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Abstract

We study the circles of the Apollonian band circle super-packing,
which are also the images of the real projective line by all linear frac-
tional transformations of the group PLS(2,Z[¢]). This super-packing
takes place on the torus rather than on the plane. We focus first
on the connection between these circles and lattices in the ring of
Gaussian integers. Then we explore the group structure of the set
of such circles with given curvature. The end of this paper is more
geometrically-minded and describes first a test to determine whether a
Gaussian circle is Apollonian or not, then a process which yields quickly
all Gaussian circles with curvature smaller than a given integer. We
develop algorithms for each of the computational problems we encounter.
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Introduction

The circles of the band Apollonian packing can be obtained as the images of
four of them by the elements of a subgroup of PSL(2,Z[i]) (see e.g. [2, 7] and
figure 1).

This led the authors of the present paper to consider all the images of
the real projective line by all linear fractional transformations of PSL(2, Z[i]),
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that we call Gaussian circles and to which Apollonian circles belong. These
circles have already been introduced in previous publications, either the way
we do here [1, 3], or as images of four or them by a group called ‘Apollonian
super-group’ (see [4, 5]).

In Section One, we give elementary properties of Gaussian circles.

In Section Two, we show that the quotient set of the set of oriented Gaus-
sian circles by the group of translations by Gaussian integers (this amounts to
drawing Gaussian circles on the torus C/Z[i] rather than on the plane C) is in
one to one correspondence with the set of oriented primitive lattices in Z[i],
the absolute curvature of a Gaussian “true circle” (not a line) being the dou-
ble of the index of its associated lattice, which we call lattice of denominators
of this circle.

Section Three is devoted to the study of the primitive lattices of index n,
where n is a given integer. These lattices form a group with respect to lattice
multiplication, which is isomorphic to the projective line (Z/nZ)[i]* /(Z/nZ)*
on the ring Z/nZ, provided with the multiplication induced by the multipli-
cation in (Z/nZ)[i] (where ¢ denotes an external square root of —1). We study
the structure of this finite abelian group and provide an algorithm giving the
points of this projective line, once each.

We also show that the set of centres of Gaussian circles of half-curvature
n drawn on the torus is a conic on the ring Z/nZ which inherits a group law
analogous to an angle addition.

In Section Four, we remark that the curvatures of the Gaussian circles
(oriented in a suitable manner) through a given rational point z (these circles
are all tangent at this point) form an arithmetic progression with common
difference |c|> where z = a/c with coprime a,c € Zli]. Hence we will say
that two tangent oriented Gaussian circles are immediately tangent when their
curvatures are successive in this progression.

Looking then for a point of minimal denominator squared modulus among
the rational points on a Gaussian circle, which amounts to minimizing the
quadratic form associated with the lattice of denominators of this circle, allows
to define a finite sequence of Gaussian circles, each of them being immedi-
ately tangent to its predecessor and of lower curvature. This provides a fast
algorithm which caracterizes the Apollonian circles among the Gaussian ones.

Conversely, rising curvatures instead of lowering them enables a quick
recursive computation of all Gaussian circles (drawn on the torus) whose
curvatures are bounded by some given integer.

Appendix A is a short vade mecum about the reduction of positive definite
integer binary quadratic forms taken from Reference [2].
The algorithms derived from the present work are given in Appendix B.



Springer Nature 2021 ETEX template

Gaussian circles 3

1.00

Q.75

-1.0 -0.5 0.0 05 1.0 1.5 2.0

Fig. 1 Apollonian circles

1 Images of the real projective line by linear
fractional transformations of PSL(2,7Z[i])

Definition 1 : The image

at +b - ab .
C= {ct—l—d’tER} where g = (c d) € SL(2,Z[i])

of the real projective line RU{oo} , which we will denoted R, by any linear fractional
transformation with Gaussian integer coefficient will be called a Gaussian circle.

Figure 2 shows a finite number of circles obtained this way.
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Fig. 2 Gaussian circles (with half-curvature at most 1000)

Proposition 1 : Denoting also g the linear fractional transformation of matriz g,
g(0) =b/d, g’ (0) = 1/d?, ¢" (0) = f% and g(R) has curvature v = 2Im(ed) and

centre w = g + iQJmC(lEd)d _ i(acz’y—bé) .
Proof :
"(t) = a(ct+d) — c(at +b) 1
g = (ct + d)2 T (ct+d)?
! 1 [i _§]
v = [g (0)79 (0)] _ d2’ d3
g O T
d6
where [ ., .] denotes the skew product on C
— —29m—C 10 = —20m(ed) L — 23m(ca)
a d2d3" e~
- / —
w=g0)+ 290 b d

~v1g'(0)] ~ d " 23m(ed)d
b(cc{fdé)JrJ_i(adf )d —bde+d _iacifbé
vd vd o

=1

Proposition 2 Any two distinct Gaussian circles are either tangent at some point
in Q[i]U{oo} or disjoint. In case of tangency at some finite point b/d with b,d € Z[i]
and ged(b,d) = 1, the common tangent is directed by l/d2 (= oo if the tangent is
vertical). Zero curvature Gaussian circles are horizontal lines.
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Proof : Since SL(2,7Z[i] acts transitively on Gaussian circles, preserving tangency,
and on rational points of C U {00}, it suffices to prove that any Gaussian circle is
either tangent at some rational point to the real projective line or disjoint from it.

Let C = g(R) with g = (Z Z) be a Gaussian circle distinct from the real projective

line. If C is a line (a zero curvatuve circle through oo = g(t) for some t € Q) then
since SL(2,R) acts transitively on Q one may suppose co = g(co) by multiplying g
on the right by some matrix h € SL(2,R) if needed. So ¢ = 0, |a| = |d| = 1 and
therefore C is a horizontal line y = Jm(b/d) = some integer, tangent to the real
projective line at oco. B
i(ad—bc)

Otherwise C is a true circle with curvature v = 2Jm(éd) and centre w = S

Then Jm((i(ad — bé)) = Re(ad — bé) is a non zero integer because it has the same
parity as 1 = ad — bc = Re(ad — be) = Re(ad — be) + Re(a(d — d) — b(ct) =
Re(ad — be) + 2Tm(a) Im(d) — 2Im(b) Jm(c). Thus we have | Im(i(ad — be)| > |1/7]
so C is either tangent to the real projective line at fe(w) € Q or disjoint from it.

(]

2 The lattice of denominators of a Gaussian
circle

Definition 2 A lattice in Z[¢] is called primitive if and only if the set of common
divisors of its elements is {£1, +:} = (Z[i])*.

Remark 1 All primitive lattices in (Z[i], +) have rank 2 except Z and iZ.

Theorem 3 : Let R denote the set of oriented primitive lattices in (Z[i],+).

The map
p: SL(2,Z[i])) - R
g= (Z Z) — L=cZ+dZ

where ¢Z + dZ is oriented by (c,d) if it has rank 2, by c if it has rank 1 and ¢ # 0
and by (—d) otherwise,

18 surjective.

Let g,g" be two elements of SL(2,Z[i]) et L, L’ their images by .

g and g’ define the same oriented Gaussian circle drawn on the torus if and only
if L and L' are the same oriented lattice.

Remark 2 : Beware of the troubling fact that to the canonically oriented projective

line R = ((1) 2) (R) is associated the rank 1-lattice 0Z + 17 oriented by (—1).

Proof :
e For g = (z Z € SL(2,Z[i]) one has ad — bc = 1 so by Bézout’s lemma,
ged(e,d) =1 and ¢(g) is primitive.
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o Let LeR.

If L = ¢Z + dZ with gcd(c,d) = 1 then by Bézout’s lemma , there exist some
a,b € Z[i] such that ad —bc=1s0o L= ¢ (Z Z)

Thus ¢ is surjective.

/AN
e Let g= (CCL Z) and ¢’ = (Z, Z,) € SL(2,Z[i]). Suppose that ¢(g) = ¢(g").
Assume that Jm(éd) # 0. Then Jm(c/d’) and Jm(cd) # 0 have same sign.
Thus there is some ( > € SL(2,Z) such that

@ dr=ca(57)

oy
B

Set
v av\ a b
g =g B =\ d
Since
1 _ a/d/ _ b/CI _ a//d/ _ b/lc//
one has

0= (a/ _ a”)d/ _ (b/ . b//)c/
Since gcd(c/,d’) = 1, by Euclid’s lemma there is some k € Z[i] such that

I 1]€ "o 1]43 oy
9=%01)9 “\o1)9\ss

Since <g g) € SL(2,Z) ¢ SL(2,R), if maps R to itself leaving its orientation

a —ad' = kd
bl _ bl/ — kd/
Therefore

unchanged. Besides, (é llc) represents the translation z — 2z + k.

Thus the oriented circles gR and g’R are the same when drawn on the torus.

The same result holds when Jm(éd) = 0 : in that case ¢ € {£1,+i} or (¢ = 0 and
d € {#1,4i}), and the same is true for ¢’ and d’. Suppose for example that ¢ = 1.
Then ¢’ = 1 or (¢ =0 and d’ = —1). In the first case b = b = —1 and ¢’ = 7g where

1d - : .
T = (0 @ 1 a) so g and ¢’ define the same oriented circle drawn on the torus. In

the second case, a’ = —1 and multiplying ¢’ on the right by 1 B
onto itself leaving its orientation unchanged, we are brought back to the first case.

e Conversely, suppose that the oriented circles gR and ¢'R are images of one
another by some translation by a Gaussian integer k.

—1
Set ¢’ = (é llc> g'. Then :

1) which maps R
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at + vy
t
"~ Bite
maps IR onto itself with orientation unchanged, so differentiating :
N 1
vVte R —————— >0 therefore $ and § are reals.
Gi+ o2 = ’
« and « are thus also reals so (g g) belongs to SL(2,Z). Since
o fay\ (1 -k\ ,(favy
=0 (535) =)0 (53)
¢Z + dZ and ¢'Z + d'7Z are the same oriented lattice. ]

Proposition 4 : Let g = (ch Z) € SL(2,Z][i]).

. e b
Then the set of rational points in g(R) is {Zﬁid? (p,q) € Z*\ {(0, 0)}}

Proof :

Let p,q € Z not both equal to zero. Then % e ® and g(%) = % is a rational

point in g(R).

Conversely if m = 5—; with (p’,q’) € Z[i], not both equal to zero, is a rational

point in g(R) then z = g~(m) = % € @m NR = Q and thus there exist
P, q € Z, not both equal to zero, such that x = %.
P _ aptbg )
One as then & = 2270 € g(Q) O

Definition 3 : The oriented lattice Zc-+7Zd will be called the lattice of denominators

of the oriented circle g(R).

Remark 8 The previous proposition shows that this oriented lattice depends uniquely
on the oriented circle g(R) drawn on the torus.

The term “lattice of denominators” is a little deceptive : every rational point of
a Gaussian circle has at least one fractional representation with denominator in its
lattice of denominators but this does not hold for all the fractional representations

of this point.

Proposition 5 :
ab —b —a . . .
1) g = cd and h = d e define the same lattices but with opposite
orientation and circles on the torus which are symmetric of one another with respect
to the origin and of opposite orientations.
ab —ia b
2)g= (c d> and h = <7ic id
tions and lattices which are symmetric of one another with respect to the line y = x
and with opposite orientations.

) define identical circles with opposite orienta-
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Proof :
1) h(c0) = —g = —g(0) and the associated Gaussian circles have opposite
curvatures and their tangent lines at the points b/d and —b/d are parallel.
2) g]@ and hR correspond to each other by time reversal, and [—ic,id] =
Jm(icid) = —Im(cd)
O

3 Primitive lattices of given index n

3.1 Correspondence with the projective line on Z/nZ

Theorem 6 Let n € N*.

1) Let a € Z[i) such that ged(a,n) =1 ie. ged(|a)?,n) = 1.

(since if a is prime to n, so is & thus a& also, and conversely if |oz\2 is prime to
n, so is a since it divides |o|?).

Then {z € Z[i], Jm(az) =0[n]} is an unoriented primitive lattice of index n in
Zli].

2) Let L be an unoriented primitive lattice of index n in Z[i|. Then there exists
a € L such that ged(a,n) = 1, and for any such «, one has L = {z € Z[i], Im(az) =

0[n]}.

Proof :

1) Let A = o+ nZ[i] be the congruence class of « modulo n.

Let (Z/nZ)[i] denote the set of couples of elements of Z/nZ provided with the
complex multiplication (a,b)(c,d) — (ac — bd,ad + be) (i denotes the couple (0,1)
and is an external square root of —1 and therefore —1 will always have more square
roots in (Z/nZ)[i] than in Z/nZ).

A € Z[i]/(nZ]i]) ~ (Z/nZ)[i]. Since « is prime to n, A is invertible.

Let z € Z[i] and Z = z + niZli].

Jm(az) =0[n] & Im(AZ) = 0z,,z
& AAIm(ATIZ) =0
& jm(Ale) =0 since |A|2 is invertible in Z/nZ
& Z€ZA
& z€Za+ZIn+ Zin =L

L is primitive because gcd(a,n) = 1, and L is of index n as being the kernel of the
surjective group homomorphism z — Jm(a@z) + nZ from (Z[i],+) onto (Z/nZ,+).
This homomorphism is indeed surjective because 1 4+ nZ is in its image set since by
Bézout’s lemma, there are some u,v € Z[i] such that 1 = @u + nv and thus

Im(aiu) = Im(i —novi) =1 [n]

2) By Smith normal form, there exist e}, e5 € Z[i] and A\, u € N* such that A|u
and
Z[i = Zey + Zebh et L = ZAe) + Zueh
A =1 because L is primitive, and thus u = n since L is of index n and also of
index Ap.
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Setting P = Matcan (e}, e5) € GL2(Z) (where can denotes the canonical basis of

!
R?), L has equation ' = 0[n] with (Zj,) =p! (z)

Setting P~1 = (_ub 2) with au 4+ bv = £1, L has equation —bx + ay = 0[n].

L contains a + ib and n(v — iu) as well as the subgrouup they generate. This
subgroup has index n since a + ib and v — iu generate Z[i].

By inclusion and equality of indices, L = Z(a+1b) + Zn(v —iu). Eventually, since
L is primitive, a + ib and n are relatively prime.

Let a € L, prime to n. Set M = {z € Z[i] | Jm(az) = 0[n]}. This is a lattice
with same index n as L (by the first point in the present theorem). M contains «
and the multiples of n, so writing o = e} + nyeh with ,y € Z (which exist since
a € L) one has ged(z,n) = 1 so by Bézout’s lemma, there are some u,v € Z such
that 1 = zu 4+ nv, hence

ell = umell + m}ell
6/1 = ua — unye/g + m)e'l eM
so M D Ze} +nZe) = L.
Thus L = M. O

Definition 4 : G(n) will denote the set of unoriented primitive lattices of index n
in (Z[i], +)

Theorem 7 : G(n) is stable under multiplication and the map

® : ((Z/n2)i])" — G(n)
A L={zezli], Im(az)=0In]}

is a surjective group homomorphism with kernel (Z/nZ)*.

(o denotes any representative of A in Z[i], (Z/nZ)[i] being identified with
(2[i])/(nZ[i]))

(the product of two lattices L, L' in G(n) is defined as the lattice generated by all
the products zz' with (z,2') € L x L', see e.g. [2]).

Proof : ® is well defined and surjective by the previous theorem.
Let A, A" € ((Z/nZ)[i])* with representatives a,c’.
For any z € ®(A) and 2’ € ®(4’),

m(aa’zz') = IJm(aza =
Im(aa’z2) )

hence 22’ € ®(AA)
Thus ®(A)®(A") C d(AA").
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Moreover,
®(A)P(A") = (Za + nZ[i])(Za' + nZ[i))

. / ;7 . . / .
is generated by aa’, na, na’, ina, ina ,n2 and in?.

By Bézout’s lemma,
Zlilno + Z[in* = nZli]
Hence ®(A)®(A’) contains aa’, n and in so it contains ®(AA’).
Hence ®(A)®(A") = ®(AA’) (which proves en passant that G(n) is stable under
multiplication).

Let A € ker(®). ®(A) = ®(1). Since a € ®(A4), Im(1la) = 0[n] hence A € Z/nZ
. Since A is invertible, A € (Z/nZ)*.
Conversely, if A € Z/nZ then for all z € Z][i], setting Z = z + nZ|i],
2€®(A) & Tm(AZ)=0

& AIm(Z) =0

& Im(Z) =0

<z d(1)
Hence ®(A) = ®(1) and thus A € ker ®. O

Proposition 8 : G(n) ~ ((Z/nZ)[i])* /(Z/nZ)*
This identification between G(n) and the projective line on the ring Z/nZ will be
made further on.

3.2 Multiplicative structure of the projective line G(n)
on Z/nZ

Proposition 9 : For m,n such that m An =1,
G(mn) ~ G(m) x G(n)

and
G(mn)={M NN,(M,N) € G(m) x G(n)}

Remark 4 : Thus if n has at least two distinct prime divisors then G(n) is not cyclic
since G(p®) (p prime, a € N*) has even order, as will be shown later.

Proof : The isomorphism results from the Chinese remainders theorem :
(Z/mnZ)* ~ (Z/mZ)* x (Z/nZ)*
and
(Z/mnZ)[i])* =~ (Z/mZ)[i])" x (Z/nZ)[i])"

Moreover, for v € Z[i] prime to mn, setting

L ={zeZ[i], Tm(#z)=0
M = {z € Z[i], Im(7z) =0 [m]}
N = {z € Z[i], Im(yz) =0
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then L = M N N, and since + is prime to m and to n, one has M € G(m), N € G(n)
Conversely, for « € Z[i] prime to m and € Z[i] prime to n, there exists (by the
Chinese remainders theorem) v € Z[i] such that v = « [m] and v = 8 [n].

M = {z € Z[i], Im(az) = 0[m]}
N = {z € Z[i], Jm(B2) =0[n]}
0

L = {z € Z[i], Im(¥z) =0 [mn]}
thus
M = {z € Z[i], Jm(yz) =0 [m]}
N = {z € Z[i], IJm(yz) =0 [n]}
hence L = M N N, and ~ is prime to mn so L € G(mn). O

Theorem 10 : For prime p and k € N*,
1) G(p*) has cardinal

P+ 1) if p=—1[4]
P —1) if p=1[4]
2k if p=2
2) G(p*) is eyclic for odd p.
3) G(2F) has exponent 2871,

Proof :
1) (Z/p®Z)* has cardinal p* — p* = po‘*l(p —1).
Besides, for any A, B € Z/p®Z with representatives a,b € Z,

A+iB ¢ (Z/p°*Z)i)* < p|a® +b°
o b= —d?[p]
e If p = —1[4] then —1 is not a square modulo p and the only solution to the
previous equation is a = b = 0 [p]. Thus ((Z/p*Z)[i])* has cardinal (p®)% — (p®~1)?
and therefore G(p) has cardinal

(200 e A A
T a1 1y P p+1
p*tp—1) #+1)
e If p = —1[4] then —1 is a square modulo p. Let k be a square root of —1
modulo p. The previous equation holds if and only if b = +ka [p], which gives exactly
2(a—1)

1+ 2(p—1) =2p — 1 solutions modulo p and (2p — 1)p solutions modulo p®.

Hence ((Z/p“7Z)[i])* has cardinal
(™) = @p—1p* ) =p? TV —2p+1) = p* D (p - 1)?

and thus G(p) has cardinal
a—1
pm(p—1)
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e If p = 2, the previous equation holds if and only if a = b[2] and so one has 2
solutions modulo 2 and 2.(2%~1)2 = 22971 solutions modulo 2°.
Therefore ((Z/2%Z)[i])* has cardinal

22a _ 22(1—1 _ 22a—1

and G(2%) has cardinal

220471

I T

2a—1
2) The forthcoming proof is similar to the classical proof of cyclicity of (Z/p*Z)*.
e We start by proving that G(p®) has an element of order po‘_l.
Consider the following powers of 1+ ip :
(r—1) 2

(1+ip)p:1+pip—pr +...:1+p25 with 8 = i[p]

2

. \p? —14 . .
(1 +ip)” =(1+p25)p=1+pp25+pp7p5 .= 14p%y with vy =ip]

And so on, up to :
A+ip)" =149 w withw = i[p]
Eventually,
L+ =1[p°

Hence the order of class of 1+ ip modulo p® divides p™®~
of this class in the quotient by (Z/p“Z)*.

But since (1 + z’p)”k2 is not “real” modulo p®, the class of this power in the
quotient by (Z/p“Z)* is not the neutral class.
Thus ((Z/p®Z)[i]))* /((Z/p*Z))* has an element of order p®~ 1.

o If p = —1[4] then (Z/pZ)]i] is ring-isomorphic to Fp[X]/(X? 4 1) which is a
field because X2 + 1 is irreducible on F}. Since the group of units of any finite field
is cyclic, ((Z/pZ)[i])* is cyclic and thus contains an element of order p® — 1.

Hence ((Z/p®Z)[i])* has an element of order k(p? — 1) for some positive integer
k, and the kth power of this element has order p2 — 1. Denote it by Z.

Quotienting by (Z/p“Z)*, the order of the class of Z is divided by gpe(Z) N
(Z/p*Z)* which divides pged(p® — 1, (p — 1)p®~ 1) =p— 1.

Therefore this order is a multiple of p 4+ 1. Hence G(p®) contains an element of
order p + 1.

Since it also contains an element of order p®~! and since p + 1 and p*~! are
prime to each other, our group contains an element of order (p+ 1);00‘71 (the product
of the previous ones) and therefore is cyclic.

1, and so does the class

e We examine now the case where p = 1[4]. Fp[i] is no more a field.
Define P € Fp[X] by
P =2Jm((1+iX)%)
where e is the exponent of the group G(p).

For all y € Fp such that y?> # —1, 1 + iy is invertible in Fp[i] (since so is
(1414y)(1—1iy) in Fp) and the class in G(p) of (1+1y)® is the neutral class, so (1+1iy)®
is ‘real’ and therefore P(y) = 0.

Hence P has at least p — 2 roots in Fy.
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M has degree e — 1 or e — 2 whether e is even or

By the way, P =
odd.

Since F is a field, the number of roots of P doesn’t exceed its degree.

So p—2 < e—1 and thus e > p — 1. Moreover, e divides card(G(p)) = p — 1.
Hence e =p — 1.

Thus G(p) contains an element of order p — 1, hence so does G(p®). As it also

contains an element of order p® ! (which is prime to p — 1), G(p®) is cyclic.

3) Eventually we examine the case p = 2.

It has already been proved that G(2%) contains an element of order 201,

We prove below that it has no element of order 2%.

Let a + ib € (Z/2FZ[i])*. Identify a + ib with one of its representatives in Z[i]. a
and b are of opposite parities. Up to multiplication by ¢, which does not change the
orders of non neutral elements since these orders are even and i2 = —1 = +1, one
may assume that a is odd and b is even. Thus :

a+ib =1+ 2¢c with ¢ € Z[i]

(a +1ib)? = 1 modulo 4

(a +1ib)* = 1 modulo 8
(a+ ib)za_1 = 1 modulo 2¢

Hence no element of (Z/2%Z)[i]* is of order 2%. A fortiori, this also holds for
G(2%) |

3.3 Enumeration of the elements of G(n)

We present here a method for obtaining all the points, once each, of the projective
line on Z/nZ without the use of generators of the groups G(p®) for prime p’s. This
method is effective, see Algorithm 1.

Proposition 11 : Let n € N*.
1) Every element of the projective line (Z/nZ)[i]* /(Z/nZ)* has some represen-
tative in ((Z/nZ)[i])* of the form d + ib where d divides n.

2) For d,d’ divisors of n and k prime to n, one has :
d=kdn]=d=d etk=1n/d|

3) For d divisor of n and o = d+ib € Z[i]*, the lattice of solutions of the equation
Jm(az) =0 [n] has basis («,i%).

Proof :

1) Let z € (Z/nZ)[i]" and a,b € Z such that z = a + ib + nZli].

If a = 0[n] then b is prime to n and z = bi is in the class of 7 in the quotient of
(Z/m)i]* by (Z/nZ)".

Assume a # 0[n]

Z _, dL , L
Let d = pgcd(a,n). The map ni nZ = 3L s a surjective ring-
w — dw

homomorphism, and therefore induces a surjective homomorphism from (Z/nZ)*
onto the group of the classes modulo n/d of the integers which are prime to n/d. This



Springer Nature 2021 BTEX template

14 Gaussian circles

group can be identified with the set of congruence classes modulo n of the integers
k such that gcd(k,n) = d.

Hence there exists some integer u prime to n such that ud = a[n]. Let v be
an inverse of u modulo n. Set 2’ = vz. Then 2z’ € (Z/nZ)[i]* as the product of
two elements of (Z/nZ)[i]*, and z and 2’ are in the same class in the quotient of
(Z/nZ)[i]* by (Z/nZ)*. Moreover Re(z') = Re(va) = d [n].

2) Let d,d’ be divisors of n and k an integer prime to n such that d' = kd [n].
Since d divides n, it also divides d’.

Let &’ be an inverse of k modulo n. Then k’d’ = d[n] and by the same argument
as above, d divides d'.

Hence d = d'.

Thus d(k—1) =0 [n] so k — 1 =0[n/d] i.e. k = 1[n/d]

3) a and i% belong to the lattice L of equation Jm(az) = 0 [n] and their skew
product is Jm((d —ib)i5) = 5 Re(d — ib) = n, so they generate L since this lattice
has index n.

]

Algorithm 1 provides a non redundant list of representatives of the points of the
projective line on Z/nZ.

3.4 Centres of Gaussian circles of given curvature,
‘modular half circle’

*

To any matrix g € SL(2,C) we associate the matrix G = gg~ ! = g(com(g))* =
_ . 0 -1
g(JgJ~H* with J = <1 0 )

The a posteriori motivation of such a trick is to define the same matrix G for
two matrices g, g’ such that g(R) and ¢'(R) are the same oriented circle, i.e. g g €
SL(2,R) ie. g g =g g ie. G=G".

The entries of G are sometimes called ‘inversive coordinates’ of the oriented circle
C =g(R).

The deep origin of this trick relies on the Weyl representation [6]:

g 7(g): W gWg"

of SL(2,C) on the space of hermitian 2 x 2 hermitian matrices. The transformations
in 7(SL(2,R)) fix the hyperplane of real hermitian (symmetric) matrices (the set of
hermitian matrices with determinant 1 is a model of the hyperbolic space H? and the
trace on this space of our hyperplane is a hyperbolic plane, whose vanishing circle is
the projective real line in the horizon of Poincaré’s half-space model of H 3). Thus
7(SL(2,R)) also fixes the orthogonal (with respect to Frobenius inner product) RiJ
of this hyperplane. That is why we set G = 7(g)(iJ)(iJ) ! = gJg*J !

ab

Proposition 12 : Let g = <C d

) € SL(2,C) and C = g(R) the circle C oriented by

the natural orientation of R. B
Remind that C has curvature v = 2Jm(ed) and centre w = i%.
In the previous framework, det G = 1 and
ad —be  2iIm(ab) inw i(—% + ylwl?)
G = . _ _ - = S
—2iJm(ed) ad — be —iry yw
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Proof :

_ det(g) _ 2 _
det G = det(g) (detg)” =1

A straightforward calculation gives the expressions of G.

Proposition 13 :

In the previous framework, the following assertions are equivalent :

(i) C is Gaussian

(i) G = (_fw —2;3) where B,C € 7 et A € 1+ 27]i]

(i4i) The fractional representation of w with smallest positive denominator is of
the form

w= 2%1 where ¢ € N*, p € i + 27Z]i], |;0|2 = 1[4q]

ie.
- — 2z 4+ (2y + 1)i
2q
and |v| = 2q.

where ¢ € N* x,y € Z, w2+y2+y50[q]

Therefore a Gaussian centre encodes the only Gaussian circle of which it is the
centre.

Proof :
(i) = (éi). Suppose C is Gaussian.
Since ad —bc =1 and ad — bc = A one has
() % = aRe(d) — bRe(c)
1A = adm(d) — bIm(c)

Thus A € 1+ 2Z[i].

Moreover B = — Jm(ab) and C' = Jm(cd) belong to Z.

(i) = (u47) ~

By the previous proposition, w = % Besides 1 = det() = AA+4BC, so A and
2C' are coprime by Bézout’s lemma, hence % is irreducible.

Moreover,

Ip|? = [iA|> =1 —4BC = 1 — 4Bq = 1 [4q]

and ) ) )
lp|” =1=4(z"+y" +y) =0[q]

Eventually || = 2|C| = 2¢.

Same argument, backwards.

(i3) = (4).

The purpose is to show that if G satisfies (i¢) then it corresponds to some matrix
g € SL(2,Z[i]).

Assume first that B and C are both non zero.
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1+A 1-A] _  (1+A 1-A) 1— |A]? — 2i Jm(A)
2 7 2 o 2 7 92 o 44
_ 4P -1
- 4

since 1 = det G = |A|?> + 4BC.

Therefore the index of the lattice L generated by # and % is a multiple of
| B|, so there exists some lattice L' of index |B| that contains L.

Let (a,b) be a basis of L. Switching b and a if needed, assume that [a,b] = —B.
Since L' contains % and 1554, the (real) coordinates of those complexes in the
basis (a, b) are integers. Thus there exist ¢, d € Z[i] satisfying system ().

So ad — bc = 1 and ad — be = A.

Furthermore,

1+4 1—4 1+4 1—4
—BC = [T 2% ]_[a7b]((i?1}) (T 2% )

- _BC

_ Re(d) Tm(d

= [ Zgie(0) —am(e)| = Bl d

hence [¢,d] = C.
We still have to examine the case where B or C is zero. Then |A|?> = 1 and since
A€ 1+ 2ZJi], A= =+1.

ab 1 —2iBY\ . ab i 2B .
IfC—Oset(Cd>_(0 1 )1fA_1,0r<Cd)_(O 7i)1fA_—1.

The case B = 0 is managed the same way.
Hence C is Gaussian. |

Theorem 14 : Let g € N*. The set of centres of Gaussian circles of curvature q
drawn on the torus C/Z[i] is in one to one correspondence with the ‘modular half-
circle’ :

E={p=X+1iY € (Z/2qZ)[i], Re(p) =X =0[2] and pp = X + Y? = 1[4¢]}
and the modular conic

Fq= {(‘Tvy) € (Z/qZ)7 x2 +y2 +y= OZ/qZ}

Remark 5 : £4 can be considered as half of a ‘modular circle of centre O’ since pp can
be fancied as ‘the square of the distance to O modulo 4¢’ for the points in (Z/2qZ)|i]
whose real and imaginary parts have opposite parities, and it is imposed here to the
real part to be even. This is more problematic for F; when q is even since in that
case 2 is not invertible modulo ¢ and the “centre” of Fy is no longer defined.

Proof : We just have to apply the previous proposition and to notice that for

) p A
2$+(2231!+1)1 et 22 +(22;’ +1)i represent the same point on the torus if

m7 y’ :L./7 y/ e Z7
and only if z = 2’ [¢] and y =y [q]. O
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150 -125 -100 -0.75 -050 -025 000 025 050 150 -125 -100 -0.75 -0.50 025 000 025 050

Fig. 3 ‘modular half circle’ (four times) on Z/(2 x 105Z) (on the left) and Z/(2 x 1217Z)
(on the right)

Theorem 15 : Let A, A" € (Z/qZ)[i))*/(Z/qZ)* and A" = AA’ be three points
on the projective line on Z/qZ. Let C,C',C" be the Gaussian circles of curvature 2q
drawn on the torus corresponding to A, A', A" (see section 3.1) and p,p’,p” be the
points on Eq which are the numerators of the centres of these circles.

Then

/!
p— =
i
(i.e. setting p = X + 1Y, etc... one has : X'

/
P
i
=XY'+YX andY'=XX'-YY’)

k]

<

Proof : As shown in subsection 3.3, some « € Z[i] can be chosen such that Re(a) is
a divisor d of ¢ and a 4 ¢Zi] is a representative of A. Then (c,i§) is a basis of the
lattice {z € C, Jm(az) =0[q|}

« and ¢ are then coprime, hence by Bézout’s lemma, there exist a,b € Z[i] such
that 1 = az% — ba where a is a multiple of d.

By proposition 1 (section 1), the circle drawn on the torus corresponding to this
lattice as centre 2% where

§:a%q—ba:—1—ba—ba:—1—2me(a)b:—1—2db

Therefore

% = —1 — 2db where b is the inverse of — a modulo ¢

(this defines p modulo 2¢ and thus §> modulo Z[i])

The same holds for A’ and A” and one have :

/
PP (—1-2db)(—1—2d'V)
71

1+ 2db+ 2d'b’ + 4dd’ by’

where b (respectively b') is the inverse of —a (respectively —a’) modulo q.
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Besides A” = AA’ has representatives in (Z/qZ)* :

aa’ = (dd' — ee’) +i(de’ +ed’) on the one hand
o' =d"” + ie” where d’ divides g on the other hand

hence there exists some k € (Z/qZ)* such that o' = ad’k.

Therefore //
pi. - _1— 2d//b//
i
where d”’ = k9Re(aa’) and b is the inverse of —a” = —(—a)(—a’)k modulo q.
Hence
b = —bb't
where £ is the inverse of k modulo q.
Thus

= —14 2kRe(aa’ )bb'l = =1 + 2Re(aa’ )bb'

= —1+ 20a/bb’ — 2i Im (e )bV
= —1+2—2i(de’ + ed )bV

/ / !
1+2i<dd io‘ . ia>bb'

= 1+4dd +2(db+d')

d

Remark 6 : Hence the ‘modular half-circle’ 1€, is a subgroup of ((Z/2¢Z)[i]*,.)
isomorphic to the projective line on Z/qZ provided with its natural multiplication
inherited from (Z/qZ)[i]. The composition law on %&1 is analogous to the multipli-
cation of exponentials of pure imaginary numbers, and building an additive ‘angular
parameter’ on & amounts to building a logarithm on the projective line. This
amounts to choosing a generator of that line if ¢ is some power of an odd prime, an
element of order 2°~! and an element of order 2 (non power of the previous one) if
q= 2% for some integer k, and a tuple of such elements in the general case. These

considerations might have cryptographic applications.

4 Tangent Gaussian circles

4.1 Gaussian circles through a given point

Proposition 16 :

Let a,b,c,d € Z[i] such that ad — bc = 1 (the fractions 2 and % are thus

irreductible)
The Gaussian circles through % have half-curvature Jm(ed) + k|d|27 keZ.

The Gaussian circles through % have half-curvature Jm(cd) + klc|?, k € Z.
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JARN)

Proof Let C be a Gaussian circle through g and g = <Z, Z,) € SL(2,Z[i]) such

that C = g(R). Multiplying g on the right by some linear fractional substitution in
(P)SL(2,Z) if needed, one may assume that g =g(0) ie. g = Z—l,.

Multiplying the second column by —1,7 or —i and the first one by —1, —i or i,
one may assume that (b, d) = (b, d").

Then (a',c) = (a,c) + £(b,d) avec £ € Z]i].

Hence C has half-curvature Jm(¢'d) = Im(cd) + k|d|? where k = Jm(¢) € Z.
Conversely for all k € Z, setting (a’,c’) = (a, ¢) + ik(b, d) one gets a Gaussian circle
with half-curvature Jm(ed) + k|d|*.

The other statement is proved by noticing that ¢ = g(1/0) = g(c0). O

Definition 5 : Two distinct Gaussian circles C and C’ tangent at some point z will
be said immediately tangent if and only if there is no Gaussian circle tangent at
z to both these circles and ‘intermediary’ between them.

More rigorously, let p,q € Z[i] be coprime Gaussian integers such that z = g.

Assume also that C and C’ are oriented likewise if they are internally tangent, and
oppositely if they are externally tangent. Let g, g’ € SL(2, Z[i] with same first column
() such that g(oo) = ¢'(c0) = E=2

C and C’ are immediately tangent if and only if Jm(éd’) = Jm(ed) + |c|2.

4.2 ’Apollonism’ criterium

Proposition 17 :

In the previous framework, let Q be the binary quadratic form (p, q) — |pc—|—qd\2 =
|c|*p? + 2 Re(ed)pg + |d*¢*.

e Q has discriminant —4 Jm(cd)?.

e Let my, my be the first and second minima of @ on Z>\ {(0,0)}}, i.e. my is the
minimum of the squared moduli of non zero elements of the ‘lattice of denominators’
of C, and choosing a point (p1,q1) where my is reached by Q, ma is the minimum of
Q onZ? \Z(p1,q1). Let Q" : (p',q) — mip”? +b'p'q +maq’? be the reduced form of
Q and T € SL(2,Z) such that

Qp,0) = Q' ¢') where ({;) -7 (pﬁ)

q

(see Appendiz A concerning the reduction of positive definite integer binary
quadratic forms)

Set T = (Z ’S") € SL(2,Z) and ¢’ = goT. Since C = g(R) = g(T(R)) = ¢'(R),
the point Zf;isg =¢'(1/0) = ¢'(c0) is a rational point of C with squared denominator
modulus m1, hence minimal.

e The circle C"" = ¢"'(R) with ¢" derived from g’ by subtracting to its second
column the first one multiplied by +i (respectively : —i) if the curvature of C 1is
non negative (respectively : mon positive) is a Gaussian circle which is immediately
tangent to C, with minimal (respectively : maximal) relative curvature among the
Gaussian circles immediately tangent to C.

e The absolute curvature of C" is smaller than the absolute curvature of C.
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Proof :
The proofs of all these statements but the last one are straightforward. ~
Assume for example that C has non negative half-curvature Jm(éd) = Jm(c'd’).
Since Q' is reduced, its discriminant satisfies
43m(dd))? = —A = dmymg — b > 4mt — mi = 3mf = 3|c/|4

Thus, since Jm(d/d") = Jm(c/d') — ||?,

~Im(@d) < (1 - %)) Im(@d) < In(@d) - |¢)? = Im(dd") < Im(dd)
hence | Jm(c/d”)| < | Im(c/d)|. O
Remark 7 :

If C and C” have curvatures of the same sign then they are internally tangent,
otherwise they are externally tangent.
In case of external tangency, absolute curvature is divided by at least 3 + 2v/3.

Remark 8 :

Most times mj1 # msg and the quadratic form @ reaches its minimum at two
opposite couples of integers, e.g. there are exactly two non zero points in the lattice of
denominators of C at minimum distance to zero, et these denominators are opposite
of each other. The corresponding numerators are also opposite and an unique point
of tangency is obtained on C.

Sometimes, m; = mg, and then 4 points are obtained on the lattice of
denominators, that correspond to two points on C.

0.35

1.0
0.304

08
0.254
0.20 06
0.15 4 0.4
0.104

0.2
0.054

0.0
0.00

-0.70 -0.65 —-0.60 —0.55 -0.50 —0.45 -0.40 -0.35 —0.30 -0.6 -0.4 =02 0.0 0.2 0.4 0.6

Fig. 4 Apollonism (on the left) - Non apollonism (on the right) of the smallest circle
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Theorem 18 (apollonism criterium) :

Let C be a Gaussian circle located in the band 0 < y < 1.

Iterating the process of the previous proposition, a finite sequence of Gaussian
circles located in the same band is obtained, such that each circle (but the first)
is immediately tangent to its predecessor, with absolute curvature lower than the
absolute curvature of its predecessor. The last circle has zero curvature so is one of
the lines y =0 ory = 1.

The Gaussian circle C is Apollonian if and only if each circle but the first in the
sequence described above is externally tangent to its predecessor, i.e. the curvature of
any two successive circles have opposite sign.

Proof : Let (Co =C,Cq,...,Cn = D) be the sequence of Gaussian circles described
above, where D is one of the lines R or R + 4.

Let ¢ < n such that C; is Apollonian. Then C;4; is externally tangent to C;.

Let us prove that C;41 is Apollonian. If this does not hold, then C;4; is part of
the disk limited by some Gaussian circle C' with absolute curvature strictly lower
than the absolute curvature of C;41. Since C; is Apollonian, C' is exterior or equal to
Ci, and thus C’,C; and C;11 are tangent at the same point, but this contradicts the
minimality of the absolute curvature of C’ among the Gaussian circles tangent to C;.

Hence by induction all the circles in our sequence are Apollonian, each one but
the first being externally tangent to its predecessor.

The converse implication is proved ad absurdum. Assume that C is not Apollonian
and that each circle but the first is externally tangent to its predecessor.

Since C is not Apollonian; it is interior to some Gaussian circle C’ of absolute
curvature strictly lower than the absolute curvature of C. For each ¢ < n, C; is interior
to C’ since otherwise, selecting minimal ¢ for which this property does not hold, C;_;
and C; being tangent and on opposite sides of C’, C’ is tangent to C;_1, and this
contradicts the definition of C;.

Hence D is interior to C’ and therefore equal to C’. Moreover, C is exterior to D.

Hence C is both interior and exterior to C’, thus equal to C’, but these circles

have different curvature. This is contradictory.
O

Algorithm 2 describes how to implement this apollonism criterium.

4.3 Algorithmic construction of Gaussian circles with
bounded curvature

Proposition 19 : Let M € N.
Let C = g(R) be an oriented Gaussian circle (with g € SL(2, Z[i]) ). Suppose that
this circle has absolute half-curvature at most M. Then the Gaussian circles with

absolute half-curvature at most M and immediately tangent to C meet C at points
a/c (a,c € Z[i]) such that |¢|*> < 2M.

Proof : If C and C' are immediately tangent at (irreducible) a/c , the difference
between their relative half-curvatures is =|c|>. If moreover their absolute half-
curvatures are at most M then |c|? < 2M. O
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Proposition 20 : Let Q : (p,q) — m1p2 +epq+m2q2 be a reduced definite positive
integer binary quadratic form (see Appendiz A). Then

2 2
+
V(p.q) € Z*, Qp,q) > ml%
Proof :
Let (p,q) € Z2. Since |e| < my < ma,
2, 2
+
Qp.9) 2 ma(p” — Ipal + eq®) = mi (p° — BT 4 %)

by arithmetico-geometric inequality.
|

Algorithm 3 gives the circles C’ with bounded curvature immediately tangent to
a given Gaussian circle C.

It relies on the fact that if C and C’ have relative half-curvatures # and 4’
between —M and M, if g = a,b//c,d is such that C = g(R) and (p,q) — |cp + dq|?
is reduced and if C and C’ are immediately tangent at some rational point (ap +
bq)/(cd + dq) = g(p/q) then the denominator squared modulus Q(p, q) satisfies (by
the previous proposition):

P’ +q

2

2

2M > +(#'— #) = Q(p,q) > ma
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0.050 1
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0.040 -

0380 0385 0390 0.395 0.400 0405 0.410

Fig. 5 Gaussian circles immediately tangent to the biggest one, with absolute half-curvature
at most 1000 and not smaller than that of this circle
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0.385 0.3%0 0.395 0.400 0.405 0.410

Fig. 6 Recursion of the previous algorithm, with the same initial circle (with half-curvature
at most 1000)

In order to obtain all the Gaussian circles of bounded curvature transitively
connected by immediate tangency (with non smaller curvature) to some Gaussian
circle, one just uses recursively the previous algorithm. As curvature is only non-
increasing in this process, cyclicity is avoided by recording matrices G = gg_l (see
subsection 3.4) of already calculated circles in a hash table. See Figure 6 and also
Figure 2.

Conclusion

Some late bibliographical researches revealed this subject to be still an active one (see
e.g. [3]) and some of our ideas might not be so new, yet we hope to have brought some
contribution to the study of the (band-) Apollonian super-packing and its connection
with the (band-) Apollonian packing.
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Appendix A reduction of positive definite
integral binary quadratic forms

We follow here verbatim chapter 5 of [2] where the reader will find the motivations
of the definitions and the proofs of of the results below, as well as considerations of
complexity.

Definition 6 Let Q : (z,y) — ax? + bzy + cy® be a positive definite integral binary
quadratic form.

Q is said normal if —a < b < a.

Q is said reduced if it is normal and (a < c ou (a = c et b > 0)).

Proposition 21 If Q is reduced then a = min(x,y)EW\{(O,o)}Q(ac,y).

Proposition 22 Consider the following functions :

rho: (Q,T) — (Q',T")

where Q' : (x,y') — ca'® + (=b + 2s¢)z’y’ + (cs? — bs +a)y'? (00 Q : (z,y) —
az® + bxy + cy2 is integral and positive definite)

andT' =T (0 71)
1 s

b+cJ
2c

where s = L

normalize : Q — (Q',U)
where Q" : (a',y') — az’® + (b+ 2sa)z’y’ + (as® + bs + )y’

and U = i)

_ | a—=b
where s = L—Qa J

C(z
1
0

reduce : Q — (Q',T)
where Q',T are defined by
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(Q',T) < normalize(Q)
while Q’ is not reduced do (g,T) < rho(g,T)

Then the funtion reduce terminates, and Q' is reduced, T € SL(2,7) and

Y(e,y) €RE Qrry) = Q' (&,y) with (;j) -7 (;)

In particular

min(wyy)ezz\{(o’o)}Q(x,y) = Q(p, q) where (2) =T (é) is the first column of T

2 Algorithms derived from the present work

Algorithm 1 Calculates a list of representatives of points of
(Z/nZi))* /(Z/nZ)*, one for each
Require: n >0

1. Result < empty list

2: append ¢ to Result

3: for dn, d # n do
Sieve <= boolean array of length n set to False
5 forb=0ton—1do
6 if not Sieve[b] and ged(d? + k%,n) = 1 then
7: append d + ib to Result
8
9

»

for ke {1,1+5%,...,1+(d—1)5} do
Sievelbk mod n] <= True

10: end for
11: end if
12: end for

13: end for
14: return Result
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Algorithm 2 Apollonism criterium

ab

Require: g = (c d) € SL(2,Z]i]) that defines an oriented Gaussian circle

10:
11:
12:
13:
14:
15:
16:

C = g(R) in the band 0 <y < 1.
while C has non zero half-curvature Jm(ed) do

Q + the quadratic form (z,y) — |zc+ yd|? associated to the lattice of
denominators of C

(Q',T) + (the reduced form of @ and a matrix T' € SL(2,7Z) such that

’

Q(z,y) = Q'(«',y') where (2) = T(z,)) > see appendix A
g 4T > ¢'(R) = C and ¢/(c0) = a’/¢’ has minimal denominator
modulus among the rational points of C
if Jm(ed) > 0 then > relative curvature to be lowered preserving

g'(00) =d'/d
substract to the second column of ¢’ its first column multiplied by ¢
else
add to the second column of ¢’ its first column multiplied by @
end if
if the curvature of ¢/(R) has the same sign as that of C then
return False
else
g9
end if
end while
return True
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Algorithm 3 Circles immediately tangent to a given circle C with half-
curvature at most M and not smaller than the half-curvature of C

Require: g € SL(2,Z][i]) (defining a Gaussian oriented circle C = g(R) in the

10:
11:
12:

13:

14:
15:

16:
17:
18:
19:
20:
21:
22:
23:

band 0 <y <1, M>1, X >0)
if C is a (horizontal) line then
return a list of g’s corresponding to the circles tangents to this line at
points with integer real part = such that |z| < X or at infinity and in the
band 0 <y < 1.
else
result < empty list
¢+ a matrix in SL(2,R) such that ¢/(R) = C and (p/,¢) — |p'¢’ +
q'd'|? is reduced and equivalent to (p,q) — |pc + qd|?
> see appendix A and Algorithm 2
for (p}, qh) € N x Z such that py° +q)> < 4M/m; where m; = |¢/|> do
if Q'(ph,q0) < 2M then
% + Jm(ed) (= Jm(c'd"))
for e =+1do
if | #] <| #+emi| < M then
(r, sb) < a couple of integers such that pysy — gjry = 1
1 / p/O TE)
9 <Q6 86)
> ¢ (R) = C and ¢ (c0) = (a'p + Vah)/ (/0 + ')
g"" < the matrix derived from ¢” by adding &7 times the
first column of g” to its second column
> adds €|¢”|? to half-curvature
append ¢"’ to result
end if
end for
end if
end for
return result
end if
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