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ABSTRACT. We study the Schrodinger-Poisson system on the unit sphere S? of
R3, modeling the quantum transport of charged particles confined on a sphere
by an external potential. Our first results concern the Cauchy problem for this
system. We prove that this problem is regularly well-posed on every H* (82) with
s > 0, and not uniformly well-posed on L?*(S?). The proof of well-posedness re-
lies on multilinear Strichartz estimates, the proof of ill-posedness relies on the
construction of a counterexample which concentrates exponentially on a closed
geodesic. In a second part of the paper, we prove that this model can be obtained
as the limit of the three dimensional Schrédinger-Poisson system, singularly per-
turbed by an external potential that confines the particles in the vicinity of the
sphere.

1. Introduction and main results

Let S? C R? be the unit sphere. For functions defined on S?, one considers the
operator G defined by

1 1
G =— [ —— d , 1.1
(N = 3= | o o (1.1)
where o denote the surface measure on S? and | - | is the Euclidean norm on R3.
In this paper, we are interested in the following Schrédinger-Poisson system on
S2:
10+ Agu = G(|ul?)u, u(t =0) = ug. (1.2)

Here A, denotes the Laplace-Beltrami operator on S?. This system models the
transport of a gas of quantum charged particles confined on a surface, here the
sphere, and interacting through the Poisson potential, which is the Coulombian
interaction in the Hartree approximation. Our purpose in studying this ideal system
is twofold.

First, we are interested in understanding the wellposedness of the Cauchy problem
for (1.2): choice of the function space, local in time or global in time solutions,
stability of the flow map, ...From this point of view, this paper comes in the
continuity of several recent works concerning the nonlinear Schrédinger equation on
Riemannian manifolds or in inhomogeneous media [9, 10, 11, 12, 13, 19, 20].

Second, we wish to justify this system for modeling a quantum gas via some as-
ymptotic analysis, starting from a more conventional 3D Schrédinger-Poisson sys-
tem with a singular perturbation which stands for a strong confinement potential.
Strongly confined Schrodinger-Poisson systems have previously been studied in Eu-
clidean spaces: in [5, 16| for the confinement on a plane and in [3] for the confine-

ment on an axis. The idea here is to investigate the influence of the geometry on
1
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the confinement procedure. The case of the sphere can be seen as a step before
more general manifolds, which can be interesting in some applications in the field
of nanoelectronics. Quantum dynamical systems confined on a surface have been
studied previously in [15, 17, 28] in linear situations. Starting from a similar scaling
on the transverse Hamiltonian, these authors consider the linear Schrédinger equa-
tion with a confinement on a general surface and derive an effective Hamiltonian
which locally depends on the curvature properties of the surface. Here our approach
is mainly concentrated on understanding the nonlinear effects.

Our first result states that this problem is locally well-posed in H®, s > 0 and
globally well-posed in the energy space:

Theorem 1.1. Let s > 0 a real number. For every bounded subset B C H*(S?),
there exists T € (0,+00] and a subspace X1 of C((=T,T), H*(S?) such that, for
ug € B, the Cauchy problem (1.2) admits a unique solution w € Xp. For all
0 < T' < T, the application ug — u € C([=T',T'], H*(S?)) is Lipschitz continuous
on B. Moreover, if s > 1 one can choose T' = 400 and this global solution satisfies
the following two conservation laws:

1
lu@)llz = Qo,  [IVoult)|jz + 2/ G(|ul®)[ul*do = Eqo . (1.3)
S2

Let us now deal with the limit case s = 0: after Theorem 1.1, the question
whether this system is well-posed on L?(S?) is natural. In the case of a plane, the
answer is positive thanks to Strichartz estimates in dimension 2. Our second result
is that, in the case of the sphere, this system is not locally (uniformly) well-posed
on S?. The precise statement is as follows.

Theorem 1.2. For all ball B of L*(S?) centered on 0 and for all T > 0, the
application ug +— u is not uniformly continuous from B N H'(S?), endowed with the
L? norm, into C([-T,T], L*(S?)).

Our third result concerns the asymptotic analysis. The starting model is the
Schrédinger-Poisson system (or Hartree equation) in R® with a strong potential
that confines the particles near the sphere. We consider the following system, on
the unknown u®(t, z):

10 = —Au + VEus + V(Juf]?)u’, ut(t =0) = ug, (1.4)

where V¢ and V(|u|?) are respectively the applied confinement potential and the
selfconsistent Poisson potential, given by

vele) = v (M) (15

€

and
V() @) = 3 [ ol da' (16)

The parameter € > 0 is the order of magnitude of the width of the confined gas,
compared to a typical length, for instance the radius of the sphere. The square of €
also denotes the ratio between the kinetic energy of the particles and the confinement
energy. One refers to [5] and [16], where similar singularly perturbed systems were
derived and put in dimensionless form, starting from systems in physical variables.
Our aim is to derive a simpler asymptotic system satisfied by u® as ¢ — 0.
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The function V. is fixed, independent of &, and is supposed to go to infinity at the
infinity, faster than the harmonic potential, as stated in the following assumption.
Note that we do not solve the asymptotic problem in the precise case of a harmonic
confinement potential, due to a lack of a priori estimates (Assumption « > 2 is used
several times in the proofs of Lemma 3.1 and Proposition 3.5).

Assumption 1.3. The confinement potential is a C°° function such that

Vz eR Ve(z) > C|z|9, (1.7)
where a > 2. Moreover, it satisfies the following condition:
oFV,

< CpVe(2). (1.8)

VEeN, dC,>0:VzeR ‘azk(z)

Let us define the energy adapted to our system. We set
Bl — {u e HY(R3) : (VE)V2u e LQ(R3)} :
equipped with the norm
el = IValFa + (V) 2ull7a. (1.9)

The two conservations laws associated to (1.4) are the conservation of mass and the
conservation of energy:
luf (D) Z2 = llugliz: (1.10)

g € g 1 g
VU @72 + 1V 2uf @) + S IVV ([ (B[22

g € g 1 g
= [IVu§lz> + 1V ulize + S IV (jug) 17

The scaling (1.5) of the confinement potential suggests that, if [|u§||, is of order 1,
it will be natural to start with an energy of order 5% Consequently, the solution of
(1.4) will satisfy the following natural bounds:

[l <€, ez < C.

From Theorem 1.2, one can guess that these bounds will not be sufficient in order
to analyze the limit of v as € goes to zero. Consequently, we shall assume some
regularity of the initial data with respect to the angular variable o. To be more
precise, let us introduce the spherical coordinates (r,0) € R% x S? defined for all
r €R3\ {0} by r = |z| and 0 = I%I We recall that the Laplace operator has the
following form in spherical coordinates:

1 1
A= ﬁar (7"287») + 7"72A0

In particular, a remarkable property is that this operator commutes with A,. This
property will be crucial is our nonlinear analysis. In the sequel, we shall set (V) =
(1 —A,)Y2. We introduce a last notation. The transversal confinement operator is
the following operator:

1
Hy = ——0, (r?0,) + VE(r), (1.11)
with domain

1
D(H,) = {u € L*(Ry,r%dr) : T—28T (r23ru) € L*(Ry,r%dr), Viu € LQ(R+,T2dT)} .
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Assumption 1.3 implies that H, is self-adjoint on L?(R,r2dr), with a compact re-
solvent. We shall denote by (E 5)peN, (Up)pen its eigenvalues and its eigenfunctions.
We make the following assumptlon on the initial data.

Assumption 1.4. The initial data ug satisfies
1V o)uslle + elluglls < C, (1.12)
where C > 0 is independent of € € (0,1]. Moreover, we have
limsup (1.1, 5 (Vouillze + 11w )0 (Vo)usllzz) — 0 as R — +o0.  (1.13)

e—0

Let us comment on these assumptions. In (1.12), the L? bound of (V,)uy means
a supplementary decay at the infinity for this quantity, compared to a H' norm
which would only control the L? norm of 1(Vs)u§. The second assumption means
that (V,)ug is partially relatively compact in L? with respect to the o variable £2-
oscillatory with respect to the operator H, defined by (1.11) (see [18] for an abstract
definition of e-oscillatory sequences with respect to a self-adjoint operator).

Our third theorem is the following one.

Theorem 1.5. Under Assumptions 1.3 and 1.4 on the confinement potential and the
initial data, for all e > 0, (1.4) admits a unique global solution u® € C(R, L? N By).
Moreover, the following equation admits a unique global solution v € CO(R,B!)

such that (V,)v° € CO(R, L?):
00" = Hv® — Agv® + G ([0°]?) oF, v (t=0) =g, (1.14)

where G is the following generalization of the operator G defined in (1.1): for func-
tions defined on R3,

1 oo 1 !/ /2 / /
= — R drido’. 1.1
e A e e (1.15)
Finally, we have the approximation of (1.4) by the limit system (1.14): for all T > 0,

lim [|(Vo) (u® = )| L (-1,7),22) = O-

Notice that, in (1.14), the nonlinear Schrédinger dynamics operates only in the
o variable. Indeed, the function w*® defined by

Wi (t,r, o) = et (t,r, o)
solves the system
10w = —Apw® + G (Jw[*) w*, w(t =0) = ug, (1.16)

which is a "mixed-state" version of the scalar equation (1.2). Indeed, let us decom-
pose the function w® on the eigenvectors of the confinement operator H,, setting

“(t,r,0) Zw (t, o)y (r)
ie.

(t,r,0) }:e”E =(t, o) WE(r).
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Then each component wy satisfies
—+00 “+o00
0wy = —Dowh + G | D WP |wh,  wi(t=0)= / ug Y5 rdr .
q=0 0

Notice that the components wy, are only coupled through the selfconsistent potential.
In particular, if the initial data is polarized on a single eigenmode, i.e. uf = vy, ¥y,

then the solution of (1.14) remains polarized on the same mode py, for all time:
v (t,ry o) = e_”Ego/EQw;O (t,0)1p, () and wy, satisfies (1.2).

2. The Schrodinger-Poisson system on the sphere

This section is devoted to the analysis of the Schrodinger-Poisson system (1.2) on
the two-dimensional sphere S?. As announced in the introduction, we will prove that
this system is locally well-posed in H*(S?) for all s > 0, but not for the critical case
L?(S?). To make precise this statement, let us recall the notion of well-posedness
that is meant here.

Definition 2.1. Let s € R. We shall say that the equation (1.2) is, locally in time,
uniformy well-posed in H*(S?) if, for any bounded subset B of H*(S?), there exists
T > 0 and a Banach space Xt continuously embedded into C([—T,T], H*(S?)), such
that

(i) For every Cauchy data ug € B, (1.2) admits a unique solution u € X,
(ii) If ug € H°(S?) for o > s, then u € C([-T,T], H°(S?)),
(iii) The map ug € B — u € Xp is uniformly continuous.

The proof of Theorem 1.1 uses essentially the techniques developed in the works
of Burq, Gérard, Tzvetkov |9, 10, 11, 12]. It can be decomposed into two main steps:
the proof of well-posedness under the assumption of a multilinear estimate and the
proof of the multilinear estimate itself. More precisely, we follow the work of Gérard
and Pierfelice [20], who have adapted the methodology to the particular structure
of Hartree-type nonlinearities as in (1.2). The analysis relies in a crucial way on
a quadrilinear estimate. For the sake of completeness and readability, we sketch
all the steps of this proof, although the new contribution in this proof essentially
concerns the quadrilinear estimate proved in subsection 2.2.

More precisely, Theorem 1.1 can be seen as a direct corollary of the following
Propositions 2.2 and 2.7, completed with the conservation laws (1.3) (which are
very classical are will not be proved here).

2.1. Well-posedness via quadrilinear estimate. The following proposition re-
duces the study of wellposedness for (1.2) to a quadrilinear estimate.

Proposition 2.2. Suppose that, for every x € C5°(R) and for all € € (0, %), there
exists C. > 0 such that, for any f1, fa, f3, f1 € L*(S?) satisfying

:H-MG[N]-’QNj](fj) = fjv .] = 17273747 (21)
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one has the following quadrilinear estimate:

4
Sug / /2 ZtTG U1UQ)U3U4 dodt < C ( (Nl, NQ, N3, N4))€ H HfjHLZ(SQ)
TE S .

‘ (2.2)
where u;(t) = S(t)fj for j =1,2,3,4, S(t) = €A denoting the free evolution, and
where m(N1, No, N3, Ny) denotes the product of the smallest two numbers among
Ny, No, N3, Ny. Then the Cauchy problem (1.2) is locally uniformly well-posed in

H*(S?) for any s > 0.

Proof. We follow the steps of the proof of Theorem 1 in [10], see also [12, 20].
Proposition 2.2 will be proved thanks to a fixed point procedure formulated in the
Bourgain spaces X,

Step 1. Reformulation of the problem in the Bourgain spaces.

Following the definitions in |7| and [12], we introduce the following family of Hilbert
spaces
X = {u €S (R xS%) 1 (14 i + Ag?)”* (1= Ay)*2u € L2A(R x SQ)} ,
(2.3)
for s,b € R. For any T" > 0, we also denote by X;’b the space of restrictions of

elements of X% to (=T, T) xS?. We gather in the following lemma some interesting
properties of these spaces.

Lemma 2.3. The Bourgain space X* satisfies the following properties.
(i) Vf € H%(S?), Vb > 0, the function S(t)f belongs to X*?.
(i) vb > 5, X% — C(R, HS(SQ)).
(iii) Let b,b" such that O <b<i0< b < 1-V. There exists C > 0 such that,
if T € (0,1] and w( fo (t —7)f(r)dr, then

Hw||X;,b < c:rlfb*b’ufnx?,b, :

Proof. The first property (i) stems directly from the definition (2.3) of X*b. Re-
marking that
1wl xsp = 10l go R,z (s2))s where v(t) = S(—t)u(t), (2.4)

the second statement (ii) is obvious and the last statement (iii) appears to be a
consequence of the following elementary result, proved e.g. in [21]:

t
if g(t) :/0 h(r)dr then ||g||Hb(_T7T) <ort—bb HfHH—b/(—T,T)'
O

As a consequence of this lemma, it is easy to prove by a standard contraction
argument that the Cauchy problem (1.2) is locally uniformly well-posed in H*(S?),
s > 0, as soon as the following result holds true:

Lemma 2.4. Assume that the quadrilinear estimate of Proposition 2.2 holds true.
Then for all s > 0, one can find b,V satisfying 0 < b <1/2 <b<1—1b" and such
that we have the estimate

|G (urua)uz|l xs, o < Cllua |l xsslluzlxssllusl xss, (2.5)
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IG(JulP)ull yorv < Cllulfesllull o for o >s. (2.6)

The end of this section consists in the proof of this lemma.

Step 2. Quadrilinear estimate in X*°.

Let us first give without proof two estimates on the operator G. These results
can be obtained straightforwardly using Hardy-Littlewood-Sobolev inequalities in
dimension 2.

Lemma 2.5. The operator G defined by (1.1)satisfies the following estimates:

1 1 1
1G(pas2y < C I fllop2)y,  for1<p<2and . 2 (2.7)
HG(f)HLoo (s?2) = <C ”f”LP $2?) HfHLl (s2)° forp>2and 0 = 2pp_ 9" (2.8)

We now reformulate the quadrilinear estimate (2.2) in the X spaces.
Lemma 2.6. Under the same assumption as in Proposition 2.2, let ui, us, us, U4
satisfy
T e, ong () =5, §=1,2,3,4. (2.9)
Then, for every s > 0, there exists 0 < b < 1/2 such that

G U1U2)U3U4 dO’dt‘ < Cm(Nl, NQ, N3, N4 H ||uj HXO [ (2.10)
§? i=1

Proof. The desired estimate (2.10) can be obtained by interpolation between the
two following inequalities:

G U1UQ)U3U4 dadt’ < Cm(Nl,NQ,Ng,N4 / H ”uj”Xo 1/4 (2.11)
S2

=1
and, for any b > 1/2 and 0 <e < 1/2,
G UlUZ)U3U4 dO’dt’ < C m(Nl,NQ,Ng,N4 H HUJHX(”’ (2.12)
§2 =1

Let us prove the first estimate (2.11). By symmetry and self-adjointness
of G, only two cases have to be considered: m(Ni, No, N3, Ny) = NiN2 and
m(N1, No, N3, Ny) = Ni1Ns. In the first case, we deduce from Holder and from
(2.8) that

. G(urug)uzuy do’dt‘ < |G(uru)|| L2 (r, oo (s2)) lusual| L2, L1 (s2))

2/3 1/3
< Clluruz|tg gy sl g, 1oy llusuall 2 o s2))

4
< ONYP N2 T sl a2y
=1

since [lug||1s(s2) < CNE/4Huz‘HL2(s2) due to the spectral localization. Hence, to get
(2.11) in this case, it suffices to remark that

lujllpaw,r2s2y) = 1S(=t)ujllLaw r2s2)) < ClS(=0Dujll g r2s2y) = Cllwll xo./4,
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where we used the isometric action of S(t), a Sobolev embedding in dimension one
and (2.4).

The second case m(Ny, Na, N3, Ny) = N1N3 can be treated as follows. Using
(2.7), we have

‘// G(ujug)ugug dodt
R JS2

< Clluruz|| 2 (g, a3 s2y) llusvall 2 m, /3 (s2))

< |G(uru)| L2 (r, 2 s2)) lusuall L2 r pass(s2y)

< Cllurll pam, casey) luzll Lo, c2s2y) lusll Lo, pasey) luall Lar, 22 s2))

4 4
1/2 1/2 1/2 1/2
< NN T sl g g2y < ONY2NY > TT gl o
i=1 =1

where we used [|u;|pa(s2y < CNil/QH’LLiHLQ(SZ).

We now sketch the proof of the second estimate (2.12), for all b > 1/2, which is
directly inspired from [12, 20]. Let us start by proving in a first step the result for
the special case where the u; are supported in time in an interval of size 1, say (0,1)
after translation. Let v;(t) = S(—t)u;(t) and let fj(7) = 0;(7) denote the Fourier
transform in time of v;. Applying the inverse Fourier transform, we get

G(U1U2)U3U4 do = //// 7’1+7'2+T3+T4)
s2 (2m)? R4

xG(S(t) f1(m)S(t )fz 72))S(t) f3(73)S(t) f4(T4)dodTidTodT3dTy.

Hence, the quadrilinear estimate (2.2), applied pointwise in 71, 72, 73, 74 and after
having chosen x € C3°(R) such that x =1 on (0,1), gives

G(ujug)uguy do’dt’ < C: m(Ny, No, N3, Ny)*© / H’U]HLQ Sz
SQ

< Ce m(N1, No, N3, Ny)* HH Y05l L2(Rxs2)
-1

= Com(N1, Na, N3, Ny)* [ ] llusllxo.e
i=1

where the Cauchy-Schwarz inequality could be applied since b > 1/2.

To treat the general case, it suffices now to introduce a function ¢ € CF°(R)
supported in (0,1) such that > ., ¥(t — 5) = 1, to decompose u; = Yy Ujn,
with uj, = ¥(t — 5)u;(t), j = 1,2,3,4, and to apply the result of the first step to
the functions u;,. The conclusion follows from the almost orthogonality property
satisfied by the Bourgain spaces

Z [jnl50s < ClluglZon -

nel
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Step 3. Proof of Lemma 2.4 by dyadic decomposition.

We have now the tools to prove Lemma 2.4. We shall only prove (2.5), the proof of
(2.6) being similar. By duality, we have to show that, for all uy € X5

3
/ /2 G<U1UQ)U3U4dUdt’ < C H HujHXs,b ”u4HX*5,b" (2.13)
R JS ’
Jj=1

Let us perform a dyadic decomposition of the wu;’s, setting u;ny =
]1\/1—A06[N,2N} (uj). We have

laglZese = D N*llugnllion = Y llugn 5o (2.14)
N N
where N are dyadic integers. Proving (2.13) is equivalent to estimating the sum

Z J(NlaN27N3aN4);
N1,N2,N3,N4

where
J(N1, Na, N3, Ny) = / /2 G(u1, N, U2, N, )u3, N ua, N, dodt.
RJS

We now remark that in the above sum, all the terms with Ny > 4 max(Ny, Na, N3)
are zero. To prove this point, we first claim that the operator G is a function of
A,, more precisely, that we have for all f

G =4 [/ Wido) = (1= 18 2. (215)
T Jg2 |z —yl
The proof of the claim is done below. Moreover, from spectral localization
ujN; is the sum of spherical harmonics of degrees between /N;/2 and /2Nj.
One can deduce from properties of products of spherical harmonics that the
product G(u1 n,u2,N,)us N, is a sum of spherical harmonics of degrees less than
\/2 max (N1, N2, N3), so orthogonal to ug if Ny > 4 max(Ny, Na, N3).

Hence, by symmetry, it suffices to consider the terms with Ny < Ns < N3 and
Ny < 4Nj3. Pick s’ such that 0 < s’ < s. By Lemma 2.6, there exists 0 < b’ < 1/2
such that

4
Z J(N17N27N37N4) SC Z Z Nig/NéSlHHuj,NjHXU,b/?

N1,N2,N3,Ny N1,N2,N3 Ny<4N3 i=1
. N3\ ¢
SN | DI I P DO (N) otz 6, s o1, e
=12 N; N3 Ni<dN; Vo4

where we used (2.14). The series in N7 and Ny converges easily. Denoting Ny = 2"
and N3/N4 = 2™ the series in N3, N4 can be bounded by a simple Cauchy-Schwarz
argument. Indeed, this series reads

Z 27ms Z HU3,2m+n ||Xs,b’ [| 4,90 HX*va/

m>—2 n>max(0,—m)
1/2 1/2
< | D2 <Z|lu3,2n\|§(s,b1> (ZHM%H%{S,M)
m>—2 n n

< Cllus|| o l[uall x - -
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The proof of Lemma 2.4 is complete, so Proposition 2.2 is proved.

Proof of the claim (2.15). We use a very old argument that can be found, e.g., in
Poincaré’s works [25]. Let us compute explicitely the action of G on a spherical
harmonic Y;™. We define the following function on R3:
u(r,o) = r'Y;" (o) for r <1, u(r,o) = r~ 71y (o) for r > 1.
It is readily seen that u is harmonic on R?\ S2, so by computing explicitely the
jump of d,u on S? we obtain
—Au=(204+1)Y,"do

in the distribution sense, where do is the surface measure on S?. Since u is decreasing
at the infinity, this means that
1 1
——(20+1)Y,"do’
u(r, o) = 47T/SQ\TU—U|( + DY/ e,
thus
u(l,0) = (20 + )GV,
Denoting A = £(¢ 4+ 1), we have 20 + 1 = /1 4+ 4\, so we have
1
GY") = —=Y,"
V=
and (2.15) is proved. O
2.2. Quadrilinear estimate. In this section, we prove the quadrilinear estimate
(2.2) which is, thanks to Proposition 2.2, the core of the proof of local existence
result in Theorem 1.1. The main result of this section is the following proposition.

Proposition 2.7. There exists a constant C > 0 such that for any fi, fo, fs,
f1 € L?(S?) satisfying

:H-MG[NﬁQNj](fj) = f]v ] = 13273747 (2]‘6)

and for all £ €]0, 1[ one has the following quadrilinear estimate

4
/ /2 ltTG ’LL1U2)U3U4 dodt < C ( (Nl,NQ,Ng,N4))EH Hfj”LQ(Sz)
S i—

(2.17)
where uj(t) = S(t)f; for j =1,2,3,4, S(t) = €A denoting the free evolution, and
X € C°(R) is arbitrary.

sup
TER

Proof. Let us decompose the f;’s on spherical harmonics:

Z H%j with AUH,];], +nj(n; + 1)H%j =0,

so that
2N

u; (t) _ Z e—ith(nj‘i‘l)H%
n;j=N;/2
The quantity to estimate can be written as

/ / ”TG (ugug)usuy dodt = Z Wn1momans (T)I (N1, N2, 13, 14)
SQ

ni1,n2,n3,nq

j .
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where

4

Wni,n2,n3,m4 (r)=x|7- Zgjnj(nj +1) with g; = (_1)j+17
j=1

X being the Fourier transform of y, and

I(ny,n2,n3,m0) = | G(H, Hy)H; Hy do
S2
By symmetry and self-adjointness of G, assume for instance that N3 =
min(Ny, No, N3, Ny). Let us estimate I(ny,ng,ns,ng) by adapting the proof of
multilinear estimates in [10, 11, 12, 20]. One can decompose Hj,; using a microlocal
partition of the unity with semiclassical cut-off of the form x;(z, h;D) (with small
support):

H%j =@j+ ZX?(Q?,h]’D)HZj,
k

where ; is regular (for all s, |||D®|¢;|r2 < CS||H%j l2) and where the sum is finite.
Thus, we only have to estimate some terms of the form

I= [ GViVa)WsVido,
SQ

where Vj is of the form V; = x;(x, h;D)Hj,;. The key point, from Burq, Gérard,
Tzvetkov 10, 11, 12] is that, using semiclassical Strichartz estimates in dimension
one, for each choice of (x;)j=1,2,3,4 one can find a local system of linear coordinates
(x,y) such that, for all p,q € [2, o0] satisfying % + % = %, we have

1 - .
Vill s < ONJPIHE |2y, for j=1,2,3,4. (2.18)
The proof of this result uses the fact that the function H} ; satisfies

1 ~ N?

h2A,H) + HJ =0, ith h2 = ——— ,
Rt + Hy, TP D

which can be locally seen as an evolution equation where the well-chosen variable x
plays the role of a time.
In local coordinates we have

1] < CNGWaV2)ll gLy Vsl /e 1Vall 2 ez

G e — L 1_1_ :
with s = 5 and T=3 2¢. Since

1
GOiVa)| < € [ e VAl o

a Hardy-Littlewood Sobolev inequality gives

1
GOV izry < Coup [ o ViV (e )11

< CellVil ooz Vall e 2,
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where we used the fact that all the functions are compactly supported. Then we
apply (2.18) with the pairs (p,q) = (c0,2) and (2,7):

I < CellVillogerz IValpge g Vsl /e [1Vall 2z
4
< Co(N3)* [ 1H, 12
j=1
To conclude, it remains to estimate uniformly with respect to 7 the quantity

4
Q) = Z |wnynamsma (7)) H HHrsz 22
J=1

ni,n2,n3,n4

where, in the sum, nq, ng, ng, ny satisfy
N.
Vi€ {1,2,3,4} 77 <nj <2Nj. (2.19)

This quantity has already been estimated in [20], but we reproduce again this proof
here for the sake of completeness.
Denote by A(k) the set of (n1,n2,ns,nq) satisfying (2.19) and

4
Zz-:jnj(nj +1)=k.
j=1
We deduce from the decay of x at the infinity that

(1) <CX 1@ D H 1H3,2

1€ A([r]+£) j=1
<Csup ) H 1H7 N 2
MEL (k) =1

Let us denote by «,  the two indices such that m(Ny, N2, N3, Ny) = (Nq, N3) and
by ~,d the two other indices: {~,d6} = {1,2,3,4} \ {a, 5}. Then we introduce the
set

N; N;
é§n1§2Nz 2]<nj<2N

U(k,i,7) = {(ni,nj) :
and g;ni(n; + 1) +¢ejnj(n; +1) = k} ‘

Now, denoting

S(kyiy i) = > IHy 2 IHY, | 2
I'(k,i,5)
we split the sum as follows:

Q(1) < Csup Z S(k,a,v)S(k — k', 3,6).
keZk/EZ

Then we apply the following elementary result of number theory (see e.g. [10]).

Lemma 2.8. Let 0 = +1. For all € > 0, there exists C. > 0 such that, given
M € Z and N € N*,

#{(k1,ko) EN?: N <ky <2N, ki+oki=M} < C.N°.
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Hence we get

sup#F(k/,a,’y) S CsN(i’ Sup#r(k_k/7ﬁ75) S CENE’7
k! kK’

and by Cauchy-Schwarz
> S(k,a,7)S(k — K, B3,6) < Ce(NaNg)*x

k'€Z
1/2 1/2
é
< (>0 > IH I 1HY 113 S IHE I H,
W T( ) W D(,8)

4

< Ce(NaNg)* [T 5l 22
j=1

where we used the orthogonality of the spherical harmonics. The proof is complete.
O

2.3. An instability result in L?. In this section, we prove Theorem 1.2 and
exhibit a high frequency instability for the Cauchy problem in L2?(S?) for the
Schrodinger-Poisson system (1.2). Consider the following spherical harmonic on
SZ

Yn(x) = (21 + iw2)" (2.20)

where (21, T2, x3) are cartesian coordinates on R3, S? = {23+ 23+ 3 = 1}. Remark
that this function concentrates on the equator {z3 = 0} as n — oo.

In the case of the cubic nonlinear Schrédinger equation on S?, an instability in
some H? space has been shown in [13] (see also [2] for a more precise result) by
finding an ansatz for the solution of the equation with an initial data proportional
to ¢y, and of order 1 in H®. A different approach has been presented in [19] in order
to exhibit the same instability. It consists in constructing a stationary solution for
the nonlinear Schrodinger equation, rapidly oscillating in time, by minimizing the
nonlinear energy of the problem. The point is to estimate precisely the correspond-
ing nonlinear eigenvalue as n goes to infinity. Let us adapt this argument to our
case.

Lemma 2.9. The function v, defined by (2.20) satisfies

c _
[6ale = SE 4092, [Vabale = nln+ Dl (220)
1 C 1
[ Gt par ="+ S0 (). (229
2 n n n

where C1, Cy, C3 are constant real numbers.

Proof. The first estimates (2.21) are immediate. Let us prove (2.22), writing

9)2n+1<c089/)2n+1
G| |2 n2da:/ _ (cos§)™™ d0d0 dpd
RGN o oos I £ g A e

2n+1/2 \2n41/2 1-— COS(H — 9’) , —-1/2 , .
= Leostr eos ) —osboosg TLTcosle—¥))  dbdf'dipdy,
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where the integration domain is (6,6, ¢, ¢') € [-7/2,7/2] x [-7/2,7/2] x [0, 27] x
[0,27]. As n — 400, the main contribution in this integral is near the equator
6 =0, ¢ = 0. Hence some elementary analysis using

27 27
/ / (t—i—l—cos((p—go’))*l/zd(pdgo’:alogt+b+0(t) as t — 0+,
o Jo
yields (2.22). O

Now, for all 0 < 6 < 1 we introduce the function ¢,, = ¢, ¥, such that ||¢,|| ;2 = ¢.
We deduce from Lemma 2.9 that

IVotnl72 =n(n+1)67 (2.23)

4
/ G(|pn|?)|pn|? do = Cy6*logn + C56* + O (i) : (2.24)
S2

for some constants C4 and C5 independent of n and . We will see that this factor
logn is at the origin of the high frequency instability.
Let us define as in [19] the space

L2={feL*S*):VaeR foR,=e"f},

where R, denotes the rotation of angle o around the z3 axis. Since the spherical
harmonics take the form

Y™ = ¢ PJ(sin 0)e™?,

in spherical coordinates (6 is the angle between the vector x and the equatorial plane
{3 = 0}), where P;" is a Legendre function and ¢, is a normalization factor, it
is readily seen that the space L2 is characterized by

L2 =span{Y},, k€ N}, (2.25)

where n is fixed. Therefore, we have a characterization of ¢,, (up to a phase factor)
as the minimizer of the Dirichlet energy on L?2:

¢n = argmin {||Voul|7. for u € L2 such that |ju|[p2 =6} .

Let us now minimize the energy associated to (1.2):
1
£(w) = [Voulta+ 5 [, GuP)luf do

on the sphere of radius § of L2. It is easy to prove the compactness of minimizing
sequences and to obtain the existence of a minimizer f,, to this problem. The Euler
equation reads

Ay fn+ G(’fn‘z)fn = wnfn,
with
1
on =52 (I9ehulls + [ GULPISE ) >0 (2.26)
and the function
un(t, ) = e f, (x)

is a solution of (1.2). The key of the method is now to show that f, is close to ¢,
up to a phase factor, and to give a precise estimate for w,.
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Lemma 2.10. There ezists a constant C' independent of n € N* and § € (0,1] such
that, for some a, € R,

' 1 1/2
[ — €| o < C6° <Oin> , (2.27)

wp =n(n+1) + Cy6%logn + C56% + O (5325;/2) : (2.28)

Proof. Since f, belongs to L2, let us decompose this function on the spherical
harmonics, according to (2.25):

fn = apPn + Z akY'r?—i-k y (229)
k=1

the Y, being chosen normalized in L?. One can deduce from the normalization
conditions that

laol*6% + > Jag|* = 6 (2.30)
k=1
and the property E(f,) < &(¢y) reads

aol28n(n+ 1)+ 3 ax2(n + K)(n + k+1) + = / G falP)|ful? do
k=1 12 52 (2.31)
§52n(n+1)—|—2/ Glloml?) [ 6n]2 do -
SQ

By substracting n(n + 1)x(2.30) to (2.31), we obtain

- 1
Zk;(2n + k4 Dlap® < 2/ G(|¢n|?)|¢n|?* do < C5*logn, (2.32)
k=1 52

where we used (2.24). Hence we have

o
logn
= aodallfe = D lail® < 5" 252, (2:33)
k=1

Inserting (2.33) in (2.30) leads to
1
0<1— |agf? < 05228" (2.34)
n

and (2.27) follows, setting e/n = 4o

= aol”
Let us now prove (2.28). By combining the two inequalities

1 1
lrvafnuiz+2/ G(Ufal)Ifal® do < | Vonll12 +2/ G(|6n|")|¢nl* dor
s? s?

and
IVotnlliz < Vo fullze,
and by using (2.26) it comes

0 < [¥otnla+ [ Gl ionl? do - 5%,

(2.35)
S/ (GInl®)|nl* do — G(| fal )| ful?) do
s2
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Moreover, for all M > 0 and for all u,v in the centered ball of L8/3(S?) of radius
M, we deduce from the estimate (2.7) on the operator G that

\ [ @l = G of?) do| < A= vl (2.36)
SQ

Let us now estimate f,, ¢, and the difference between these two functions in L%/2.
The key point will be the following estimate on spherical harmonics due to Sogge
[27]:
Y7\l s < CETOY o (2.37)
Therefore we have
@nllLsss < COn'1S. (2.38)

Moreover, from the decomposition (2.29) of f,, and by the Minkowski inequality,

I — n G| /s < H( ‘>¢n —|—Z|ak||| ol ess
3

L8/

By (2.37), (2.32) and Cauchy-Schwarz, we have

rps \ v

n

Z’ak’” +k||L8/3 < C (Z ]{;(27}—}—]{}4—1)) (Zk 2n+k+ ‘CLkP)
k=1

logn

n7/16°

Hence, using also (2.34) and (2.38), we obtain

< 062

logn
n7/16

an - emn¢nHL8/3 < 052 and anHLs/s S C’5n1/16.

Finally, (2.36) leads to

I
L, (U6 = GULPIAP) do| < o725

By inserting this estimate in (2.35), then by using (2.23), (2.24), we obtain (2.28).
U

Proof of Theorem 1.2.

We now have the tools to prove the high frequency instability and Theorem 1.2.
Remark first that, replacing f, by f,e ", one may assume «, = 0 in (2.27). As
in [19], we consider two values of §:

5n = 507 6;7, = K/n(SOa

where 0 < §p < 1 and Kk, — 1 as n — +oo in a way that is defined below (see
(2.39)), and we denote by fn, ¢, and f], ¢/, the corresponding functions.
By (2.27), we have

logn

1/2
Vo= Fole < o= dull o +11£s = Dhll 2 + 160 — 31| < c( ) S0 11— ol

whereas the corresponding solutions of (1.2)

—itw / —itw! 1
Up = € nfnv U, =€ nfn
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satisfy

e—itw;

— o = fallre

. t , logn 1/2
sin §(wn—wn) 5 — C . 0o — |1 — Knldo.

1
n

T R

>

By (2.28), we have

If now we define k,, by
1/2
Kn = (1 — (log n)_1/2> (2.39)

and an observation time t, by
T B T
wp —wl, 462 (logn)l/2

we have clearly a sequence t,, — 0+ such that

1(un = ) (tn MLz 2 00 —en, [[(un = 1)(0, )l z2 < n,

where &, — 0 as n — +o0. Since u,, and u, are in the ball of radius &y of L?(S?),
this contradicts Item (iii) of Definition 2.1, which means that (1.2) is not uniformly
well-posed on L?(S?). O

tn = (1 +0(1))7

3. Asymptotic analysis

The aim of this second part of the paper is to prove Theorem 1.5, which justifies
the use of (1.2) (in fact, of the mixed-state version (1.14) of this equation) as a model
for quantum transport on a surface by means of asymptotic analysis, deriving this
system from a well-established model, the three-dimensional Schrédinger-Poisson
system (1.4). The Cauchy problem for this system without the confinement potential
was studied in [8, 24] in the energy space, and in [14] in L.

3.1. Estimating the Poisson nonlinearity. In this subsection, we obtain some
estimates on the Poisson nonlinearity for functions confined near the sphere by the
confinement operator V. We will see that the following family of norms is well-
adapted for the study of the singularly perturbed nonlinear problem (1.4):

(Vo) ull > + ellull s,

where s is a positive integer, whereas the following family of norms is well-adapted
to the limit problem (1.14):

(Vo) ull g2 + (11 + €2 Hy) ™ 2l 2,

where s; and sy are nonnegative integers and where we recall the definition (1.11) of
the Hamiltonian H,., which is nonnegative thanks to Assumption 1.3. The nonlinear
analysis of (1.4) will be based on Lemmas 3.1 and 3.2.
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Lemma 3.1. Let u € B!, such that (V,)5u € L* with s > 1. Then there exists
v >0 and a constant C > 0 such that, for all € € (0, 1], the nonlinearities V (|u|*)u
and G(|u!2)u respectively defined by (1.6) and (1.15), satisfy the tame estimate

[676)* @) 2 < CINVadullall (Vo) ull (3.1)
[y ( ()l 2 < € (INVohulFa +20) fulfhs ) (Vo) ullza (32)

where C' is independent of . Moreover, if u,v € B! are such that (Vo )u, (V)v €

L?, then
(Vo) (G(lul)u = G(jo[*)v)]| .2

< C(IKVoyullzs + (Va)vllz2) 1{Ve)(u =) L2,
(Vo) (V(jul*)u = V(o)) .

< C (ITa)ullls + 205 Jullhs + (Ta)oll3e + €205 ulide) x (3.4)
x (I070) (1 = v)llg2 + X4 Ju = vl ) -

Finally, if (Vy)?u € L?, then we have
(Vo) (V([uP)u = G(luP)u)|| 2 < C7 (I{Ve)*ull72 + € [Julg) - (3.5)

Proof. Step 1. Sobolev embeddings. Let us first write some anisotropic Sobolev
embeddings that will be useful several times in the proof. In spherical coordinates
(recall that z = ro), we shall denote

A

(3.3)

o q/p 1/q
Yo, q € 1, +o0) uuan=</ ([, wrao) d) ,
0 S2

Vge[l,+00)  ullpers = Supgss [Ju(r, )l g -
>

By Sobolev embeddings in dimension 2, we have
ull 2z < Coll{Vo)ull 2 (3.6)

for all p € [2,00). Moreover, since the H! norm reads in spherical coordinates
2

)

1
il = ol + 10ruls + | 19

L2
we deduce from the Hardy inequality
2., <civul
that "
|vo) (2)], < Clulln: (3.7)
Hence, by Sobolev embeddings, we get
u
51, = ol < Gyl (35)

for all p € [2,00). Finally, we claim that

< CVo)ullzz + C*7 lull 51, (3.9)
LiLg

7|
172
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for some v > 0 independent of . In order to prove (3.9), let us split the integral on
{r>1/2} U{r <1/2}. We get

U | w 1 U 1
Hm‘ L2L4 o Hm T>1/2‘ L2L4 + Hm T<1/2‘ L2L4
1/2
< \[HUL«>1/2HL2L4 +CHU’]17‘<1/2H1/2 K HU1r<1/2HZQLP1 % r<1/2‘ 2Pl

1/2— 2
< Cl(Vohull gz + Cl[ulpcy o] 32" (Y o)ulT llullys

where we used a Holder inequality for the second inequality and (3.6), (3.8) for the
third one. Here n € (0,1/2) is a parameter that will be fixed later and p; = 2+ 1/7.
It remains to use the properties of the confinement operator. From Assumption 1.3,

we deduce
1\ /2
w()
15 L2

Ce' /2|y . (3.10)

2@/2 C€a/2

IN

luTrcayall o <

(r — 1)6“/%}

L2

IN

Hence,

u — o
|72l < OMTullze + O (T Yl

To conclude, we choose 1 small enough such that (1/2—7)(1+«a/2) > 1—n. This is
possible thanks to the assumption o > 2. The Young inequality finally gives (3.9).

Step 2. Proof of (3.1). Let s > 1. From the Littlewood-Paley theory and the
Mikhlin-Hérmander multiplier theorem [1, 26| applied on the sphere, we have

Vo) (©uP)a) . < OGP g (Vo) ul o
+C ||<VU>SG(’U|Q)HL{; lullp2ra (3.11)
for all pair (p, ¢) such that p > 2 and %—F% = 1. The L* norm of G(|u|?) is easy to

estimate. Indeed, this function is independent of the variable » and we notice that
G is linked to the operator G defined by (1.1) thanks to the relation

+oo
Gllul) = | Gl ) rr,

Pick a real number p > 2. From (2.8) and the Holder inequality, we deduce

2p/(2p—2) (2p—4)/(2p—2
< Cllu ||;;/L25 | 202072
< Cl{Vo)ulZa (3.12)

where we used the Sobolev embedding (3.6).
Let us now estimate the L° L5 norm of (V,)*G(|u|?), where p > 2 is given. Since,
from (2.15), we have

+00
G(Juf?) = /0 (1 - 48,) V2 (juf?)r2dr,
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the operator —A, commutes with G and therefore

(Vo) G(jul*) = G ({(Vo)*(luf)) -
Thus, by (2.7),

(7o) G, < C/ () ()| o P2
+oo 9
< 0 [T gy Ny
< CIKV >u||L2 lull2ze (3.13)
where po was chosen such that plQ = 5 + 5 and where the Mikhlin-Hoérmander

multiplier theorem on the sphere was used again. Finally, from (3.11), (3.12), (3.13)
and (3.6), we deduce (3.1).

Step 3. Proof of (3.2). Let s > 1. By the Mikhlin-Hérmander multiplier theorem,
we have

[(Vo)* (V([ul)u)|| . < CHV(|u’2)HL°° (Vo) ul| 2

4[R2V ()| (3.14)

LILG

LeeL4 1/2‘

Let us first estimate the L> norm of V (|u|?), written in spherical coodinates:

1 1
2 2.2
wwxmzm/mewmwnwww. (3.15)
Since o and ¢’ are unitary, we have (o — ¢') - (0 + 0’) = 0, thus
N\ 2 o 2
lro —1r'd’|? = (r—;r > o —o'” + (T 2r > o+ "%, (3.16)
which yields
1 2 1
. 3.17
|ro —r'o’| — max(r,r’) |o — 0| ( )

This enables to estimate V (Ju|?) by using again Lemma 2.5. For all p > 2, we have
too 9

0< V() < [ ZGuP6 ) o

2p/(2p—2) (2p=4)/(2p=2) 12 4.1
¢ [ Lt DIt .
Hence, by splitting the integral on r > 1/2 and r < 1/2 and using the Holder
inequality,

0<V(ju?) < 0”“101/2”2/55 D[l o )

u
+C H;1r<1/2

IN

2/(2p—2)

HU]17»<1/2H 272p HUJ1r<1/2H Zp=4)/(2p=2)
L2L2

L2L%
2/(2p—2) (2p—4)/(2p—2
< OV uls + Cllullss [(Tohul 242 [l o /2D
where we have used again the Sobolev embeddings (3.6) and (3.8). Finally, (3.10)
yields

2
« 2/(2p—2
0 < V(jul) < CI{VohulZs + CI/D0=55) u 72 [(Vp)uf 74
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To conclude, we choose p large enough such that (1 + a/2)(1 — p 55) > 2 — 2p 5.
This is possible thanks to the assumption o > 2 and we obtain ﬁnally7 using the
Young inequality,

0 < V(|ul?) < Cl(VoulFa + C2T ul|3. (3.18)

Let us now estimate the L°L% norm of 7/2(V,)*V (|ul?). Since V(|ul?) =
(—=A)~1(Ju|?), the operator —A, commutes with V' and we have

(Vo) V([u*) =V ((Vo)*([ul?)) -
Therefore, we deduce from (3.15), from (3.17), from (2.7), and finally from the
Mikhlin-H6rmander theorem on the sphere that

+o0 1
1/2 S 2
Hr/ (Vo) V (Jul )HLMg < C/O 7 1(Va) () ()| s vl
oo s u(r,~) 2
< 0 [Tl g | 5 \ ar
s u
< CIVo)oull W‘Lng' (3.19)

Finally, we deduce (3.2) from (3.14), (3.18), (3.1 ) and (3.9). The proofs of (3.3)
and (3.4) are very similar to the proofs of (3.1) and (3.2), with s = 1 and we leave
the details to the reader.

Step 4. Proof of (3.5). In order to estimate the L? norm of
(Vo) (V([ul*)u — G(Jul*)u), let us introduce
1 1
S(ryr’ = —
(T,T,O’,O’) |O__O_/| |7"0'—7"/0‘/|’
such that, for all function w, we have
+oo
(V(w) — G(w))(ro) = —/ 5(ryr', o, 0 w(r'o')rdr' do’. (3.20)
S2

From (3.17), one deduces directly that

<# 1+L (3.21)
= o — o max(r,r’) ) '

Moreover, by using (3.16), one can decompose 6(r,r’,,0’) = §; + d2 with

((r+7")2—4)|o —o'|?
dlro —r'o’||oc — o'|(|ro — r'o’| + |o — o)

6(r, 7", 0,0")]

01 =

and
(r—1")2lo +o'|?

5o — .
> Alro —r'd||lo — o'|(fro — 1’| + |o — o]

Let x be a continuous function on R, positive for z # 0, such that x(z) ~ |z| as
z — 0 and x(z) =1 for |z| > 2. From (3.17), one deduces that

e )

o — o'l (r,7")

Furthermore, since by (3.16) we have

|r —1'||o + o'| < 2|ro — 1o,
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we can estimate do as follows:

/ / - o
R e = m)
max

= 2lro —rldllo —o'| T lo — o'|? (r,r")

We have thus proved that

50, 0,07)] < X L2 1) (1 o ) .

lo —o'|? (ryr)

By interpolating between this inequality and (3.21), one gets finally, for all € (0,1),

r,r
6(r,7",0,0")| < C|(,|1>+77 (3.22)

where we have set

w(rr') = ((x(r — ) + (x(r' — 1))7) (1 n 1) |

max (7, ")

Next, we claim that one can adapt Steps 2 and 3 in order to prove that, for n > 0
small enough,

(Vo) (V(Jul*)u = G(lul*)u) | 1.
< Clix(r = OUVo)ull L [{Vo)ull 2" + Ce7 (I(Vo)ulte +ulldr) . (3.23)

Let us prove this claim. We have

(Vo) (V(Jul*)u = G(lul*)u) | 2

+o00 9 1/2
<o ([ IV )~ S 1ol %)
1/2

+oo 9
+0 ([ IVATH ) = GUTA Pl rPar ) 320
By (3.20) and (3.22), we have
“+oo
2 ! _I\|12 1,02 g1
’V(|u\ ) — G(Jul?) <C’/ /S? |a—a’|1+’/ lu(r'a’)|* do'r"“dr

A+n)p (1—n)p—2

+oo
<o [ (=0’ = 1y) (1+1)||u< Mot ) 2

a+mn)p (1—n)p—2
< C/ X(r = 1)+ (" = )") Ju(r' )l 50l " r2de
1/2 1 (H—n)p (A-=m)p—2
—i—C/ —Hu |]u(7"-)||L2p_1 r2dr’
where we used the Holder inequality and where p > —=-. The first integral in the

last inequality can be bounded as in Step 2, by using the Sobolev embedding (3.6):

oo / / (1+’71)p / (1777)11)72 12 /
/ (Octr =17+ (O = 0)7) a2 ()" dr

1/2
< (x(r = )"{Vayulze + Ix(" = D)"(Vo)ull 2 [{Vo)ul| 2.
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The second integral can be bounded as in Step 3: by using (3.6), (3.8) and (3.10),
we get, for 17 small enough and p large enough

1/2 1 (1+n)p (1—n ) - /2 9 9 9
/0 Sz )" < CY ([{Vo)ullzz + & ullg) -

Finally, the first term in (3.24) can be estimated as follows:

+o00 ) o112 s 1/2
([ 1) = S 1Pl 2ar)

< Clix(r" = D))"Vo)ull 2 (Vo)ulfz + Ce7 (IKVo)ullz + %llulldy) - (3.25)

Let us now estimate the second term in (3.24). Setting

w(r',0) = /S (V) e")do,

2 |o — of|Hn

we deduce from (3.20), (3.22) and from the Minkowski inequality that

+00 ) , ) 2
/0 ”V (‘u’ )) G(<v0>(‘u| ))HL§ ||UHL§ redr
+o00 9 e
<C </0 (1+ i)X(T/ = )7w(r, ')HLgTQd’r/> (/0 (1+ i)2 HU(T)H%g 7"2d7">

i 2 v
=y s Magrar) ([ T o - 0 el Par).

By Hardy-Littlewood-Sobolev, one has
lw( s < CIUV) (u) < CIVo)ullzllull s,
L L

—27
o o

and, by adapting the proof of (3.9), one can prove that there exists v > 0 such that,
for n small enough,

u
N < CI{Ve)ul 2 + Ce7 ||| 4. (3.26)
L2LE

Finally, using (3.6) and (3.26), one gets

o 2\y|2 2 2 2
(/0 IVUVo) (1) = GUVo) (u ))HLguunLgrdr)

< Clix(r = 1)"(Vo)ul g2 (I{Va)ulf2 + Ce* 7 ||ul[z) (3.27)

and the claim (3.23) can be deduced from (3.24), (3.25), (3.27), the Young inequality
and the Holder inequality.

We are in position to conclude the proof of (3.5). By using an interpolation
inequality on the sphere and the properties of the truncation function y, we obtain

Ix(r = D(Vo)ulle < Clix(r — Dl {2 [1(Vo) 2ul| 1
< Ofllr = 12 B ull e (Vo) 2l 1
r—1\? e 1/2—1/ 1/2
S LA I T AR P

Ce'2 (ellull ) (Vo) 2ul by
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where we used Assumption 1.3 and the fact that o > 2. Finally, inserting this
estimate in (3.23) and using the Young inequality leads to (3.5), up to changing the
value of ~. O

Let us now state another estimate, where we recall that the operator H, was
defined in (1.11).

Lemma 3.2. Let u be such that (V,)u € L? and H{f/2<vg)u € L? with s > 1 an
integer, then

|+ 2H)729,) @(uP) |, < CHTulZaI+ 2 H) (T g)ull . (3.28)

Proof. Since the operator H, only acts on the variable r and since G is independent
of the variable r, we have, for all s > 0,

10+ 2H,) (Vo) G(uP)u) e = Vo) (Gu) (1 +2Hy)u) |

(Vo) ullZ:ll(1 + e2Hn)* 2 (Vo ull 2,

where we used (3.12) and the following inequality, that can be proved as (3.1) with
s=1:

IN

(Vo) (G(1ul)v) || 2 < CIVoull21{Vo)v 2.
O

We end this section with the following lemma, which will enable to deal with
more convenient norms than ||(1+ e?H,.) s/ 2uH

Lemma 3.3. Assume that the confinement potential satisfies Assumption 1.3 and let
H, be defined by (1.11). Then H, is a positive selfadjoint operator on L*(R.,r?dr)
and, for every integer s > 1,

D((1 + H,)*/?) = {u e L2(Ry,r2dr) : (VE)'T 0 (ru) € LA(R4,dr), 0 < k < s} .
Moreover, the following norms are equivalent, with constants independent of €:

) (1+ 52HT)§UHL2 ,

1 s
“ozrw)|| V) Rl

L2

[ull 2 + €°

skl

8k(ru

~—

and
L2

o (rv)

L2
where || - ||z denotes the L*(Ry,r2dr) norm.

Note that proving this result is equivalent to proving the equivalence of the fol-
lowing norms in dimension one:

|+ (=02 + vl

L2(Rydr)’

HUHL2(R+,dr) +é° Haiu”LQ(R_‘_,dr) + 58”(‘/;:8)§u||L2(]R+,dr)a

S
s—k
lullzage, an + 3 || (V)= 0k
k=0

L2(Ry dr)’



THE SCHRODINGER-POISSON SYSTEM ON THE SPHERE 25

ey + 3 o (V)5 )|
k=0

Now, recalling that VZ(r) = S%VC(T%), let us apply the dilation r’ = =1, The
above norms become

LRy dr)

|a—oz+ vty

L2(]~L,4o00])’

lell 21 ooy + 107ull L2 -1 ooy + H(Vc)%UHL2(]_g,+oo[)v

||U||L2(]_é,+oo[) + i H(V‘:)%@fu}
k=0

L2(]=L,400))’

L2(]— ¢ +o0)

||u||L2(]—é,+OO[) + i ‘ 85 <Vg)g;ku))
k=0

Hence, Lemma 3.3 is a consequence of Proposition A.1 proved in Appendix A.

3.2. Approximation by an intermediate model. In this subsection, we make
a first step towards Theorem 1.5. We obtain a priori estimates for the singularly
perturbed system 1.4 and prove that it can be approximated by the following system,
where we only pass to the limit in the nonlinear term:

i = —Aw® + Viw® + G (Juf]?) we, w(t =0) =ug, (3.29)
where G is defined by (1.15).

Proposition 3.4. Assume that the confinement potential and the initial data satisfy
Assumptions 1.3 and 1.4. Then the following holds true.
(i) For alle € (0,1], (1.4) admits a unique solution u in the energy space C°(R, B1).
Moreover, there exists T > 0 such that

S?OPH (ellwf]l oo y,31) + IV o)t || oo (11, 12)) < +00. (3.30)

ee(0,

(ii) There exists T > 0 such that, for all € € (0,1], (3.29) admits a unique solution
w® € CO[~T, T, BY) with (V,)w® € CO([~T,T), L?), and with a uniform bound:

S%Pl] (ellw® || oo (ermy, 81y + (Vo)W oo (1, 12)) < +00. (3.31)
ee(0,

(i1i) Assume that eg € (0,1] and T > 0 are such that

sup (8“w8“Lm([_T7T]7BI) + ||<Vg>w€HLoo([_T7TLL2)) < +00. (332)
e€(0,e0]

Then, one has
tim (V) (0 — ) (8) e (7, 2) = 0. (3.39)

Proof. The well-posedness of the Cauchy problem in the energy space B! for (1.4),
for all fixed € > 0, is very standard. It can be proved by using standard techniques:
local in time existence by a Banach fixed-point procedure, then global existence
thanks to the conservation laws (1.10) and (1.11).

Step 1: a priori estimate (3.30). Let us now prove the existence of 7' > 0 such that
the a priori estimate (3.30) holds. Thanks to Assumption 1.4, we have
C

IVaglize + 1V 20517 < llugli < 2 (3.34)
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and
IVV(lug)72 = /RS V(|ug)lugPdz < [V (Jug?)l|zellugl7> < C,

where we used (3.18). Thus, the energy conservation law (1.11) yields, for all ¢,
2
€
w5 < ¥luollF: + 5 IVV (ju*)72 < C. (3.35)

Apply now the operator (V,) = /1 — A, to the Schrédinger equation (1.4). Since
this operator commutes with the Hamiltonian, we get for all ¢

[¢]
IVabu @z < IKVaduilze+ [ N (VP 2 ()
[¢]
<cic (0920 2 1o ) (Vo

where we used Assumption 1.4 and (3.2). Using the estimate (3.35) and a stan-
dard bootstrap lemma, this yields a local in time estimate: there exist T" and Cr
independent of € such that

vte [-T.T]  |[(Vo)u (t)ll2 < Cr. (3.36)
The proof of Item (i) of Proposition 3.4 is complete.

Step 2: the Cauchy problem for the intermediate model. Let us now consider the
Cauchy problem for (3.29). By using (3.1) with s = 1, it is easy to prove by a
fixed-point procedure that, for all € > 0, (3.29) admits a unique maximal solution
w® such that (V,)w® € CO((—T%,T¢),L?). Note that, by a bootstrap argument
similar as above, one can prove that T¢ is bounded from below independently of &:
there exists 7' > 0 such that
sup H<v0>wa”L°°([—T,T],L2) < H-00.
e€(0,e0)

Moreover, this solution w* also belongs to the energy space for all time and satisfies
the mass and energy conservation laws:

lw® (D72 = [l (3.37)
1
IV ()72 + (V) 2w ()72 + 2/ G(|ws(t, 2)| ) [w (¢, 2)|*dx
R3

1
= [IVu§lzs + (V) uliza + 5 /R3 G(Jug|*)ug|*dz.

Notice that this energy is finite and of order E% at the initial time. Indeed, the
two first terms in the right-hand side are bounded by (3.34) and the third term is
bounded thanks to Assumption 1.4 and (3.12):

/RQSG(W%!Q)W%!% < NG(lug*)llzllugliz < C.

Notice also that, to solve this problem (3.29), it was crucial to bound the L® norm
of G(|ul?), at the initial time and during the evolution, locally in time. Thanks to
(3.12), such estimate is available as soon as (V,)u belongs to L2, This is the reason
why we introduced Assumption (1.12) on the initial data. It is not clear whether
the Cauchy problem for (3.29) is well-posed on H! (or B!) only.
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Step 3: regularization and approximation result. Let us now prove (3.33). Let g9 > 0
and T > 0 be such that a uniform bound (3.32) holds. We set

M:=1+ S(lép | (5HwEHL°°([—T7T],Bl) + H<v0>w€HL°°([—T,T},L2)) < +00.
ee€(0,e0

Remark in particular that ||[(V,)u§||r2 < M < 2M. Let T be defined as follows:
Tf = sup {7‘ S (O,T] : ”<VO—>U€HLOO([_T’T]7L2) < 2M} .

From Step 1, we know that 77 is bounded from below: there exists 77 > 0 such
that 75 > T for all € € (0,£0]. Moreover, by a continuity argument, one can prove
that if 77 < T, then

(Vo) u[| Lo (15 15),12) = 2M.
Let § > 0. From Assumption (1.13) on the initial data, one can define a regular-
ized subsequence uf)’a of the initial data such that

sup (1{7)25” |2 + el|ug 1 ) < +00 (3.38)

and
lim sup [|(V) (uf — ug®)|| < 6. (3.39)
e—0
Let v, w be the solutions of (1.4) and (3.29) with uf]"s as initial data. By
standard arguments, using (3.3) and (3.4), one can prove that these solutions depend
continuously on the initial data: for § small enough, (3.38), (3.39) yield

limS(l]lpH(Vo)(wE’(S—wg)HLw([_T,T],m) < C9, (3.40)

E—

lims(l]lp||<va>(us’5_UE)HLOO([fo,Tf],H) < 05, (3.41)
E—>

where C' is independent of ¢ and where we used that e||u®’||z and e||u®||g are
uniformly bounded. In particular, if €9 and § have been initially chosen small
enough, we have the estimates

sup H(Vg>ug’6HLoo([_TleyTleLp) + sup H(Vc,>w5’5HLoo([_T7T]7L2) < 4M. (3.42)
e€(0,e0] e€(0,e0]

Next, applying the operator (V)2 to (1.4) and (3.29), then using the tame estimates
(3.2) and (3.1), with s = 2, one deduces thanks to (3.42) and the Gronwall lemma
that, for all e € (0, g,

(AR

0
oo (ere 2y + (Vo) 2w | peo oy, r2) < Cull(Vo)*ug®ll 2 < Cars
(3.43)
where Cyy and Cjy 5 are generic constants which only depend, respectively, on M
and on (M, 0), and where we used the bound (3.38).
Let us now write the equation satisfied by the difference z = u®® — w®?:
0z =—Az+Viz + V(uPu® — G(ju**)u™’
+ G(lu*?P)u? — G(|w [H)w°. (3.44)
From (3.5) and (3.43) (and using also the energy estimates), we deduce that

(Vo) (V(Ju=2)u™® = G([u™ *)u) | 12 < €7 Cars.
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Moreover, since (V,)u®® and (V,)w™? are uniformly bounded in L?, one deduces
from (3.3) that, for all ¢ and ¢,

(Vo) (G([u™P)u® = G(|w™ )w™)| 12 < Curll(Vo)2(1) ] 2.
Finally, since z(t = 0) = 0, applying (V) to (3.44) leads to

¢l
(Vo) z(t)llr2 < €7 Crrs T+ Cumr ” (Vo) 2(7) | 2d,
—|t

and a Gronwall lemma enables to conclude that
Vo) 2l e (o1 51,22 < &7 Carg T e,

From this inequality and from (3.40), (3.41), letting § tend to zero, one deduces
that
gii% (Vo) (u® —w) || oo (-7 157,2) = 0.
Finally, by fixing €1 € (0, €g] small enough such that
M
sup [[(Vg)(u® — ws)”LOO([—Tf,TfLL?) < 5
€€(0,e1]

we ensure that

3M
sup H<vg>’waHLoo([_Tf7Tf]’L2) < 7 < 2M
e€(0,e1]
(since M > 0). We deduce from this inequality that, for all e € (0,e1], 75 = T.
The proof of the proposition is complete. O

3.3. Proof of Theorem 1.5. In order to prove Theorem 1.5, it remains to prove
that the solution of the intermediate model (3.29) can be approximated by the
solution of the limit model (1.14). Notice that (3.29) reads

1
iow® = Hyw® — S A u® + G (Jw®]?) we, w(t =0) = ug-.
r

Proposition 3.5. Assume that the confinement potential and the initial data satisfy
Assumptions 1.3 and 1.4. Then the following holds true.

(i) For all ¢ > 0, the limit system (1.14) admits a unique global solution v¢ such
that (V,)v® € CO(R, L?). Moreover, the following conservation laws are satisfied for
all t € R:

[P @3 = )3, (3.45)
008 ()13 + 1OV 2RO = ol + (V) 2512 (3.46)
€ 1 € £ g 1 13 €
Vool 5 [ & (0 F) P de = 19w+ 5 [ 6 (1) sl da. (347)
R3 R3

(ii) Let T > 0. Then there exists eg > 0 such that the intermediate model (3.29)
admits a unique solution w® on [=T,T| with a uniform bound (3.32). Moreover, one
has

tim | (Vo) (0 — o) (D)l e (7,22) = 0. (3.48)
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Proof. Thanks to (3.1), (3.3) and (3.28) (with s = 1) it is easy to prove that the
Cauchy problem (1.14) is well-posed locally in time. In fact, the solution will be
global thanks to (3.45), (3.46) and (3.47). Let us now prove these conservation laws.

The first one (3.45) is the standard conservation of the L? norm. The second one

(3.46) is the conservation of the L? norm for the equation satisfied by H}/2UEZ

0 HY 0 = H HY 20 — AgHY?0 + G ([0°)?) HY 2%, HY?0%(t = 0) = HY?uf,

recalling that G(-) is independent of r and that
1
Hy = ——50,(r"0,) + Ve, ICHD)2ullFe = 10rull 72 + (V) 20%) 7.

The third identity (3.47) is obtained by multiplying (1.14) by 0;v%, integrating on
R3, taking the real part of the equation and finally using (3.46).
Let us now prove Item (ii). Let T' > 0 and denote

1
M=+ sup (10612 + Vol + 5 [ @ (1G) o) < o
£€(0,1 2 Js
By (3.45) and (3.47), we have, for all £ > 0,
(Vo))" || oo (=177, 12) < Mo. (3.49)

By Proposition 3.4, the Cauchy problem for the intermediate model (3.29) is locally
well-posed for 0 < & < 1, with a uniform bound of the form (3.31). Denote by w*®
its solution and set

T5 =sup {7 € (0, 7] : |[(Vo)w®| oo ((or,r,12) < 2Mo} - (3.50)

We already know that 7§ is bounded from below: there exists Ty > 0 such that
T§5 > Ty for all € € (0,1]. Moreover, by a continuity argument, one can prove that
if T < T, then

[V a)w® || oo (-2 12),12) = 2Mo.

Let us now regularize the initial data as follows. From (1.13) again, we deduce
that, for all § > 0, there exists a subsequence of the initial data ug, still denoted

ug’a, such that

sup (I1{V)0u5 2 + (1 + e H) (Vo )ug? 12 ) < +00 (3:51)
&g
and
lim sup [|(V) (uf — ug®)|| < 6. (3.52)
e—0

We denote by v™9 the corresponding solution of (1.14). By standard arguments,
using (3.51), (3.52) and (3.3), one can prove that

lim sup [[(Vo) (v = v°) || oo (_r7y,12) < CO. (3.53)

e—0

In particular, for § and g¢ small enough we have the estimate

sup H<V0>U€76||L°°([7T,T],L2) < 4Mp. (3.54)
e€(0,e0]
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Next, applying the operator (V,)% to (1.14), then using the tame estimate (3.1)
with s = 6,

t
V)™ D2 < CI{Vo)° 55||L2+C/ 2 (D122l 0™ (7) [l dr

< cMO,ﬁcMO/HHW 16559 (r) | dr.
—|t

Hence the Gronwall lemma yields
(V000 oo (- 77,12) < Cg - (3.55)

Similarly, applying the operator (1+¢H,)%/%(V,) to (1.14), then using the estimate
(3.28), with s = 4 leads to

1L+ 2H,) 2 (Vo) o™ ()| < Cll(L+2H, )3/2<VU>UE’5IIL2

It|
+C/ 2(D)F (1 + e Hy )Y (Voo™ (7) | dr

Il
< Cans +Congs / 11+ 21,2900 ()

=t

The crucial point for this estimate was that the operators (1 4+ ¢H,.)%/2(V,) and
H, — A, commute together (whereas (1 + ¢H,)%?(V,) does not commute with the
complete Laplace operator A that appears in the intermediate model (3.29)). Hence
the Gronwall lemma yields

(1 + EzHr)3/2<Va>U —11,2) < Chg s (3.56)

With these estimates, we are now ready to conclude. Let us introduce a smooth
function x, defined on Ry, such that 0 <y <1, x(r) =0 for r < 1/3 and x(r) =1
for r > 2/3. Since the support of 1 — x is {r < 2/3}, one has

11 = x)(Vo)v 2 < Clllr — 1N(Vo)v™| 2
Ce®||e2VE(Va)v
Cel|(1 + 2 H,) (Vo) 12 < e%Chrpys (3.57)

where we used Assumption (1.7), Lemma 3.3 and (3.56). Moreover, the function
=9 satisfies the equation

0 (™) = Ho(x0™) = Ag (x0™) + G ([092) (x0™) + R°

where the remainder

IA A

2
RE — _learvs,(s _ (XI/ + XI) ,UE,(S
r

can be estimated as follows:

1
(Vo) RE|l2 < !r—1|a<Va>;6r(rv6’5) 2+Cll\r—1la<vo—>v€"5\lp
L
1
< Cce*! 83V5<VU>;8T(WE’5) + Ce®||e?VE(Vo)v™| 2
L2
< Ce* V(1 + &2H,)? 2 (V )| 12 (3.58)
< e Oy s (3.59)
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where we used again Assumption (1.7), Lemma 3.3 and (3.56) and the fact that the
supports of the functions x’ and x” are {1/3 <r <2/3}.

Let us now estimate the difference y = yv® — w®. This function satisfies the
equation

~ 1 r?—1
i0(Vo)y = Hp(Vg)y— ﬁAo<va>y —x(r) 2 A0<VU>U875

HVo) (B0 — Gt P ) + (V) B (360
with y(0) = u8’6

|90 (G120 = Gl ) (1), < Canal(Vody®) 122+ Corty

—uf. By (3.3), (3.50), (3.54) and (3.57), for t < T§ we have

Moreover, by interpolating and using that x(r) vanishes near 0, one gets

,r2_1 £,0 €,0 1/2 6,.€,0 1/2
Hx(r) T BeVo| s C||o = vt watese]
1/2
1 1/a
< 51/2CM076 ch<r > ,Us,é
g 12
r—1\"? e 1/2—1/
< 51/20M0,5 ch< . > ’1)5’6 HUE’(SHLQ «a
L2
< 20 277 \1/2, 6,6 Ve sul/2—1/a
< 205 (10 + 2 H) 205 1) T 0

< 61/201\/[075.

In this series of inequalities, we used (3.55), Assumption (1.7), a Holder inequality
(note that o > 2) and, finally, the conservation laws (3.45) and (3.46) for the
regularized function v

11+ 2 H,) 20 = 11+ 2 H) 2
Finally, the L? estimate for (3.60) yields

Va)y®llze < Vo) (ug® —ug)llze + /> Chig s+ Coasg 5

- []
+C [ T

We conclude by using the Gronwall lemma. We obtain

72 < C.

lim sup || (Vo>yHL°°([—T§,T§LL2) < Co.

e—0

Hence, using (3.53), (3.57) and letting 0 tend to zero yields
?L% (Vo) (v° = w)| oo (-1 72, 12) = 0.

In particular, from (3.49), we deduce that, for £ small enough, we have

2 M,
KV e)wllpoe (-5 151,22) < =5~

which implies that TS = T". The proof of Proposition 3.5 is complete. O



32 PATRICK GERARD AND FLORIAN MEHATS

Proof of Theorem 1.5.

Theorem 1.5 is a direct consequence of Proposition 3.5, combined with Proposition
3.4. Indeed, Prop. 3.5, (i), states that the limit system (1.14) is globally well-posed.
Let T > 0. Prop. 3.5, (ii), says that the intermediate system (3.29) is well-posed
on [T, T] (for € small enough), is uniformly bounded and converges to (1.14) as
e — 0. Therefore, Prop. 3.4 (iii) can be applied thanks to this uniform bound:
(1.4) is asymptotically close to (3.29), thus also converges to (1.14). O

Appendix A. Proof of Lemma 3.3

In this appendix we identify the norm on the domains of iterates of the operator
H,. used in Section 3. The lemma is a consequence of the following result.

Proposition A.1. Let W € C*°(Ry) be a real valued potential such that W (z) > 1
for every x € R and satisfying

Vk €N,3C, > 0:Vz € Ry, [WH (2)] < CuW () . (A.1)
Consider the following unbounded operator on L*(R,),
D(A) = {uc H*(Ry) : u(0) =0, Wu € L*(Ry)} ; Au:=—u"+Wu.
Then A is a positive selfadjoint operator and, for every integer s > 1,

D(A%?) = {u e L*(R,): W u® ¢ L*(Ry), 0<k<s
2 P 1
and (—d—I-W) U(O):anﬁpﬁ[s ]}

dx? 2

and, on this space, the norm ||A%/?ul| 2 is equivalent to
S
S IW T u®)| e
k=0

with constants only depending on the constants Cy, in (A.1), for k in a finite set.

Proof. For simplicity, we denote by || f|| the norm of f in L?(R.), and by (f|g) the
corresponding inner product. We shall proceed in several steps.

Step 1. The case s = 2 and selfadjointness. In view of the definition of A, the
symmetry identity

(Aul\uQ) = (ul\AuQ) , U1, U2 € D(A)

is merely an integration by parts. We now pass to a priori estimates. Firstly,
integration by parts also implies

(Aulu) = [[u'|* + [VWul? , u e D(4) . (A.2)
In view of the assumption on W, this implies in particular
[Aull > [lull , w € D(A) . (A.3)

Next we derive a more precise estimate on ||Au|| by computing

[Aull® = [[u”|]* + [Wul® — 2Re(u”|Wu) .
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Introducing x € C§°(R) , x >0, x =1 near 0, we get

—(u'|Wu) = — lim X (%) u (@)W () u(z) da
and, after an integration by parts,
o 1 1 ,/z x ' LOoNTTN x 10N |2
(W) = Jim | ( =)' () W) +x ( R)W(x))u<x>u<x>+x( =) W@ (@) da

Since v/ € L? and Wu € L?, the first term in the right hand side tends to 0 as
R tends to infinity. Since moreover W' = O(W), the second term has a limit.
Consequently, the third term also has a limit. By Fatou’s lemma, we conclude that

VWau! € L?, and finally
[Aul® = [[u” || + [Wul® + 2| VIWW||* + 2Re(u/|W'u) . (A.4)
Because of the Cauchy—Schwarz inequality and of (A.1),

1
2Re(u/|[W'u) > 2G| [Wul > —2CF[/||* = S[Wull®

Y

1
—§(I|U"||2 +[[Wul?) = Ciflul?
where C only depends on C;. Combining this inequality with (A.3), we infer
[Au]l > e ((lw”|] + [Wull + [VIWU])) (A.5)

where ¢; > 0 only depends on C;. We therefore have proved the statement for
s = 2. Let us use this inequality for proving that A is selfadjoint. Recall that

D(A*) = {¢ € L*(R+) : 3C > 0,Yu € D(A), |(Auly)| < Cul} .

The symmetry of A already implies that D(A) C D(A*) and that A*u = Au for
every u € D(A). Therefore we just have to prove that D(A*) C D(A). We claim
that it is enough to prove that ker A* = {0}. Indeed, from estimate (A.5), it is
easy to prove that the range of A is a closed subspace of L?. Since its orthogonal
is ker A*, the cancellation of ker A* would imply that A is onto. Consequently,
for every ¢ € D(A*), there would exist u € D(A) such that A*)) = Au, namely
1 —u € ker A* hence ) = u € D(A).

We now prove that ker A* = {0}. First of all, we observe that, for every ¢ €
D(A*), in the distributional sense 1" — W € L*(R.), hence v € H?((0, R)) for
every R > 0. Moreover, by integration by parts, for every u € D(A) supported into
[0, R] for some R > 0, we have

(Aulip) = u'(0)(0) + (u| — " + Wep) = u'(0)¥(0) + O([Jul)
and testing the information (Au|v) = O(||u||) on u(z) = xx(nx) for large n imposes
¥ (0) = 0. Assume moreover that i) € ker A*, namely that

=W =0.
By the Sobolev embedding, we infer that » € C*°(R,). Set
o=l
Then v € C®°(Ry) N LY(Ry) and v(0) = 0. Plugging the differential equation

satisfied by v, we get
v = 2Wo + 2|2 > 0.
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In other word, v is a convex function. Since v is integrable at infinity, this implies
that v is non increasing and tends to 0 at infinity. Since v(0) = 0, we conclude
v =0 and hence ) = 0.

Step 2. The case s = 1. The domain of v/A is characterized as the subspace of
vectors u € L?(R ) such that there exists a sequence (u,) of D(A) which tends to
w in L? and which is a Cauchy sequence for the norm

Ni(v) == /(Avfo) > [[o" || + [Vl .
This clearly implies that, if w € D(v/A), then u € H}(Ry) and vWu € L*(Ry).
Conversely, if u € Hi(R;) and vWu € L*(R;), a simple cutoff shows that u can
be approximated in the Ny norm by elements of H}(R;) with bounded supports.

Then the claim reduces to the standard characterization of Hg (R, ) as the closure
of C§°((0,00)) for the H! norm.

Step 3. The general case. We just prove the description of D(A%), the corresponding
equivalence of norms being proved in the same way, by keeping track the constants.
We proceed by induction on s. Let s > 3 such that the claim is proved for every
s < s—1. Then u € D(A?) if and only if u € D(A) and Au € D(A%). Using
the induction hypothesis, the latter condition is equivalent to the following two
conditions :

o W#(Au)(k) € L? for every k < s — 2. Expanding (Au)*) and using

(A.1), we observe that this is equivalent to

s—k s—2—k

Wz uk w2 e ? k<s—2,

since the error terms are controlled by the fact that u € D(A%). In the
special case k = 0, using again (A.1) and u € D(A%)7 we observe that
this condition is equivalent to
—" +Wwv e L?
s—2

for v := W 2 u. Since u € D(A), v € H%(0,R) for every R > 0 and
v(0) = 0. Moreover, since u € D(A%) and by the induction hypothesis,
v € HY(Ry). Hence, by computing (Au|v) for u € D(A), we have v €
D(A*), which, by the first step, implies Wv € L?, or W2u € L2. Combining
with the other conditions for k£ < s—2, we eventually obtain W uk) e L2
for k£ < s.

e The boundary conditions

d? b s—3
- - <p< |Z—/2|.
( dx2+W> (Au)(0) 0,0_p_[ 5 ]
Since Au = —u” + Wu and since (0) = 0 from u € D(A), this leads to the
claimed boundary conditions at rank s.

The proof is complete.
O
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