(1.2)-
(6.2) by the change of variable (6.7), which is regular enough thanks to (6.1). Let
us now prove the second part of the lemma. In order to simplify the notations, we
skip the ” 7 ”. Multiplying (6.16) by ¢ and differentiating with respect to z leads to
the following identity

2

ie0,° = _%Amf + ATHF + 2div, (R'F) + e2R2° + £5° (A.3)

with homogeneous Dirichlet boundary conditions. The term 5S¢ contains expressions
of the form (eV,)*(9,)")¢ with 0 < k+1 < 2, which are bounded in L>((0,T), L*(2))
thanks to (A.2). Let us now write an equation satisfied by W#(¢7, 17) analogous to
(6.20). We have

OV (35, v5) = — (W*(€E505,v5) — (65, €345)
5 (W (a5 ) = W2 (65, M) + WE((OTE)6%, 05) + W (65, (ATT)e)
WA TR, ) + S5, A, )
—i (WH(IL (ediv, (R'¢%) 4+ eR?¢%), 4) — Wo(¢r, 1 (ediv, (R'Y7) + eR*Y7)))
—iWE(T5S°, ).
(A.4)

Taking advantage of the estimates (A.2), a similar argument to that developed in
the proof of Lemma 5.1 shows that

(€ — €)lim V¥ (65, 45) = 0
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which ends the proof of Lemma A.2. 0

Lemma A.3 Under the assumption of Theorem 2.3, for any p € N*, the term r,
defined in the proof of this Theorem by

re = —illL R' Wo(e V%, o) I + Il W (e V105, 4% (IE R )™,
converges to 0 as e — 0 in D'(R, x R*™ L?((0,1) x L*(0,1))).

Proof. Denote ¢° = eV,9° and ¢} = II¢°. By developing eV,4° in the first term
of 77, we obtain

with
re = —ills RV W* (¢r, )T + ill; We(e V05, ¢°) (I R )
and
s5 = —iER' Y W (¢, v))IL.
q#p
Then we remark that

e . e pPlyTe E( AE € € TTE e( L€ € € plyre\*
75 = —i(TERIE) We (¢, o) I + iILs W2 (¢S, 92) (I R + o(1),

whose limit is equal to zero in view of the identity (6.23). It remains to prove that
s, — 0. This is a consequence of Lemma A.2. Indeed the second part of this Lemma
implies that each term of this term converges to 0 separately. Then the first part of
the Lemma says that ¢° is bounded in L2 (R, L*(f2)), thus for any 7' > 0

loc

lim sup o° =0,
N—=+00 c¢(0,1] >ZN 1 .
1= Le>((0,1),L*(2))
which enables to conclude thanks to Proposition 4.2. O
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