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Abstract

Coupled quantum-fluid models are derived by means of a diffusion approxima-
tion from adiabatic quantum-kinetic models. These models describe the electron
transport of a bidimensional electron gas. Particles are confined in one direction
(denoted by z) while transport occurs in an orthogonal direction (denoted by x).
The length-scale in the z direction is comparable to the de Broglie wavelength,
while the z-length scale is much bigger. The aim of this paper is to investigate
the diffusion limit from quantum-kinetic to quantum-fluid models, which are nu-
merically more interesting. Transitions between sub-bands are considered in the
Fermi Golden rule setting.

Keywords : Schrodinger equation; Boltzmann equation; Subband model; Collision op-
erator; Diffusion limit; Spherical Harmonic Expansion model; Energy-Transport model.

1 Introduction

Directionally coupled quantum/classical models are suited for the description of the
electron transport in devices in which the electron gas is confined in one direction and
the transport is allowed in the remaining directions. This situation arises for example in
MOSFET transistors, nanotubes, nanowires, etc. In such devices the length-scale of the
confinement direction is of the order of the electron de Broglie wavelength, such that
quantum transport models have to be adopted in this direction. The length-scale in the
transport direction is several times bigger than the de Broglie wavelength, allowing thus
the use of classical models for the electron transport description.

Such type of subband models are subject of recent work. In [6] a quantum/kinetic
subband model is derived by a partially semi-classical limit from a fully quantum model.
The study of the limit model is then presented in [5, 7], analyzing the existence of
weak or classical solutions for the Schrodinger-Vlasov system, coupled with the Poisson



equation. The starting model of the present paper is a similar quantum /kinetic model,
which describes the electron evolution in the confinement direction by the Schrodinger
equation, whereas the transport direction is governed by the Boltzmann equation.

Quantum kinetic models are computationally rather expensive. In this aim the
derivation of quantum fluid adiabatic models has an important significance for the
semiconductor device simulation. A coupled Schrédinger/Drift-Diffusion system is in-
vestigated in [8]. The purpose of this paper is to derive coupled quantum mesoscopic
models, which are computationally less expensive than the Schrédinger /Boltzmann sys-
tem and provide a physically more accurate description of the electron transport than
the Schrédinger/Drift-Diffusion system.

Depending on the particular choice of the dominant collision mechanism, we show
that the Schrodinger/Boltzmann system tends in the diffusion limit either towards a
coupled Schrodinger/SHE model (Spherical Harmonic Expansion) or towards a cou-
pled Schrédinger/ET model (Energy-Transport). Considering firstly an elastic impurity
collision operator, which accounts also for the transitions between the subbands, a dif-
fusion limit o — 0 is carried out formally and rigorously. The parameter o represents
the ratio of the mean free path (between collisions) to the typical macroscopic device
size. The limit model is shown to be a coupled system constituted of the Schrodinger
equation in the confinement direction and the SHE model in the transport one, the
latter being a diffusion equation for the energy-dependent distribution function. In a
second part, we assume that the dominant scattering operator consists of the sum of
the elastic operator and the electron-electron collision operator. In a formal asymptotic
approach, the corresponding Schrédinger/Boltzmann system is shown to relax towards
a coupled Schrodinger /ET system. The resulting ET model in the transport direction
is constituted of a balance law for the electron density and an energy balance equation.

In the pure classical framework, the derivation of fluid models from kinetic ones has
been amply investigated, using moment methods or Hilbert expansions. An overview
of these transport models can be found in [2, 10, 17, 19] as well as in the following
non-exhaustive list of references for the derivation of the SHE model [11, 14], ET model
[3, 4, 13, 20] and DD model [20, 22, 24, 25, 27]. The models derived in the present
paper differ from their classical counterparts in that the energy subbands depend on the
time and the position variables. Moreover the involvement of these energy subbands in
the coefficients of the fluid models, reflects the coupling with the quantum model in the
confinement direction.

The subband models introduced and derived in this paper are based on the fact
that quantum effects and collision mechanisms occur separately in different directions,
due to the geometry of the device. When such an assumption cannot be adopted, our
approach is not relevant and one has to follow a different route. In [9], several SHE
models incorporating quantum effects (in both longitudinal and transversal directions)
are proposed. Let us briefly summarize this approach in order to put our paper into
perspective. In a first step, a quantum SHE model is derived as the diffusive limit of a
Wigner-Boltzmann system. The disadvantage of this approach is the fact that collisions



are modeled in a classical setting, which means that the collision operator is local in the
position variable and does not mix position and momentum. Then, in a second step,
a fully quantum SHE model is proposed, whose derivation is based on the concept of
the ”"local quantum equilibrium”, introduced in [18], and using an entropy minimization
procedure. The idea consists in replacing the classical elastic Boltzmann operator by
a relaxation operator whose kernel consists of these quantum equilibrium states (this
approach was previously used in [15] in order to get quantum Drift-Diffusion and quan-
tum Energy-Transport systems; see also [16, 21]). Unfortunately the so-obtained model
presents a complicated non local structure — it is not a partial differential system — and
its numerical implementation is not an easy task. Consequently, it seems reasonable to
define firstly an approximate model which would be local in space : such a procedure
is proposed in [9] in the semi-classical scaling (O(h*)-approximations are also proposed
for the QDD, QET and QHD models in [15] as well as in [23], & being the reduced
Planck constant). The present article proposes a complementary strategy: the colli-
sional Wigner equation is firstly (formally) approximated via a semi-classical limit in
the longitudinal directions (the confined direction remaining quantized), leading thus to
our collisional subband model. Then the diffusive approximation is performed to obtain
a SHE model (or an ET model).

This paper is organized as follows. Section 2 is devoted to the diffusion limit towards

the adiabatic Schrodinger /SHE model. Firstly the properties of the elastic collision oper-
ator are studied and a formal diffusive limit is performed, based on a Hilbert expansion.
The formal result is given in Theorem 2.7. Then a mathematical rigorous proof is car-
ried out in Section 2.4, the principal rigorous result being presented in Theorem 2.11.
Section 3 deals with the formal diffusion limit towards the adiabatic Schrodinger/ET
model. This formal result is stated in Theorem 3.6.
The rigorous derivation of the Schrodinger/ET model is beyond the aim of this paper,
due to the complexity of the problem, and is deferred to an ulterior work. In the classical
case, the rigorous limit from the Boltzmann equation towards the ET model was carried
out in [4].

2 The diffusion limit towards the SHE model

2.1 The diffusion scaling

Let us consider an electron ensemble in the slab R?x (0, 1) of R?. The first two directions,
called x, correspond to the classical degrees of freedom of the electrons, whereas in the
third direction z, quantum effects take place. For a given electrostatic potential, the
electron ensemble can be described by a sequence (f,,) of distribution functions (for the
classical directions z € R? and the corresponding velocities v € R?) and a sequence (x,,)
of wave functions (for the quantum direction z). The electron density is written then as

n(t,r,z) =Y ( | faltz,0) dv> X (2, 2)]

n>1



In dimensionless variables, the problem consists in finding for ¢t € (0,7), x € R?
z € (0,1) and v € R? the unknowns (€,(t,x), xn(t,z,2), fu(t,z,v)), e+, Where the
potential V (¢, z, z) is assumed to be given. The wave functions x,, depend parametrically
on t and z, and form a complete sequence of eigenfunctions of the one dimensional
Schrodinger operator —% d*/dz? 4+ V. More precisely, x, are solutions of the eigenvalue
problem

1

1
Xn(t7x7 ) € H&(O7 1)7 / Xn Xm dz = 6nm7
0

where €,, are the corresponding eigenvalues. It is known that the eigenvalues are simple
and that they form an increasing sequence tending to +o0o (€; < €3 < ---) [5, 26].
These functions represent the potential energy of the different electron subbands in the
confined z-direction and the index n stands for the n-th subband.

The distribution function f,, of the subband n is solution of the rescaled Boltzmann
equation

(2.1)

1 1

fn(07 T, U) = fin,n(xa U) )

(2.2)

where the operator () accounts for collisions in the subband n, as well as for transitions
between the subbands. We shall denote by f the collection of all the subband distri-
bution functions, f = (fn)nen+. The collision operator @ is taken under the following
form

Q(f)n = Z / lo(t, x;m,v" — n,v) fu(t,z,0") — o(t,x;n,v — m, ") fu(t, x,v)] dv’.
meN* R?

(2.3)
The first term on the right hand side is the gain term, describing the particles ”jump-
ing” from the subband m with a longitudinal velocity v, towards the subband n and
possessing there the longitudinal velocity v. The second term is the usual loss term.
The transition rates o(t, z;m,v" — n,v) are computed in the Fermi Golden rule approx-
imation and depend on the nature of the considered collisions.

In the first part of this paper, impurity collisions are considered, such that the
transition rates take the following form
[v? v'?

o(t,z;m, v — n,v) = amn(t,z, v, 0)0(€, (¢, ) + -5 Em(t, ) — 5 )

where «,,, are the so-called scattering cross sections. The elastic impurity collision
operator (g reads then

[0]* P

Qo(f)n = WgN:* /]1%2 Qi (t, 2,0, 0")0(€,, + UT —€En 5 ) [fm(t, 2, 0") — fu(t, z,0)] dv,
(2.4)




and we shall assume in the sequel the fundamental hypothesis:

Hypothesis 1 The coefficients a,,, satisfy the following positivity, boundedness and
symmetry properties, with Ao and A; two positive constants

2
v
0< X < apnN(t,x, €, + %) <A <400, apn(t, T, 0,0") = apn(t, x, 0, v),

where the weight function N, the density of states, which is introduced in Definition 2.3.

Generally, the potential is not a priori known, but is computed self-consistently by
means of the charge density. Denoting by V,,; the exterior potential and by V, the
self-consistent one, then V = V,,; + Vi, where V; is solution of the Poisson equation

—AVi(t,z,z) = n(t,z,2),

subject to appropriate boundary conditions. In order to keep this paper as simple as
possible, we consider the potential as given. The extension to the self-consistent case
changes nothing to the formal analysis.

2.2 Properties of the collision operator ()

In this section, we study the elastic collision operator (). In particular, we determine
its kernel, prove that it is a Fredholm operator and show that it is dissipative. We begin
by recalling the coarea formula.

Lemma 2.1 (Coarea formula) Let d € N, B C R, R C R. Then for every function
feC®RY) and g € CHB,R) we have

/Bf(v)dv—/R< sz(v)dNE(@)) de ,

where S; :={v € B ; g(v) =&} is the surface of constant energy €, and

L doe(v)
W) = Gy

is the coarea measure, with do.(v) being the surface measure on the sphere S..

Remark 2.2 In this paper, we shall consider the parabolic band approximation and take
2
thus g(v) = %, leading to dN.(v) = %< Moreover the surface

[v]

2
S._e (tx)= {v €R? / % + €,(t, ) = 6} ,

represents the ensemble of possible velocities of electrons belonging to the n-th subband
and having the total energy €.



Let us now introduce some notations.
Definition 2.3 The following definitions are used all along the paper:

e We define the function N(t,z,e) := max{n € N* /[ €,(t,x) < e} with the
convention N (t,x,e) = 0 if ¢ < €1(t,z). This represents the number of subbands
lying beneath the energy value € at (t,z). The density of states is thus defined as

N(t,z,¢) Z / dN._¢ (v) =2wN(t,x,¢). (2.5)

neN*

Remark that in the 2D case we have

/ AN, ¢ (v) = 2TH(c — €,),

5. €,
with 'H the Heaviside function.

e We introduce the Hilbert space
+oo
L2 = {f = (fu)nen-, Z/ |fu()?dv < +o00},
n=1 R?

with the IL? scalar product defined by

= fngn dv.

neN*

e Let H denote a Lipschitz continuous function on R with H(0) = 0. Then, for all
fel? H(f) defined by [H(f)], = H(f,) is an element of 2.

o The total energy of an electron, belonging to the n-th subband and having the
velocity v, is shortly denoted by

[v]?
e,(t,x,v) = €,(t,x) + —

With the notations introduced above, we have for some function 1

B UCEEDS L ( / Yu()dN, e, <v>> de.
Z U (v)0(€, + %2 —&)dv = Z/ VYn(v)dN__e (v).
— Jre w s e

We can pass now to the study of the elastic collision operator (). The variables ¢ and
x are considered in the following of this section as parameters and are thus omitted for
simplicity.



Proposition 2.4 Under Hypothesis 1, the operator (QQq satisfies the following proper-
ties :

(i) The linear operator Qg : L? — L% is a bounded, symmetric, non-positive operator.
(ii) For any increasing Lipschitz continuous function H with H(0) = 0, we have the
dissipative inequality

(iii) For any bounded function ¢ : R — R we denote by 1 (e) the sequence (1(e)),(v) =

V(L +€,). Defining (e)f by (1(e) fln(v) = (1% + €,) fu(v), we have
Qo(¥(e)f) = v(e)Qo(f) VfeL?.
(iv) The Kernel of Qq is the set
A={fel? /| F:R—R with f=1(e)},

and f € A if and only if (Qo(f), H(f)) = 0 for some strictly increasing Lipschitz
continuous function H. In particular, the collision operator QQy conserves the mass and
the total energy.

Proof Let us first prove (i). Like in the scalar case, the symmetry of the operator Qg
is a direct consequence of the symmetry of the cross sections a,,,,, while the negativity
is a consequence of the positivity of these cross sections. Namely, it is immediately seen
that

+oo
Q.9 =5 3 [ e o0 EntoB/2 o 20 S o) ) o

m,n=1 X

(2.7)

where we have dropped the (¢,z) dependence for notational simplicity and where we
have used the usual notation f/ = f,,(v"), fn = fu(v). The right-hand side being
invariant when the roles of f and g are exchanged, the operator () is symmetric. The
negativity of @y is also immediate as well as item (ii). Let us now prove that Qg is
bounded on L2, To this aim, it is enough to prove that

(Qof. )l < ClfI gl Vf g €L?.

From (2.7), a simple Cauchy-Schwarz inequality leads to

(Qof,9)] < A(f)A(g),



A(h)? = l/\12// L § (5(€m+|vl‘2—€n |UP)(hm hy,)*dv dv’
2 o R2 JR2 N(En+ |l ) 2 2
1
< 2 //—Qé(e'm—en)((h') + 12)dv dv
2] ver
1
= 2\ // 5(el, —e,)hidvdv’
2 ) ] e

! 1 2
aN._¢, (v >> N N e, ()
n(0)dN__¢ (v)de = 27 ||h]]%,

which finishes the proof of item (i). Besides, item (iii) is immediate. Let us now prove
item (iv). It is clear that A is a subset of ker(Q)g). Let now H be strictly increasing
and such that (Qo(f), H(f)) = 0. From (2.7), we deduce that f,,(v") = f,(v) whenever
€Em + # =€, + % This is satisfied if and only if f is a function of the energy,

f=1(e). O
Let us now prove that —(@)y is coercive on the orthogonal to its kernel.

Proposition 2.5 The operator QQy satisfies the following properties:
(i) The orthogonal to the kernel of Qo is given by

ker(Qo)*t = {f € L?, such that Z/ v)dN__¢ (v) =0 fora.a. 2> €}

(i) There exists a constant C > 0, such that

—(Qo(f), ) Z CIfIP, V¥ f € ker(Qo)™. (2.8)
(iii) The range R(Qyo) is closed and coincides with ker(Qg)*:.

Proof Item (i) is immediate and item (iii) is a direct consequence of item (ii). It
remains to show (ii). The starting point is

1 & ) ' |? CI 9
—(Qo(f), f) = §m;1/ﬂ£2><]1§2 A (V' 0)0(€y + 5 —En—T)(fm—fn) dv’ dv
1 e 1
> 2 / (e, — ) (2 = 2fuf ) d d.
2 Om%:I - N(E + \v\ ) ( )(f f f f)

Using the fact, that f € ker(Qg)*, we have

—+o00
1
d(el, —en)fuf, dv'dv=0,
S o wiay e

m,n=1



implying

v

1 — 1 ! 12 2 !
—(Qo(f) f) 50 > /R Ve )5(em—en)(fm+fn)dv dv

m,n=1

“+o0o
1
= A (el — n 2dv' d
oY [ it - et a

m,n=1

+00 o0
= [T 1PN e, e = ol
n=1 1 E—En

Remark 2.6 Defining by
P L? — ker(Qo) ; PH:L? —  ker(Qo)",

the projections on the kernel respectively on the orthogonal of the kernel of QQq, such that
PL(f) = (Id — P)(f), we can express the coercivity inequality (2.8) as

—(Qo(f), f) = CIf =PSfII*, V¥ fel®. (2.9)

2.3 The diffusion limit  — 0 : formal approach

We investigate in this section the formal limit o — 0 in order to derive from the above
model a quantum-fluid subband model, corresponding to the chosen elastic collision
operator (Jg. The limit model will be quantum in the confined z-direction, and in the
transport direction x we shall get the SHE model. This diffusion approximation is based
upon the Hilbert expansion

fa:f0+04f1+042f2+‘“ (210)

Inserting this expansion in (2.2) and identifying equal powers of a, leads to the equations

Qo(f*)n = 0, (2.11)
Qo(f*)n = Oufn+v-Vafy = Vi€y-Vof,. (2.13)

The first equation and Proposition 2.4 imply the existence of an energy dependent
function F(¢,z,e), such that

2
f,?(t, z,v) = F(t,z, ﬂ

). (2.14)



The second equation can then be rewritten as

o]

Qo(fHn(t,z,v) =v - (Vo F)(t,, T8 +€,).

Denoting
G(t,x,e) :=V F(t,x,¢e),
we have o
Qo(f1) = vi(e) - E(e) ;

where ¢ : R — R is a function, such that vi(e) € L2. It is then readily seen that
vip(e) € ker(Qo)*, so that the equation

—Qo(h) = vi(e),

admits a unique solution in ker(Qg)*, that we write h = ¥1(e). Therefore, the only
solution f1 € ker(Qg)* of (2.12) is defined by

fr=-9-G(e). (2.15)
This last equation has to be understood as follows

2
fﬁ(t, z,v) = =Y, (t,x,v)  G(t,z, €, + %) ,

where 1, is a vector-valued function in R? (as well as G(-) € R?). Remark that 9 is
independent from the choice of the function ).

Now in order to assure the solvability of equation (2.13), it is necessary and sufficient
that the right-hand side belongs to ker(Qo)*. This leads to the solvability condition

S @Vl Vet Vap) AN, () =0, foraa e2 €.
n 79._€,

Multiplication with an arbitrary energy-dependent test function ¢ € Cy(R) and inte-
gration with respect to the energy variable ¢, yields

/io Z/S ) (Ouf) +v - Vafr = Vi€ - Vofr) dN._¢ (v) @(e) de =0. (2.16)

The first term gives

/1 Z ) Oifn AN._e (v) @(e) de = /1 ;/SiatF—FasFatEn) dN__¢e, (v) ¢(e) de

n Y2._€, €.

= oF N 5d5+/ o.F 8€n/
/Elt oe) et | (Z [

dNEen<v>> o(e) de.
€,

10



Using (2.15) we can deduce furthermore

/12/5 v-Vifr dN_ ¢ de—z 1) p(e,) dv =
=V [Z /RQU f plen) dU] - Z - fo v Vi€y ¢l(en) dv

—/ A Z/ v®@V, dN,_¢ (v) - V,F
€. n US_€,

and for the last term of (2.16)

/12 ve Vo fh dN.__e (v) Z/RQ (fL V,€,) ple,) dv=

= Z V€, v ey dv.
n RQ

o(e) de — Z frv-V.€, o(ey)dv,

RQ

Concluding, the solvability condition for equation (2.13) reads for all test functions
¢ € Go(R)

e}

ékFNgoda%—/ 85F/<ogod5+/ Ve -d pde =0,
61 61 61

where we used the notations

J(t,z,e) = Z/S vfldN Z/s (v®@In)dN__e (v) -V F,

(2.17)
with

Dit,z,e) =Y / v @9, dN._¢ (), (2.18)
n VS €

the so-called diffusion matrix. Moreover we denoted

k(t,z,€) Z@t / dN__¢ (v) = =270, <Z(5 - En)+) . (2.19)

Recalling the definition of the density of states

N(t,z,¢) Z/ AN__¢ (v), (2.20)

neN*

S._€,

we observe that we have in a distributional sense the relation
ON(t,x,e) = —0.k(t,x,¢).

Thus we deduce the following important theorem

11



Theorem 2.7 (Formal diffusion limit)

The system of equations (2.11)-(2.13), deduced from the Hilbert expansion (2.10), is
solvable if and only if f° and f' are determined by (2.14), (2.15), and the distribution
function F(t,x,€) satisfies the following diffusion equation in the position-enerqy space

NOWF +V, - J+k0.F =0, (2.21)
where the current density is given by
J(t,x,e) = =D(t,x,e) - V F(t, z,¢), (2.22)

and N, D, k are defined in (2.20), (2.18), (2.19).

This model is referred to as the SHE model. In contrast to the Boltzmann equation,
the distribution function F', solution of the SHE model, is only energy dependent. Due
to the elastic collisions, the angular dependence of the electron velocity is averaged in
the diffusion limit.

Hereby we shall also remark, that a similar equation is obtained for the 1D case, in
the diffusion limit a@ — 0 of the following rescaled Boltzmann equation

1 1
8tf + a (VUE : vxf - vxe : vvf) - ?Q(f)
f(07xvv) = fin(mav) 5

where €(¢, z,v) is an arbitrary regular function, satisfying €(¢, z,v) = €(t,z, —v). In the
limit we get the diffusion equation

(F)YN+V,-J+ (0.F)k=0,
with J := —-D - V_F and

D(t,z,¢) ::/ V,€R9 dN.(v) ; k(t,x,¢) ::/ O€ dN.(v) ; N = dN.(v),
€ £ SE

the surface of constant energy being defined as S. := {v € R? / €(t,z,v) = ¢}.

Let us now state an important property of the diffusion matrix D, corresponding to
the SHE model (2.21)-(2.22).

Lemma 2.8 The diffusion matriz D(t,z,€), defined in (2.18) is a symmetric, non-
negative 2 X 2 matriz, satisfying

D(t,z,¢) > (JZ/ v®v dN._¢ (v), (2.23)
n 79._€,

with a constant C' > 0 independent on t, x and c.

12



Proof Let ¢t and x be fixed parameters within this proof. Moreover let ¢ € Cy(R) be
an arbitrary test function with compact support, and ¢ : R — R a function, such that
vip(e) € L?. Then using the selfadjointness of the operator Qg, we have

/Olo Dij(e)ple)de = /T;/g ) v 99 dN__¢ (v) p(e) de

= Z/R2(Ui w(enn>)< e )ﬁw(en)) dv
= -X [ v, (siieten) d

- —z/w( ) Q)P len) o
— Zn:/RQ V. v; ple,) dv = /61 Dji(e) () de

Since ¢ was arbitrary, we deduce the equality D;;(c) = Dj;(¢) for a.a. € € [€1,00). The
non-negativity is a direct consequence of the inequality (2.23). To prove this inequality,
let ¢ € Cy(R) be a test function, with ¢ > 0. Note, that in this case vy/¢(e) € L% Let
(&1,&) € R? be fixed, we have

/ Te©) Y Dyle) 6 de = / ) > ( / (&)Y s 0 & € sten(U)> e =

ij=1 S €. i

_Z/Z 2en) vlgl)z<\/@§g@) v
:—Z/ Qo( FﬁZ§z>n<§;@%§j) dv

Using the coercivity and the boundedness of the operator @)y, we deduce

/ ZDm § & de > C ||Z?92 &ve(e) IIP > C Qo (Zﬁ i )II2
ZCIIQoﬂ\/soe ) EllP=ClIVele)v-¢ I

—02/ / v €2 dN__e, (v) de
202/1 / ZU®UU§2§]dN L(v) de

:c/;so@z[z (/S

%] n

(v®wv)y; dN, g, (U)) ] §i & de
€,

13



for all p € Cy(R), ¢ > 0, which implies (2.23). 0

In a simplified case, we can give the exact expression for the diffusion matrix D and
show that the estimate (2.23) is sharp. Let us consider cross sections of the form

) Jv|?
A (t,x,0,0") = a(t, x, €, + T) ,

with a(t, x,€) an energy dependent function. Then we are able to determine the expres-
sion of the unique solution h € (ker Qo)+ of —Qy(h) = vi(e). Indeed

Qo(h)n(v) = ij /R ot en)d(en e V! dv' — Xm: /R alt,,en)d(en — e )duv'h,, .
The first term vanishes, as h € (ker Qo)*. Hence

—Qo(R)(v) = alt,z, ey) / By /S 5(en — €)AN._¢ (v)de by = alen)N(e)hn(v)
L' m €,

implying
Y(en) 1

h/n tv ) = = ﬁn t7 3 - .
(t,2,0) Uoz(t,x,en)N(t,x,en) (tz,0) a(t,x,en)N(t,x,en)U

Consequently, the diffusion matrix D has the explicit form

1
D(t = dN.
(t,2,¢) a(t,x,é)N(t,x,S);/s  UOY el

2T

= D (e—€)t1d,

a(t,z,e)N(t,z,e)

with Id the identity matrix.

2.4 The rigorous approach

This section is devoted to the rigorous proof of the convergence of the solution corre-
sponding to the adiabatic quantum/kinetic model (2.1)-(2.2) towards the solution cor-
responding to the quantum/fluid model (2.1), (2.21), (2.22), which was formally derived
in the last section. We first claim the following existence result for the one-dimensional
Schrodinger equation (2.1). Details can be found in [5].

Lemma 2.9 Let the potential V be a fized real-valued function belonging to C*([0,T);
W (R? x [0,1])). The eigenvalue problem (2.1) admits a unique solution (€., Xn)nen €
C([0, T); W= (R?)) x C*([0, T); WH(R? x [0,1])) -

To precise the right functional framework, we have to introduce some new notations.
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e We shall denote by £? and Liﬂoc the following spaces

c {f (fnxvneN/Z/

LA, = {p:R2><]R—>]R/ / / |p(z,€)|*dedr < 0o, VK C R bounded}.
r? JK

\fnxv\dvdx<oo},

2 wR2

Z,€loc

e The transport operator A is defined by
A:D(A) — L*; (Ag)p(7,v) :=v-Vagn — Vo€ - Vilgn,
with the domain and corresponding norm

DA):=={geL*/AgeL’ i  llgllbw = Ilgllz + l[AglZe .

The weak formulation of the Boltzmann equation (2.2) is given in the following

Definition 2.10 A function f* € L?(0,T,L?) is called a weak solution of (2.2), if f*

satisfies

T 1 T
E I Ovpn dvdzdt + — / / f(Ap),, dudxdt
n /o /R2><R2 i Oézn: 0 JR2xR? ()
: /T/
+— Qo(f*)nipn dvdadt = = / o an(0) doda
042271: 0 JR2xR2 olf%) - JR2xR? ©

(2.24)
for all test functions ¢ belonging to

S:={p e W"(0,T;L*) NL*0,T; D(A)) , o(T,-,-) =0} .
The goal of this section is to prove the following main theorem :
Theorem 2.11 (Rigorous diffusion limit)
Let f be the weak solution of the Boltzmann equation (2.2) for o > 0 and let f{ converge

in L? towards a function fi,, as « — 0. Then, up to a subsequence, f com)erge weakly
in L*(0,T; L?) towards a function f which is only energy-dependent, that means

2
fu(t,z,0) = F(t, 2, €a(t, x) + s

2 )
and the distribution function F' satisfies in a weak sense the following SHE model
OW(NF)+V,-J+0.(Fk)=0, (2.25)

with the current density given by

J(t,x,e) = —D(t,z,¢) - Vo F(t,x,¢) (2.26)
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and the initial data
PO = o) = o5 3 | fanlen)dNg ), @20
e—Cp(0,2)

where N, D, k are defined in (2.20), (2.18), (2.19).

Remark 2.12 The weak formulation of the continuity equation (2.25) reads

T T T
/ / /NF&:(I) dedzdt +/ / / J -V, ® dedxdt +/ / /F/f@efl) dedxdt =
0o Jr2JR 0o Jr2JR o Jr2JR

—/ /N(O,x,e) Fin(x,¢) ®(0,2,€) dedw , V@ € C5([0,T) x R* x R),
R2 JR

(2.28)
whereas the current equation has the following weak form

/OT /RQ/RJ'\IJ dedrdt = XH:/OT /RQsz(Af)” Q' (v- V), dvdrdt,

VU € Cy([0,T] x R* x R)?.
(2.29)

The derivation of the current weak formulation (2.29) is immediate by observing that

Z/O /R? R2 (Af)n Qal(v . \I/)n dvdzdt = —ZA (va . U)(ﬁn . \I;) dvdrdt

R2 xR2

T o0
—/ / V.F(t,z,e)- Z/ vV, dN__¢ (v) | - V(t,z,e) dedadt.
o Jr2JE, w s e !

To justify the existence of all these integrals, we show later on, that the involved func-
tions belong to the right functional spaces.

The proof of Theorem 2.11 is done in several steps. Establishing a priori estimates,
the sequence {f®} of weak solutions of (2.2) is shown to be bounded in L?(0,T, £?).
This implies the existence of a function f € L?(0,T, £?) such that, up to a subsequence,
f® — f weakly in L?(0,T, £?). It will be proven in a next step that this limit function
is only energy-dependent. Finally, passing to the limit in the weak formulation (2.24),
with special choices of test functions, enables to get the desired equation.

Lemma 2.13 The Boltzmann equation (2.2) admits for each o > 0 and f2 € L* a
unique weak solution f* € L*(0,T; L?).

16



Proof To prove this lemma, we shall use a fixed point argument. Let us define for a
fixed o > 0 the application

7: L*0,T; £*) — L*(0,T; L?)
with ™" solution of
1 1 - new 1 O
O+ — (0 Vo2 = V- Vi) + — Q5 () = —QF ()
fnew(oa xz, U) = fin,n(xa U) )

where Qf and Q, are the gain respectively loss terms, given by

Qo (fnlt,z,v) = Z/ U (2, 7, 0,0")0 (&, — €,) frn(t, 2,0 )V

meN*

: fold s fnew ’

(2.30)

Qo (Nalt,z0) = Y / i (t, 2, 0,0")3 (e, — €, )V fo(t,2,0).

2
meN* R

The idea is to prove that this application is a contraction and admits thus a fixed point
f € L*0,T,L%. Our first concern shall be to show that 7 is well defined. For this
let fo'4 e L%(0,T,L?%. By standard existence results for the transport equation, we
deduce for each n € N* the existence of a weak solution f;** € L>(0,T, L3 ) of (2.30),
satisfying the estimate

L Mz, < W finn( )z, + / (@3 (f" ()22, ds  for a.a. t € (0,7).
This implies after a summation over n
new 1 O
£ M o022y < 2M finl 22 + 2T —11QF (F*NIZ2(0.,22)

yielding " e L>(0,T,L*) c L*(0,T, L£*). To prove that 7 is a contraction, we shall
introduce a new equivalent norm in L?(0,T, £?), by

T
\m%::/ e Mlg(t,- )P dt Vg € L2(0,T, £2).
0

The parameter § > 0 shall be specified later on. With this norm, we have

e f94) - T<Mma:ruW"j?ﬂm—/ e Frew (t) — fen(n)|Ba di

< e [t s
- /ﬁ/ e|QF (£ — f94)(s) | [Zadds
< ZT 1) - ol s
< %ﬁvm F2.
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For fixed @ > 0 and T, we can choose § > 0 in such a manner, that the application 7
is a contraction in (L%(0,T; £?),]| - ||s). Thus 7 admits a fixed point f € L*(0,T, L?),
unique weak solution of the Boltzmann equation (2.2). 0O

Lemma 2.14 The weak solutions f* of the rescaled Boltzmann equation (2.2) form
a bounded sequence in L*(0,T; L?), such that up to a subsequence f* — f weakly in
L2(0,T; L%, as o — 0. Moreover there exists an energy-dependent function F(t,z,¢)
such that the limit function f reads

0]

Fult,m,0) = F(t, o, €, + %) .

Proof Multiplying (2.2) with f* and integrating with respect to (¢, z,v), leads to

[ ot 53 0
= Ol f | dvdxds = — Qo(f*)nfdvdxds ,
22”: 0 JR2ZxR2 Hial a? zn: 0 JR2ZxR? olf%)

implying

1 1
5|If“(t,-,)||§2=§|| )% + Z/ /RR o(f)nfodvdads . (2.31)

This procedure requires some regularity for the functions f¢. However a standard reg-
ularisation technique permits to deduce (2.31) even for f* € L?*(0,T,L?). The non-
positivity of the operator () and the boundedness of the sequence ff imply

1 Iz < IfERCIE < e, Ya>0,

establishing thus the boundedness of the sequence f® in L>°(0,T; £?). Consequently, up
to a subsequence, f* is weakly convergent in L?(0,T; £?) as a tends to zero. It remains
to prove that the limit function f is only energy dependent. For this, we multiply
equation (2.31) by a? and pass to the limit o — 0. Thus, we have

Z/o /R2 no Qo(f*)nfidvdzds — 0, Vte[0,T].

With (2.9) this yields P+ f® — 0 in L?(0,T, £?), hence Qo(f%) = Qo(P+f*) — 0. As
however f* — f and thus Qo(f*) — Qo(f) in L*(0,T, L?), we get Qo(f) = 0. Conse-
quently, the limit function f belongs to the kernel of Q). 0

It remains to show that the limiting distribution function F' of Lemma 2.14 satisfies

in a weak sense the SHE model (2.25), (2.26). For this, it will be of use to introduce
the electron and the current densities associated to the statistics f

p(t, z,€) ::Z/S fot,v,v)dN_e (v), J*(t,z,€):=— Z/ vfy dN_e (v),
n —€n

18



as well as the terms
[t x,¢) = Z@tén/ fnt,x,v)dN_¢e (v), pi(z,€):= Z/ mndN €. (v).
n S_€, n Y9 €0

Using the boundedness of the distribution functions f® in L?(0,T, £?) and choosing in
(2.24) the particular test function ¢! € S given by

2
ol (t,x,v) = ®(t, 1, €, + %) (2.32)
with ® € C}([0,T) x R?* x R), we can show immediately:

Lemma 2.15 (i) The energy-dependent functions (p®, J*,T*) € L*(0,T; L2, )* and

the initial data p%, € L2 . Satisfy in a weak sense the following system

{ Op*+ V- J*+0I=0
p™(0) = pf, -

(ii) The sequences p®, J* T'* as well as pg, are bounded in the corresponding spaces
and thus (up to a subsequence) weakly convergent for o — 0 towards some functions

2 2 2 . . . . .
(p, J.T) € L*(0,T5 L%, )" and py, € L2, . These limit functions satisfy the following
equation

T T T
/ / /p@tCI) dedxdt +/ / / J -V, ® dedxdt +/ / /F@ECD dedxdt =
0o Jr2JR 0o Jr2JR 0o Jr2JR

= —/ /Pm(x,e)(I)(O,x,e) dedzx Vo € C)([0,T) x R* x R).
R? JR
(2.33)

Proof It remains to show that J* is a bounded sequence in L*(0,7; L% )?. For this
let us decompose f¢ as follows

1
[ =h%+ag® with h®:=Pf* ; ¢%:= a7DLfC“. (2.34)

Thus

//Rz/uatxelzdedxdt
Lk <Z/ el >(Z/ ol*dN_e, (v >> dedrdr

<cg <00,

2
/ n(t,x,v)vdN_e (v)| dedxdt

RQ

where cx > 0 is a constant independent on «. For this last estimate we used the coer-
civity inequality (2.8) as well as equation (2.31), and the fact, that K is a bounded set.
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In order to finish the proof of the main theorem, it remains to express the limit
functions p, J,I" and p;,, in terms of the distribution function F'.

Proof of Theorem 2.11 For the identification of the functions p, J, I" and p;,, we shall
use the fact that f* — f in L?*(0,T, £?). Thus we have for some arbitrary test function
® e CL[0,T) x R? x R)

T T 9
/ / /pa(t,x,e)q)(t,x,e)dedxdt:Z/ / fﬁ(t,x,v)@(t,x,En—i—ﬁ)dvdmdt
0o Jr2JR — Jo Jr2xr2 2
T
—>o¢—>0/ / /F(t,x,e)N(t,x,e)q)(t,x,e)dedxdt.
o Jr2Jr

But since p* — p in L*(0,T, £L?), we get p = FN € L*(0,T;L3, ). Similarly due to
the fact that f& — fi, in £2 we deduce p;, = Fj,, N(0) € Liﬂoc. Furthermore

m

T T 2
/ / / It z,e)P(t, z, €) dedxdt = Z/ fr o€, O(t, x, €, + M) dvdxdt
o Jr2JR —Jo Jr2xR? 2

T
o / / / F(t,z,e€) (Z&en / dNa_En(v)> O(t, x, €) dedxdt ,
0 JR2JR n S_€,

implying I' = F x € L?(0,T; Liﬂoc). And finally, let us analyse the limit of the following

term . .
1
J* - WUdedxdt = — / / fo(t,x,v)v- ¥ dodzdt ,
/0 /]RQ /R o ; 0 JR2xR2 ( )

for some test function ¥ € Cy([0,T] x R? x R)2. For this, let us consider again the
decomposition (2.34), implying, in view of v - ¥ € ker(Qg)=, that

L T
— fo(v- W), dvdzrdt = / / gy (v- V), dvdzdt.
a; 0 JRZxR2 ( ) ; 0 JRZxR2 ( )

As shown in the proof of Lemma 2.15, the sequence g is bounded in L?(0, T, £?), and
thus converges weakly (up to a subsequence) towards some function g € L?(0,T, £?),
leading to

T T
Z/ / gy (v - W), dvdrdt — Z/ / gn(v - V), dvdxdt .
n J0 JR2xR2 — Jo JR2xR?

To finish the proof we have to express this last integral in terms of the distribution
function F. For this purpose, let us insert the decompostion (2.34) in the variational
formulation (2.24), where ¢ € S is an arbitrary test function, deducing thus

T T
Z/ / hi(Ap),, dvdxdt + Z/ / Qo(9%)ntpn dvdzdt = O(a) .
n “0 R2xR2 n V0 R2xR2
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Here we used the fact, that f, g* and h* are bounded sequences in L?(0, T, £?) and O(«)
stands for the terms of the order one in . From (2.34), one can deduce immediately
that h® — f in L*(0,T, £?), such that passing to the limit in the last equation yields

Z / / Fa(Ap)n dvdxdt+z / / nn dodzdt =0, (2.35)
R2 xR2 R2 xR2

which shows that Af = V,F - v is a well defined function in L?*(0,T, £?). Choosing at
this stage the special function ¢? € L*(0,T, £?) (unique in ker(Qo)*), given by

902 = Qal(v'\ll)v

we have by using (2.35)

Z / / (v- ), dvdzdt Z / / 90 Qo(¢?),, dvdadt =
]1{2><]R2 R2xR2
= Z/ / (Af)n? dvdzdt = Z/ / v W), dvdxdt .
R2xR2 2 «R2

Altogether we have thus V¥ € Cy([0,T] x R? x R)?

/OT /RQ/RJC“.\IJdedxdt —QHO; /OT/RQngAf)n(Qal(U.\P))n dvdudt.

which proves that J € L*(0,T; L2, ) is a solution of the weak formulation (2.29). This

T,€l0c
fact, as well as equation (2.33) permits to finish the proof of the main theorem. O

3 The diffusion limit towards the ET model

In the previous section we have derived the coupled Schrodinger/SHE model from the
Schrodinger /Boltzmann system, by assuming that the elastic impurity collisions are
predominant. In this section we shall perform another relaxation limit, based on a
different collision mechanism, constituted of the elastic impurity scattering and the
electron-electron scattering. In the limit of a vanishing rescaled free mean path a — 0,
we shall get the coupled Schrédinger/ET model.

Starting point is the coupled model composed of the rescaled Boltzmann equation
in the transport direction x

atfn + é (U * V:L"fn - v:pen : van) = %(QO(f)n + Qe(f>n>
fn(oaxav) - fin,n(xvv) y

(3.1)
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whereas the confinement direction is still described by means of the 1D Schrodinger
equation (2.1). The linear, elastic collision operator @)y, describing the lattice-defect
collisions, is the same as in the previous section,

2 2
W= [ amltsr v+ 5 — e =) Gttt v,
meN* R? 2 2
(3.2)
and the elastic, non-linear electron-electron collision operator Q). is given by
Qe(fn(v) ==
2 2 ap 112
ﬁnmrs(ta Z,v, v, UI,’U/l)é(En + ﬂ + em + ﬂ - 67" - M - Es - M)
e R 2 2 2 2

S(v+v =0 =) far(L=nfu) (X =nfm) = fafma(L=nf)) (1 =nfi)] doidv'dvt,

(3.3)
where > 0 is a distribution function scale and the terms 0 < 1 —nf, < 1 express
the Pauli exclusion principle. We shall denote in the following the kinetic energy of the
electrons belonging to the n — th energy subband, by

[v[?

e,(t,z,v) = €,(t,x) + -

The notations e, 1, e, and e, stand then for e,,(v1), e,(v') respectively e,(v}). The
scattering cross sections ay,,, satisfy Hypothesis 1, whereas (3,,,,,s are assumed to satisfy

Hypothesis 2 The coefficients (3,,,,.s satisfy the following positivity, boundedness and
symmetry properties

0< )\2 < ﬁnmrsM(tax7vvn7 vlam) < )‘3 < +OO,
ﬁnmrs(va U1, Ul? Ull) = ﬁmnrs(vla v, UI? /Ui) = ﬁrsnm(vla via v, Ul)-
The weight function M is defined as
M(t, z,v,n,vi,m) = Z / / d(en +em1 —€. —e )0(v+v — v —v))dv'd; .
r,sEN* R? JR?

Similarly as for the elastic impurity collisions, the weight function M is a density of
states. It gives the number of possible configurations the electrons can occupy after
an electron-electron collision, if their configuration before the collision was (v, n, vy, m).
Using the conservation of the energy and the impulsion, the outgoing velocities are given

v+ 1
o =2 1+\/€n+€m—€r—€s+—|v—v1|20

2 4 . lo|=1, c €R?,
v+v 1
0/1: —;1—\/€n+€m—€r—€5+1|v—vl\20
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such that the density of states can be written in the form
1 +
M(taxavanavlam> =27 %}k (En + Em - Er — ES + Zl'U — U1’2> .

As for the derivation of the SHE model, we shall perform a Hilbert expansion
fr=ftaft +a’f 4 (3.4)

The electron-electron collision operator being not linear, we have to expand it around
the equilibrium function f°, as

Qu(1) = Qulf) + aDQUP)(I) + 0 | DRI + 5 D°QuO) ] + -+

Substituting the Hilbert expansion in the Boltzmann equation (3.1) and comparing the
terms in the same order of «, yields the equations

Qe(fo)n +Q0<f0)n: 0, (3.5)

DQe(fO)(fl)n+Q0<fl)n =U- Vﬂ?fr? - vmen ’ vvfr? ) (3'6)

DQe(fo)(f2)n+Q0<f2)n = atfg +v- v:c.fé _Vxen : vaqi - %DQQe(fo)(fla fl)n . (37)

To solve these equations we have to analyze the operators Q.+Qq respectively DQ.(f°)+
Qo. In particular, we are interested in finding the kernel of ). 4+ ()¢ and the orthogonal
to the kernel of DQ.(f°) + Q. This shall be the aim of the next sections.

3.1 Properties of the operator (), + )y : formal approach

The purpose of this section is to derive some properties of the operator Q).+, especially
to determine its kernel, and consequently to solve the equation (3.5) in order to find the
zero'™ order term of the Hilbert expansion.

Proposition 3.1 Under the Hypothesis 2, the operator (). satisfies the following prop-
erties:
(i) The micro-reversibility assumption on Bpm:s implies immediately

e DOl e RTINS

n,m,r,s

~fufma (L =nf) (L =nfe )] 9, + geq — Gn — Gm] dvdvrdv'dvy .

(i) Let the function H be defined as H(x) := In - Then Q. satisfies the following
dissipative inequality

(Qe(f), H(f)) <0. (3-8)
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(iii) Collision invariants

1
<Qe(f), vl >:. (3.9)
e(v)

Proof The proof of this proposition is immediate and similar to the proof of Proposition
2.4. Tt is based on the positivity and symmetry properties of the cross sections G,s-
We remark only, that with the special choice of the function H, we have

(Qu(F) HP) =
3 0 [ B BT = )= ) ~ S (L )= S

n,m,r,s

In(fy fo1(1=nfa)A = nfm1)) = In(fofma (I = nf)(A = nfi)))] dvdoidv'dvy .

O

Let us now pass to the description of the kernel of the operator Q. + Q.

Proposition 3.2 The kernel of the operator Q. + Qg is given by

Ker(QetQo) = {f(t,z,v) ; I u(t,z), T(t,x) such that fu(t,z,v) = F,r(t,z,e,(v))},
with the Fermi-Dirac distribution function
1

n+ exps;’(it(;f)

For(tze):= (3.10)

where p is the associated chemical potential and T > 0 the electron temperature .

Proof In this proof we shall consider t and x as fixed parameters. To show the inclusion
“”, let f € ker(Qe.+Qo) and H(z) := In —£—. Then we have (Qo(f)+Q.(f), H(f)) =0,

l—nz-’
which implies in view of (2.6) and (3.8)

<Q0<f)7H<f)>:O ) <Qe(f)7H(f)>:O

As in the case of the SHE model, we deduce from the first equality the existence of a
function F(t,z,e), such that

2
fult,z,v) = F(t,z, €, + %) :

The second equation implies

In(f fo1(L=nfa)(X =nfn1)) =W(fofmi(1 =01 =nf1)), (3.11)
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for all (n,m,r,s) € N* and (v,v1,v',v}) € (R*)?* with
v+ =0+,

/‘2

ol o2 _ [Cil [ f?
€+ o+ €n+ Ul =€+ 58 +€,+ 15,

Equation (3.11) can be rewritten in the form

Jn fma £/ ’
In +In—m=In——"— +In————,
L=nfo  1=nfma — 1=nfl — 1-nfl
or simply
2 9 "2 )19
(HoF)(Gn—i-%)—i—(HoF)(em_i_%):(HOF><€T+|02‘ )+ (Ho F)(€, + |U§| ).

Let us now fix for each energy ¢ > €; a subband n and a velocity v # 0, such that
2

€, + % = ¢. Placing us in the n-th subband, we shall assume, that for each ¢ > €,

there exists an a. > 0, such that

/ / / / /
e—acetal] C {e, / en=ei=c;vtv=0+0;e,+e,1=€,+e,,},

/ / !/ / /
e—ace+al] C {e,, / en=ei=c;v+v=0+0v]; e, +e, =¢€,+¢€,,}.

In other words, the sets of outgoing electron energies e;, and e;, ; contain the set [¢ —
ae, € + a.|, when the incoming energies are equal . This means that Ve > €; there
exists an a, > 0, such that

20HoF)(e)=(HoF)(e—a)+(HoF)(e+a) Vo€ [—aa.l.

Hence H o F' : (€1,00) — R is an affine function, implying thus the existence of two
functions p and T' with

1
F,rie) = ————,
wrle) = e
and T' > 0, ensuring the integrability of F'.
The other inclusion ” D" is immediate. 0

Remark 3.3 A consequence of Proposition 3.2 is that the solutions of (3.5) are given
by a Fermi-Dirac distribution function

2
fat,x,0) = Fur(t, o, €, + %) . (3.12)
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3.2 Properties of the operator DQ.(f°) + Qo : formal approach

Before discussing the properties of the operator DQ.(f°)+Qo, let us introduce the right
functional framework. Straightforward computations lead to the following expression
for the derivative of the electron-electron collision operator (). at F

De n nmrsdaFF/ _Fn _Fm
DQ.(F) =2 .0 Fal =)0 =B

(b, + Iy — by — 1] dvrdv’duy

with F' = F}, 7 the Fermi-Dirac distribution function and

m,r,s

W
m) = F RS - E)

This leads to

<DQ€( )(f = -7 Z ﬁnmrsé5FTF;1(1_77FH)(1_77FW,1)

n,m,r,s (R2)
[h; + Ry — b — hant][9 4 951 — 9n — Gm] dvdvydv'duy
(3.14)
Let us now define the Hilbert space

+oo 1
L = {f = (fa)nen, Z/}RQ |fn(U)|2m dv < +OO} ,

provided with the weighted scalar product

ng—Z f”g"%nF)d

Moreover let us shortly denote by D. the derivative operator DQ.(F') and let Q :=
Qo + D.. Then we have

Proposition 3.4 Under Hypothesis 1 and 2, the operators QQy and D, satisfy the fol-
lowing properties:

(i) The operators Qo and D, are bounded, symmetric, non-positive operators on 1L%.
(i) The kernel of Q is given by

Ker(Q) = {f el ; f.(v) = G(E, + g) with G € Span{F(1 —nF), F(1 — nF)e}}

(iii) Let P : L% — Ker(Q) be the orthogonal projection on Ker(Q), then we have the
coercivity inequality with a constant C' > 0,

—(Qf. fyr 2 CIIf = Pfllz, VfeLp.
(iv) The range of Q is closed and we have

R(Q) = Ker(Q)* {feﬂﬁ/z/fn ( ) :0}.

neN*
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Proof Item (i) is immediate by using Hypothesis 1 and 2. To prove item (ii), let
f belong to Ker(Q). This implies ((Qo + D.)(f), f)r = 0, and as ¢y and D, are
non-positive operators, we obtain thus

(Qof, Yr=0 ;5 (Df, fr=0.

From the first equality we deduce the existence of an energy dependent function G(¢, z, ¢)

such that )
falt,x,v) = G(t,x, €, + ‘1}7') )

From the second equality we deduce

Gn + Gm,l o G;n + G/s,l
Fn<1_nFn) Fm,l(l_nFm,l) B F;(l_nF;) F£,1<1_UF;71) ,

for all (n,m,r,s) € N* and (v,v1,v',v]) € (R*)? with
v+uv =0+,
€t e, + 1l —e 4 E e, 4 0

Similar arguments as in the proof of Proposition 3.2 imply that the function ﬁ is
an affine function of the energy variable €, such that we can write with some functions
a(t,x) and b(t, x)

Gt 2.2) = F(t,2.2)(1 — nF(t, 2, 9)alt, )z + b, 7))
The proof of item (iii) is similar as in [3]. The operator D, can be written in the form

D) = —vfu+ 3 [ Kantu) st s = (X0u0) + (€000,

with

=) Brmrs0e0u FLEL (1 = 1Fy) (1 — 1nFp1) dvydv'dv]

1
(R2)3 o F.(1—=nF,)

m,r,s

and

Kin(u,v) = 22 (22 Buiijo(en(v) + e(v1) — ei(u) —ej(v{))é(v—l—vl —u—vy)
Fi(u)Fj(v1)(1 = nF, (0))(1 = nFi(v1)) dvid -
_Z/ Brijo(en(v) + €;(u) — e (v") — € (v]))0(v +u — v —v)

Fy(u)Fj(01) (1 = nFa(v)) (1 = nki(u)) dv'dvf
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Using the boundedness property of the cross sections s, it can be shown that 0 <
01 < v, < oy with p; and g9 independent on n, v, x and t, such that the spectrum of
the self-adjoint operator T : L2, — L2 satisfies

o(T) C [—02,—01]-

Moreover, the operator K : L% — L% is shown to be a Hilbert-Schmidt operator and
thus compact, implying with Weyl’s theorem o,45(D.) = 0.5s(Y). Here we have denoted
by o.ss the essential spectrum of an operator. As furthermore D, is self-adjoint and
non-positive, we have o(D.) C (—o0,0]. Hence

o(D.) C] — o0, —03) U{0} with p3>0.

Denoting by P, : L% — ker D, the orthogonal projection on ker D., we have proven
thus, that

—(D.f, f)r > os||f — PfllF  VfeL}.

The rest of the proof is identical to the proof in [3].
Finally, Item (iv) is a simple consequence of items (iii) and (ii). 0

We can now pass to the resolution of the equation (3.6), which reads Q(f!) = g,
with
gn(v) =V va:fg - vxen ) var(z :

According to (3.12), g can be rewritten as g = v - V,F, where

1

V.F(t,z,e) = —F(1 —nF) [avm (f) —v, (%)} .

The solvability condition g € Ker(Q)* is obviously satisfied and we obtain

Proposition 3.5 Equation (3.6) admits a unique solution ! € Ker(Q)*, which can
be written in the form

1 _ ﬁ).\pl 1Y g 3.15
eV (p) v (7) v 3,15
with U and V? unique solutions in Ker(Q)* of
(QUN)a(v) = —vF.(1-nF),
(3.16)
(Q(\PQ))n(U) = —euF,(1—nk,).
Finally we have to solve the last equation (3.7). The solvability condition reads
Z/(atf3+v-vxf;—vxen-vvf;)(el >dv:0, (3.17)
R2 n

neN*
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where we have used the fact, that
> [, )w-o. (3.18)
neN* "

Indeed, (3.9) is valid for all f € L%, such that differentiating twice at F leads to (3.18).
Let us now analyze (3.17) term by term. The first condition gives

ey [ aFre, +u dv_@(Z/RQ Lx. %’)m),

neN* neN*

o L (o )
v, %/R [(v@@;) V. (L) - wew)v. (%)]dv
v 5 ([ rera) v (8) - 5 ([ vowe) v (1)},
Z/ Vo (fIV,€,)dv =0.

neN*

For the second condition we get

Z F(t,z, €, +
neN*
(Z/ (t,z,e, endv) Z 0, € / (t,z,e,) dv,
nen+ JR? neN

Z/RQ S(wfHepdv =V, - Z(/ vf;endv)—Z(

[0]*

5 —))endv =

fiv . Vxéndv)

neN* neN* neN+ \/R?
% 1 1 2 § 1

__v.. {Z </RQ<U 2 \y;)endv> .V, <%> -3 (/]R?(U ® \I'i)endu) Ve <%>}

neN*

— Z ( fﬁv . Vm(fndv) ,

neN*

o — Z /R2 VxEn . varlbendv = — Z /RQ VU . (Vajenf;en)dv +Z /RQ f’ivl’en -vdv
neN* N* nEN*

= Z fivx(fn-vdv.

neN*
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Let us denote by p and p€ the charge density respectively the energy associated to the
Fermi-Dirac distribution function F}, »

[v?
Z/Rz Fur(t €, —i—T)dv ;o pE(p, T ZR2 F,r(t z, e,)e,dv.

neN* neN*
(3.19)
The diffusion matrices are given by

Dlj::Z(/RQva\I/ZLdv) : ng::Z(/RQ(v@\I/fZ)endv), j=12,

neN* neN*
(3.20)
where W', U2 are solutions of (3.16). Then we can state the main theorem of this section

Theorem 3.6 (Formal diffusion limit)

The system of equations (3.5)-(5.7) is solvable if and only if f° and f are determined by
(3.12), respectively (3.15), and if moreover the functions pu(t,x) and T'(t,z), associated
to the Fermi-Dirac distribution function F), r, which is given by

1
For(tze):=
NS c—ulta) ’
n+ exp T!(Lt,m)
satisfy the following system
Op(p, T)+Vy-J,=0, (3.21)
0(pE) (1, T) = Y D€ / For(t,z,e,)dv+V, - Je =0 (3.22)
neN*

where the particle respectively energy currents J, and Je are defined as

1
Jp(M,T) = —D11 . Va; (%) -+ Dlg . VI (T)
p ) (3.23)
Jg(,u, T) = —D21 . Vm (T) + D22 . Vm T y

and where p, p€ are given in (3.19)-(3.20).

The Energy-Transport model (3.21)-(3.23) is constituted of two continuity equations for
the charge density and energy, completed by two relations for the charge and energy
fluxes. The temperature of the particles is a variable of the problem, which is not the
case for the Drift-Diffusion model, where the electron temperature coincides with that
of the lattice. The parabolicity of the ET model is proven by the following
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Lemma 3.7 The composed diffusion matriz

D11 Dao
D .=
( Dy Doy ) ’

s a symmetric, positive definite matriz.

Proof The symmetry is an easy consequence of the self-adjointness of the operator Q.

To prove, that D is positive definite, let & = (£5,62,€L,€2) € R* be arbitrary chosen.
Then, using the non-positivity of Q, we get

§'DE = Z[Zi’“D“] = <Q<ig§mg> Zg’\w>F>o.

l,j=1 Lik=1 i,k=1 l,j=1

From (3.16) we remark that U7 are linearly independent functions. Thus due to the
coercivity of the operator —Q we have £/DE = 0 if and only if € = 0. Hence there exists
even a constant v > 0, such that

§'DE > lE)*, VE#0.
O

To carry out the rigorous diffusion limit, we have to specify the right functional frame-
work (see [4]) in order to introduce the notion of weak solution of the Boltzmann equa-
tion (3.1) and to state the properties of the operator Q. + @y correctly. Besides, an
entropy dissipation estimate will be needed to prove the convergence of f towards a
Fermi-Dirac distribution function F), . This entropy estimate requires a bound for f¢
(B< f*<1-p8, [ >0),which is a very strong assumption. Possibilities to avoid this
assumption have to be investigated. And finally, a compactness argument will permit
to pass to the limit in the weak formulation of (3.1) in order to get the ET model, which
was formally obtained in this paper. Due to its complexity, this rigorous diffusion limit
is deferred to a future work.

4 Conclusion

In the present paper we have investigated two diffusion limits corresponding to different
collision operators. Starting model was a coupled quantum /kinetic subband model, de-
scribing the electron evolution in the confinement direction by the Schrodinger equation
and in the transport direction by the Boltzmann equation. In the limit of a vanishing
scaling parameter o — 0, we obtained either the adiabatic Schrédinger/SHE model or
the Schrédinger/ET model. By means of this diffusion approximation, we were able to
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derive expressions for the diffusion matrices, which are even explicitly computable in
some simplified cases.
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