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ABSTRACT. We consider a two-dimensional electron gas with a spin-
orbit interaction of Bychkov and Rashba type. Starting from a micro-
scopic model, represented by the von Neumann equation endowed with
a suitable BGK collision term, we apply the Chapman-Enskog method
to derive a quantum diffusive model. Such model is then semiclassically
expanded up to second order, leading to nonlinear quantum corrections
to the zero-order diffusive models of the literature.

1. INTRODUCTION

In this article, we derive models describing at a diffusive scale the quan-
tum transport of a spin-polarized bidimensional electron gas, including a
description of spin-orbit interactions. The target applications are spintronic
devices, which involve the active control and manipulation of spin degrees
of freedom in solid-states systems, see Ref. [30] for a comprehensive review
on this subject, including a discussion of spin relaxation mechanisms. Semi-
classical drift-diffusion models for spin systems [24, 26, 28] offer a reasonable
numerical cost, but are not designed to take into account quantum effects.
In Refs. [5] and [16], a hierarchy of diffusion models for spin transport is
derived by applying a diffusion asymptotics to the semiclassical Boltzmann
equation. We present here a strategy based on an entropy minimization
technique in order to derive quantum corrections to drift-diffusion models
for spins. To this end, we follow the programme of Refs. [10] and [14]: we
first identify a ballistic transport system, then include a description of col-
lisions in this transport picture and derive a macroscopic approximation of
the so-obtained kinetic quantum system.

Modeling collision mechanisms in a fully quantum mechanical setting is a
complicated matter (see Refs. [2, 3, 7, 18] for an overview). However, since
the final result is a model for the evolution of macroscopic quantities (typ-
ically, the density), the main information about the microscopic collision
mechanism entering the macroscopic model is the form of the local equilib-
rium, i.e. of the integral invariants of the collisions. The main ingredient
of our strategy is the definition of a quantum generalization of Maxwellian
as the minimizer of the free energy under a density constraint. This will
enable to define a caricature of collision operator, chosen as a simple BGK
operator relaxing towards this local equilibrium.

Since the bidimensional electron gas is spin-polarized, two species of par-
ticles are taken into account from the beginning in our description. Hence,

Key words and phrases. Quantum drift-diffusion; minimum entropy principle; Rashba
spin-orbit.
1



2 LUIGI BARLETTI AND FLORIAN MEHATS

the microscopic model from which we start the analysis will be the quan-
tum Liouville (or von Neumann) equation for density operators under the
form of 2 x 2 matrices of operators. Note that the Hamiltonian will not
be diagonal because of the spin-orbit interactions. Therefore, the quantum
Maxwellian in our case will also take the form of 2 x 2 non diagonal matrices,
and the final model will display a vectorial structure with coupling terms.
Deriving a quantum drift-diffusion with vectorial structure is the main con-
tribution of this paper, compared to the previous works deriving entropic
quantum macroscopic models: quantum drift-diffusion, energy transport or
SHE models [6, 14, 15] or quantum hydrodynamics [12, 13, 21, 22]. For an
overview of macroscopic quantum models, one can refer to the recent book
Ref. [20]. Note that, recently, two other vectorial quantum drift-diffusion
have been derived: in Ref. [25] the case of subband systems was studied and,
in Ref. [4], the diffusive limit of the two band k-p model was investigated.
The numerical validation of our approach will be investigated in a future
work and should be done following the strategy settled in the scalar case in
Refs. [11], [19].

This paper is divided into two parts. In Section 2, we present our main
results and Section 3 is devoted to the proofs.

2. MAIN RESULTS

In this section, we present our main results. First, in Subsection 2.1,
we introduce the microscopic quantum transport model. Then, in Subsec-
tion 2.2, we define the local quantum equilibrium by entropy minimiza-
tion and define the associated BGK operator. Finally, in Subsection 2.3,
we give the macroscopic limit of the quantum BGK system: the quantum
drift-diffusion model, which dissipates the fluid quantum entropy. We also
perform formally the semiclassical limit for this system, which gives the clas-
sical drift-diffusion model for spin systems, and we provide the next order
approximation, which is a drift-diffusion model with Bohm potentials.

2.1. Microscopic model and scaling. A two dimensional electron gas
(2DEG) in the (z,y)-plane with a Bychkov-Rashba spin-orbit interaction
can be described by means of the following Hamiltonian:

h? 0 0y — Oy

H= (—2mA+eV>I—hozso <iay+8m 0 ) (1)
Here, I is the 2 x 2 identity matrix, m is the electron effective mass, e is the
(positive) elementary charge and «s, is the Rashba constant [8, 30]. The
electric potential V' may be either assigned or self-consistently determined
by a Poisson equation. In this paper, for simplicity, we shall consider the
potential as given. Since the system is 2-dimensional, throughout this paper
we shall use the notations

x = (x,y), P = (Pz,Py)

to denote, respectively, the position and momentum coordinates.

If o denotes the density operator of the system, the evolution equation
for o = p(t) in absence of collision, is the von Neumann equation

ihdro(t) = [H, o(t)].
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In order to take account of collisional processes in a relatively simple way,
we add a BGK-like term:

ihogo(t) = [H, o(t)] +ih Q(o(t)), (2)
where
Qolt) = jp@eq(t) — o(t)). 3)

The BGK collision operator () is assumed to conserve electron spin and
density and to relax momentum with relaxation time 7,. The local equili-
brum state g.q(t) depends non-linearly and non-locally on o(t) and will be
discussed in detail in the next section.

In order to re-write the von Neumann-BGK equation (2) in dimensionless
form, let us introduce the reference length L, time tg, potential V4 and
density N, and consider the dimensionless quantities

T=a/L, §=y/L, t=tfty, V=V/V 0&=0/N.
For such quantities, Eq. (2) becomes

@ Eé(f) = [I‘i’,N@(f)] ZhN (Qeq(t) @(t)) )

o h? = hovso 0 ’Lag — 0z

From now on we shall switch definitively to the adimensional quantities and
0, in order to lighten the notations, we shall drop the tildes. If we divide
both sides by N and by the reference energy p3/m, where

bo = mk0T7

(ko is Boltzmann’s constant and 7 is the temperature), we finally obtain the
adimensional form of the von Neumann-BGK equation (2):

where

. 1€
ire Oho(t) = [He, o(t)] + — (0eq(t) — (1)), (4)
where )
. & 2 0 28y — 0y
HE_<_2A+¢>1_5O‘(¢8y+am 0 (5)
and
o h h T_poTp_T koT
poL mk TL2’ T mL P\ mL? (6)
mLaog, meV(
o=, o(@) = =5 V(x).
Dy

Note that e is a semiclassical parameter, 7 is a diffusive parameter (the

scaled mean collisional time), and « is the scaled Rashba constant. More-

over, the time scale has been chosen equal to ’T"—L In Table 2.1 we report

the typical values of some dimensional and adlmensmnal parameters for
the 2DEGs arising in two different semiconductor heterostructures (char-
acterized by particularly large Rashba constants). The first one (HS1) is a
GaN/AlGaN/GaN heterostructure, as reported by Ref. [27]. The second one
(HS2) is a InAlAs/InGaAs/InAlAs asymmetric quantum well, as reported
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m haog, € T o
HS1 02m. 6x1078eV.-m 72x1072 77x1072 1.7x10°!
HS2 0.04m. 1x1072eV-m 1.7x1072 1.6x1072 57x1072

TABLE 1. Values of some parameters for 2DEGs in two
different experimental spintronic devices. HS1 is a
GaN/AlGaN/GaN heterostructure, for which the values are
taken form Ref. [27]. HS2 is a InAlAs/InGaAs/InAlAs
asymmetric quantum well, for which the values are taken
form Ref. [23]. In both cases we have chosen L = 10" m,
T =177K, and 7, = 10713 s. m, is the electron bare mass.

by Ref. [23]. In both cases we have chosen as reference values L = 100 nm,
T=77K, and 7, = 10~'3s. The strength of the adimensionalized external
field ¢ depends on the assumption about the operating regime of the device.
If the field range is between 1072V and 107!V, then ¢ is between 1 and 10.
It turns out that in these two typical cases, the three parameters €, 7 and
« are small compared to unity. Since our objective is to obtain a quantum
model at the diffusive scale, in a first step we shall perform the limit 7 — 0
with ¢ and « fixed. Then, in a second step, we shall discuss the approxi-
mations of such diffusive model for small € and «, obtaining a semiclassical
model with quantum corrections.

2.2. Definition of the local equilibrium by entropy minimization.
Let us now discuss the local equilibrium density-operator p.q(t) appearing
in Eq. (4). We shall follow the approach of Degond and Ringhofer [10, 14]
which consists in defining p.q(t) as the minimizer of a suitable quantum
entropy functional under the constraint that p.,(t) and o(t) share certain
local moments. Such moments, therefore, are conserved by the BGK colli-
sion operator ) and, moreover, closed equations for such moments can be
derived.

To this aim, we first need a notion for local moments (see Ref. [10]). Let
o0 be a scalar (no spin) density operator. The local density n(x) associated
to o can be defined by duality as follows

Tripo) = [ plam@)de, Ve CR(EY), 7)

Note that ¢ is a test function and has to be considered as a multiplication
operator in the left-hand side of (7). This definition is the rigorous version
of the intuitive definition (not suitable in a L? theory)

n(x) = o(x, ),

where o(x,x) is the density matrix, i.e. the kernel of the density operator
0. By introducing the Wigner function [29]

1 '3 £ —it.
w(m,p):W/R2g<:c+2,x—2,>e gp/th’ (8)
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the above definition can also be written in a quasi-classical fashion:

n(w) = [ wlw.p)dp Q

In the same spirit, it is natural to define the local density of current J =
(Jz, Jy) associated to o by means of the duality relation

Tl (o Vitdve)ob =1 [ @) J@de, veelCR®)?
2 L

€
(10)
or, by means of the Wigner function,

I@) = [ pule.p)dp ()

and both definitions are formally equivalent to the intuitive definition from
quantum mechanics textbooks:
1€ ,
J(z) = _E(Vm = Vo)o(z, z 7t)|m:w’ .

In the spinorial case, all these quantities take also the spin indices. Thus,
for example, n;;, JY7 = (J7/, J;i ) will be the local densities associated to the
ij-component g;; of p.

Coming back to our local equilibrium, we assume that collisions conserve
the number of electrons and their spins (the spin relaxation mechanism is
assumed to pertain to the spin-orbit coupling). Thus, the BGK operator
should conserve the spin-up and spin-down electron densities

ny=n11 and ng = nago

which, according to the above discussion, are defined either by

w{o(% 0)}= [ e@m@ raem@ . e e GEE),
(12)

or by
ni(x) = /R2 wii(x,p)dp, ne(x) = /]RZ waz(x, p) dp. (13)

We introduce the operators N7 and A that act on the density matrix o
taking the two associated moments n; and no, i.e.

(M) (@) :=m(x),  (N2o) (@) := na().

Let us assume that the system is in thermal equilibrium with a bath at a
given temperature 7. Then, the convenient entropy functional to be used
in this case [14] is the quantum free energy

G(o) :Tr{kng (111%—[) +HQ}, (14)

which in adimensional form (keeping the same notation for adimensional
quantities) reads as follows

G(o) =Tr{o(Ingo—1I) + Heo}. (15)

Adapting to the present case the theory of Degond and Ringhofer [10], we
can choose the local equilibrium o.,(t), appearing in the BGK operator (3),
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as the minimizer of G which has the same moments (n1,n2) as o(t). To this
aim, we give the following definitions.

Definition 1. Let the functions ni1 and no be given. Consider the following
constrained minimization problem:
min { G(p)| o is a density operator satisfying Njo =ny and Nop = no}.
(16)
The solution of such problem, if it exists, is called the local equilibrium den-
sity operator (“quantum Mazwellian”) associated to ny and ng and will be

denoted by My, pn,. The BGK local equilibrium state p.q appearing in (3) is
defined as

0cq(t) = Mpg, o(t) Nzo(t) (17)
and is, therefore, the minimum-entropy state which has the same spin den-

sities as p(t).

A necessary condition [14, 10] on M,,,, is that two scalar real-valued
functions A; = Aj(n1,n2) and Ay = As(ng,ng) — the Lagrange multipliers
associated to the two constraints — exist such that

Mpn, = eXp(_H;‘)v (18)
where H4 is the modified Hamiltonian

A 0 —E A+ o+ A (0, —id,)
HA = H. ! = 2 ) Y 19
e + ( 0 Az) <—52a(8x +i0y) —5 A+ ¢+ Ay (19)

The functions A; and Ay are called chemical potentials and have a functional
dependence on n; and ng resulting from the constraints N; My, n, = n;, i.e.

Ny exp(—HA) =ny, Ny exp(—HZA) = ny. (20)
Let us summarize (17)—(20) by saying that g, is characterized by

{ Qeq = exp(—H;‘), (21)

N2 0eq(t) = n12(t) = Nig o(t).

With such a definition of g.q, the BGK operator @ (definition (3)) has the
following formal properties, mandatory in order to define a physical quantum
dynamics (see Ref. [1] where quantum Liouville equations with relaxation
operators are studied):

(i) @ locally conserves the moments n; 9, i.e.,

N12Q(0)] (z) = 0;

(ii) @ dissipates the quantum entropy, i.e.,

Tr{Q(0)G'(0)} <0,

where G'(p) = ln o+ H,;
(iii) @ preserves the positivity of operators, i.e., the formal solution of
(4) with o(t = 0) > 0 satisfies o(t) > 0 for all ¢ > 0;
The proofs of these properties can be straightforwardly adapted from Refs. [10]
and [14].



QUANTUM DRIFT-DIFFUSION MODELING OF SPIN TRANSPORT IN NANOSTRUCTURES

2.3. Drift-diffusion models. In Section 3.1 we shall formally prove the
following theorem about the quantum (e ~ 1, a ~ 1) diffusive (7 — 0) limit
of the von Neumann-BGK equation (4).

Theorem 1 (Formal diffusive limit). Let o(t) = o7 (t) be the solution of
Eq. (4). Then, as T — 0, we have " — oo, where gy is the "quantum
Mazwellian”

00 = Mpyny, = exp(—HZ), A2 = Aga(n1, n2),
where Hgf‘ is defined by (19), and the spin densities nq, na are solutions of

oy + diV(TLlVAl) + Oé(Al — AQ) RG(DRm) — 2« Re(?lngAg)
2c .
- — (41 - Ay) Im(J}' —iJ)') =0

22
Oino + diV(ngVAz) + Oé(Al - Ag) Re(Dngl) + 2« Re(nleAl) ( )

2
+ ?C“(A1 — Ag) Im(J2' — iJ2Y) = 0.
In Eq. (22) D = 0, — i0y, JY = ( W Ji9Y is the current associated to gg
and noy is the off-diagonal term of the density (see definitions (9) and (10)
with spin indices).

We stress once again the fact that the chemical potentials A; o (and,
therefore, the current term J2! — in21 and the off-diagonal density na;)
depend on the spin densities n1 » through the inversion of the relation (20).

In terms of the total density n and spin-polarization ng, defined by

n =nj + no, ng =ni — na, (23)

the previous system can also be written as follows:
on + diV(TllVAl + HQVAQ) + 2aRe {D [n21 (Al — Ag)]} =0

Oins + div(n1 VA —naVAg) — 2aRe {n21D(A1 + A2)} (24)
4o )
- (A - 4y) Im(J}' —iJ2") =0.

This theorem is formally proved in Subsection 3.1. System (22) (or, equiv-
alently, (24)), together with Eq. (20), represents a fully quantum “drift
diffusion” model of spin transport of electrons subject to Rashba spin-orbit
interaction. An important property of this system, which is a straightfor-
ward consequence of the dissipative properties of the BGK operator (), is the
fact that it satisfies an entropy dissipation property. The following lemma
is stated without proof and is directly adapted from Ref. [14].

Lemma 1. Define the quantum fluid entropy of the system by
S(ni1,n2) = Tr{oo(Ingo — I) + Hepo}, with o9 = My, p,.
Then the solution ni, na of (22) satisfies

d
%S(nl,nz) < /(m +n2)0rp de.

If the potential ¢ is independent of time, then S is not-increasing in time.
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The practical utility of the quantum drift-diffusion model for numerical
simulations may be rather limited by the difficult step of inverting the re-
lation (20). Indeed, as we already noticed, the local equilibrium operator
exp(—Hf) has a complicated, functional, dependence on the chemical po-
tentials A; 2, which is difficult to explicit unless suitable approximations are
used. However, system (22) (and the relation (20) itself) contains two other
parameters which are small in most applications, that are the semiclassical
parameter ¢ and the scaled Rashba constant «. Thus, our next step con-
sists in expanding semiclassically the quantum model (22)+(20) in order to
obtain more treatable semiclassical drift-diffusion models. This will be done
up to order €2 + a?. More precisely, in Sec. 3.2, we shall compute some
terms of the expansion of the local equilibrium

0 = 0 +e0ly) + 20l + -
and the corresponding (approximated) explicit expressions of A; 2 and J2! —
in21 as functions of n; and ny. Note that, because of the factor 1/e in some
terms of Eq. (22), in order to get a diffusive model of order 2, we need to
compute the above expansion up to order 3. The result of our analysis is
the following drift-diffusion system with quantum corrections.

Theorem 2 (Formal semiclassical approximation). Let n{™, n5® the solu-

tion of the quantum drift-diffusion model (22). Then we formally have
nS =n; + O0(e?a?), i=1,2

7

as € — 0 and o — 0, where n1, no satisfy the following system:

ogny — div(Vng +n1Vo) + 2 div n1VQ(n1)] = 4a2(n2 —ny),
(25)
Ong — div(Vng + naVo) + 2 div maVQ(ne)] = 4a2(n1 — ng),

and where
. 1 A n;
Q) = 5 (20)

1s the well-known Bohm potential.

Note that, at order 0 in €, we obtain a linear system of two drift-diffusion
equations with a simple coupling term, 4a(n; —n;), which is the well known
D’yakonov-Perel’” spin-relaxation mechanism [30], here derived from “first
principles”. Note that a similar model was derived in Ref. [16] from the
semiclassical Boltzmann equation by a diffusion scaling. Next, we have a
correction of order €2 which takes the form of a Bohm potential term for
each spin population.

This theorem is proved in Subsection 3.3. This proof consists in an ex-
pansion of the quantum drift-diffusion system (22) with respect to the semi-
classical parameter ¢ — 0 only (the parameter o being considered as fixed).
We shall prove in fact that this semiclassical expansion leads to
no =+ 0(h), i=1,2

1
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as ¢ — 0, where n1, ng satisfy the following system:
Oy — div(Vay + 11 Ve) + &% div [ VQ(7y)]
= 4a* (e — 1) + 20201 (7, M2) + 20 Os (71, N2,
g — div(Vig + naVe) + &2 div [ VQ(7g)] 0
=40’ () — N2) + £2a’C1 (P2, 1) + €20’ Co (2, 7).
In this system, C; and C5 are second-order, non-linear coupling terms to be

described later in more details (see Egs. (75) and (76)). Theorem 2 can be

simply deduced from this result by remarking that the constants e?a? and
e2a* multiplying C; and Cy are small compared to €2 and a?. Hence we

obtain (25) by dropping the corresponding terms in (27).

3. PROOFS OF THE MAIN RESULTS

3.1. Chapman-Enskog expansion. In this section we study the behaviour
of the von Neumann-BGK equation (4) in the diffusive limit 7 — 0, we prove
Theorem 1 and deduce the quantum drift-diffusion equations (22). The main
tool will be the Chapman-Enskog method [9].
As in the previous section, let A;,A2 be the chemical potentials, let
D =0, — id, (28)

and let o1, w2 be two test functions. Let us define the operators

o A1 0 . 0 D [P 0

where, of course, D* = —0, — i0,. Then, recalling (5) and (19), we write
2
HE:—%AI+¢I+EQaIB (30)
and
HA = H. +A. (31)

Multiplying (4) by 7, it comes that, formally, the solution ¢” of this equation
is such that

0" = 0eq+ O(7), where we have denoted g.q = M, om Noor- (32)

Assuming that n] = Njp™ and n] = Na2p” converge to some macroscopic
densities n; and ny as 7 — 0, our aim is to express a time evolution system
satisfied by this limit (n1,n2).

Since the mapping (n1,n2) — My, », is assumed to be continuous, we
already deduce from (32) that

o' — 00 =My n, asT—0. (33)

This formally proves the first statement of Theorem 1. The Chapman-
Enskog consists now in introducing g1, the perturbation of the local quantum
Maxwellian defined according to

0" = Qeqg +TO1, Where geq = Mp7 u7 . (34)

Inserting this Ansatz into (4) yields
1TE atQT = [H67 Qeq] + T[Hsy Ql] — i€ 01 - (35)
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Hence,
ico1 = [He, 0cq) + T[He, 01] —iTe 040"
- [Hs + A Qeq] - [Aa Qeq] + T[Hav Ql] —iTE atQT
= _[A7 Qeq] + T[Hsa Ql] —iTE 8tQTa
since .4 clearly commutes with H, 4+ A. This gives

o1 = é (A, 0ug] + O(7). (36)

Substituting this expression for g; in (35), we get

(Qeq - QT) + 0(7—2)' (37)

Let us now apply the moments operators N7 and N5 to this equation. Using
that, by construction, Nj 2 (0¢q — 07) = 0 (see Definition 1), we get

) . T i€
iTe O’ = —[A, Qeq] + ;[Hsa [Ay Qeq]] + ?

1 1
8757&12 = ENI,Q[A; Qeq] + ?NI,Z[H& [A7 Qeq]] + O<T)7 (38)

that is,
T {007 @) = = Tr{[A, 0] @) + 5 Tr{[Hz, 4, 000). 9} + O, (39)

for any couple of test functions ¢; and @2 (see definitions (12) and (29)).
Now we claim the following crucial property, mandatory to pass to the limit
as 7 — 0 in (39). The first term in the r.h.s., which seems to be of order
1/7, in fact vanishes for all ®:

Vo, Tr{[A, 0¢q), P} = 0. (40)
Indeed, by using the “cyclicity of trace” property
Tr {[a, b ¢} = T {[e,a] b} = Tr {[b, ] a}, (41)

and the commutativity of the diagonal multiplication operators ® and A,
we have

T {[A, 0eg] @) = Tr {[2,A] 0cg} = 0.

Let us now simplify the second term in the r.h.s. of (39). Using the Jacobi
identity

[a, [b, c]] + [¢, [a, b]] + [b, [c, a]] = 0, (42)

we get,

Tr{[He, [A, 0eql] @} = — Tr {[0eq, [He, Al] @} — Tr {[A, [0cq, He]] ©}
= — Tr{[[He, A], ®] 0eq} — Tr{[®, A [0cq, He]} -

Therefore, using again [®, A] = 0, we see that Eq. (39) reduces to
1
Tr{0p” @} = = Tr{ [[He, A], ®] 0eq} + O(7), (43)

which must hold for every couple of test functions ¢, and ¢2. Neglecting the
O(7) term, Eq. (43) is already the zeroth-order quantum “diffusive” model
we are looking for. However, in order to show that this can be written in
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the more explicit form (22), a little effort is still necessary. Using (29) and
(30), we can write

1 1 1 1
2 He Al=—C[ALA+ S [0, A+ a[B,A] = —0 [AL Al +a[B, A]
1 AAL +2VA -V 0
o2 0 AAy+2VAy -V
+ 0 DAy + (AQ — Al)D
“\ DAy + (A1 - A9)D? 0
and then
1 VA -V 0
— [[He, Al, @] = —
e 0 VA Vs
+a 0 (¢2 — ¢1)DAs + (A2 — A1)Dyo
(o1 — p2)D* A1 + (A1 — A2)D*1 0
0 (1 — p2)(A1 — A2)D
. (44
T <(901 — p2)(A1 — A2)D* 0 (44)

Now, from (12) and (21) we get

VA1 -V 0 B
o { < 0 VA - Vg02> Qeq} - /]1@2 n1VA1-Vp14+naV A3V dx
= —/ 1 div(n1VAL) + @2 div(neVAg) dx  (45)
RQ

and

Tr 0 (b2 = p1)DA2 + (A2 — A1)Dy2 |
(p1 — @2)D* A1 + (A1 — A2)D* 0 eq
= / (0a—p1)(DAsna1 —D* Ainia)—poD[(As— Ay )nar ] — o1 D [(A1— Ag)nys] da

= /QDQ [2 Re (DAl'ﬂQl) + (A2 — Al)Dngl]—gol [2 Re (DAQTlQl) + (A1 — Ag)Dngl] da:,
(46)

where we used no; = Mz and D*niy = —Dnop, and the integrals are ex-
tended to x € R2.

In order to correctly interpret also the third term in the right-hand side of
Eq. (44) we note that, from definition (10), if ¢ is a scalar density operator
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and 1 a scalar function, we can write

Tr{yDo} = Tr {(¢, —iv)) - Vo} =
1 { (0 -i0) - ¥+ vt i) - g div(o-i0)] o

] 1
=2 i, —il)de—= | Dyndx
€ JRr2 2 R2
and, similarly,
] 1
Tr {4 D* o} = _z/ Y (Jp +iJy) dx — — D*Ynde.
g JRr2 2 R2
Thus:

{ < 0 (p1 — @2) (A1 — Az)D> }
Tr Qeq
(p1 — @2) (A1 — Ag)D* 0

i

=2 [ (o= o) = A = i) (1 - ) (s~ A2)(IE 4 i) d
a ;/D [(p1 = 2) (A1 = Az)[ a1 + D™ [(p1 — ¢2) (A1 — Ag)| nip da

2
= /(cm — 2)(A; — A) —gIm(J;fl —iJ") +iImDnyy | da.  (47)
From Egs. (44), (45), (46) and (47) we obtain
1
672 Tr {HHE’ A]a (I)} Qeq} =

2
/ o1 [div(n1VA1)—2a Re (D Asngt)+(A1—As) Re (Dngl)—?a(Al—Ag) Im (ng—ujl)} da
RQ

2
+ / 02 [div(n2VA2)+2a Re (DA1ng1)+(A;—As) Re (Dn21)+?a(A1—A2) Im (ng—ujl)} da
]RZ

and then, from Eq. (43) (neglecting the term O(7)), we finally obtain Eq. (22).
Passing to Eq. (24) is straightforward.

3.2. Semiclassical expansion of the local equilibrium. In the following
Section 3.3 we shall expand the quantum diffusive model (22) semiclassically,
i.e., in powers of &, up to order £2. We remark that the parameter ¢ appears
explicitly in equation (22) but it is also contained in all the quantities, such
as Ay, Ay and J2! — inQI, that are computed on the local equilibrium state
Ocq = Mp,n, = €xp {—Hg“}. Thus, we need to compute some terms of the
semiclassical expansion of the local equilibrium

0eg = o) + 0ty +70l) + -

As already remarked in Section 2.3, because of the factor 1/¢ multiplying
some terms in Eq. (22), if we are expanding the model up to order 2 then
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we need to know (at least something about) the third-order term Q(eg). To
this aim, it will be convenient to switch to the Wigner representation.
First of all we remark that pcq = 0¢q(8 = 1), where

0cq(B) = exp(—FHL)

satisfies the semigroup equation

aﬁQGQ(ﬁ) = _H;‘Qeq(ﬁ); Qeq(O) =1.

Let now w(B) be the (matrix) Wigner function associated to peq(3) (see
definition (8)). Then w(3) satisfies

(@) = —HArw(B),  w(0) =1, (48)

where # is the Weyl-Moyal product (also known as “twisted product”) [17]
and H. denotes here the symbol of the Hamiltonian H;‘, ie.

1,2 .
e = (W0 Y, O, )

%pQ + p2(x) Py — WPa (49)

=: Ho(x,p) + e¢Hi(x,p),
where
pi(e) = () + Aj(x), =12, (50)

and, of course, p? = |p|2 =p2 + pz. Moreover, the Weyl-Moyal product has
a well known formal expansion in powers of ¢:

— Ek (_1)‘T| T A0S T S —
A#B =) i Y. i (005 4) (0,05B) = ) " AaB,
k=0 Irl+|sl=k k=0

A (51)
where we introduced the compact notation 6% = 0/0¢;. Expanding also
w(f) in powers of ¢,

w(B) =w®(B) +ewV () + 2w (@) +--
and comparing right and hand sides of Eq. (48), we obtain
k
95w (8) = —How ™ (8) = 3 [Hotty wt=D(8) + Hity 1 w9 (3)]

1

J

w@0)=1, w®O0)=0, k>1,
(52)
(where we used Ho#ow®) = Hyw®)). Finally, let

w(z) = Llw](2)
denote the Laplace transform of w(/3). Then, from (52) we obtain
0% (2) = R(2),
k

@) (2) = = 37 R(2) [Hotty 6¢ () + gy 0 D()] k=1,
j=1

(53)
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where
~ Fip? )™ 0 Ri(2)
R(z) = (2+Hp) ! = (243 =
(z) = (2+Ho) ( 0 (2 4+ 192 + ) " 0  Ry(z2)
(54)
Recalling the Laplace inversion formula
! - Bl 55
[(z+ 1) }(ﬁ)—m7 (55)

the zeroth order approximation to the local equilibrium is

e B 1P+
w?(8) = £ [R](m:( (OW) 65(102 ) (56)

3P +u2)’

that is (as it was expected) two independent classical Maxwellians, one for
each spin population.
At first order we have

WM (2) = —R(z) | Ho#r 0\ (2) + Hy ﬁ)(o)(z)]
= —R(2) [Ho#1 R(z) + H1 R(z)] = —R(2)H1R(z),

where Ho#1 R(z) = 0 follows from R(z) = (2 + Ho)~! (and, therefore, R(z)
is a function of Hy) and from the fact that #; is a Poisson bracket:

A#.B = % (VoA VpB — VpA - VyB)
(see (51)). Hence,

M (z) = —a <(py —Olpm) (py —Blpx)> Ri(2)Ra(z). (57)

The inverse Laplace transform of R;(z)Rz2(z) can be computed by factoriza-
tion. More in general, the inverse Laplace transform of

1
(z+ f1)" (24 f2)*

with f; = po + i, can be computed by using the factorization formula

Ri(2)R3(2) =

1 s—1

r—1
ag(r, s) bi(r, 8)
(z4+ fu)" (2 + f2)® Z (fo— fu)stF (z+ fi)— +k2:0 (fi = fo)rtF (2 + fo)s~

where the coefficients ay, = ax(r, s), by, = b(r, s) are recursively given by

a():l

k—1
ap = — Z ( y ,>aj, k=1,...,r—1,

j=max{0,k—s} k=J

k—1
be=— Y (krj>bj, k=1, ..5s—1.

j=max{0,k—r}

Using the inversion formula (55) with 8 = 1 we find, therefore,
L7 RIRS] (B = 1) = Rys(p1, piz) e/, (59)

k
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where
r—1 s—1
ag(r,s)e M by (r, s) e H2
1, 142) + .
Rrslb1:b2) = 2 o= D — g 2 o - D — gy
(60)
It will be useful to write this expression in some particular cases:
R cn
ro(p, p2) = r— 1’
R ( ) e_HZ — e_ul r—2 e_ul
lp, p2) = ———— —
' (m1—p2)" &= (r =k = 1)l (1 — po)* ! (61)

! ag(r,7) (e_’“ + (—1)’”+ke_“2)

Rrr ) =
(11, p2) kZO (r—k—1)"(po — pp)"+*

Other expressions, such as those of Rys and Ris, can be obtained by means
of the relation

Rrs(ﬂly ,Uf2) = Rsr(,UQv Nl)- (62)
Coming back to (57), we easily obtain

— _ ef,u‘l — efﬂZ _
L7V [RiRo) (B =1) = Rux(pu, o) e 7/% = Tl —m /2
and then
g=n=a(y, Oy PN
vl “Qm—%» 0 R (63)

In the same way one can compute higher order terms, which are more and
more complicated. However, thanks to the property

each term will be a linear combinations of the above defined functions R,;.
For example, for the second order term

w® = R[Ho#1 (RH\R) + HiRH| R — Ho#3R — H\#1R],

we get
e_p2/2
wﬁ)(ﬂ == 4 { 40 (WM‘Q +(p- V)2/‘1) — R3oApy + 4042P2R21] ;
e_p2/2
wi (8=1) = "~ [Ros (Ve + (p- V)u2) = Ruapsz + 40%p Rz
i e P2 ) ) )
wg) B=1)= 5 [Ra1(i0; — 0y)p1 — R12(i0y — Oy)p2 — Raa(ips — py) p - V(11
2) (2
w%z) = wél) )

(64)
where the explicit expressions of the various R,s; can be easily obtained from
Egs. (60) and (62).

Much more effort is required to compute the third order term from

) = [Ho#uu )t Ho# oD+ Ho#t30 O+ Hy #o0 @ + Hy #1990 + Hy #00© ]

- /Q)]v
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Looking at (22) we see that, if we want to expand the diffusive model up to
second order in ¢, then w(® enters through the third-order current term

Im(J2 —iJ2H)®) = Im / —ipy) w (z, p) dp.

It turns out that the only non-zero contribution comes from R[Ho# % +
Ho#ow + Hi#0®)] and is given by

Im/ — ipy) w;{)(ac p)dp =

{(2R41 Rsi — Roo + 2R93) Apiy + (2R3 + Ryt — 4Rs3) [V |2 (65)
+(2R14 — Ri3 — Roo + 2R32) Apig + (2Ra3 + Riy — 4Rs33) [Via|?
+(8R33 — R32 — Ra3) Vg - Vg + 16a2R22}7

2

where we have put

c= / e P12 dp = 2m. (66)
R2

3.3. Semiclassical expansion of the diffusive model. We can now ap-
ply the results of the preceding section to expand the diffusive model (22)
in powers of £ up to 2. This will eventually yield Eq. (27) and, therefore,
Theorem 2.

To this end, what we have to do is expanding

Aj(ni,ng) = A;O) (n1,n2) + eAg-l)(nl, n2) + 52A§2)(n1, ng) 4 -,

N9l = ngi) + angll) + £2n§21) + -y,

21 21 21 _ ; 721,\(0 21 - 721, (1 2¢ 721 - 721, (2
TR —igtt = (2 =il O e (2 — i)W 2T g 4

where A% = A% (ny,n5), 0§y = n) (n1,ny) and (2 —iT2H)® = (J2 ~

iJ;l)(k)(nl, ng), should be computed as functions of ny and ng by using the
k-th order approximation of the local equilibrium,

wrw® 4+ ew® 4.4 Ekw(k),
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which has been investigated in the previous section. Using (56), (63) and
(64) (and recalling definition (66)) we obtain

/ wﬁ) dp = ce M, (67a)
R2
[ ulip=o, (67h)
RQ
/R (e — ipy)wly dp = 0, (67c)
[ uliip=o, (67d)
R2
[ ubdp =0, (67¢)
RQ
—H1 __ a2
/ Im(p, — ipy)wéll) dp = 2caRy = 2ca %, (671)
R2 M2 — 1
2) 4 2 1 2
wiy dp =ce ™™ | — |V | — —=Am | + 2ca”Roy, (67g)
R2 24 12
1co . .
[k dp = "5 (s = Re(00: = 0, = (Riz = R 10, = 0, )]
(67h)
[ o imuf? ap =0, (67)

while Tm [p; (po — ipy)ws,

be obtained by the corresponding moments of wg;) (Egs. (67a), (67d) and
(67g)) by changing 1 into 2 and 2 into 1.

dp is given by (65). The moments of wg;) can

From (67a) we see that the relation between chemical potentials and spin
densities at order 0 is

n;=ce " = ce 94, j=1,2,

and then

T, .
pOmmg) = —log =, AP =¥ =, j=12  (69)

At first order, we see from Eq. (67d) that the relation between densities and
chemical potentials remains unchanged, and is still given by (68) Moreover,
from (67b) we see that the terms containing mg; vanish in (22) at order

0 while, because of the factor e~!, the current contribution comes from
Im(J2! — inm)(l). Using (67f) and (68) we get

TH1 _ T H2 ny — na
=2«

Im(J2! — iJ;l)(l) = 2ca ° Y m, A

(69)
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The resulting zeroth order approximation in & of the quantum diffusive
model (22) is

ony —div(Vng + nVo) = 4a2(n2 —nq)
(70)
Ong — div(Vng + noVo) = 4a2(n1 —ng)

As already noticed in Sec. 2.3, this is a drift-diffusion system with a coupling
term of D’yakonov-Perel’” type [30].

Moreover, from Eqs. (67e) and (67i) we see that the contributions from
nop and Im(J2! — ing)(Q) vanish. Hence, the drift-diffusion system (70) is
still correct at first order in €.

If we want to invert at second order in € the relation between p; and nj,
we can use (67a), (67d) and (67g) to write

vl A
1+€2<‘ al —m+2a2€“1R21(M1,M2)> +0(g?)

— o
m=ce 24 12

and then

(0)
+2a’eM Rgi)(m,lﬂ)) +o(e?).

VP Ang”
24 12

ny =ce M |1+4¢2 <
Using (68), therefore, we obtain

[ Viegm|> Al 202 ]
ny=ce M 1+€2<| (;im' + T§n1+7z521(n1,n2)> +o(g?),

where we put
Sps(n1,m2) == RO (u1, p2) = cRm(uﬁo),uéo)) = R,5(—logni, —logny)
(71)
(recall that R,s has been defined in (60)). Hence, we obtain that at order
2 the following relation between p; and nq holds:

Viegni> Al 207
1+62<\ ogn| " Ogn1+:1521(n1,n2)>]a (72)

C
po— &
¢ 24 12

ni

which implies
2

2
M?) (n1,n2) = AP (n1,n9) = Q(n1) + %521(711, na), (73)

(the same for py and ngy after changing 1,2 into 2,1), where we introduced
the Bohm potential

B |V log n;|? n Alogn; 1Ay/n;
24 12 6 g
From (67b), (67c), (67e) and (67i), we see that the only non-vanishing e2-
order terms in Egs. (22) are:

Q(n;) (74)

div(mVA&Q)) + (A — Ay)©0) Re(Dng)) — 2« Re(nézl)DAgO))
—20(A1 — A2) P Im(J2! —iJ2H)W — 20(A; — A3) O Tm(J2 — i1
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By using the expressions of A;O), Agz), ng), Im(J2! — Ugl)(l) and Im(J2 —
in21)(3) given, respectively, by (68), (73), (67h), (69) and (65), and recalling
that Sys = Sys(n1,n2) is given by (71), we obtain

. (2) . 202
div(niVA]”) =div¢miV |Q(n1) + 7521 ,
1

a(A; — Ay) O Re(DnlY) =

CO(2

5 log 77; Re {(az—zay)(Rm—Rn)(O) (amay)ug")—(az—zay)(312—322)<0>(az+zay)ug°>}

2
_ % log % Re {(ax—z‘ayxsm—sm )(Dy+i8y) log n1 — (s —idy) (Saa—Sa1 ) (8a+id,) log ng}

a? ny ni
= — log — div {512V10g ng — So1Vlogng + S99V log } ,
2 n9 n2
2a Re(ng)DAgO)) =

ca? [(Rgl — Rgz)(o)(ax + Z'ay)ugo) . (R12 — RQQ)(O),LLéo)] (8I + iay) (log no + ¢)

=a? {512V10g ng — S21Vlogny + S22V log Zl} - V(¢ +logna),
2

2a(A; — Ag)® Im(JH — iJH)W =

=40 [Q(n1) — Q(n2)] S11 + 8at < - ==

20(A; — A2) O Im(J2 —iJ2H)®) =
—a?log %{(ng + S31 — 2593 — 2541) Alogng + (S22 + S13 — 2530 — 2514) Alogna
2

—+ (2532 +S4 — 4533) \Vlog n1]2 + (2523 + 514 — 4533) ]Vlog 77,2|2
+ (8533 — S39 — 523) Vlogni - Vlogng + 16042522}.
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We see, therefore, that the second-order semiclassical approximation of the
quantum drift-diffusion equations (22) is given by (27) with

. S
Oy (mamz) = 2div (mv?jll) — 4[Q(m) — Q(n2)] S
1
=1

T3

og Z—; div <5’12V10g ng — So1Vlogni 4+ S99V log Z;)

— V(qf) + log ng) . <512V10g ng — 521V10g ny + Sgngog Zl>
2

+ log %{(522 + 531 — 2523 — 2541) Alog ni + (522 + 513 — 2532 — 2514) A log n9
2
+ (2852 + Sa1 — 4533) [V1og n1|* + (2523 + Sia — 4S33) |V log no|?
+ (8533 — S32 — Sa3) Vlogng - Vlog n2}
(75)
and g g
Cg(nl, ng) = 16522 log E — 8511 (21 — 12) . (76)
no ni ng

This proves Theorem 2. For the sake of completeness, let us give the explicit
expressions for the S,s terms that interfere in (75) and (76). They are ob-
tained by the corresponding R,s terms through the definition S,s(ni,n2) =
R,s(—logni, —logng). By using (58), (60) and (61), it is not difficult to
obtain the following expressions:
—H1 _ a2
Rys(jun o) = ————
M2 — p1

e_/Ll e_,ul — e_l‘2

Roy(p1, p2) = - ,
( ) M2 — H1 (2 — p1)?

e_ul + e_NQ 2(e_ul — e_ﬂ2)

Roa (1, pi2) = (12 — p1)2 - (h2 — 113

forlyn,pz) = 2(:2_f1m) - (uze:u/ju)2 " e(_uﬁ;l—_ /jl_)f’

Hszlyus i) = 2(M§_—MM)2 - 2?/?:1—261;: - 3(?/:1—_/161;:2)
- G
Ryi(p, po) = c ™ e M e e — g H2

6r2—p1) 20— (2= p)® (o)t
Reverse terms, such as Rjo, Ra3 ecc., are simply obtained by using the re-
lation Rys(p1, p2) = Rsr(po, p1). Acknowledgment. The authors were
supported by the Agence Nationale de la Recherche, ANR project QUA-
TRAIN.
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