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ABsTRACT. We consider the three dimensional gravitational Vlasov Poisson sys-
tem which describes the mechanical state of a stellar system subject to its own
gravity. A well-known conjecture in astrophysics is that the steady state solu-
tions which are nonincreasing functions of their microscopic energy are nonlin-
early stable by the flow. This was proved at the linear level by several authors
based on the pioneering work by Antonov in 1961. Since then, standard varia-
tional techniques based on concentration compactness methods as introduced by
P.-L. Lions in 1983 have led to the nonlinear stability of subclasses of stationary
solutions of ground state type.

In this paper, inspired by pioneering works from the physics litterature [41],
[54], [2], we use the monotonicity of the Hamiltonian under generalized symmet-
ric rearrangement transformations to prove that non increasing steady solutions
are local minimizer of the Hamiltonian under equimeasurable constraints, and
extract compactness from suitable minimizing sequences. This implies the non-
linear stability of nonincreasing anisotropic steady states under radially symmet-
ric perturbations.

1. Introduction and main results

1.1. Setting of the problem. We consider the three dimensional gravitational
Vlasov-Poisson system

8tf+vvxf*v¢fvvf:0’ (tvxav)€R+XR3XR3
f(t=0,2,v) = fo(z,v) >0, (1.1)

where, throughout this paper,

pr@) = [ flev)do and gp(z) = ——

— 1.2
R3 4r|x| P (12)

are the density and the gravitational Poisson field associated to f. This nonlinear
transport equation is a well known model in astrophysics for the description of the
mechanical state of a stellar system subject to its own gravity and the dynamics of
galaxies, see for instance [10, 15].

Unique global classical solutions for initial data fo € C}, fo > 0, where C! denotes
the space of compactly supported and continuously differentiable functions, have
been shown to exist in [40, 47, 49] and to propagate the corresponding regularity.
Two fundamental properties of the nonlinear transport flow (1.1) are then first the
preservation of the total Hamiltonian

HEO) =5 [ Bt dedo =5 [ Vosta)de=Hr0). (13
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and second the preservation of all the so-called Casimir functions: VG € C!([0, +-00), RT)
such that G(0) =0,

G(f(t,z,v))dxdv = [ G(fo(z,v))dzdv. (1.4)
R6 RS

This last property induces a continuum of conservation laws and is the major dif-
ference between this kind of problem and other nonlinear dispersive problems like
nonlinear wave or Schrodinger equations.

1.2. Nonlinear stability of steady state solutions. A classical problem which
has attracted a considerable amount of work both in the astrophysical |3, 4, 25, 26,
41, 42, 54, 2] and mathematical communities, is the question of the nonlinear sta-
bility of stationary states. If we restrict our study to radially symmetric stationary
states —that is a priori depending on (|z|, |v|, z - v) only—, Jean’s theorem [8] ensures
that they can be described as functions of their own microscopic energy and their
angular momentum:

v 2
e(z,v) = |2 + ¢o(x), U(z,v) = |z x v|%, (1.5)

Q(z,v) = F (e(z,v), {(z,v)) . (1.6)
The existence of such steady states has been discussed in [§]| for a large class of
smooth functions F. A well-known conjecture in astrophysics, [10], is now that
among these stationary solutions, those who are nonincreasing functions of their
microscopic energy e are nonlinearly stable by the Vlasov Poisson flow, explicitly:

Conjecture: Non increasing anisotropic galaxies F' = F'(e,{) with %—5 < 0 on the
support of () are stable by spherically symmetric perturbations for the flow (1.1).
Non increasing isotropic spherical galaxies F' = F(e) with %—IZ < 0 on the support
of @ are orbitally stable against general perturbations for the flow (1.1).

Remarkably enough, this conjecture has been proved at the linear level by Dore-
mus, Baumann and Feix [14] (see also [17, 25, 52| for related works), following the
pioneering work by Antonov in the 60’s [3, 4]. These results are based on some co-
ercivity properties of the linearized Hamiltonian under constraints formally arising
from the linearization of the Casimir conservation laws (1.4), see Lynden-Bell [41].

At the nonlinear level, the general problem is open. However, the nonlinear
stability of a large class of stationary solutions of so-called ground state type in-
cluding the polytropic states has been obtained using variational methods in [55],
[18, 20, 21, 22, 13|, completed by [50]. In [28, 29, 30|, see also [48|, we observed
that a direct application of Lion’s concentration compactness techniques [38, 39|,
implies that or a large class of convex functions j, the two parameters —according
to the scaling symmetry of (1.1)— minimization problem
I(My, M) \f|L1:M1,H\1jf&f)\L1:Mj H(f), My, M; >0 (1.7)
is attained up to symmetries on a steady state solution to (1.1) of the form (1.6),
and all minimizing sequences to (1.7) are relatively compact up to a translation
shift in the natural energy space

E={f20 with |fle =|flgs + |flze + |[v[*flpr < +oc}.

The so-called Cazenave, Lions [11] theory of orbital stability then immediately im-
plies the orbital stability of the corresponding ground state steady solution, [29].
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In fact, this last step requires the knowledge of the uniqueness of the minimizer to
(1.7) which is a delicate open problem in general, see [50], but this difficulty was
overcome in [30].

Other non variational approaches based on linearization techniques have also been
explored in [53, 23|. Recently, Guo and Lin [19] proved the radial stability of the
so called King model F'(e) = (exp(ep — e) — 1)+ which is not in the class of ground
states as obtained in the framework of (1.7). Adapting a robust approach developped
by Lin and Strauss in their study of the Vlasov Maxwell system, [35, 36, 37|, the
authors use the infinity of conservation laws provided by the nonlinear transport to
construct a sufficient large approximation of the kernel of the linearized operator
close to the steady state. This allows them to recover a coercivity statement of
the linearized energy using Antonov’s coercitivity property which after linearization
and control of higher order terms for the King model yields the claimed stability in
the radial class.

1.3. Additional conserved quantities in the radial setting. Our main purpose
in this paper is to describe a generalized variational approach for the nonlinear
stability of steady states which fully takes into account the nonlinear transport
structure of the problem, and in particular the continuum of constraints at hand
from (1.4).

First recall that in general, the full set of invariant quantities conserved by the
nonlinear transport flow (1.1) depends on the initial data and its possible symme-
tries. From now and for the rest of this paper, we shall restrict our attention to
spherically symmetric solutions f(xz,v) = f(|x|, |v|, x-v) where we will systematically
abuse notations and identify f with its image through various diffeomorphisms. We
then let &£.,4 be the space of spherically symmetric distribution functions of finite
energy

Erad = {f €&, f spherically symmetric}, (1.8)

and recall that if f is spherically symmetric, then ps(x) = ps(|z|) and ¢¢(x) =
¢¢(|z|). This implies in particular from a direct computation that the momentum

0=z x v

is conserved by the characteristic flow associated to (1.1), and hence a larger class
of Casimir conservation laws (1.4) holds:

G(f(t,z,v), |z x v|*)dzdv = / G(fo(z,v), |z x v|*)dzdv (1.9)
RS RS
for all G € C'([0, +00) x [0, +00),RT) with G(0,£) = 0, V£ > 0.
Let us reformulate (1.9) in terms of equimeasurability properties of f and fj.
Performing the change of variables
r=|z|, w=|v|, x-v=lz|lv]cosh, r,w >0, 6¢€]0,nr],

the Lebesgue measure is mapped onto:
(o) +o0 s
f(z,v)dzdv = 87° / / f(r,w, cos 8)r?w? sin Odrdwdd.
R6 r=0 Jw=0 J6O=0

We then perform the second change of variables

r=r, u=wsign(cosf), ¢=r>w’sin®f
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and get from Fubini:

f(z,v)dxdv = /+ [/ fr, u,f)dug] dr (1.10)
RS £=0 (r,u)ey
with
Q= {(r,u) € RT x R with r?u® > ¢} (1.11)
and
dvp = 47?122+, (rPu? — 0) 7Y ¢ |u|drdu. (1.12)

We then define the distribution function of f at given kinetic momentum £: V¢ > 0,
Vs >0,

pr(s,€) =ve{(r,u) € Q, f(r,u,l) > s}, (1.13)

or equivalently

+o0 +o0
pr(s,l) = 4772/ / ]lf(nu’g)>s(r2u2 — )7V 2 u| L2 2sp drdu. (1.14)
r=0 =—00

We now define the set of distribution functions which are equimeasurable to f at
given /¢ by:
Eq(f) = {g > 0 spherically symmetric, Vs >0, ps(s,{)= py(s,f) a.e. £}

(1.15)
We then have from standard arguments:

Lemma 1.1 (Characterization of Eq(f)). Let f € L'NL>, nonnegative and spher-
ically symmetric, then the following are equivalent:

(i) g € Ea(f);
(ii) VG (h,£) > 0, C* with G(0,¢) = 0, there holds:

G(f(z,v),|z x v|*)dzdv = / G(g(z,v), |z x v|?)dzdv.
RO RO

Lemma 1.1 allows us to reformulate the conservation laws of the full Casimir class
(1.9) in the radial setting as follows:

vt >0, f(t) € Balfo). (1.16)
1.4. Assumption (A) on the steady state. Before stating the results, let us fix
our assumptions on the steady state Q.

(i) @ is a continuous, nonnegative, non zero, compactly supported steady state
solution of the Vlasov-Poisson system (1.1).

(ii) There exists a continuous function F' : R x Ry — Ry such that

o[

Y(z,v) € RS, Q(z,v)=F (2 + ¢g(z), |z U|2> . (1.17)

(iii) There exists ey < 0 such that:
O={(e,f) eRx Ry : F(e,£) >0} C] — 00, e0[xRy,

Fis C' on O, with or < 0.
Oe

Remark 1.2. Note that %—]: may be infinite at the boundary of O, as is the case
for polytropic ground states F(e, ) = (eg — e)%.%, for some 0 < ¢ < 1 and x > 0.
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Below we list a number of physically relevant models for which our non linear
stability result applies. All these examples are extracted from [10] to which we refer
for a detailed physical description of various gravitational models.

Examples.

— Polytropes and double-power models:  The polytropes correspond to the
following form of F':

F(e, l) = (eg —e)i.L", 0<qg<7/2, k>0,

where ey < 0 is a constant threshold energy. A generalization of these
polytropes is provided by the so-called double-power model [10]:

F(e,l) = Z wij(eo —e) %0,
0<i,j<N

where «;; are nonnegative constants.
— Michie-King models:

F(e,0) = exp(—£/2rg) (exp(eo — e) — 1),

where ep < 0 and the constant r, > 0 is the anisotropy radius [10]. When
rq goes to infinity, this model reduces to the King model.
— Osipkov-Merritt models:

l
F(e,?) :G<eg—e+2r§> ,
where eg < 0, r, > 0 are constants, and G is a nonincreasing C'' function
such that G(t) = 0 for all ¢t < 0.

1.5. Statement of the results. From (1.16), a natural generalization of (1.7) in
the radial setting is to minimize the Hamiltonian under constraints of given equimea-
surability. This is a very natural strategy to prove stability in a nonlinear transport
setting which goes back in fluid mechanics to the celebrated works of Arnold, see
e.g [5], [6], [7], Marchioro and Pulvirenti [43], [45] , Wolansky and Ghil [56], and
references therein, and is also very much present in the physics litterature, see in
particular Lynden-bell [41], Gardner [16], Wiechen, Ziegler, Schindler [54], Aly [2]
and references therein. The mathematical implementation of the corresponding
variational problem is however confronted to the description of bounded sequences
in Eq(fo) and a possible lack of compactness in general, see for example Alvino,
Trombetti and Lions [1] for an introduction to this kind of problem.

Our first result is the characterization of non increasing states as local minimizers
of the Hamiltonian in &£.,4 under a constraint of equimeasurability:

Theorem 1.3 (Local variational characterization of Q). There exists a constant
Co > 0 such that the following holds. For all R > 0, there exists do(R) > 0 such
that, for all f € E.q0a NEQ(Q) satisfying
If=Qle <R, Vo5 —Vqlr2 < do(R), (1.18)
we have
H(f) = H(Q) = ColVey — Viqlze (1.19)
If in addition H(f) = H(Q), then [ = Q.
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Theorem 1.3 was first obtained by Guo, Rein [23] for a perturbation f near @ *
in the specific case of the isotropic King model, and for isotropic relativistic models
F(e,l) = F(e) with locally bounded derivative F’(e) in [24], and this excludes any
singularity at the boundary —as many polytropic models would have—.

Let us stress onto the fact that Theorem 1.3 by itself alone is too weak to yield a
stability statement including the full set of radial pertubations. Hence the impor-
tance of Theorem 1.3 relies in fact mostly on its proof. Indeed, a new important
feature of our analysis is to use a monotonicity property of the Hamiltonian under
a generalized Schwarz symmetrization which is not the standard radial rearrange-

ment but a rearrangement with respect to a given microscopic energy @ + ¢(x), at
fixed angular momentum |z x v|?, see Proposition 2.8 for a precise definition and
Proposition 3.1 for the monotonicity statement. This monotonicity is very much a
consequence of the "bathtub" principle for symmetric rearrangements, see Lieb and
Loss [33], and was already observed in the physics litterature, see Gardner [16], Aly
[2]. It produces a reduced functional J(¢¢) which depends on the Poisson field ¢y
only and not the full distribution function. The outcome is a lower bound

H(f) =H(Q) = T () = T(¢q)- (1.20)

Interestingly enough, the reduced functional J was first introduced on physical
ground as a generalized potential energy in the pioneering works by Lynden-Bell
[41], see also Wiechen, Ziegler, Schindler [54]. It now turns out from explicit com-
putation that the critical points of J are the Poisson field of steady states, and that
the Hessian of J near the Poisson field of a nondecreasing steady state can be di-
rectly connected to the Hartree-Fock exchange operator [41]|, which is coercive from
Antonov’s stability criterion, see section 4, and hence ¢ itself is a local minimizer

of J.

The important outcome of the structure (1.20) is that by reducing the problem
to a problem on the Poisson field only, we are able to extract compactness in the
radial setting from any minimizing sequence whose Hamiltonian converges to @
without the assumption of equimeasurability, thanks to the smoothing and compact-
ness provided by the radial Poisson equation. This allows us to prove the following
compactness result which is the heart of our analysis.

Given f € &,44, we consider the family of its Schwarz symmetrizations f*(-, /),
£ > 0, as defined in Proposition 2.6. We then claim:

Theorem 1.4 (Compactness of local minimizing sequences). There ezists § > 0
such that the following holds. Let f, be a sequence of functions of E.qq, bounded in
L°°, such that

Vs, — Vgl <0, (1.21)
and
lim sup H(fn) < H(Q), fr—Q*in L*(Ry xRy) asn— +oo  (1.22)
n—-—+00
then
fn — Q in LY(R®), w2 f, — |v[*Q in LY(R®). (1.23)

Theorem 1.4 is the key to the radial Cazenave-Lions’ theory of orbital stability
[11] and implies that any compactly supported non increasing steady state @ as

Land not only ¢5 near ¢g which is an issue for the proof of Theorem 1.4
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defined by (1.17), is nonlinearly stable under the action of the Vlasov-Poisson flow
with respect to spherical perturbations. We thus obtain the main result of this

paper:
Theorem 1.5 (Nonlinear stability of ) under the nonlinear flow (1.1)). For all M

large enough and for all € > 0, there exists n > 0 such that the following holds true.
Let fo € Eraq N CL with

[fo—=Qlrr <m,  |folze <M, H(fo) <H(Q) +n, (1.24)
then the corresponding global strong solution f(t) to (1.1) satisfies: Vt > 0,
1F() = QL + |[vP(F(t) = Q)1 <&, |f(B)|z= < M. (1.25)

Comments on Theorem 1.5

1. Linear versus nonlinear stability. A natural strategy to pass from linear to
nonlinear stability is to try to linearize the problem and estimate higher order terms
as perturbations. This turns out to be quite delicate in general and the control of
higher order terms may be challenging, see [53], [19] for a treatment of the King
model, [32] for the polytropic case. Our analysis avoids this classical difficulty using
two facts. We first derive a global monotonicity property which is fundamentally
a nonlinear property and does not rely on any linearization procedure, Proposition
3.1, and which reduces the problem to understanding a simpler functional on the
Poisson field ¢ only. For this functional, we do apply a linearization procedure that
is a Taylor expansion near ¢q, but we avoid the computation of higher order terms
thanks to compactness properties of the Hessian, see (4.45), (4.61).

2. Comparison with previous nonlinear stability results. In view of the nonlinear
stability result obtained for ground state type minimizers of (1.7) which are not
restricted to the radial class, one may ask whether a generic steady solution of the
form (1.17) can in fact be obtained as a ground state for (1.7). This is a nontriv-
ial issue which is connected to the notion of equivalence of ensemble in statistical
physics. In a forthcoming work [31] and following pioneering ideas from Lieb and
Yau [34], we will exhibit a large class of monotonic functions F' for which the equiv-
alence of ensemble actually holds. There are however of course many well known
examples where this equivalence of ensembles fails. Note also that physical investi-
gations around these minimization problems can be found in [12| and the references
therein.

3. Comparison with 2D incompressible Euler. The conservation of equimeasurabil-
ity properties by the nonlinear transport flow has also been used in the literature
to prove the stability of steady states for the 2D incompressible Euler flow, see
for example Marchioro, Pulvirenti [45] and references therein. For a discussion on
variational problems with equimeasurability constraints in fluid dynamics, one can
also refer to Serre [51]. Our result generalizes this approach to the Vlasov-Poisson
system which is however more delicate due to the non trivial structure of both the
Hamiltonian and the steady states solutions.

The conjecture of stability of nonincreasing radially symmetric steady states is
hence proved for radial perturbations. Note that the result is expected to be opti-
mal for anisotropic galaxies with a non trivial dependence on £ as some numerical
simulations suggest the possible instability of anisotropic models against general
perturbations, see [10]. One important open problem after this work is certainly
the general setting of nonradial perturbations for spherical models.
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1.6. Strategy of the proof. Let us give a brief insight into the proof of the varia-
tional characterization of @ given by Theorem 1.3 and the lower bound (1.20) which
are key features of our analysis. It follows in three main steps.

Step 1. Rearrangement with respect to a given Poisson field.

Let a Poisson field ¢ and a radially symmetric distribution function f € &.4.q, we
aim at defining the Schwarz symmetrization of f with respect to the microscopic

2
energy e = ‘1)7' + ¢(z) at each given kinetic momentum ¢. In other words, given

¢ = |z x v|> > 0, we are looking for a function f**(z,v) =G (% + ¢($),€) which

is a nonincreasing function of e and which is equimeasurable to f in the sense of
(1.13), (1.15) i.e.:

Vt >0, pp(t,l) = ppo(t,l) ae £>0.

As a simple change of variables formula similar to (1.10) reveals, the choice of f*?
is essentially unique and given by:
o[

7o) = 1 (ao (1 + 6o bo x o) o x o) 1

12 4 (z)<0 (1.26)

where f* is the standard Schwarz symmetrization of f at given £ -see Proposition 2.7
for a precise statement- and a4 is the Jacobian of the change of variables, explicitly:

ag(e,l) = 87r2\/§/o+oo (e — ¢(r) ¢ >1/2 dr. (1.27)

T 92
2re ) |

Note that the steady state ) being by assumption a nonincreasing function of its
microscopic energy, it is automatically a fixed point for this transformation —see
Corollary 2.9—

Q= Q. (1.28)

Step 2. Monotonicity of the Hamiltonian under the f*®f rearrangement.

The key property which can be found in the physics litterature, see in particular
Aly |2], is now the monotonicity of the Hamiltonian (1.3) under the generalized
rearrangement (1.26), see Proposition 3.1:

Vf € Eraa, H(f) > H(F*F). (1.29)

Pick then f as in the hypothesis of Theorem 1.3 so that f* = @Q*, then a slightly
more careful analysis of the monotonicity formula (1.29) implies a lower bound of
the Hamiltonian by a functional which depends on the Poisson field ¢ only:

H(f) = H(Q) = T(¢f) — T(9q) (1.30)
with )
(@) = @)+ 5 [ [Voge, = Vsl
2 Jrs
This dependence in ¢ only which displays nice compactness properties in the radial
setting is the key to the proof of the convergence of minimizing sequences, The-
orem 1.4. Another important feature in the proof of Theorem 1.4 will be to not

only use the monotonicity (1.29), but to observe that some norm is controlled by
H(f) — H(f*%1), see section 3.3.

Step 3. Coercivity of the Hessian of J at ¢q.



From (1.30), the lower bound (1.19) now follows from the lower bound:
T(05) = T (6q) = OV — Voqlis (131)

in the vicinity of ¢g. This local coercivity lower bound relies on an explicit com-
putation of the Taylor expansion of J at ¢g, Proposition 4.3. The steady state
equation (1.28) implies that ¢¢ is a critical point of 7, while the Hessian at ¢¢ is
intimately related to the Lynden-Bell Hartree-Fock exchange operator [41] , which
coercivity was essentially proved 40 years ago by Antonov, [3], [4], see Proposition
4.1, using in particular the fact that in radial symmetry, the kernel of the linearized
transport operator close to Q) is explicit. Note that the rigorous derivation of the
first two derivatives of J at ¢¢ requires a detailed study of the regularity properties
of the Jacobian a4 given by (1.27) which a priori displays a /- regularity only.

This paper is organized as follows. In section 2, we introduce the Schwarz sym-
metrization with respect to the microscopic energy @ + ¢(x), at fixed kinetic
momentum |z x v|?, and prove some natural continuity property of the correspond-
ing object f*?, Proposition 2.8, and of the Jacobian function ag, Lemmas 2.3, 2.4,
2.5. In section 3, we prove the key monotonicity Proposition 3.1 which reduces the
analysis to coercivity properties of the functional [J(¢) near ¢, Proposition 3.2.
We then first conclude the proofs of Theorems 1.3, 1.4, 1.5. assuming Proposition
3.2 which is eventually proved in section 4.

Acknowledgement. The authors would like to thank P.-E. Jabin for stimulating
discussions about this work, and are endebted to J.-J. Aly for having kindly guided
them through the physics reference on the subject and in particular the pioneering
important works [41], [54], [2]. M. Lemou was supported by the Agence Nationale
de la Recherche, ANR Jeunes Chercheurs MNEC. F. Méhats was supported by
the Agence Nationale de la Recherche, ANR project QUATRAIN. P. Raphaél was
supported by the Agence Nationale de la Recherche, ANR Projet Blanc OndeNonLin
and ANR Jeune Chercheur SWAP.

2. Symmetric rearrangement with respect to a given microscopic
energy

Our aim in this section is to introduce the symmetric rearrangement f*® of a
distribution function f € &£.,q with respect to a given microscopic energy @ +
¢(x). This notion generalizes the standard Schwarz symmetrization and is the well
fitted object for the study of the minimization problem (1.19). This symmetrization
involves the use the Jacobian function ay given by (1.27). We start with proving
some continuity and differentiability properties of this functional which will be used
all along the paper, Lemma 2.3, 2.4, 2.5, and then define f*¢ and give its first
properties, Proposition 2.8.

2.1. Definition and differentiability in e of the Jacobian function a,. Our
aim in this subsection is to study the Jacobian a4 (e, £) given by (1.27), which appears
in the definition of the generalized Schwarz symmetrization (2.63). The class of
Poisson potentials ¢ which is well fitted for the analysis is

®,q¢0 = {¢ : R* — R such that there exists f € 49 with ¢ = ¢} (2.1)

Let us start with some properties of the so called effective potential appearing in
the definition (1.27) which are elementary but crucial to obtain uniform bounds on
ags and its various derivatives.
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Yge(r)A
r1‘(¢,e,€) rg(?zﬁ,e,ﬁ) r
C nelg )

A

FIGURE 1. Profile of the effective potential g ¢(r)

Lemma 2.1 (Structure of the effective potential for ¢ € ®,4q). Let ¢ = ¢ € Proq,
be non zero. For £ > 0, consider the effective potential

1
boe(r) =o(r)+ 55, >0 (2.2)

(i) Structure of ¥y e: Py e € CLHR3\{0}) and
e = Inf [ty o(r)], (2.3)

is attained at a unique ro(P, ). Vg e is strictly decreasing on (0,70(¢,£)) and strictly
increasing on (ro(¢, L), +00) with

lil% Tb¢’g(7’) = 400, rllg&-noo 1/}(1),5(7’) = 0. (2.4)
Moreover, the function € — ey is continuous on R, with the uniform bound:
2
vl >0, max <¢(0), — fz‘gl) <egs <O. (2.5)
(i) Level sets of g e: for ey < e <0, let
r1(¢,e,0) =inf{r >0 st. e — 1Py ¢(r) > 0}, (2.6)
ro(¢,e,0) =sup{r >0 st. e — 1y o(r) > 0}. (2.7)
Then r1(¢, e, £),r2(p, e, £) are C* functions of e with uniform bounds: Veg o < e <O0:
_t —Ifler
0< <ri(p, e l) <ra(p, e l) < . (2.8)
2| f[r e

(#ii) Concavity lower bound: there holds the uniform concavity lower bound Ve €

(e¢,Za 0); Vr € [Tl (6, (;57 E), T2(67 d)v f)],

€ —Ppu(r) > = (r — (g, e, 0)) (ra(dr e, €) — 7). (2.9)

= 22y

On Figure 1, we summarize the properties of ¥, described above.

Remark 2.2. In the sequel and when there is no ambiguity, we will avoid the
(¢, e,£) dependence and note g, r1, 9.

Proof. The proof is elementary but relies on a crucial way on the positivity of A¢gy.
Let us recall the standard interpolation estimate for f € &:

Vosl2e < Cllo 10 F170 I (2.10)
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Let ¢ = ¢y € ®,qq, then by interpolation and Sobolev embedding, py € LP/3(R3)
and thus ¢; € W27/*(R3) c CO(R3) and ¢; € C1(R3\{0}) by elliptic regularity and

loc

the radial assumption, from which ¢4, € C1(R3\{0}).
We now integrate the radial Poisson equation and get:

T
20 () — 2 > . _ ‘ .
o) = [ Roy(as =0, tim rog(r) = —Ifl (2.11)
Note that the second identity is obtained by integrating the first one as follows:
T +oo
ror(r) = —47r/ s%pg(s)ds — 47rr/ spr(s)ds. (2.12)
0 r

We deduce that ¢ = ¢¢ is continuous, nondecreasing and nonpositive on [0, +oo[
with

¢(r) > max (gb(()), —le) , Vr >0, (2.13)
r
and there exists ¥ > 0, such that
o(r) < —‘fz‘;‘l, Vor>7. (2.14)

Thus (2.13), (2.14) imply (2.4). From (2.14), ey ¢ given by (2.3) satisfies

. |fl ¢
< — + I
€t 7111215: [ 2r 2r2 <0,

since by assumption f # 0, and hence ey is attained at some ro = ro(e, ¢, £). Thus
from (2.13):

2
car = 0(r0) o0z > max (600, =L 4 L) > max (900), ) v

0 To 27"8 20

and (2.5) is proved.
Observe now from (2.11) again that:

14 14
1/1:1)’4(7“) =¢'(r) — et and (rzw;,e(r))’ = 7“2pf + 2 > 0, (2.15)

and hence from /) (ro(e, ¢, £)) = 0:

T
Vr >0, r2¢fM(T) = / <r2pf(r) + :;) dr, (2.16)
0
which yields the uniqueness of the minimum r¢ > 0 and the claimed monotonicity
properties of 14 4.

Together with (2.4), we conclude from (2.16) that ri, 7 given by (2.6), (2.7) are
well defined for egy < e < 0, and are C! functions of e from the implicit function
theorem. To prove the uniform bound (2.8), we observe from (2.13):

14 14
{7*20; st.e—qﬁ(r)—>0}c{r20; st.e+f|Ll—>0},

272 r 272

and hence using from (2.5) that |f|3, 4+ 2ef > 0 for e > ey 4

|flr L L L

—>O}C
2 5
2r Lo+ 1[I0+ 2eC [ flp = \JIF12, + 2¢l

{rzO; st. e +
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We then use the definitions (2.6) and (2.7) to get
1 14

0< grl(qb,e,f) <7’2(¢,€,£) < )

Iy + 3/ 1f170 + 2el
Let us now prove the continuity of the function £+ es, on R . Let 0 < {1 < {3

which implies (2.8).
be fixed. From the definitions (2.2) and (2.3), for all £ € [¢1, {2] we have

ept < €0,
thus, applying (2.8) with e = %%7@2 gives
4 2
ay <ro(p,f) < g, with ) = Lo . ag= | fl > 0.
2|f’L1 ’6(1)7@2’

Hence, (r,£) — 14 ¢(r) being continuous, the function
le [51,52] = epp = min 1/1(;3’4(7‘)
re€fa,as]
is continuous.
It remains to prove the concavity bound (2.9). Let
14
w(r) = e —1g(r)

2r2 179

(r—r1)(re —1),
then . ,
(ru(r))" = 7 (=00 ) + ) = =ros(r) <o

where we used (2.15). Hence the function r +— rw(r) is concave. Since it vanishes
at 1 and 72, we conclude that w(r) > 0 for all r € [ry, 2] and (2.9) is proved.
This concludes the proof of Lemma, 2.1. O

Let us now define the Jacobian function ay(e, £) and examine its differentiability
properties in e :

Lemma 2.3 (Definition and differentiability properties in e of the Jacobian ag).
For ¢ = ¢ € ®pqq non zero and £ > 0, we define:

2. u?

ag(esl) = Ve {(r, u) € (Ry)*: 5 +o(r) < e} for e <0 and ¢ >0, (2.17)
400 for e>0,and £ >0,

where vy is the measure given by (1.12), equivalently: ¥¢ > 0, Ve < 0,

T2
ag(e,l) = 8772\@/ (e — w(ﬂ(r))l/z dr. (2.18)
T1
Then:
(i) Behavior of ag: ag(e,l) =0 for e < es and:
Vl>0, aglesel) =0, 11%17 ag(e, l) = 4oo0. (2.19)
(it) Uniform bounds on ay: let
0<mg:= ir>1f(’)(r + 1)|o(r)| < o0, (2.20)
then there holds the bounds:
Ve <0, agle,l) <16m2e|™V2|f| 1, (2.21)
and )
m 472
. > 2 je|71/2 2.22
Ve (gm0 (e )= el e 22)
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(iii) Differentiability in e: the map e — ay(e,l) is a C*-diffeomorphims from (eg.¢,0)
0 (0,400) with:

Ve €leg ¢, 0],

9 r2 -
%(e,f) = 47r2f2/r1 (e — g e(r)) "2 dr > 0. (2.23)

Abusing notations, we shall denote in the sequel a;l(-,f) : (0,400) — (e, 0) its
wverse function.

Proof. Step 1. Bounds on a.

First compute from the definitions (2.17) and (1.12): Ve < 0, V¢ > 0 :

(e,0) =8> / / 12,2+ (r?u?® — 07V 2rudrdu
>0 Ju>0 7+¢( >t

2(e=o(r))
= 871'2/ 1 ¢ (r*u® — E)_1/2udu) rdr

=0 e—¢(r)—ﬁ>0 u:#
3 [ (eo0)- o)
= 8m V2 e—o(r)— — dr,
- 2r2 ) |

this is (2.18) or, equivalently, (1.27). Then ag(e,?) = 0 for e < eg ¢ and ag(e, ) >0
n (egy,0) from Lemma 2.1.
We now estimate ay from above for e < 0 using (2.13) and (2.8) as follows

ra2(¢,e,f) 1/2
agle,l) =8r*V2 <e —o(r) — g) dr

7‘1((}5;; f)g 12 2r2
T‘Q €,
SSWQ\@/ <|f| ) dr
r1(¢,e,l) r
<165 VRI? (ra(6.6. 012 = 11(0,e,017)

< 1672 f| e /2,

and (2.21) is proved. To estimate ag(e,?) from below, first observe that (2.20)
follows from (2.11). We then write:

Fo0 m ¢\ ?
ap(e, l) > 8772\/5/ <€+r+¢1 2r2> dr
+
1/2
> 8722 / ( o i) dr
+g/m¢ 1 2r n

and observe that for » > 14 ¢/my , we have

Mg l Mg l Mg 14 me
- 532 - > 1- > .
r+1 2r2 7 r+1 20r2-1) " r+1 2meg(r — 1) 2(r+1)
Thus:
—+o00 1/2
agle,l) > 8m*V2 <e PR > dr
144/m, 2(r+1)/ 4

9 e Y2 e 1/2
> 8r3V/2( — (mg —2le|(r + 1))/ dr

me 1+6/myg

3/2
2
8772\/§|e|_1/2m¢< —2¢l m¢+€> .
3 m2

¢

Y

+
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2
Ty (e, ) 2 e[ 2my, and (2.19) and (2.22)
are proved. The continuity and the monotonicity of the application e — ay(e, £) is
a consequence of (2.8) and of the dominated convergence theorem, since

This means that for |e| < T

0\ 12
(e —o(r) > < (—¢(O))1/2, for all r €leg e, 0[.

2r2 ) |
Step 2. Differentiability of a.

We are now in position to prove the differentiability of the function e — ag(e,?)
which follows from the version of Lebesgue’s derivation theorem given by Lemma
A.1. Let us fix £ > 0 and write

+oo
ag(e,?) :/ g(e,r)dr
0
with
g(e,m) =87°V2 (e = V40(1) " Ly, (4.c.<rara(oney = 8TV (€ = P u(r)}/?

and with ¢4 given by (2.2). Let eg €ley¢,0[ and I =]eq — €, e + €[, with € small
enough such that I Cley s, 0[. Let us check the assumptions of Lemma A.1. By
(2.13), we have

£l

r

1/2 o
> Ly (pef)<r<ra(del) < ﬁ’f‘Ll ]10<T< 71,1

2leg+el

0§g(e,r)§0<

where we used (2.8). Hence, by standard dominated convergence, g € CO(I, L*(R)).
Moreover, from the C! regularity of the boundary r,re with respect to e and the
cancellation e — 1y ¢(r1) = € — 1y ¢(12) = 0, the distributional partial derivative of
g is given by

g —-1/2

%(67 T) = 4772\/5 (6 - %,6(7’)) / 1r1(¢,e,£)<r<r2(¢,e,€) y

and hence the continuity of 71,79 with respect to e implies the a.e. convergence in
r of this function when e — eg:

gg(e, r) — gg(eo, r) ase— eg, forall r#ri(p,enl), r#rop, e l). (2.24)
Now from the concavity estimate (2.9):
dg C T\/T179
0< —(e,r) < — Lo <r<r
_86( ) \/?\/(r—rl)(rg—r) persre
c |fl 1

Veleo+e? \/(r—ri)(r2 —r) Lri<rar, = Ge(r),  (2:25)

where we applied (2.8) and recall that r1 = r1(¢, e, £), 72 = ra(p,e,£). We observe

that )
" C |fln
o(r)dr = — 1L o 2.2
/7’1 7 (T) " \/Z ’60 +6|27T ( 6)

which implies in particular that ¢. € L*(R;) and %(e,r) € LY(I x Ry). Together
with (2.24), this implies that Assumption (i) of Lemma A.1 is satisfied.

Let us now check Assumption (ii). From the continuity of 1 (¢, e, £) and r2(¢, e, ¢)
with respect to e, we deduce that

qe(r) = qeo(r) as e — eg, forall v # r1(p,eq, ), r # ra(¢, eo, ).
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This a.e. convergence, coupled to the fact that, by (2.26), the integral of the positive
functions ¢, is independent of e, is enough to conclude, thanks to the Brézis-Lieb
theorem (see Theorem 1.9 of [33]), that g. converges to qe, in L'(Ry) as e — eg.
Assumption (ii) is then satisfied. Hence Lemma A.1 can be applied and ag(e, £) is C!

with respect to e with its derivative given by (2.23). From Lemma 2.1, %L:(e, 0)>0
on Jeg s, 0[, so by (2.19) e — ay(e, £) is a C! diffeomorphism from Jeg ¢, 0[ to ]0, +ocl.
This concludes the proof of Lemma 2.3. O

2.2. Regularity properties in ¢ of a4 and a;l. We continue the analysis of
the Jacobian ag and claim further continuity and differentiability properties with
respect to ¢.

Lemma 2.4 (Continuity properties of ag(e,?) with respect to ¢). Let f € Euqq
nonzero, let f, be a bounded sequence in &,.,q and denote ¢, = ¢y, ¢ = ¢y.
Assume that Vg, — Vs in L2(R3) as n — +oo. Then, for all £ > 0 fized, the
following convergence properties hold as n — +o00:

€pn,t — €40 (2.27)
r1(¢n7 ¢, e) - 7"1(([5, €, 6)7 T2(¢na €, E) - r2(¢7 €, E)a Ve E]eqﬁ,ﬁv 0[7 (228)
inf 11;16’(1 +7)|dn(r)| > 0, (2.29)
ag, (-,0) = ag(-,€) uniformly on any compact subset of | — 00, 0[, (2.30)
a;j(s,f) — a;l(s,ﬁ) for all s > 0. (2.31)

Proof. Step 1. Convergence of the potentials.
As a standard consequence of interpolation and V¢,, — V¢ in L?, we have that
ps, = ps  weakly in L3 (R3). (2.32)

Moreover, by Sobolev embeddings and elliptic regularity, together with the spherical
symmetry of f,,, we have:

On — ¢ in L°(Ry) asn — 400 (2.33)

and
¢, — ¢ in L>®([a,b]) asmn — +oo, for all 0 < a < b. (2.34)

Step 2. Proof of (2.27).
To prove that ey, o — eg ¢, we first pass to the limit n — oo into (2.3), and get

limsup eg, ¢ < €4 . (2.35)

n—-+o0o

Now, we know that the infimum e, ¢ is attained at 7, = 79(¢n,¢) and from (2.13)

we have
!/ fnlrr /
6¢)n’£ = ¢n(Tn) + ﬁ Z _| ZLL + ﬁ (236)
n n
We observe that
inf | fn|p1 > 0. (2.37)
n

Otherwise we would have, up to a subsequence, f,, — 0 in L'(R®), and then ¢ = 0.
This means py = A¢y = 0, and then f = 0, which contradicts the assumption
f # 0. Therefore, (2.36) and (2.37) ensure that the sequence 7, is bounded and
bounded away from 0 since (2.35) implies limsup ey, , < 0. Then, any subsequence
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ry of , satisfies r,; — 19 > 0 (up to extraction) and one can pass to the limit in
6,00 = O () + 3 10 get

{
’ + — Z )
6¢n 7£ - qb(rﬂ) 27,% e(lw

thus
liminf ey, ¢ > eq . (2.38)

n—-4oo

Finally (2.35) and (2.38) imply (2.27).

Step 3. Proof of (2.28).

Let e €]egr, 0. From Step 1, we have e €]eg,, ¢, 0[ for n large enough, thus r1(¢n, e, £)
is well-defined. By Lemma 2.1, r1(¢y, e, £) is characterized by

and ¢, (r) — ﬁg < 0. (2.39)

e:¢n(r1)+277a% 3

Moreover, by (2.8), ri(¢n,e,?) lies in a compact interval of RY. Therefore, after
extraction of a subsequence, we have ri(¢,,e,f) — r, > 0. Thanks to (2.33) and
(2.34), one can pass to the limit in (2.39) and obtain

and ¢ (ry) — r% <0.

€= (b(r*) + 27"3
This is enough to conclude that r, = r1(¢, e, ). We have thus proved (2.28) for ry.
the proof of ro(¢n, e, l) — ra(p, e, £) is similar.

Step 4. Proof of (2.29).

Let us prove (2.29):
inf mg, =:m >0,
n

where my, is defined by (2.20). Assume that m = 0. Then there exists a sequence
rn such that (1 + r,)¢n(r,) — 0 as n — +oo. If 7, is bounded, then, up to a
subsequence, it goes to some 79 > 0 and from (2.33), we get ¢(rp) = 0, which is not
possible from (2.11) and f # 0. Hence 7, is not bounded and, up to a subsequence,
it goes to +o00. Let a > 0. We get from (2.12)

a

O+mwmmmeMMZM/mﬁw®%ZM/f%ﬁm
0 0

for n large enough. Passing to the limit in this inequality and using (2.32), we get
ps = 0, which again contradicts the assumption f # 0. We have thus proved (2.29).

Step 5. Proof of (2.30).

Now, we prove the uniform convergence of ay,. We observe from (2.8) that the in-
terval of integration in the expression (2.18) of ay, is bounded. Thus, the dominated
convergence theorem applies since

1/2
( e — dn(r) — 2f12>+ < (_¢n(0))1/2 <C,

from (2.33). This yields ag,(e,¢) — ag(e,£), for all e < 0, £ > 0. Now using the
monotonicity of the function e — ag, (e, ) at fixed £ and applying the second Dini’s
theorem, we get the desired uniform convergence.
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Step 6. Proof of (2.31).
Let (s,¢) € (R*)?. Denote
en = a;j(s,ﬂ), = a;l(s,ﬂ).

We will prove that e,, — eg. From (2.21), we get

|fn|L1 2_ |fn’L1 2
wse( gy e (B

Now we claim that

m) 2 m?
Jd>c (™ it Jen| < 2.41
|e|_C(S) >0 el = T 5m (241)

Indeed, we first get from (2.22)
2

Mg, Mg, \?
Mo e ) — , 2.42
& ’_C<a¢n(en,€)> C( s ) >0 (2.42)

2

provided that |e| < 4(151127%’ with mg, defined by (2.20). From (2.29), we have

mg, > m > 0. Therefore, (2.42) implies (2.41) since the function ¢ — % is
increasing.

We then deduce from (2.40) and (2.41) that the sequence e,, belongs to a compact
interval of R* thus, up to a subsequence, we have e, — ey, € R* as n — 4o0.

Using (2.30), we have
s = ag, (en,l) = agp(eso,¥) asn — +oo.
Hence,
ag(eoo, ) = agleo, ) = s € (0,00).
Since e — ag(e, £) is invertible from (e4 ¢, 0) onto (0,00), we deduce that
€0 = a;l(s’g) = €00,
which means that e, — ey as n — +00. The proof of (2.31) is complete.

This concludes the proof of Lemma 2.4. U

Let us now examine the differentiability of a4 and a;l with respect to ¢. To
shorten the statement of the next lemma, we introduce a few notations. We consider
two nonzero potentials ¢ = ¢y € ®,4q and ¢ = ¢ 7€ ®,.,q4 and set:

h=¢—o. (2.43)
For all £ > 0 and A € [0, 1], we recall the notation
eg+ane = 10f (Yg0(r) + AR(r)), (2.44)

where 1y, ¢(r) is defined by (2.2), and denote

Q(¢,6,0) = {(\e) : A€ [0,1] and e €legane, [} - (2.45)

Let s € R% and A € [0,1]. Recall that, by Lemma 2.8, there exists a unique
e €legane, 0, denoted by a;}w\h(s,ﬁ), such that agian(e, £) = s. Finally, we set

M = max(| |11, |f]20)- (2.46)
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Lemma 2.5 (Differentiability of ay(e, ) with respect to ¢).
Let £ > 0 be fixed. Consider ¢, qb € ®,.4q both nonzero and let h = ¢ — qﬁ Then, with
the notations (2.43)(2.46), the following holds:
(i) The function
(>‘7 6) = a¢+)\h(67 6)
is a C1 function on (¢, q~5 ¢). Moreover, we have

2(d+Ah,e,0)

Froeru(e.) = ~ixtve [ (¢ = bolr) = A(r) V2 B(r)dr,  (2.47)

oA o+Ah,el)
with the bound:
2

C—-—",
e2\/l

O V(A e) € Q¢,6,0), (2.48)

for some universal constant C' > 0.
(ii) Let s € RY.. Then the function X\ — a;b\h(s,f) is differentiable on [0, 1] and we
have

0
reon <

) /Trz (a;}w\h(sjg) — Pge(r) — )‘h(r)) ~1/2 hr)dr

1
7a¢+)\h(37£) = T2 —1/2 ’
% / (a;im(s, ) = You(r) = Ah<’">> dr

T1

(2.49)

where (1;)i=12 shortly denotes r;(¢ + Ah, a(;}rkh(s, 0),0).

Proof. Recall from Lemma 2.4 that the functions egyan ¢, 71(¢+ Ah, e, £) and ra(¢p+
Ah, e, £) are continuous functions of A\ (for fixed e and /).

Step 1. Proof of (i).

This proof of (i) will be done with Lemma A.1, exactly in the same manner as the
regularity of agyap (e, £) with respect to e in Lemma 2.8. We fix £ > 0 and introduce
the following function

g()\,e,r) = 87T2\/§(e—w¢7£( ) )\h( ))1/2

so that
ro(p+Ah,el)

agian(e,l) = / g(A e, r)dr.

1(¢p+Ah,e,0)
By (2.13) and (2.8), we have the following uniform bound:

M 1/2 M
< _— < (—
g(A’e’r)—C<m<¢+Ah,e,E>> G

where M is defined by (2.46). Hence, one deduces from standard dominated con-
vergence that (A, e) — agian(e, £) is a CY function on [0,1] x R_ and satisfies

agian(e,0) > 0 (N e) € Ao, 6, 0).

Let us now prove the differentiability of agyan(e,£) with respect to A. Let A\g €
[0,1], eg = egtrohe, and e €leg, 0] be fixed. From the continuity of egyxn with
respect to A, we have e €legiane, 0] for A in a neighborhood Iy of Ag. Hence, for
A € Iy, the distributional partial derivative of g is given by

22 (N6, r) = —4mV2 (e — g o(r) — A(r)) 2 Lo\ (p+-Ahse,0)<r<ra(+rh,e,e) P(T)-
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Moreover, from the continuity of r1(¢ + Ah, e, £) and ro(¢ + Ah, e, £) with respect to
A, we get that

0 0
a—i()\,e,r) — a—i(ko,e,r) as A — Ao, (2.50)
for all r # (¢ + Aoh, e, £), r # ra(¢ + Aoh, e, ). Now, we use (2.9) and (2.8):
dg M? 1
0< =W\er<cC L <rers =: @re(T), 2.51
fa/\( ) ezﬂ\/(r—rl)(rg—r) 1<r<ry QA,() ( )
with
T2 2
(r)dr =C . 2.52
/ (=05 (2.52)

As in Step 2 of the proof of Lemma 2.8, one deduces from (2.50), (2.51), (2.52)
and from the Brézis-Lieb theorem that Assumptions (i) and (ii) of Lemma A.1 are
satisfied. Hence the function agiap(e, £) is differentiable with respect to A and its
differential (%%H\h(e,ﬁ) is given by (2.47).

We now claim that %a¢+>\h(e,€) is a continuous function of (A, e) on (¢, ¢, ).
Indeed, let A\g € [0,1] and ey = eg4ron,e be fixed. A direct adaptation of the proof
of (2.28) enables to show that

7'1(¢ + )\h,e,ﬁ) — 7“1(¢+ Aoh, eo,f), 7’2(¢ + Ah, e,ﬁ) — T2<¢ + )\oh,eo,@

as (A, e) — (Ao, €0). Thus we have the following a.e. convergence:

@(/\,e, r) —

B\ @(/\076077’) as (A,e) — (Ao, €0), for all r # ra(¢ + Aoh, eo, £).

E))
(2.53)

Hence, using again the domination (2.51) and the fact that gy . — g, ., in L1(R4)
as (A, e) — (Ao, €0), we deduce from dominated convergence theorem that

T 9g T 9g
/0 E(A,e,r)dr — /0 a(ko,eo,r)dr as (A, e) — (Ao, ep).

In other words, %a¢+,\h(e, ¢) is a continuous function of (A, e). Similarly, %%H\h(e, 0)
is a continuous function of (A, e). Therefore, the function (A, e) — agian(e, £) is C*

on Q(¢,¢,¢). Since the bound (2.48) stems directly from (2.51) and (2.52), the
proof of Item (i) of Lemma 2.5 is complete.

Step 2. Differentiability of a;i)\h(s,ﬁ).

Let (s,{) € (R%)?. From Lemma 2.4, we already know that the function A +—
a;}r)\h(s,ﬂ) is continuous. Let Ao € [0, 1] and consider a sequence A, € [0, 1] such
that A\, — A\g as n — +00. We write

-1 —1
ad>+>\nh(37 é) B a¢>+)\oh(3’ K)
)\n - AO

= A1(\n) A2( M), (2.54)
where we have set
a;iAnh(s,E) — a;iAOh(s,E)

a¢>+/\oh(a;iAnh(575),f) - a¢+,\0h(a;}r,\0h(8, 0),0)

Al(/\n) =

and

a¢>+)\oh<a;-l-)\nh(87£)7€) - a¢+>\oh(a¢741-)\oh(sv 6)7 €)
An — Ao

agiron(aginn(5:0,0) = agiranagyy (s, 0),€)
An — Ao

A2()\n) —
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and where we simply used that a¢+>\0h(a;_1w\0h(s, 0),0) =s= a¢+>\nh(a;_il_/\nh(s, 0),0).
Let us examine separately the convergence of the two factors 4; and Ay in (2.54).
From the continuity of A\ — a;i \(8,£), we have:

nkrfoo a¢+/\ p(s,0) = ad_)i/\oh(s,ﬁ), (2.55)
hence
nEI-iI-loo Ar(An) = Oagiroh 1
B el CSWICORD
_ ; ! (2.56)

—1/2

423 / (agtaon(s:0) o r(r) — doh(r)) " dr

Let us now examine the convergence of the term Aa(\,,), that we rewrite as follows:

1 An 9 A

A - -
2(n) = =55, Ny OA

(1, en)dp,

where we have denoted
A()" 6) = a¢+)\h(e,€), €n = a;j_)\nh(sa E)

By (2.55), we have e, — ey = a;j_)\oh(s,ﬁ). Moreover, from Step 1, we know that

the function (A, e) — g—’;‘()\, e) is continuous at (Ao, eg). Hence, we have

0A 0A

dagrn 1
li n) — ; s L)yt )y
e = 500w = (F5)  (aghenn.0

from which we deduce that

. Oagyan _
i As(h) — —( o ) (a3 p (5,00, )
A=M\o

n—-+00

-1/2

N / " (a5t aon(5:0) = elr) = Moh()) " h(r)dr:

where we used (2.47). Finally, (2.56) and (2.57) give (2.49). This concludes the
proof of Lemma 2.5. O

2.3. Rearrangement with respect to a given microscopic energy. In this
section, we introduce the Schwarz symmetrization of a function f with respect to a
given microscopic energy e = % + ¢(x) at given momentum ¢ > 0.

We start by defining a suitable rearrangement of f € &,,4 at given momentum £ >
0 which preserves the generalized Casimir functionals (1.9). We proceed similarly
like for the usual Schwarz symmetrization, see [33, 27, 1]. Let us recall the definition
(1.13), (1.14) of the distribution function of f at given ¢ > 0:

pr(s, ) = ve{(r,u) € Qp, f(r,u,f) > s}

= dxn? / / Lf(ru) oo (rPu? — 0) Y2 1,220 drdu.
r =—00
We then have the following elementary lemma:

Lemma 2.6 (Properties of ). Let f € L' N L>®(R%), nonnegative and spherically
symmetric, and let j1¢(s, ) be the distribution function of f at given € as defined by
(1.14). Then there exists a set A with |Alg+ = 0 such that

Ve eRM\A, Vs>0, us(s,l)<+oo, (2.57)
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Ve RT\A, Vs> |flpe, pr(s, ) =0. (2.58)
Moreover, V{ € RT\ A, the map s — ps(s,0) is right continuous on R*..

We may now introduce the generalized Schwarz symmetrization:

Proposition 2.7 (Schwarz symmetrization at fixed ¢ > 0). Let f € L' N L>°(RY),
nonnegative and spherically symmetric, let py(t,€) given by (1.14) and let A be the
zero measure set given by Lemma 2.6. We define the Schwarz symmetrization f*(-, /)
of f at fized £ as being the pseudo inverse of ps(-,£):

sup{s > 0: pus(s, ) >t} for t < pug(0,£)

Vi >0, YeRN\A, [0 =
N + F&0 {Ofortz,uf((),f)

with puy given by (1.14). Then f*(-,£) is a nonincreasing function on [0, co) 657’2}&59)
Vt >0, VEeRI\A, pp(t,l)=|{s>0;f"(s,0) >t} |g+ (2.60)
In particular
|f ey xry) = | flLe@sy, ¥V p € [1,+00]. (2.61)
Moreover, there holds the contractivity relation:
1f* =g <|f =gl (2.62)

Lemma 2.6 and Proposition 2.7 can be derived from standard arguments by
adapting for example the arguments in [44], this is left to the reader.

Given f € &.4q9 and ¢ € ®,.,4, we now define the rearrangement of f with respect
: ; |v]?
to the microscopic energy - + ¢(x).

Proposition 2.8 (Symmetric rearrangement with respect to a given microscopic

energy).
Let f € Erqq and ¢ € Prqq non zero. Let f* be its symmetric rearrangement defined

by (2.59). We define the rearrangement f*® of f with respect to the microscopic
2
energy % + ¢(z) by:

o[

*¢ — f* I 2 2
7o) = 1 (s (14 olo) o 0B ) o x ol V10 (269
where ag 1s defined in Lemma 2.3. Then
' € Eq(f) (2.64)
where Eq(f) is defined by (1.15), and in particular:
[f*lee = |flLe, Vp € [L,+o0]. (2.65)
Moreover, f*¢ € E.qq with estimate:
* 4/3 7/9 2/9
[0 £*11s < CIVaI A1 FI7% (2.66)

Before proving this proposition, we give a corollary which says that nonincreasing
steady states are invariant through the above rearrangement.

Corollary 2.9 (Identification of Q*?@). Let Q satisfy Assumption (A) and let Q*?Q
be defined according to (2.63). Then Q*?? = Q and we have

Q" (a¢Q(e,€),£) = F(e,0), VL >0, Ve € [egy, 0] (2.67)

where eg, ¢ is defined in Lemma 2.1. In particular, for all £ > 0, Q*(-,0) is a C!
function on |0, ug(0, £)[, where pg is defined by (1.13).



22 M. LEMOU, F. MEHATS, AND P. RAPHAEL

Proof of Corollary 2.9. Let £ > 0 be fixed and recall the function F' defined in

Assumption (A). Assume first that F(e,£) = 0 for all e < 0. From definition (1.13)
we have pg(s,l) = I/g{(T‘,u) D F (% +¢>Q(7’),€) > s} = 0 for all s > 0. This

implies from (2.59) that Q*(-,¢) = 0, and then identity (2.67) is satisfied.
Assume now that F'(-,¢) is not zero on R* and let

eo(f) =sup{e <0 : F(e, l) >0}. (2.68)
By Assumption (A), we have eg({) < egp < 0 and the function e — F(e,f) is
continuous, strictly decreasing on | — 0o, eg(¢)] and vanishes for e > eg(¢). As F'is

nonnegative, we have from (1.13):

Jul?

po(Fle, 0),0) = vy {(r, W : F <2 + ¢Q(7«),z) > F(e,z)} ., VeeR,

and, F(-,¢) being strictly decreasing on | — 0o, eg(¥)], this identity implies
Ju?

po(Fle £), L) = vy {(r,u) N + ¢g(r) < e} , Ve<eyl)

= agy(el), Ye<eo(l). (2.69)

Assume that ;1(0,¢) = 0, then pg(-,£) = 0 since it is a nonincreasing function.
Hence, from definition (2.59) we get Q*(-,¢) = 0. Now, we write (2.69) for e = e(¢)
and deduce from the structure of ag,, that eg(£) < ey, ¢- This means that F'(e,£) = 0
for e € [eg, .0, 0], and identity (2.67) is satisfied.

We now assume (0, £) > 0, which implies from (2.69) that eg(¢) > ey, . We
know that ag,, (-, ¢) (resp. F(-,£)) is continuous and one-to-one from [eg,, ¢, €0(£)] to
[0, agg (eo(£), £)] (resp. [0, F(egpqy.e,€)]). Hence, identity (2.69) ensures that ug(-,¢)
is invertible from [0, F'(egq ¢, £)] to [0, ag,(eo(£),£)] and @Q* (which is by definition
its pseudoinverse) is its inverse in this case. Therefore, (2.69) implies

Q* (ad)Q (e,é),é) - F(eag)? Ve € [€¢Q75, €0<€)]

Now (2.69) implies that ag,(e,£) > ag,(eo(£),£) = puq(0,£) for e € [eg(£), 0], which
together with the definition of @* ensure that both terms in (2.67) vanish for e €
[eo(£),0[. This ends the proof of (2.67). Finally, using (2.67), we conclude that the
stated C! regularity of Q* on ]0,ag,(eo(£), £)[ is an immediate consequence of the
C! regularity and the non vanishing derivatives of F' and g ON ey o, eo(f)].

To end the proof of Corollary 2.9 , it remains to identify @ and Q*?Q for a.e.
x,v. Let (z,v) € R such that £ = |z x v|?> > 0 and let e(z,v) = % + ¢g(r) >
Yo.e(r) > €pq e, Where we used that lv]? > T%. If e(z,v) < 0, then (2.67) gives
directly Q(z,v) = F(e(z,v),£) = Q**?(z,v), by Assumption (A) and (2.63). If
e(z,v) > 0, then we have Q(x,v) = F(e(x,v),f) = Q*2(x,v) = 0, using again
(2.63). This concludes the proof of Corollary 2.9. O

Proof of Proposition 2.8

We first notice that the formula (2.63) is well-defined for a.e. (z,v) € RS by Propo-
sition 2.7. Indeed, from (1.10) we have that

|{(m,v) eRY: |z xufe A}}RS =0,

where A is the measure zero exceptional set given in Lemma 2.6.

Step 1. The change of variables formula.
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The equimeasurability of f and f*? relies on the following elementary change of
Variables formula: let two nonnegative functions a € CO(R) N L¥(R), g € L' (R x
, then V¢ > 0,

/+°°/+°° ( <r>) ﬁ(ﬂé +¢<>) )1;+¢<><ode o)

= / a(a; (s,0))B(s,0)ds.

0
where vy is given by (1.12). This implies in particular from (1.10):

/RG (‘ ’2+¢( )) ﬂ( <|‘2+¢( ), |:cxvy2),\xxv|2>dxdv o)

_ /0 +°° /0 o alag(s,0))B(s, ) dsd.

Let us prove (2.70). We first perform the change of variable on the integral on u in
the lhs of (2.70), e = “—22 + ¢(r), to obtain

Lot P

0\ L2
= 4772\f / B (ag(e,?),?) (e —¢(r) — 27"2> L, p(r)— > - odedr,

Now from Fubini and (2.23), we get

2/T’u20a<u22+¢(7“)>5< < + o(r), ) )12+¢(7~)<od€

0 a
= [ a0 taate.).0) ety
€.t

From Lemma 2.3, for any ¢ > 0, the map e — ag(e, ¢) is a C*-diffeomorphism from
les e, 0] to ]0, +00[, and we may therefore perform the change of variable s = ag(e, ¢),
which together with (2.19) yields (2.70).

Step 2. Equimeasurability and proof of (2.66).

Let now ¢ € @44, f € Eraqg and f* given by (2.63). We first prove that f*¢ € Eq(f)
according to the definition (1.15). For all ¢ > 0 and ¢ > 0, we use the definition
of ps(-,0) (1.14), of f*¢ (2.63) and the formula (2.70) with o = 1 and S(s,{) =
Lpe(5,0>¢ to get:

+o0 +o0 +o0
,ufm (t,f) = 2/0 /0 ]]-f*¢(fr,u,2)>td7/€ = /0 ]]-f*(s,é)>td5

and hence from (2.60):
Vt>0, ae £>0, ppo(t,l)=pg(t,l),

which implies the equimeasurability of f and f*? according to the definition (1.15).
It remains to control the kinetic energy of f*¢ according to (2.66). Indeed:

o2 f*] 0 = 2/ (‘”’2 +¢) f*¢(a:,v)dxdv+2/Vqﬁ(a:).Vqﬁf*qsda:

< 9 / Vo(x) - Vo peodz < [Volze [[o2 V0| £900% | 2010
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where we used (2.63) and the interpolation inequality (2.10). This together with a
straightforward localization argument concludes the proof of (2.66).
This concludes the proof of Proposition 2.8.
O
Let us conclude this section with an elementary Lemma which will be useful in
the sequel.

Lemma 2.10 (Pseudo inverse of f*(ag(-,¢),%)). Let f € Erqq and ¢ € Ppqaq be
given nonzero functions, and let £ > 0 such that f*(0,£) > 0. The function e —
f*(ag(e, £), ) is nonincreasing from [eg,0[ to [0, f*(0,£)]. We define its pseudo
inverse, which we denote (with abuse of notation) s — (f* o as)~(s,€), as follows:

(f*oag) (s, ) = sup{e € [eprs, 0  f*(ap(e, €),€) > s}, (2.72)

for all s €]0, f*(0,€)[. Then s — (f* o ay)~'(s,€) is a nonincreasing function and
Y(x,v) € (R3)? such that |x x v|?> = £, Vs €]0, £*(0,4)],

o2
f*¢(ac,v) >5 = ’2| +o(x) < (fo a¢)_1(s,€), (2.73)

f*(x,v) < s = ’7)22 + é(z) > (f*oag) '(s,0). (2.74)
Proof. Let £ > 0 and s € (0, f*(0,£)), then f*(ag(ege,€),£) = f*(0,£) > s and

hence
{e € lege,0): f*(ag(e, £),£) > s} is not empty.

This means that (f* o as)~!(s,¢) is well defined for s € (0, f*(0,¢)). The mono-
tonicity of (f* oag)~! follows from the monotonicity of f* and a.
Let now (z,v) € RS be such that |z x v|?> = £ > 0. Assume f*®(z,v) > s,

thgn f*(a(z)(@ + ¢(x),£),¢) > s and thus # +o(z) < (2) . Thus we have either
% + ¢(x) < ege, and in this case (2.73) is trivial, or % + ¢(x) € [epr,0), and
this implies # + ¢(z) < (f*oas)" (s, 1)) fromzthe definition (2.72). Thus (2.73)
is then proved. Assume now f*?(z,v) < s. If % 2—1— ¢(z) > 0 then (2.74) is trivial,
otherwise f**(z,v) < s < f*(0,¢) implies that % + ¢(x) € (epr,0). Thus for all

e € {e € [epr,0) 1 f*(ag(e,€),£) > s} which is a non empty set, @ + ¢(x) > e,
and (2.74) follows. O

3. Nonlinear stability of the Vlasov Poisson system

This section is devoted to the proof of the main results of this paper. We first
exhibit the key monotonicity formula involving the generalized symmetric rearrange-
ment with respect to the Poisson field (2.63), Proposition 3.1, which allows us to
reduce the study of the minimization problem of Theorem 1.3 to the one of an
unconstrained minimization problem on the Poisson field only. The study of this
new problem, that is the proof of Proposition 3.2, is postponed to section 4, and
immediately yields Theorem 1.3. We then show how to extract compactness from
minimizing sequences to prove Theorem 1.4 which now implies Theorem 1.5 from
standard arguments.
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3.1. The monotonicity formula. Given f € &,,4, we will note to ease notation:

f=r, (3.1)
and recall from Proposition 2.8 that:
J?E grad N Eq(f) (32)
We introduce the functional of ¢ € ®,..4:
. 1
Tr+(8) = H(F*) + 5|V = Voo, (3.3)

and claim the following monotonicity formula which is a fundamental key for our
analysis -see also |2] for related statements-:

Proposition 3.1 (Monotonicity of the Hamiltonian under the f*/ rearrangement).
Let f € Erqq, non zero, and f given by (3.1), then:

H(f) = Tp-(65) = M) (34)
Moreover, H(f) = 'H(f) if and only if f = F.
Proof. Let f,g € Erqq, then:

) = g [R5 [ veF
= [ (" <z>f)<f—g>+1/ o+ [ s+ [ 9orP
= o+ [ (o) -a+g 06— [Vor-vo,+ 1 [ 19err

and hence the general formula: Vf, g € &.q4,
1 v|?
H() =Ha) + 5Vor - Vorltat [ (14 or@) (- o dsn 33)

We apply this formula with g = f: f*®7 and rewrite the result using (3.3):
[v]?

() = pen+ [ (1 +os@)) (- F e
We now claim:

/Re <W + op(x )> (f — f) dadv > 0, (3.6)

with equality if and only if f = f , which immediately implies (3.4).
The proof of (3.6) is reminiscent from the standard inequality for symmetric
rearrangement known as the "bathtub" principle

[ e = [ el

see [33]. Indeed, use f(z,v) = f;%o Li< f(z,v)dt and Fubini to derive:

/Re (HQ +¢ ) (f = ) dadv = /t: “ /R <||2 * ¢f> (Lecrton) = Lucgiaa) dade

o]

+

= /t dt /RG ( i ¢f) (Ltrsicston ~ Lrwursecrian ) 20t
oo £*(0,¢)

_ / dt / / < +é(r )) dvy (3.7)
£=0 t=0 S1,e(t) Sa,e(t
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where duy is given by (1.12), and
S1e(t) = {(r,u) € Q. f(r,u,6) <t < f(r,u )},

Sou(t) = {(r,u) € Q, f(r,u,0) <t < flr,u,0)},
We now use (2.73) in Lemma 2.10 to obtain: Vt € (0, f*(0, 7)),

u? . _
[ (56000 e < (7 000 0. St
Sa,0(t)
where we recall that

Ve(Sao(t)) = dr / Lo (r2u2 — 0~ 2r|uldrdu.
Sa,¢(t)

We then observe from fe Eq(f) that:
for a.e. t >0, Vg(Sl,g(t)) = I/g(Sgyg(t)),

and deduce

2
/ <u2 + ¢f(7“)> dvy < (f* o a¢)_1(t,£)/ dvy.
Sa.6(t) S1,6(t)

Injecting this into (3.7) and using (2.74) yields:

/RG<|2+¢>(f—f)dxdvz

17(0,0) u2
[ arf <+ww%%FO%Y%w0dwzo
=0 Jt=0 S1o(t) \ 2

and the analogous inequality for S ¢(t):

2
/ ("+¢ ) (f - F)dudo >
R6
o0 £*(0,0) 2
[Cae[ [ (rea w0 - o) v zo.
£ Sa,0(t)

=0 t=0

f — fldzdv = 0. Recalling that

), the above two chains of equalities
) =

ve(S2,(t)) = 0 or vg(S1(t)) =

Moreover, assume that be‘( + ¢f(x ))(
(S1(t)) = ve(S2.4(8)) = 0 for ¢ > F*(0,¢
imply that for a.e ¢,£ > 0, either vy(S7 (%)
Vg(Szg(t)) > 0 with:

2 2

G or(n) = (o ag) " (t.0) = F + 6y(ra),

for a.e (r1,u1) € Sie(t), a.e (ro,u2) € Sp(t), which contradicts the fact that
Flri,u1,0) < t < f(ra,uz,€). We conclude that ae t,¢ > 0, ve(S14(t)) =
v¢(S2(t)) = 0 which implies f = f. This concludes the proof of (3.6) and of
Proposition 3.1. ]
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3.2. Reduction to a variational problem on ¢ and proof of Theorem 1.3.
We now claim the following local coercivity property of the functional of ¢ given by
(3.3). To ease notations, we let for ¢ € ®,.44:

T(0) = Tar () = (@) + 5 [ | 1V6 = Vool ()

Proposition 3.2 (¢q is a local strict minimizer of J).
There exist a constant Cy > 0 such that the following holds. For all R > 0, there
exists 0o(R) €]0, 5|Vdglrz2] such that, for all f € Erqa satisfying
’f - Q‘g S R7 ‘v¢f - V¢Q’L2 S 50(R)7
we have

T (65) = T(6Q) = Co|Vés — Véglis - (3.9)

The proof of this Proposition essentially relies on Antonov’s coercivity property
and is postponed to section 4. Theorem 1.3 is now a straightforward consequence
of Propositions 3.1 and 3.2.

Proof of Theorem 1.3.

Let R > 0 and f € &.44 N Eq(Q) satisfying (1.18), where dp(R) is as in Proposition
3.2. In particular, note that

Vo7 — Véalie < 5IVoqls:
implies that ¢ # 0 and f # 0. Then the monotonicity property (3.4), f* = Q* and
(3.3) yield:
H(f) = H(Q) = Tp=(d5) = H(Q) = T () — H(Q). (3.10)
On the other hand, recall from Corollary 2.9 that our assumption on the ground
state () ensures

Q =Q* =Q and thus H(Q) = J(¢q)-
Injecting this together with (3.9) into (3.10) yields:

H(f) = H(Q) = T(¢5) = T (6q) = ColVor — Volia. (3.11)
this is (1.19). If in addition H(f) = H(Q), then ¢ = ¢¢ and hence using f* = Q™*:
H(f*r) = H(Q™!) = H(Q™?) = H(Q) = H(f).

We thus are in the case of equality of Proposition 3.1 from which:
f=19 =0 =Qe =Q.
This concludes the proof of Theorem 1.3.

3.3. Compactness of minimizing sequences. We are now in position to prove
Theorem 1.4.

Proof of Theorem 1.4.

The key to extract compactness is the monotonicity formula (3.11) which yields a
lower bound on the Hamiltonian involving the Poisson field ¢; only, while standard
Sobolev embeddings ensure that ¢, enjoys nice compactness properties in the radial
setting.

Step 1. Weak convergence in LP, p > 1.

Let
R=1Qle +C(1+ [Végl)*1QI1Q12 + 1Ql1 + Q| e, (3.12)
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where C' is the constant in the interpolation inequality (2.66).
Let f, € &.qq be a sequence satisfying (1.21), (1.22), where § will be fixed further,
satisfying in particular

1

Observe that (1.21) and (3.13) imply ¢, # 0. The sequence f; is bounded in L'
by (1.22), so f,, is itself bounded in L'. Moreover, from H(f,) < C, the L bound
of f, and the interpolation inequality (2.10), |v|?f, is uniformly bounded in L'.
Hence f,, is bounded in the energy space &.,4. We then get:

fn—=f €&qq inLP foralll<p<+oo, (3.14)

up to a subsequence. Moreover, by a standard consequence of interpolation, Sobolev
embeddings and elliptic regularity, we have

IVés, — Vol — 0 and [¢f, — ¢flr~ — 0 as n — +oo. (3.15)
From assumptions (1.21) and (1.22):
’V(ﬁf — Vg2 <6. (3.16)

In particular, ¢; # 0, since § < |Vg|r2 from (3.13). Hence, by Proposition 2.8,
we have

Q**7 € Eq(Q). (3.17)

Step 2. Strong convergence in € of the sequence Q*®fn .
We now aim at extracting a preliminary compactness from f,. Let
fo=Q0m, f=Q, (3.18)

and observe that fn is in fact a function of ¢, . We then claim that the strong
convergence (3.15) automatically implies some strong compactness in & for f,:

(L4 o) = (14 Jof2)f in 11(®O). (3.19)
We claim also that there exists d;(R) such that, for 0 < § < §;(R) we have
do(R
Vor— Vgl < 20, (3:20)

where R is defined by (3.12) and d¢(R) is defined in Theorem 1.3. We are now ready
to fix the constant § of Theorem 1.4 as follows:

1
J = min (1, 2|V¢Q|L2,51(R)> .

Proof of (3.19), (3.20). We first claim the a.e convergence:
fo— f as n— 400 forae (z,v) € RS (3.21)

Indeed, let (z,v) € R® such that |z xv|2 =£> 0. Ife = % +¢f(x) <0, then from
(3.15), @ + ¢y, (z) < e/2 for n large enough and

o[ o[

We now recall from Lemma 2.4 that for all £ > 0:

a¢fn (e,f) - a¢f (eaé)v (323)
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uniformly with respect to e lying in a compact subset of | — 0o, 0[. Therefore, from
@ + ¢n(x) < e/2 <0 and from (3.22),

m 2 @ 2

@\ 73 + ¢5,(z), |z x 0" ) = ag 2 + ¢s(z), |z x 0|7 ] asn — +oo.

Since, by Corollary 2.9, Lemma 2.3 and Assumption (A), the function Q*(-, /) is
continuous, this implies Q*?/» (x,v) — Q*?(z,v). Similarly, @ +¢¢(x) > 0 implies
@ + ¢n(z) > 0 for n large enough and thus Q*%/» (z,v) = Q*%/(z,v) = 0. Hence
Q*®in — @Q**7 a.e in R and (3.21) is proved.

Now recall from Proposition 2.8 and from ¢y, # 0, ¢y # 0, that fn € Eq(Q) and

f € Eq(Q) so that
v 1 f, = Q= )
n Z ) /6 f /6 . f

The almost everywhere convergence of f, = Q*®/ to f and the fact that ]fn\ =

| /|11 allows us to apply the Brézis-Lieb Lemma (see [33], Theorem 1.9) and get the
strong L' convergence

fN‘n — f in L' as n— 4oo. (3.24)

It remains to prove the strong convergence of the kinetic energy. Let us decompose
o= Tpp<rfo+ Lopsnfa = g g + bo g

The L' convergence (3.24) implies: VR > 0, [v|’gnr — |v|2]1|v|2§R}2 in L'

Consider the other term. We recall that f';l = Q*®f is supported in the set
2
% + ot (z) < 0. Hence, by interpolation,

I :/|U|2hn7R(ZL‘,U) dedv < —2/¢>fn(:rz)hn7R(x,v) dxdv

1/4 T7/12 1/6
S IVG sl 01 r) A P A2 QLS

102 hn,

which yields
7/9

10/ hn,rl 21 < C lhn,rl /-

By writing

Pl < |Q* P — Q1|1 + / Q%! (x,v) dadv,
[v]2>R
we obtain that ||v|?h, g|;1 converges to 0 when R — +oo and n — o0 inde-
pendently. This together with the convergence of |v|?g, r concludes the proof of
(3.19).

We now turn to the proof of (3.20) and claim that it follows directly from (3.16)
and the definition f = Q*?f. Indeed, arguing by contradiction, we extract a subse-
quence V¢, — V¢g in L? and g, = Q*?" such that Vg, — Vool > 50(2R). From
(2.66), gn is a bounded sequence in &,,q and then the same proof like for (3.19)
yields

(1 +[0[*)gn — (1 +[0[)Q*% = (1 + [v[)Q in L'
and hence V¢g — Vg in L?, a contradiction. This concludes the proof of (3.20).

Step 3. Identification of the limit.

Following (3.1), we let:
Jn= fn*(bf"‘ (325)
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We now claim that the variational characterization of () given by Theorem 1.3 and
the monotonicity of Proposition 3.1 allow us to identify the limit:

f=Q and ¢;=¢;=¢q, (3.26)
and to obtain the additional convergence:
2 ~
/ <|112| + ¢, (:c)) (fn — fn)dzdv — 0 as n — +oo. (3.27)
RS

Proof of (3.26), (3.27). First observe from (3.19), | fa| = |@Q*| and (2.10) that:
H(Fn) = H(F). Vo7 —Vér L2 (3.28)
From (2.71), there holds:

> 7 _ * * ‘U|2 2 2
FoBlu = [ 15 (oo, (B + ol ol ) oo )T oo
+oo +oo
= [ i@l o dsae
0 0

— 0Oas n— 400
from the assumption (1.22). Together with (3.19), this yields:
fn — fin LY(RY). (3.29)
We now invoke the identity (3.5) with g = f, to derive:

3165 = Vor P4 nF) - m@+ [ (1 +on@) (- B oo
v|? ~ -~
g @+ [ (14 on@) (- 7 doa

(3.30)
Let us examine the various terms of this identity. From (3.28) and (3.20),

Vo — Vgl < do(R) (3.31)

for n large enough, where do(R) is defined in Theorem 1.3. Moreover, from the
definition (3.18) and from Proposition 2.8, we have the following estimates on f,
and f:

rs rs rs 4 7
Falr = 1Qlits [ falze = 1Qlzee, [0 falir < CIV6s 135 1QIT QI

7 7 i 4/3 1 ~(7/9 1 ~(2/9
flor=1Ql, = = 1Qlz=, [0 flor < CIVeyl 2 1QILY QUL
where C'is the constant in the interpolation inequality (2.66). Since, by (3.13) and

(1.21), we have

IVég, |2 < 1+[Vglre,
we deduce from (3.15) and (3.12) that
o= Qle <|Qle +1fule <R, |f—Qle <|Qle +|fle < R. (3.32)
Therefore, from (3.31), (3.32) and f, € Eq(Q), the variational characterization of
Q@ given by Theorem 1.3 ensures:
H(f) = H(Q) > 0.
Next, from (3.6):

o]

/RG (2 + o1, @)) (fo — fr) dxdv > 0.
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We now claim that:
v]?

/ <2+¢fn> (fo = fn) dzdv — 0 as n — +oc. (3.33)
R6
Indeed, from (2.71):

o[

/]Rﬁ (2 + o (ﬂf)> (fo = fo) dadv =

:A;<@f+¢hm0«w—fm<%m(@f*¢h@*mx”ﬁ’wxﬂﬁ

X]]"'U‘Q dfl:dv
T+¢fn<0

+oo
‘A agl ()@~ F7)(s,0) dsd,

where we recall that a(gfl ¢ is the inverse of the diffeomorphism e — ag(e, £). From

Lemma 2.3, (2.5), and (3.15), we have ]a;ftwé(s)] < —ep; 0 < —9£,(0) < C, and

hence the L' convergence of f3 to Q* yields (3.33).
Finally, since (1.22) gives lim sup H(f,) < H(Q), we deduce that all the nonneg-

n—-+4oo
ative quantities in the left-hand side of (3.30) converge to 0:
Véys, —Vér —0in L? (3.34)
H(f) = H(Q), (3:35)

and (3.27) holds, and moreover:

H(fn) = H(Q). (3.36)

Hence, (3.28) and (3.35) imply H(f) = H(Q) and thus (3.20), (3.32) and Theorem

1.3 ensure: B

f=Q and ¢z=0dq=dy,
where we used (3.15), (3.28) and (3.34) for the last identity. This concludes the
proof of (3.26), (3.27).

Step 4. Strong convergence in L' of f,, to Q .
We first note that (3.29) and (3.26) imply
ﬁl —Q in L.

We then claim that the extra gain (3.27) -which is again a consequence of the
monotonicity (3.4)- allows us to identify @ as the limit of f,. We indeed claim that

(3.27) and | f, — Q|1 — 0 imply
/}RG(Q — fn)adxdv — 0 as n — +oo. (3.37)

Let us assume (3.37) and conclude the proof of Theorem 1.4. We first claim that
(3.37), together with f, — @ in L', imply

/ (fn — Q)+dzdv — 0 as n — +o0. (3.38)
RS

Indeed we observe that for all g, h € L*(R%) with g > 0, h > 0, we have

+o0o
/ meas{g <t < h}dt = / (h — g)ydzdv < |g — h|p1, (3.39)
0 RS
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and thus:
/ﬂh—@ﬂmwfz/ﬁh—ﬁﬁmw+/ﬂﬁ—mew
R6 R6 R6
+oo N o
< / meas{fn§t<fn}dt+\fn—Q|L1
0 . R -
:/ meas{fn§t<fn}dt+\fn—Q\L1
0
_ /R6<fn — fu)ydado + | F — QI
< [ @ sdedo+ [ (F= Qe+ 1~ Qlo
< /RG@ ~ fu)sdudv +2/f, — Q|

where we repeatedly used (3.39) and the fact that ]?n € Eq(fy,) implies
vt > 0, meas{fn <t< fn} :meas{fn <t< ﬁl}

As f, — Q in L', we then conclude that (3.37) implies (3.38). Finally adding (3.37)
and (3.38) gives

|fn— Q|1 — 0as n— +oo.
Furthermore, (3.36) and the strong convergence Vo, — Vg in L2 imply:
||v|2fn|L1 - ||U|2Q|L1 as n — —+oo,

Together with the a.e. convergence of f,, this yields the strong convergence of |v|% f,,
to [v|2Q. Note that the uniqueness of the limit now implies the convergence of all
the sequence f, which completes the proof of (1.23).

Proof of (3.37). 1t is a consequence of (3.27) and of the convergence:
fo—Q in L. (3.40)
We first claim that (3.27) remains true if one replaces ¢y, by ¢q:

i 6
0<1T, ::/ — + ¢g(x) (fn— n Q) drdv — 0, as n— +oo. (3.41)
R6 \ 2

The fact that T, > 0 can be proved exactly in the same way as for (3.6), since f,
and f;d)Q are equimeasurable. Let us now prove that T, — 0. We observe from
assumption (1.22) that |f;¢Q|L1 =|f¥p = |fulpr — |Q|11, and that

[i(s,0) — Q*(s,¢), for ae s>0, £>0.
This implies that
f;%(x,v) — Q(x,v), for ae (x,v) € RE.
As a consequence of the Brézis-Lieb Lemma (see [33], Theorem 1.9), we then get
127 = QL — 0. (3.42)

We now write
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’ 2

T, — /RG <|v2 + ¢fn(50)> (fn B §¢f") dxdv =

| 2

/]Re (9 = 91.) (f” B ;¢Q> + /11{6 <|U2 + ¢fn($)) (f:;qsf” — f;¢Q> dxdv

2
< [on—calls— |+ [ (B -on)
< s, — dolrelfo — fa72l o + b5, O fa2" — f279 =0,

where we have used the definition (2.63) of f*?, the uniform convergence of the

f:¢f" — f;d)Q ’ dxdv

potential ¢y, , the boundedness of f, and f;d)Q in the energy space, and the L'
convergences (3.40) and (3.42) . Using T,, > 0 and the convergence (3.27), we
finally deduce that T,, — 0, and (3.41) is proved.

Arguing as in the proof of (3.6), we write (3.41) in the following equivalent form

+oo |U|2 ) (|v|2 )
n= d 9 dadv — 5 dxd — 0,
T /t:o t(/ﬁ(ﬂ( S+ do(@) ) dadv /s;(w "+ bo() ) duds 0

(3.43)

where
SH(t) = {(z,v) € RS, f°9(2,0) <t < fulz,v)},
S3(t) = {(z,v) € RS, fu(w,v) <t < fn?%((w,0)}.
Now from (2.74), we have

o]

5+ de@) 2 (70 age) T (b |z x v,

if (z,v) € S7(t). Thus

400 2
T, > / dt / (fro a¢Q)71(t, |z x v]?)dadv — / <|U| + (bQ(x)) dxdv | .
=0 Sp(t) sp(t) \ 2
(3.44)

As a consequence of the equimeasurability of f:% and f,, we claim that

— *o -1 Hdxdv = 0. :
</§L(t) /y(ﬂ) (fnoapy)  (t, |z x v|")dzdv = 0 (3.45)

Indeed, we first use the change of variables
r=lzl, u=|v, €=z xv
to get

/ (fro a¢Q)71(t, |z x v|2)d:cdv = / / (fno a¢Q)71(t75)dW(7’7 u)dl,
S0 t=0Js7,(1)

Tt

- /g (0 asg) (1 Ou(ST) (L,

=0
and the same identity holds for S%(t), where v is given by (1.12), and

Po(t) = {(r,u) € Qo fa22(ryu,8) <t < fulryu,0)},

S34(8) = {(r,u) € Qe fulryu, ) <t < f20%(r,u, )},
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. *
Since fn¢Q € Eq(fn), we have:

V(ST(6)) = ve(S53,(1)) = 4 / et = 07 el
mo(t

This implies (3.45) and then (3.44) gives:

T, >/t dt/n [fnoa(m) Lt o x v]?) — <\“2|2 +¢Q(m))] dzdv.  (3.46)
Now from (2.73), we have

2
(1 0 a0g) ™t xv) 2 O 4 gg(),

for (x,v) € SZ(t). Thus, from (3.41) and (3.46), we get
A= [ 0 aaq) ke o) - (U
n Q ? 2

as n — oo, for almost every (t,7,v) € Ry x R3 x R3. We now claim that this
implies

+ do(x )ﬂ Loy (w,v) =0,  (347)

o]

B, — [(Q* 0 agy) " (b o x v]?) — ( o+ dala ))] Ign(2,0) =0, (3.48)
as n — o0, for almost every (t,z,v) € Ry x R3 x R3, where
B3(t) = {(,0) € BY), fulr,v) <1 < Q(,0)}.
To prove (3.48), we write
S5 = (S5\S3) U (S5 nSy), Sy =(5\55) U (S5NSy),
and get

i .
Ap— By, = < +¢ ( ) (Q Oa¢Q t |£CXU’ )> (B\SH(t)

o2
+ <fn°%Q (t, |z x v]?) — u—QSQ >S"t)\82
t

+ (£ 0agg) Lt |z > o) — (@7 ©agy)” (L |z x v| )1 S5 (t)NSh ()

(3.49)
We shall now examine the behavior of each of these terms when n — oo. We first

observe from (3.39) and (3.42) that

—+00 x
/0 meas(S(O\SE ()t < £ — QI — 0,

which implies (up to a subsequence extraction)
Lonnszey — 0; for ae (t,z,v) € Ry x R3 x R,

Using in addition the estimate

(10 a90) U fo X 02| < legg o] < 160 (O0),

we deduce that the first two terms of the decomposition (3.49) go to 0 when n goes
to infinity, for almost every (¢,z,v) € Ry x R3 x R3. We now treat the third term
and show that

90 = hnnig.}f [(fno %ﬁq)il(ta | x v[?) = (Q o adxg)il(ta ERS UP)] ]lsg(t)mgg(t) =0,
(3.50)
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for almost every (¢, x,v). To prove (3.50), one may assume that Lonnss ) (x,v) =1
for n large enough, (¢, z,v) being fixed, otherwise gy = 0 and (3.50) is proved. Let us
also recall from standard argument that the strong L! convergence (1.22) together
with the monotonicity of f in e and the continuity of Q* in e ensure:

a.e. £>0, Ve€ (epy.0,0), frlagy(e, l),0) — Q (agp,(e, L), ).
Hence, from (1.10), we deduce that for a.e. (x,v) € R® we have

Ve € (€40,0,0), falagy(el),€) — Q% (ag,(e,£),£), where £ = |z x v > 0.
(3.51)
Let then (¢, z,v) being fixed such that ﬂsg(t)m@(t)(x? v) = 1 for n large enough and
(3.51) holds. From
| 2

Q.v) = Q" <a¢Q,g (”2| 4 ¢>Q(z),z> ,z) >

and from the continuity of Q*(+, ¢), we deduce that

(Q" o a¢Q)_1(t,€) = sup{e €leg, 0, 0 Q" (agy (e, £),£) > t}. (3.52)
Take now any e such that
oot <e<0, and Q% (ag,(e,r),€) >, (3.53)

then from (3.51):

falagg (e, 0),0) > t,
for n large enough. Using the definition of the pseudoinverse given in Lemma 2.10,
we then get e < (f 0 ag,) ' (t, |z x v|?) for n large enough, and hence

e < liminf(f; o a¢Q)_1(t, |z x v[?).
n—oo
Since this equality holds for all e satisfying (3.53), we conclude from (3.52) that
liminf (£} © ag) "t o x 0f2) = (@ 0 as) (1 o x o),

and (3.50) is proved.
We now turn to the decomposition (3.49) and get from (3.50)

liminf(A, — By,) >0, for a.e. (¢,z,v).
Finally, observing that B;,, > 0 and using (3.47), we conclude that (3.48) holds true:

* - v §
((Q o a¢Q)( 1)(t, |z x v[z) — 2| — ¢Q($)> L, <<y — 0, (3.54)
for ae (t,z,v) in R% x RS,
Observe now that
2
t < Q(x,v) implies Q(z,v)=F <|02‘ + ¢g(x), |z x v2> > t,

By Assumption (A) and Corollary 2.9, e — F(e, |z x v|?) is continuous and strictly
2
decreasing with respect to e = % + ¢g(z) for (z,v) € {Q > 0}, and thus:

o]

t < Q(xz,v) implies (Q*o a(z,Q)(*l)(t, |z x v|?) 5

¢Q (3:) > 0.
We then deduce from (3.54) that

Lip.<t<qy — 0, as n— o0,
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for ae (t,z,v) € R x RS, Now from Lif<t<qy < Ly and

/ / Lcqydrdudt = Q|1 < +oo.
0 R6

we may apply the dominated convergence theorem to conclude:

o0
/ / Lys,<t<gydzdvdt — 0 as n — oo.
0 R6 B

Injecting this into (3.39) yields (3.37) .
This concludes the proof of Theorem 1.4.

3.4. Nonlinear stability of (). We now turn to the proof of Theorem 1.5 which
is a direct consequence of Theorem 1.4 and the known regularity of strong solutions
to the Vlasov-Poisson system.

Proof of Theorem 1.5. Let fo € Eraq NCL and let f(t) € &4 be the corresponding
global strong solution to (1.1). Then from the properties of the flow of the Vlasov-
Poisson system (1.1), there holds:

Vé; € C([0,+00), L*(R?)) (3.55)
and

vVt >0,  f(t) € Eq(fo),  H(f(t)) =H(fo). (3.56)

Note that f(t) € Eq(fo) means the equality of the symmetric rearrangements at
given ¢: for all t > 0, f(t)* = f;. Recall also from the property of contractivity of
the symmetric rearrangement (2.62) that:

Ifo — Q| <1fo—Qlpr- (3.57)

Remark finally that the following inequality can be proved by interpolation: for all
f € Erqa satistying H(f) < H(Q) + 1, |flpr <|Q|pr + 1 and |f|pee < M, we have

Vs — Veoqlre < Colf —QITN™. (3.58)

Let us fix g9 > 0 such that
)
Coerl/'? = 5 (3.59)

where Cg is the constant in (3.58) and ¢ is as in Theorem 1.4.
An equivalent reformulation of Theorem 1.4 is the following: for all € > 0, there
exists 1 satisfying

0 < n < min(eg, 1) (3.60)
such that the following holds true: if f € £,,4 is such that
|f* = Q% <ny |flee <M, H(f) <H(Q)+n (3.61)
and
[Vor = Voglr2 <4, (3.62)

then we have

|f = Qlp <min(e,e0), |flre <M, [’ (f = Q)1 <e. (3.63)

Let fo € Erqq N CL satisfying (1.24). From (3.56) and (3.57), we first deduce that
the corresponding solution f(t) of (1.1) satisfies (3.61) for all £ > 0. Hence, if we
prove that

vVt > 0, |V¢f(t) —Voog|rz <6, (3.64)
then it will imply that f(¢) satisfies (3.63) for all £ > 0, which is nothing but (1.25).
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Therefore, it remains to prove (3.64). By (1.24) and (3.60), the initial data
f(0) = fo satisfies

£(0) = Q|r <min(gg, 1), [f(0)[ze <M and H(f(0)) <H(Q)+mn,

thus (3.58) and (3.59) imply that |V¢r(0) — Voglr2 < 6/2. Now, assume that
(3.64) is not true. Then there exists t; > 0 such that |Vér(t1) — Vg |2 > 6 and,
by the continuity property (3.55), there exists o > 0 such that

IV (ts) — Voo = 25/3. (3.65)

Hence, since the function f(t2) satisfies (3.61) and (3.62), it satisfies (3.63). There-
fore, we have

[f(t2) = Qlpr <eo,  |f(t2)lze <M and H(f(t2)) < H(Q) +n,

thus (3.58) and (3.59) imply that |V¢(ta) — Vog|r2 < /2, which contradicts
(3.65). The proof of Theorem 1.5 is complete. O

4. Study of the reduced functional 7

This section is devoted to the proof of Proposition 3.2 which requires a detailed
study of the reduced functional J defined by (3.8). In particular, we aim at prov-
ing that J is twice differentiable at ¢¢, that ¢¢ is a critical point and that the
Hessian at ¢ is definite positive. Remarkably enough, this last fact holds because
the Hessian of J is deeply connected to the structure of the linearized transport
operator close to ¢g which is explicit in the radial setting. The coercivity of the
corresponding Hartree-Fock exchange operator, [41], then follows from Antonov’s
celebrated coercivity property [3, 4].

4.1. Antonov’s coercivity and the structure of the linearized transport
operator. Let us start by describing some properties of the linearized transport
operator generated by ¢ which is deeply connected to the structure of the Hessian
of J, see Proposition 4.3. These properties rely on standard abstract functional
analysis results and a remarkable coercivity property due to Antonov, [3, 4].

Let F! denote the partial derivative with respect to e of the function F'(e,f) =
Q* (a¢Q(e, ), 8) defined in Assumption (A). Abusing notations, we will note when
no confusion is possible:

2
F! = Fl(z,v) = %—Z (’UJ + ¢g(x), |z x v\2> . (4.1)
Denote
Q={(z,v) € RS . Q(z,v) > 0}. (4.2)

At any (z,v) € §, we have (% + ¢o(x), |z x v|?) € O, where O is defined in
Assumption (A), hence F!(z,v) < 0. Moreover, the function (z,v) — F.(x,v) is
continuous on 2.

We now consider the L? weighted Hilbert space:

L|2132| = {f € L,.(Q) spherically symmetric with /Q

7] dxdv < —I—oo}

and introduce an orthogonal decomposition:

2
L7,

) _ L2,even ® LQ,odd

|F¢] |Fe|
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where
LZ,even

\F| = {feLfﬁZ‘ with f(z, —v) :f($vv)}7
,odd RE .
L|2Fg| = {f € L‘QFQ with f(x,—v) = —f(x,v)} .
We then consider the unbounded transport operator:
Tf=v-Vof — Voo Vof, D(T)= {f €Ly, Tfe L‘QF‘}

Note that C°(2) € D(T) is dense in Lfl’f,‘ and hence D(7) is dense in L‘Zi;,‘. We
claim the following properties of 7:
Proposition 4.1 (Properties of 7). (i) Structure of the kernel: i7 is a self adjoint

operator with kernel:

. 2
N(T) = {f € L‘QI’I,‘ of the form f(x,v) = f <|U2‘ + ¢g(z), |z x 112) } . (43)
(i1) Coercivity of the Antonov functional: The Antonov functional
2
A(g.9) = I%’I drdv — |V py|2 (4.4)

. . 2,r
18 continuous on le. Moreover,
e

(£)* (1)
||

(iii) Let g € [N(T)]" N Lfl’f,Te”. Then A(g,g) > 0 and we have A(g,g) = 0 if and

VeeD(T)NL",  (TETE) > / dzdv. (4.5)
¢ Q

only if g = 0.
Proof. Step 1: Description of the kernel

Property (i) relies on the integration of the characteristic equations associated with
Tf = 0 and is a standard consequence of the integrability of Newton’s equation
with central force field in radial symmetry. The proof follows similarly like for the
proof of Jean’s theorem in (8|, see also [19].

Step 2. Proof of (ii)

Let g € C2(Q2). We integrate by parts to get:
1/2

V6l == [ gl 0)dy(@)dedv <lglya

IFE|

/ (¢g(x))? F. dxdv
RG
S |9’L27T ‘v¢g|L27

|F{|

where we used (C.1) proved in the Appendix. The density of C2(£2) into Li’uf;' allows

us to extend this estimate:

2,
Vg € L|FZ\’ |V¢g|L2 5 ’g‘L‘lea

and the continuity of (4.4) onto L|2}777;| follows.

Antonov’s coercivity property is now the following claim: V& € C2°(Q2) N Lfﬁ“jd,
(©)? Pa(r)

| F|
In the case where the function F depends only on e = |v|?/2 + ¢(x), a proof of
this inequality can be found in [25, 23, 46, 52|. In our context F' depends on

A (TE,TE) > /Q dzdv. (4.6)
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e = [v|2/2 4+ ¢(z) and £ = |z x v|?, and for a sake of clarity and completeness, we
give a proof of this inequality in Appendix B which is a simple extension of the
proof in [23].

Let us extend this estimate to all { € D(7T) ﬂLfIf,‘fd using standard regularization

arguments. Let £ € D(7) N L‘QI’,‘ZM and assume first that Supp(§) C 2. From the
continuity of F!, we deduce that F/(z,v) < ¢ < 0 for all (z,v) € Supp(§). Let a
mollifying sequence (,(z,v) = %C(%, %) € C>(R%) with ¢ > 0, then first from
standard regularization arguments:

Ch*x€—& G*(TE —TE in L|2F(,{| as n — 400,

and
T((n*x&) —TE in L‘QF,‘ as n — +00.
Antonov’s coercivity property applied to ¢, x£ € C°(Q2) N Li’u?flld, the continuity of

o/ on L|2F,| and the boundedness of ¢QT(T)

EeD(T)N L‘Qif,c‘ld. We let x,, a C* function such that

yield the claim. Consider now a general

X(s)=0 fors <,
X increasing on [5-, 1], (4.7)
X(s)=1 fors>1,
and we set
Xn(2,0) = Xn(Q(z,v)). (4.8)
Then Y, is a C' function with a compact support in €, satisfying 7y, = 0. There-

2,0dd
fore xn€ € L‘FZ‘ ,

has compact support in 2 and

T(xné) = xnTE = TE in Lipy,

and hence the previous step and the continuity of .7 on L|2Fg| yield (4.5).
Step 3. Proof of (iii)

We first observe that the transport operator exchanges parity in v: V¢ € D(7),

2,0dd 2,even 2,even 2,0dd
(geL‘Fé‘ :>T£EL|F8,| ), <§EL‘FQ :>T£€L|Fe,| )

This implies:

R(Tufﬁ ‘Td) = R(T) N L (4.9)
On the other hand, i7 being self—aedjoint, there holds —see Cor. I1.17, p. 28 in [9]—
R(T) = N(T)*. (4.10)
Let g € [N(T)]* n Lflﬁen. From (4.9) and (4.10), we infer the existence of a
sequence &, € D(7T) N lejufjld such that
Té—g in L, (4.11)
2,7

as n — +oo. Hence, from the continuity of the Antonov functional on L we

have e
A (Tén, TEn) — A (9, 9)- (4.12)
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Moreover, by (4.5), we have

(6)” 9(7)
>
AT6 760 > [ =
Thus (4.12) and (4.13) imply </(g,g) > 0.
Assume now that </(g,g) = 0. Then (4.12) and (4.13) imply that

/Q (E’;l)‘? %T(T) dzdy — 0. (4.14)

as n — ~+o0o. Solving the Poisson equation in radial coordinates yields:

TQQZ)/Q(T) =47 /T pq(s)s?ds.
0

Denote 1o = inf(, ,)eq [#|. From the definition (4.2) of 2 and the continuity of @,
we have a sequence r; — rg, 7; > 1o, such that pg(r;) > 0. Hence, for all r > r,

we have r2<;5’Q(r) > TJQ-(;S’Q(T]-) > 0, for j large enough. Thus, the function Ll)lgé(\:)

dxdv > 0. (4.13)

is
continuous and strictly positive on Q and (4.14) implies that
& — 0 in L7.(9).

Therefore, 7¢, — 0 in the distribution sense D’'(2) and, by (4.11), g = 0. This
concludes the proof of Proposition 4.1.
O

A standard consequence of the explicit description of the kernel of 7" given by (4.3)
is that we can compute the projection onto N(7°) —see [19] for related statements—.
For later use, we introduce the following homogeneous Sobolev space

H' = {h e HY(R3) s.t. his radially symmetric} .

Lemma 4.2 (Projection onto the kernel of 7). Let
D={(e,f) eR* xR} : e>ep,s}, (4.15)
where ey, ¢ is defined by (2.3). Given h € H}

ro

/: (e(x,v) — do(r) - W’“))m h(r)dr

2r2

/{: <e(:n,v) ~ golr) — E(;:zv))—l/g -

where r1 = 11(¢Q, e(x,v),l(x,v)), r2 = r2(¢g, e(x,v),l(z,v)) are defined by (2.6),
(2.7), and where

we define the projection operator:

Ph(z,v) =

]]-(e(x,v),é(:c,v))e’D ) (416)

2
ela0) = 4 sga), ) =|a x of.
Then:
hFLe L., (Ph)F. €LY, (4.17)
and
(Ph)|Fl| € N(T), (h—Ph)F, € [N(T)]"n L} (4.18)

with F. given by (4.1).

The proof is given in Appendix C.
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4.2. Differentiability of 7. Our aim in this section is to prove the differentiability
of J at ¢¢g and to compute the first two derivatives. We shall in particular exhibit
an intimate link between the Hessian of J and the projection operator (4.16).

Proposition 4.3 (Differentiability of 7). The functional J defined by (3.8) on
D,.,q satisfies the following properties. N

(1) Differentiability of J. Let ¢ = ¢y € Prqq and ¢ = qbf € ®,uq, both nonzero.
Then, the functional

A= T(6+ Ao — 9))

is twice differentiable on [0, 1].
(i) Taylor expansion of J near ¢q. Let R > 0 and

f € Br :={g € &raaq such that |g — Qle < R}. (4.19)

Then we have the following Taylor expansion near ¢q:

1
T (o) = T(¢q) = §D2~7(¢Q)(¢f — 6q, 5 — Q) +er(dr) [Vor — Vgli» (4.20)

where
6R(¢f) — 0 as |V¢f — V¢Q|L2 — 0 with f € Bp,

and where the second derivative of J in the direction h is given by
D27 (60)(h, h) = / V| dz + / h(z)(h(z) — Phle, 0))F(e, O)dzdv  (4.21)
R3 RR6

with Ph given by (4.16) and e = @ + ¢g(z), £ = |z x v|2.

Proof. Let us decompose J into a kinetic part and a potential part:

T(6) = Tar(6) = H(Q") + |V6 ~ Vol = 5 [ IV6Pdo+ () (422

with

Jo(9) = /Rﬁ <|UQ|2 - qb(x)) Q* <a¢ (’1;'2 + ¢(x), |z x v|2> |z x UP) dzdv

_ /R6 <|“2‘2 + qS(x)) Q™ (z,v) dedv.
(4.23)

Observe that (4.23) seems to suggest that two derivatives of Jy should involve two
derivatives of @* and a4 which are not available in particular from the /- regularity
only of the integral (2.17) defining ay. We claim that is in fact not the case and
that suitable integration by parts and change of variables and a careful track of the
dependence on (e, ¢, £) of the various estimates on ay and its derivatives given by
Lemmas 2.3, 2.4, 2.5 will yield the result.

Step 1. Bounds for the support of Q*.
In Corollary 2.9, we have identified the function Q*:
Q*(s,0) = F (a;;(s,@,z) . YE>0, V¥s>0. (4.24)

Recall that, by Assumption (A), for all £ > 0 the function e — F(e,{) is nonin-
creasing. Let us define

L={{>0: Flegyet)>0}, (4.25)
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where €y, ¢ is defined in Lemma 2.1. By Lemma 2.1 (i) and by the continuity of F,
the function ¢ — F(€¢Q7g,£) is continuous on RY , thus L is an open set.

If £ € RY \ L, then a(;; (5,£) > ey, ¢ implies
Fagh(s,0),6) < Flegge,t) =0
for all s > 0, thus
Ve e RY\ L, Q*(-,¢) =0. (4.26)

In particular, since Q = Q*?@ is not zero, the measure of L cannot be zero.

Let now £ € L and let

s0(£) = ag, (eo(£),£),

where we recall the definition (2.68) of ep(¢). From Assumption (A), Lemma 2.3
and (4.24), we infer that the function Q*(-,¢) is continuous on R, that its sup-

port is [0, 50(¢)] and that this function is strictly decreasing and C! on ]0, so(¢)].
Furthermore, from (2.21), we deduce that

Vee L, 0<so(f)<so:=16w%Q|1|eq| V2. (4.27)

Finally, let us prove that the set L is bounded. From Assumption (A), (z,v) —
Q(z,v) is compactly supported, thus there exist rg,ugp > 0 such that Q(z,v) =0
for all (x,v) such that |z| > 79 or |v| > ug. Hence, we have Q(z,v) = 0 for all
(x,v) such that |z x v|? > roup and then, by definition of Q*, Q*(-,#¢) = 0 for all
0 > {o := r3ud. Therefore, we have

L 0, 4. (4.28)

Step 2. First derivative of Jo.

We first transform the expression (4.23) of Jy. Using the change of variable (2.71)
and the bounds (4.26), (4.27) for the support of Q*, we get

s0(0)
Vo € D.0a\{0},  To(0) = /E ., /0 ay ' (s,0)Q* (s, £)dlds, (4.29)
S

where we recall that ad_)l( ,0) is defined as the inverse function of e — ay(-,¢) at

given ¢ € @md\{O} and ¢ > 0.
Let ¢ and ¢ as in Proposition 4.3 (i) and h = qb ¢. Let us differentiate the
following function with respect to A € [0, 1]:

s0(€)
Jo(¢ + Ah) = /L/O a;i/\h(s,é)Q*(s,f)dﬁds. (4.30)

Let
g\ s,0)=a _Mh(s,ﬁ)Q*(s,E).
According to (2.49), we have
/ (a7 (5.0) = Yirelr) = M) )
(hs.) = 2 Q' (5,0)
JA R O ) I

T1

%
O

where 7;, i = 1,2, shortly denotes 7;(¢ + Ah,a;iAh(s,E),E) defined by (2.6), (2.7),
and g ¢(r) is defined by (2.2). Therefore,

0< %()\,s,ﬁ) < |h|p= Q*(s,0) € LY(R,,Ry)
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and we deduce from dominated convergence that Jy is differentiable at ¢ in the
direction h with:
—-1/2

(4,25, 0) = ger)) " hr)dr

DJy(¢ /
-

T1

~1/2

S5, 0) = tge(r))

Using the change of variable s — e = a;l(s, ¢) and (2.23), we now get the following
equivalent expression:

0 ro
DI(&)(h) = 4n*V/2 /L / Q" (ag(e, £),£) (€ — g o(r) ™2 h(r)drded.
€pe JT1
(4.31)

Step 3. Second derivative of Jp.

Let us now compute the second derivative of Jy(¢ + A\h) with respect to A. First,
we write the first derivative in a more convenient form. Let

Dy = {(r,e) eRY xR st e—o(r) — % > 0}
= {(re) e Rl x]egs, 0] st. ri(de,0) <r <rap,el)}.

An integration by parts gives
0
—Jo(aﬁ + A\h) =
o 2(¢p+Ah,e,0)
B Sﬂz\[/ / (ad’“h(e 0:6) %52 / (e — g.0(r) — An(r))/% h(r)dr | ded?
e 6¢+>\he 86 7“1(

o+Ah,el)
N ‘8”2f/ / (@ n(e,0),0) L2 (e, ) (e = 1y o) — M) 2 h(r)drdedt
D¢>+Ah 88 86 ’

where the boundary terms of the integration by parts vanish. Now, we perform the
change of variable e — s = ag4an(e,£) and get

;\jow + \h) = —87%V2 /L /0 v :XJ G\, 5,4, r)drdsdl, (4.32)
with )
6.1 = 22 5.0) (03130050~ ) — 20 ).
We have
n 3o ( oo, h(r)) hr) )
x ¢_>+)\h( 0) — g e(r) — )\h(?“))_l/2 Lry<r<ry -
From (2.49):
aad_’hh(s 0) = h(r)| < 20h] . (4.34)
x> =

Moreover, applying (2.9) to the potential ¢ + Ah gives

B SV i
<a¢+>\h(5’£) Yo,e(r) — A )> = \/(7’—7“1)(7’2—7") Ve

(4.35)
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for r €]ry, ro[. Inserting (4.34) and (4.35) in (4.33) yields

gi\; < Olhlzslrhl= <_8§9* (S’@) V(- 7“:1)22 -7) \}27 (430)

for r €]ry, ro[, where we recall that % <0for ¢ e Land 0 < s < sp(f).
In order to apply Lebesgue’s derivation Lemma A.1, one has to bound the right-
hand side of (4.36) by suitable L' functions. To this aim, we need estimates for

r1=11(¢+ My agi oy, (s,0),6), o =ra(d+ Ah,ay,,(5,0),0).
We claim that, for all ¢ = ¢ € @44,
mg + Lo + 5

VE<ly, Vs<so(l),  ral¢,ay'(s,0),0) <C|flp——5—2, (437
m
@

where my is defined by (2.20) and where C' is a universal constant. Let us assume
(4.37) and conclude the computation of the second derivative. Let

m = min(m¢,m5) >0, M =max(|f]z1,|flp)
For A\ € [0, 1], we have
mgean = if(r 4+ (1= ]6(r)] + M) > (1 - Nmg + Ay > m > 0
From (4.28), (4.36) and (4.37), we get
‘ < C’h‘Loo’?"h‘Loo qA(S,E,T), (438)

for £ € L, s < so(¥), with

aQ* (S, 6) ]]-1”1<7”<T2 1

\/(r —r1)(re —r) Ve

and where the constant C' only depends on m, M, ¢y and sg. By Lemma 2.4 and
the continuity of r;(¢+ Ah, e, ), i = 1,2 with respect to A, we have for all Ay € [0, 1]

O S Q)\(S,K,T’) = -

(s, 0,1) = qr,(s,€,r) as A — Ao for a.e. 7, s, L.

o(f) p+oo
// / sﬁrdrdsdﬁ—ﬂ/Q*Oﬁ

Since Q* € L*®(Ry x Ry) and from (4.28), this integral is finite and its value is
independent of A. Now we invoke the Brézis-Lieb Lemma to conclude:

Moreover,

(s, 0,1) = qr,(s,0,7) as A — Ag in LY([0, s0] x [0, 0] x R4).

We conclude from (4.32), (4.38) and Lemma A.1 that A\ — Jy(¢ + Ah) is twice
differentiable on [0, 1]. In particular, Jp is twice differentiable at ¢ in the direction
h with:

o(f) pra * aa_l
D2 Jo(¢)(h, h) = —47>\/2 / / / ‘%2 ( ai (s,e)—h(r)> h(r) x

><( L(s, ) — g (r )) /drdsde
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By (2.49), this expression can be simplified into
D*Jo(¢)(h, h) =

YRENG, /L /0 e ai* (s, ) / N (a;l(s,ﬂ)—l/)¢’g(r))_l/ ® (h(r)2drdsde

1
EIA ~1/2 2
" ([ (a5 0= vartn)) ™ iryar)
_47_[_2\/5/ / E) 1
LJO

(4.39)
Proof of the claim (4.37). In order to show that 71 and ry are not allowed to go to
infinity, we shall use (2.8). To this aim, we first need to show that e = a, 1(s,0) is

Eal —1/2
/ (%1(8,5) - %,6(7‘)) dr
r1
not allowed to go to zero when ¢ < ¢y and s < s¢(¢). From (2.22), we deduce that,
for £ < ly, s < 80(6),

dsdl.

1/2 . ¢ A my . Mg me
e > min — | >Cmin | ——,— | . 4.40
’ ’ - (2,/2m¢—|— 3 S - ,/m¢+€0 S0 ( )

Finally (4.37) can be deduced from (2.8) and (4.40).

Step 4. Identification of the first and second derivatives of J at ¢q.
Let f € Erqq and h = ¢y — ¢pg. We claim that
DI (60)(h) = 0. (4.41)

In order to prove this claim, we first remark from (4.22) that

DI (9q)(h) = DI(6o)() + | Voq- Vhd (4.42)
Moreover, by (4.31), we have
DAdoW) =
B > ~1/2
= 4772\&/ /m Z / F(e,0) (e — 1[)¢Q7g(7‘)) h(r)]le_%Qyz(TbodrdedZ.

where we used (2.67). Applying the change of variable e — u = /2(e — ¢g(r)), it

/M /+OO /+OO < v + pq(r), > h(r) Ly dvpd?

DJo(¢q)(h)
= / Q(z,v)h(z) dzdv,

where we used (1.10), Assumption (A), and recall that h is radially symmetric.
Hence, from the Poisson equation, we deduce after an integration by parts that

DJo(pq)(h / Vég - Vhdzr,

which together with (4.42) implies (4.41).
Let us now identify the right second derivative of J at ¢g. We have

D27 (60) () = DJi(g) ) + [ | 1VA*da (4.3
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and, by (4.39),
D*Jo(¢q)(h, h) =

YRENG /L /O e a{;g; (s, ) / :2 (ag (5.0 —%Q,g(r))_l/ ® (h(r)2drdsde

. (a7 (5.0) — ag o)) >d)2
RENG) /L /0 ’ a;i (5,4) </1 [t ) - dsdl.

/T2 (a;;) (s,0) — ¢¢Q7g(r)) e dr

1

Using first the change of variable s — e = ad_)é(s,ﬁ), (2.23) and (2.67), we get
D*Jo(6Q)(h, h) =

eo(0)
2 (e e— V2 (h(r))2drde
"y f//%e g/r Voo 0(r)) "2 (h(r))2drdede

) , (/ (6 — Vg ))1/2h(r)dr)2
—4r f//w F!(e,0) / ST dedl.

T1

We next apply the change of variable e — u = /2(e — ¢g(z)) and use (1.10) to
get:
D? Jo(¢q)(h, h) = / Fi(e, ) (h(x))? dwdv — | F/(e,0)h(z)Ph(e, ()dzdv,
RS RS
where we used the definition (4.16) and where we shortly denoted
|U|2 _ 2
o), L=l x o,

This together with (4.43) concludes the proof of (4.21).

Step 5. Proof of the Taylor expansion (4.20).

We are now ready to prove the Taylor expansion (4.20). We first deduce from (4.41)
and from the fact that J(¢g + Ah) twice differentiable with respect to A that

1 62
«7(¢Q+h)_~7(¢62):/0 (1 =) 7137 (dq + Ah) dA.

Hence, for h # 0,
(g +h) ~ T ()~ 5D*T (6Q)(h,h) =

= /01(1 — ) (DT (¢q + Ah) — D*T (6q)) (h, h) dA

! h h
:Vh2/ 1—\) (D? A\h) — D? — ———— | d\
(4.44)
We now claim the following continuity property:

sup  sup|(D2To(6q + Moy — dq) — DJu(9q)) ()| =0 (4.45)
A€0,1] |Vh|, 2=1
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as |Vor — Vog|r2 — 0, f satisfying (4.19).
Assume (4.45). Then:

1 9 9 h h
/O (1= X) (D*To(éq + Ah) — D*To(¢q)) (W’W) dA — 0

and (4.44) now yields (4.20).

Proof of (4.45). We argue by contradiction and consider € > 0, f,, satisfying (4.19),
hy, and A, € [0,1] such that

Vo5, ~ Vool <+, [Vhaliz =1, (4.46)
and
D206 + An(65, = 60)) (s hn) = D2To(6Q) (s )| > €
We denote hy, = A\p(¢f, — ¢q). Recall from (4.39):
D> Jo(¢q + hn) (hn, n) =

(4.47)

1/2 ~

_47r2f//80(€ o / o )—%Q,g(r)—hn(r))_ (o () 2drdsde

12 - 2
(/ Ao i (5:6) = Vo u(r) — hn(r)) hn(r)dr>

_47r2f// aQ* /T? (_1 ~1/2

dsdl,

Coo+hn (8,€) = Ygge(r) — hn(r)> dr
(4.48)

where we have denoted, for 1 = 1,2,

T =7 (¢Q + hn,a;;+hn(s,€),€> .

By (4.46) and standard radial Sobolev embeddings, the sequence of radially symmet-
ric functions h,, is compact in L*([a, b]) for all 0 < a < b. By diagonal extraction,
we deduce the pointwise convergence of h,, (up to a subsequence) to a function h:

Vr e R hn(r) — h(r) asmn — +oo. (4.49)

Moreover,
1/2

Y2 | (r)] < </+°O 82(E;(5))2d3> < |Vhy|z2 =1, (4.50)

thus, in particular, r1/2h belongs to L>®(R.).
Let us analyze the convergence of (4.48). In a first step, recalling (4.26) and
(4.27), we fix £ € L and s €]0, so(¢)] and set

en = a¢_>5+hn(s7€)’ €oo = Qy, (s l) <
From (4.46), the uniform bound of f, in &.,4 and Lemma 2.4, we have:
€n — €oo  AS N — +00. (4.51)
For k£ = 0,1 or 2, we introduce the functions
—-1/2 /7
gk(”? S, 6, T) = (en - %Q,e(?“) - hn(r» / (hn(r»k ]]-wg(r)+hn(r)<en (4'52)

and
(00,8, 6,7) = (€00 — V0 (1) "% (B())F Ly () e -
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We claim: V¢ € L, Vs €]0, so(¢)],
+0o0 “+o0o
/ gk (n, s, 0,7) dr — / gk (00, s, 6,7)dr for k=0,1 or 2. (4.53)
0 0

Indeed, from (4.49), (4.51), (4.46) and the bound of f,, which imply |hy|r~ — 0, we
first deduce that, for all s > 0, £ > 0, the function gg(n,s, ¥, r) converges pointwise
in r € R% to the function gi(oo,s,,r), for k = 0,1 or 2, as n — +o00. Moreover,
by applying (2.9) to the function ¢g + hy, we get

r‘%n(r”k \% 7”?7’3 ]]-T‘?<7‘<rg
VI =) (g —7)

(,rg)Q—k/2 ]17"?<r<r§

0 < gk(”v S,E,T‘)

IN

72 (1) [

(r§)2_k/2 ]]-r?<7"<r§
Vr =)y — 1)

where we used (4.50). Now we observe from the uniform bound of f, in &, from
(4.46) and from (2.29) that we have

(4.54)

sup |Q + A (frn — Q)11 < oo and 0< i%f ir>1£(7" + 1) | (1) + hn(r)| < +oc.

Injecting the bound (4.37) on 74 into (4.54) gives:

]17’?<7‘<7’g
VI =5 — 1)

Denote 7° := (¢, exs, ) for i = 1,2 and

qn (1)

0 <gr(n,s, l,r) <K (4.55)

_ ]].’I‘T'<T‘<7‘g’ and doo (T) — ]].7‘?0 <7’<7”§O .

Vi =g =) VIT=roeE =)
By Lemma 2.4, we have r]' — r7° as n — +o0, for i = 1,2. Therefore, the function
gn converges pointwise to g. Since

+0o0 +oo T
r)dr = r)dr = —, 4.56
| e = [y = 2 (1.56)
we deduce from the Brézis-Lieb lemma that ¢, — ¢ in L'(Ry) as n — +oo.
Finally, by applying the generalized dominated convergence theorem, we obtain
(4.53).
Now, we remark that, with the notation (4.52), (4.48) reads

~ ~ s0(0)
D2Jo(<b@+hn)(hn,hn):_4w2ﬂ// G(n, s, 0)dsdl
LJO
and

~ ~ s0(€)
D2Jo(q)(h, h) = —47*V/2 / / G(oo, s, 0)dsdL,
LJO

([ ninserir)

/ go(n, s, t,r)dr
0

with

G(n,s, ) = —aaci (s,0) /0 g2(n, s, 0, r)dr —
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and

([ s

G(00,8,0) = — =
/ go(00, s, ¢, r)dr
0

g(s,ﬁ) /0 g2(00, 8,0, 1)dr —

From (4.53), we get that, for all £ € L and s €]0, so(¢)],
G(n,s,l) — G(co,s,0) asn — +oo. (4.57)

Moreover, by the Cauchy-Schwarz inequality, we have

o< ([ nmsto)’ < ([ minescrie) ([ insenir).

(4.58)
Therefore, (4.55), (4.56) and (4.58) yield the estimate
K 0Q*
< < —— . 4.
0<G(n,s,t) < i 0s (s,0) (4.59)

Remark that the function in the right-hand side of (4.59) belongs to L! since it is
nonnegative and

[ st~ [runh <on.

where we used (4.28) and |Q*(0,¢)| < |Q|re. Finally, we deduce from (4.57), (4.59)
and from dominated convergence that

D Jo(6q + hn) (hn hn) — D To(60) (h h) (4.60)
as n — +o0. This contradicts (4.47) and concludes the proof of (4.45).
This concludes the proof of Proposition 4.3. O

Remark 4.4. Note that a similar argument like for the proof of (4.60) gives that
for all bounded sequence h,, € H}, after extraction of a subsequence,

D2 J(¢q) (hn, hn) — D2 Fo(éq) (. h) (4.61)

as n — 4o0o. Indeed, we never used for the proof of (4.60) the fact that h, is a
Poisson field. The important consequence is then that the quadratic form D? Jy(¢¢)
is compact on H}.

4.3. Proof of Proposition 3.2. We are now in position to conclude the proof of
Proposition 3.2. The coercivity property (3.9) will appear as a consequence of the
fact that the Hessian (4.20) can be connected to the Antonov functional (4.4) via the
projection operator (4.16), and the key step is then Antonov’s coercivity property
(4.5).

Proof. Step 1. Strict positivity of the Hessian

We claim that:
Vh e H'\ {0},  D>J(¢q)(h,h) > 0. (4.62)
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Indeed, let h € H}\{0} and consider the projection Ph given by (4.16). From (4.17),
the functions hF’ and (Ph)F! belong to L%, and hence g = (h — Ph)F! € L,

|| F34N
By the orthogonality property (4.18), we have
/ (h—Ph)* Fldzdv = — / (h — Ph)? F! dzdv + 2/h (h — Ph) F! dzdv
P
= —-92 .
TA dxdv /Vh Vo, dz,

where we used the Poisson equation. We may thus rewrite the Hessian (4.21):

D*J(¢g)(h,h) = /\Vh|2dx+/ (h — Ph)? F! dzdv
R6

2
= [ e dudo = (90,3 + [9h = Vi 3
= A(9.9)+Vh— VgL

Now, from (4.18) and Proposition 4.1 (744), we deduce that 27 (g,g) > 0. Therefore,
D?J(¢q)(h, k) is nonnegative. Moreover, if D2J(¢g)(h,h) = 0, then <7(g,g) =
[Vh — V4|2 = 0 and using again Proposition 4.1 (i) enables to conclude that
g = ¢4 = h = 0. This ends the proof of (4.62).

Step 2. Coercivity of the Hessian and conclusion

In Remark 4.4, we have seen that the quadratic form Dzjo(qsz) is compact on
Hﬂ Hence from (4.22), the Fredholm alternative can be applied to the quadratic
form D27 (¢q). Together with the strict positivity property (4.62), this implies the
coercivity of this quadratic form:

Vhe H'  D*J(¢q)(h,h) > c|Vh|2:, (4.63)

for some universal constant ¢ > 0.

We now may conclude the proof of (3.9). Let R > 0 be fixed. From Proposition
4.3 (i), there exists do(R) — chosen in |0, 3|Veg|p2] — such that, for all f € Eqq
satisfying

If —Qle <R, Vi —Voglr2 < do(R),
we have

er(¢y) < z,

where ¢ is the constant in (4.63) and ep is defined in (4.20). Hence, for such f, we
deduce from (4.63) and (4.20) that

T(bq+h) ~ T(6q) = {IVh[3..

The proof of Proposition 3.2 is complete.
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Appendix A. A dominated convergence lemma

Lemma A.1. Let I be an interval of R and let g(A,r) be a real-valued function in
CO(I, LY (R,)). Let

GO = /R O\ P)dr

0
and denote by a—i the weak partial derivative of g with respect to \. Assume that g

satisfies the following assumptions:

. 99 1 . Og _ Oy
(i) N € L' (I xRy) and for all \g € 1, /\IL{I)}() 8)\()\’T) = 2

(ii) forall\ eI, < qx(r) a.e., where gy € LY(R,), and for all \g € I,

(Xo,7) for a.e. r;

Jg
5()‘77“)

ar =y, 1N Ll(R+) as X — Xg.
Then, G is C* on I and

G'(\) = . g‘;]\()\,r)dr.
+

Proof. Let Ao, A € I. Since g € C°(I, L (Ry)) and %2 € L'(I x Ry), we have

)\ag

A1) —g(ho, ) = —(w, 7)dp.
9(A,r) = g(Xo,7) )\08)\(“ )dp

Hence, by Fubini,

G(/\)—G(Ao):/ g r) —ghor) , 1 /A< 99
A= Xo R, M- Ao S Ur, o

(u,r)dr) dpu.
(A.1)

Now, we use a generalized version of the dominated convergence as stated in [33]
(see Remark after Theorem 1.8) and deduce from Assumptions (i) and (ii) that

: Jg B Jg
“lir&lo o ﬁ(,u,r)dr = a()\oﬂ“)dr- (A.2)

Hence, by using (A.2), we pass to the limit in (A.1) and obtain

oy GO =GO0) _ [ 0g

29 (o, 7)d
A0 A= g ., D Ao

which proves the differentiability of GG. In fact, we observe that the same Assump-
tions (i) and (ii) associated to the same generalized version of the dominated conver-
gence theorem provide the continuity of G’. This ends the proof of the lemma. [

Appendix B. Proof of the Antonov inequality (4.6)

Let © be defined by (4.2) and let £ € C°(2) N lel’fflld. We recall that the linear

transport operator 7 is defined by
Tf =v- vzf - v$¢Q ' vv§

Our aim is to prove the coercivity property (4.6). Let ¢ = 7&, we have from the
Poisson equation
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r2¢'g(r):/0T52pg(s)ds B pg(x)dx

AT ) <r
1
-t / / (0 Vob — Vadg - Vol) duda
47 |z|<r JIR3
1

1 z
= " (/R3 o deU) do(x).

Now we observe from the spherical symmetry of £ that the quantity [ps 2 - v€dv
only depends on r = |z|. Therefore

¢y (r) = /R?j(x -v)€dv. (B.1)

We then use the Cauchy-Schwarz inequality and Supp(£) C Q to estimate:

poyr < ([ e ([ o). (B2

where we recall that F) is given by (4.1). Now we claim that

[ - Elldo = rpor). (B.3)
R3
Indeed, we first pass to spherical coordinates in v

u=|v|, |rxv?=r*u?sin®0, 6c0,n], with r=|z|, (B.4)

and get (recall that F <0)

w/2 2
/ (z-v)%|F!|dv = —477/ / r2ut cos 9s1n0?1 (u + ¢q(r), r’u? sin® 0) dudf
R3 r= €

Now we perform the change of variable

2
(u,8) — <e = u? + ¢g(r), £ = r*u? sin? 9) (B.5)
and obtain
¢ \'"?oF
/Rg(az )2 F|dv = —27r\f / s <e — ¢g(r) — 27“2> P — (e, £)dedl.
& Q T

We then integrate by parts with respect to the variable e:

+o0  ptoo 0\ Y2
/( (z - v)?|Fl|ldv = 7v2 / , (e — ¢g(r) — 22) F(e, 0)tdedl.
R3 =0 Je +35 r

Using the same changes of variables (B.4) and (B.5), we get
2 _ 2 |U’2 2
rpg(z) = | F + dq(x), |z x vf” | dv
e\ 2

¢ -1/2
= / <€ — ¢Q (’l“) — 22> F(e, E)ﬁdedf,
€ ¢Q(7")+2 2 r

and (B.3) follows.
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Now, we integrate the inequality (B.2) with respect to r and use (B.3) to get

+o0
/]1@3 ]Vm¢g|2d33 = 47r/0 r2¢;(r)2dr

+oo ) 52 52
< 47r r)—drdv :/ T) ——dxdv
Lo, ety o "2

From the definition (4.4) of the Antonov functional, we then deduce

ATETO > [ (T2 - pol@)é”) i

dzdv. (B.6)

Let now £ = (x - v)g(x,v) and write from the definition of 7
(7€) = (¢T(x v)+ (x-v)Tq)’
= (2 0)(T)* + (z-0)T(z-0)T(¢°) + ¢*(T (z - v))?
(- 0)*(Tg)* + T ((z-0)¢*T (x-v)) — (z-0)¢*T (T (z - v)).
We observe, from the Poisson equation A¢g = pq, that

r

T(T(x-v) = —(z-v)A¢g — v Vagg = —(z-v) </’Q(?”) + %(T)) .

Thus

(T€)? = po(r)® = (- v)*(Tq)* + T ((z - v)¢*T (z - v)) + fz(er(r)- (B.7)

We now insert this expression into (B.6) and directly get the desired Antonov’s
inequality (4.6), provided the following claim is proved:

/ T ((z-v)¢*T (- v)) dedv — 0 ase — 0. (B.8)
|z - v] > &3
lz] > e
Proof of (B.8): We shall in fact deal with the singularity at - v = 0 in the integral
(B.8), recalling that q(z,v) = &(x,v)/(x-v). We observe that the function |z|q(x,v)
is bounded. To see this, let 2 # 0 and R, be the orthogonal transformation of R3
such that Rxf;—' = ey, where e; = (1,0, O)T. Then, due to the spherical symmetry,

§(|$’61,R$0) _ w(|l‘|,RmU), with w(r,v) _ 5(7’61,’0) _ f(?“, ‘1}’,61 i ’U)‘
e1 - Ryv e1 v er v

|zlg(x, v) =

Now, we recall that £ is odd in v and hence { is odd with respect to the last
coordinate, thus w is bounded and so is rq. Note also that ¢ is smooth on |z-v| > 6,
for all 0 > 0.

Let € > 0. We have

T ((z-v)¢*T (z - v)) dodv =

|| > e
lz| > ¢
d 2
= —283/ ¢ (T (z - v))? _doi(@,v) 2 (z-v)2*T (z - v)doo(x)dv,
r-ov=¢g3 ’$‘2+‘U‘2 < z-v>ed
x| > € lz| =

where do (7, v) is the measure on the set {(z,v) s.t. z-v = €% and |z| > £} induced
by the Lebesgue measure of R® and doa(x) is the usual measure on the sphere
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{x € R3;|z| = ¢}. Now let R > 0 such that Supp(¢) C {(x,v), |=|*> + |v|*> < R?},
then

/ T ((z-0)¢*T (z - v)) dadv| <
|z - v > €3
|z| > e
doy(z,v) 2 2 2
§2z—:/ r2¢® (T (z - v 2—1—/ ( T (x-v)|°dv | doo(x),
[ reaep s ([T o)
lz| > €

C
< 2elrqlinI(e, R) + 22,
€
where we have set

I(c,R) = Tz v 2 _doi(z,0)
en=f T e

|z|? + [v]? < R?

and where we have used in the last estimate that rg is bounded and that £ is
compactly supported. We claim that

I(e,R) < Cg, (B.9)

where Cg is independent of €, which concludes the proof of (B.8). Indeed, we
integrate by parts to get:

I(e,R) = —/ T (7T (z-v))dzdv
z-v>ed
|z|2 + |v|? < R?

+ T(x’u) (xU_UVmQSQ) d0'3([1;’1])

/:p-v>s3 \/|‘/L“2+‘U|2

j2f? + [o]? = R?

< /|2+| . |7 (T (- v))| dzdv
T v|2<

A

_dos(@v) o
V|2 + |v]?

where dos(x,v) denotes the usual measure on the sphere |z|? + |v|> = R%. This
concludes the proof of (B.9) and (4.6).

—i—/ T (x-v)(x-v—v-Vgzp0)|
el o2 =R2

Appendix C. Proof of Lemma 4.2

Let us first prove that for h € ®,,4, the projection Ph given by (4.16) is well-
defined. From Lemma 2.1, the denominator in the definition (4.16) is finite and non
zero for (z,v) such that (e(x,v),f(z,v)) € D and we have

[(Ph)(z,v)| < sup |h(r)|.

r1<r<rg
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Let us now prove that hF. belongs to L By a change of variable, we have

|Fel

/h2 |F!| dedv =

—arva [ [T ) [ (a0 - 00 - 13 ) iy parasae

* 9 2
C// aQ 5,0) VT2 gsae
v A —r)(r2 =)

where we used (4.26), (4.27) for the support of Q* (recall the definition (4.25) of L)
and (2.9) for ¢g. From (4.28), (4.37) and the radial Sobolev bound:

1/2

el ([0 as) < Vbl

we deduce that

s0(0) * ro
/h2|Fg|dg;du < —C|Vh\2L2// 8Q(s,z)/ ! drdsdl
LJo s 1 \/5(7"—7“1)(7"2—7")

b dr
C\Vh|2L2/ Q (o,e)% < C|Vhl|3.. (C.1)

The same change of variable as above

IN

Now we prove that (Ph)F! belongs to L™
gives

/(Ph)2 |F.| dedv =

= 4722 / / aQ*

Hence, using the Cauchy-Schwarz inequality, we get

/(Ph)2|ngdxdv < /h2 |F!| dzdv

which concludes the proof of (4.17).
Observe now from (4.16), (4.17) that (Ph)F] is a LIZT’I function of e(x,v) and

¢(x,v) and hence belongs to N(7') from (4.3). It remains to prove that (h — Ph)F
is orthogonal to N (7). Indeed, let

0 =0(e(x,v),l(z,v)) € N(T),

|Fel

dsdl.

then passing from the variables z, v to the variable r, e, ¢, we get:

/(Ph)(:c, v)f(e(z,v), l(z,v))drdv =

B ) 400 / -1/2
=27 \f/ /¢Q e/ <e — ¢g(r) — 27’2> h(r)0(e, £)drded?

:/h(:L',v)H(e(:L‘,v),E(:L‘,v))da:dv.
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Hence (h — Ph)F] and 6 are orthogonal for the L‘Qi;,‘ scalar product and (4.18)

follows.
This ends the proof of Lemma 4.2.
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