Concentration Inequalities for Euler Schemes

Florent Malrieu' and Denis Talay?

I TRMAR, UMR 6625, Université Rennes 1, France
florent.malrieu@univ-rennesl.fr

2 INRIA Sophia-Antipolis, 2004 route des Lucioles, B.P. 93, 06902
Sophia-Antipolis Cedex, France Denis.Talay@sophia.inria.fr

Summary. We establish a Poincaré inequality for the law at time t of the explicit
Euler scheme for a stochastic differential equation. When the diffusion coefficient is
constant, we also establish a Logarithmic Sobolev inequality for both the explicit
and implicit Euler scheme, with a constant related to the convexity of the drift
coefficient. Then we provide exact confidence intervals for the convergence of Monte
Carlo methods.

1 Poincaré and Logarithmic Sobolev Inequalities

To describe and control the statistical errors of probabilistic numerical meth-
ods, one can use better results than limit theorems such as Central Limit The-
orems. Indeed, it is worthy having non asymptotic error estimates in order to
choose numerical parameters (number of Monte Carlo simulations, or number
of particles, or time length of an ergodic simulation) in terms of the desired
accuracy and confidence interval. To this end, concentration inequalities are
extremely useful and accurate. As reminded in the section 6 below, sufficient
conditions for concentration inequalities are Poincaré (or spectral gap) and
Logarithmic Sobolev inequalities. Such inequalities consist in bounding from
above a variance or an entropy by an energy quantity. We start by defining
Poincaré and Logarithmic Sobolev inequalities for measures on R,

Remark 1. In what follows, we call “smooth” function a C* function with
polynomial growth.

Definition 1 (Poincaré inequality). A probability measure . on R? satis-
fies a Poincaré (or spectral gap) inequality with constant C' if

Var,(f) = Eu(/%) — (Buf)? < CE, IV 1) (1)

for all smooth functions f.
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Definition 2 (Logarithmic Sobolev inequality). The probability measure
p on R? satisfies a Logarithmic Sobolev inequality with constant C if

But(£2) i= [ Flog fdu— [ P dulog [ 17 au < CEL(1947) (2

for all smooth functions f.

The Logarithmic Sobolev inequality implies the Poincaré inequality and a
better concentration inequality (see (18) and (19)) below.

One can easily check that the Gaussian measure N(m,S) on R? satis-
fies a Poincaré (respectively Logarithmic Sobolev) inequality with constant p
(respectively 2p), where p is the largest eigenvalue of the covariance matrix
S.

We now consider a much less elementary example and we follow [3]. Let
(X:) be a time continuous Markov process with infinitesimal generator L. Set

a(s) = R[(R-f)’]-
As the time derivative of Bf is RLf, one has
o'(s) =2RI'R_f, ®3)

where

I'(f,g9) = z[L(fg9) — fLg—gLf] and I'f:=TI(f,f).

N =

Suppose that the semigroup R satisfies the commutation relation
T'Rf <e *'RIf. (4)
Then it also satisfies the Poincaré inequality since
1 —e 20t

R(f?) = (B = o)) =a(0) = [ o/(ds < =Ry,

It now remains to get sufficient conditions for (4). Set
1
Lf = J[L(Tf) ~ 2T (£, L),

and notice that o”/(s) = 4RI3B_, f. Suppose that the Bakry-Emery criterion
with curvature p holds, that is,

Lf>plf. (5)

Then o' (s) > 2pa’(s), from which one can deduce (4).
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We end this section by considering the special case of diffusion processes.
Let (Xt),5( be the R? valued diffusion process solution of the stochastic dif-
ferential equation

X, :X0+/Otb(XS)ds+/0t V20(X,) dBs, (6)

where (Bt),s, is a Brownian motion on R, o(z) is a d x d matrix valued
function, and b(z) is a R? valued function. A straightforward computation
provides

r(f) =0V
Using the fact that L is the generator of a diffusion process, one can prove
that the logarithmic Sobolev inequality

Entp (f2) < %(1 — Y R(TY)

is implied by the reinforced commutation relation

VTR[ <" R(VTY),

that is,
[oVRf| < e " R(|loV f]). (7)

In addition, one can show that this reinforced commutation relation is equiv-
alent to the Bakry—Emery curvature criterion. In the case of one-dimensional
diffusions, this criterion is equivalent to the condition

o'(x)
o(x)

We now aim to get Poincaré and Logarithmic Sobolev inequalities for ap-
proximation schemes of diffusion processes and particle systems for McKean—
Vlasov partial differential equations. Complete proofs will appear in [10].

z€R

inf (0(w)o”(m) + b(z) —b’(x)) > p. (8)

2 Poincaré Inequalities for Multidimensional Euler
Schemes

Consider the Euler scheme (X)), oy on R? with discretization step v:
X1 = X 40Xy + V20 (X)) (Bayr — Bu). )
This scheme discretizes (6) and defines a Markov chain on R? with transition

kernel
K(f)(@) = E[f (2 +b@)y + V270 @)Y )],

where Y is Gaussian N(0, I;). The aim of this section is to establish that the
law of X satisfies a Poincaré inequality and to make the constant explicit.
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Theorem 1. If the functions o and b have continuous and bounded derivatives
and o is bounded, then, for all n € N and all smooth functions f,

K™ (f2) (@) = (K" f(2))* < Cyu kK" (1917 ().
The constant C , can be chosen as

(Cv)n -1

i (10)
vy

Cyn=nc

where C., satisfies
>0, Vo<y<1, C7<C

Proof (Theorem 1). We mimic the continuous time semigroup argument. Ob-
serve that

K" (%) = (K"f)* = Z (K2 = K (k)] )

_ ZKi—l{K[(Kn—if)ﬂ - [k (K"’

Therefore,

Varg(f) =Y K''Varg (K" f). (11)
i=1
Notice that the operator Var () is the discrete time version of the operator I".

The kernel K is the Gaussian law with mean x 4 b(z)vy and covariance matrix
2yo(x)o*(z). Thus, since o is bounded, it satisfies the Poincaré inequality

Vark(f)(@) < 29K (|o@)V 1) (@) < ey K(IVP) @) (12)
In addition,
VK f(x) = E[(I4 + vJac b(z) + /AJac (0(2)Y))V f(x + vb(z) + /o (2)Y)].

Therefore, Cauchy—Schwarz inequality leads to

2

oy, | K (V) @,

VEf@)P <Y E[1+bi@y+v7y.
i i,k

from which easy calculations allows us to get the desired result.
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3 Logarithmic Sobolev Inequalities for One-Dimensional
Euler and Milstein Schemes

The aim of this section is to establish Logarithmic Sobolev inequalities for
numerical schemes in dimension one and to make the constants explicit in the
inequalities in terms of the curvature of the solution of (6).

The Commutation Relation for the Bernoulli Scheme

Consider the approximation scheme with transition kernel
Jf(x):z]E[fx—nyb +/2vo(x }

where the law of Z is the probability measure £6_1 + 16;. Then (o(Jf))(z)
is equal to

E{(()(1+7b’ )+ /270 (= ) (m—kwb )+ /270 (z) )}
Thus
o(@)(JF) (2) = E[(1 = aa()) (@) (2 +3b(x) + V2r0(2)7) .

where

aw(’)/) =

o(z +7b(x) + V290 (2)Z) — o(w)(1 + 7V (x) + V270" (2)Z)
o(z +7b(x) + v2y0(2)2) '

In view of the Taylor formula,
(m+’yb +\/2vo(x ) (z) +0'(z ( )y + /2v0(x )
o (@)o(x)22% + O(2).

Therefore

o) = [au)a”(x) L T@bla) b’(xﬂ YOG,

since Z2 = 1 almost surely. The curvature criterion (8) leads to

az(7) > py + O(y*/?).

Consequently, for all v small enough it holds that

0@ 1) @)] < [1= o7+ 062 (1o f ) e).

Now, the Bernoulli law satisfies a Logarithmic Sobolev inequality with con-
stant 2 (see [1]). We thus deduce that the iterated kernel J" of the Bernoulli
scheme satisfies a Logarithmic Sobolev inequality with constant

o (1= 4=+ 00,
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The Milstein Scheme

The previous result seems surprising since we have used that Bernoulli r.v.
satisfy Z2 =1 a.s. Consider the new Markov chain with kernel

Jf(z) = E [f (x +b(z) + /297 + o' (z)o () (22 — m)] :

where the law of Z is a probability measure with compact support, mean 0
and variance 1. This chain is the one-dimensional Milstein scheme for (6). For
a comparison with the Euler scheme, see, e.g. [15]. Similar arguments as above
lead to the following result.

Proposition 1. Let Z have a law with compact support, mean 0 and vari-
ance 1 which satisfies a Logarithmic Sobolev inequality with constant c. Then
the iterated kernel J" of the Milstein scheme satisfies a Logarithmic Sobolev
inequality with constant

c

p+0(7'72) (1 —(1=py+ 0(73/2))%).

4 Logarithmic Sobolev Inequalities for Multidimensional
FEuler Schemes with Constant Diffusion Coefficient and
Potential Drift Coefficient

In this section, we are given a smooth function U and we consider the equation

dX; = V2dB; — VU(X,) dt.

4.1 The Explicit Euler Scheme

Assume in this subsection that VU is a uniformly Lipschitz function on R?.
For U(z) = |z|>/2 one gets the Ornstein-Uhlenbeck process. The transition
kernel of the explicit Euler scheme is

Kf@) =E|f(r - VU +v27) |,

where Y is a d dimensional Gaussian vector N(0, I).
Let A € R be the largest real number such that

(Hess U(z)v,v) > AJv|? (13)

for all z and v in R?. We now assume that Ay < 1. This technical assumption
is not restrictive since the discretization step 7y is small.
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Theorem 2. For alln € N, x € R and smooth functions f from R to R,
Ent e (f2) < D%nK"(\VfF),

where

4
D,y =

7 m(l — (1= Xy)*"). (14)

Remark 2. If X is equal to 0, D, ,, needs to be understood as 4n-y.

Proof. The kernel K satisfies a Logarithmic Sobolev inequality with constant
4~. Moreover,

VK f(z) = (Ig —yHess U(x))K(Vf)(z).
Therefore
VK f(z)| < (1 =) K([Vf])(@). (15)
Observe that

Entgn (f2) = K"(f%log f?) — K"(f*)1log K™(f?)

is equal to

Z {Kz [Kn—i(fQ) log Kn—i(fZ)] _ Kz'—l [Kn_i+1(f2) log Kn—z‘+1(f2>} }

i=1

In the sequel, g,,—; will stand for \/K"~%(f2). We have

n n

Entgn (f2) = ZKifl [EntK(gfL_i)] < 472Ki<\Vgn_i|2),
i=1

=1

since K satisfies a Logarithmic Sobolev inequality with constant 4. Now, in
view of the commutation relation (15), we get

2 |[VE(A)[ i
IVgn—il” = AR <(1=M)

o [K|[VE"1(f2)]]
4KKn—i—1 (f2)

for all 1 <4 < n. Therefore, using Cauchy—Schwarz inequality,

%); = (J;)

from which

[K|VKn7i71(f2)|]2 |VKn7i71(f2)|2
4KKn—i—1(f2) <K 4Kn—i—1(f2)

] = K[|Vgn-i1l].
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A straightforward induction shows that

Voo il < (1= 220194

Consequently,
- i n 1—(1—My)*" n
Ent gn (f2) <4y l;(l - )\7)2 ]K “Vfﬂ = 471_((1_;7))2-[( [Wfﬂ
4 n n 2
= m(l— (1—/\7)2 )K {|Vf| ],

which ends the proof.

4.2 The Implicit Euler Scheme

In this subsection we assume that U is a uniformly convex function, that is,
there exists A > 0 such that

(Hess U (x)v,v) > Av|? for all z,v € R%

Since the drift coefficient —VU is not necessarily globally Lipschitz, we con-
sider the implicit Euler scheme

X) =X —VU(X )7+ V27,
where Y is a standard Gaussian variable on R?. Setting

plz) == (I + VU (x)y) " (),

the kernel K of the implicit Euler scheme is

Kf(x) ZE{fogo(x—l— \/ﬂYﬂ

Let N (z,2vI) be the Gaussian distribution with mean z and covariance ma-
trix 2vIy. We have

Entf(fa) = Ent./\/'(a:,?yl) ((f o @)2) < 47EN(:L’,27[) |:|V(f © <p)|2j| .
In view of the definition of ¢ we get
Jac @(x) = [I; + yHess U(x)] ™",

and thus
(Jac p(z)v,v) < (1+N) ' |v]?

for all v in R¢, from which
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IV(fop)l =(Jac ¢)(Vf(p)) < [(Vf)owl.

14+ Ay

Consequently, the kernels (K(-)(z)), satisfy a Logarithmic Sobolev inequality
with constant 1_‘& .

v
On the other hand,

va(l‘) = EN(m,QwI)[(JaC @)(Vf) o @]

Then K and V satisfy the commutation relation
IVE(f)(@)] < (140K (IVf])(2).
Obvious adaptations of the proof of Theorem 2 lead to

Theorem 3. For alln € N, x € R and smooth functions f from R? to R one
has

Bntger (%) < Do K" (191P),

where

— AN, 1
D= S (U ) 1o

5 Uniform Logarithmic Sobolev Inequalities for
One—Dimensional Euler Schemes with Constant
Diffusion Coefficient and Convex Potential Drift
Coefficient

Let V be a smooth functions from R to R. Let (X;);>0 be the solution of
dX; =V2dB; — V'(X;) dt.

Notice that

VRiw) =B Vi e (- | V(X is)|. (17)

0

When V" > X > 0 we easily get the commutation relation
IVRf| < e MR(IVf]).

We now consider the less obvious case where V' is supposed nonnegative only.
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5.1 Poincaré Inequality for the Diffusion Process

D(t,z) = E* [exp (_2 /Otv"(xs) dsﬂ

Then it exist to > 0 such that D(ty) := sup D(tg,z) < 1.
z€R

Lemma 1. Let

Proof. One has D(t + s) < D(t)D(s) for all t > 0 and s > 0. Indeed, for all
t>0,s>0and z € R, the Markov property ensures that

D(t +5,2) = E? {exp <_2 /Otv”(Xu) du) EXt{exp (—2 /OSV”(Xu) dU> H

=E" {D(S,Xt) exp (2/tV“(Xu) duﬂ

0

< D(s)E® {exp (_2 /0 tv"(xu) du)] = D(s)D(t,z) < D(s)D(t).

For x > a, set 7, := inf {¢t > 0, X} = a}. Then,

D(t,z) =E" {I{TN} exp (—2 /OtV”(XS) ds)]

t
+E* [I{razt} exp (2/ V" (Xy) ds)] .
0

The second term on the r.h.s. is bounded from above by exp(—At). The first
one can be bounded from above as follows:

t
E” {I{Taq} exp <2/ V" (X5) ds)}
0
t
= E* [I{Ta<t}e)‘T“IE{exp (—2/ V"(X,) ds) ‘]—"Ta H

=E* (I, <iye M D(t — 74, 0)]

=E" [][{Ta<t/2}€7)\TaD(t — Ta, a)]
+E [T(yj2<r, <y D(t — 74, a)]

< D(t/2,a) + e /2,

One can easily show that

sup D(t,z) < D(t/2,a) + e /2 4 e,

z>a

The right hand side is bounded from above by 1 for all ¢ large enough. By
symmetry, one also has
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sup D(t,z) < 1.
lz|>a

Finally, the continuity of  — D(t,x) ensures that
sup{D(t,x), = € [~a,a]} <1
for all ¢ > 0, which ends the proof.

Proposition 2. Assume that V is conver and it exists a > 0 and A > 0 such
that sup {V" (x), |z| > a}. It then exists to > 0 such that D(tg) < 1 and

_ t/to—1
Varp ) (f) < 2to (1 + llD_(tDO)(tO))B(WﬂZ)

for all t > tg. Moreover, the invariant measure p of (X¢) satisfies a Poincaré
inequality with constant 2to(1 4+ 1/(1 — D(tp))).

Observe that the proposition implies that, for all tg > 0 and n € N,
VR, f (@) < D(nto) By (1911 ) (2) < D(to)" By (19117 (@),

Proof. Let ty > 0 be as in Lemma 1 and set K(f)(z) := R, f(z). Arbitrarily
choose t > 0. Let n be the integer part of ¢/ty. We have

Varp @) (f) = B(f*)(z) — (B(f)(x))?
= By, (Varg_,, (f)) + Varg, (B_n, f)-

Since t — nty < to, B_ny, satisfies a Poincaré inequality with a constant
bounded by 2ty. Therefore,

Varp ) (F) < 2B (V) + Varien (Rout, (£).

Moreover, K™ satisfies the Poincaré inequality

2to(1 — D(to)")

T D V),

Varjn(f) =<

In view of the commutation relation |VB_ s, (f)|° < B—piy (|VF]?), we finally
get
2t0( D(

t

Varg o (f) < 200R(I911%) + =55 ‘;) VKR, (VIP).
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5.2 Uniform Poincaré Inequality for the Euler Scheme
We now get a uniform Poincaré inequality for the Euler scheme with kernel
K(f)(z) =E{f(z = V'(z)a +Y)},
where Y is Gaussian A (0, 2a). Consider the commutation relation
VK2 f(2) = (1 - aV" (@)E?[(1 - aV" (X)) V £(Xs)].

As1—aV"(x) <1, we have

[VE*f(@)[* < E*[(1 - V" (X0))’] K2 (V) ().

Since the support of the law of X; is the entire real line, for all x € R,
E*[(1 — aV"(X1))?] < 1. Moreover

supE*[(1 — aV"(X1))?] <1
z€R

since V'(y) > XA > 0 if |y| > a. This observation leads to Poincaré inequal-
ities for both K™ and the invariant measure of the Euler scheme; in these
inequalities the constants are uniform w.r.t. time.

5.3 Uniform Logarithmic Sobolev Inequality

In view of (17) we have

vAN@I <& Il (- [ Vi s)]

0

= E[f/(XtﬂE{exp (— /Ot V"(X,) ds) ‘Xo = x,XtH.

To get the commutation relation |[VR(f)| < pR(|f'|), one needs to suppose
that the following property holds true:

Property 1. There exists to > 0 such that D(to) := sup, ,cg D(to,2,y) < 1,
where

to

D(t0,$,y) I_E|:6Xp <_/ V//(Xs)ds>’X0 :anto =Yy
0

for all ¢ > 0 and z, y in R.

This property holds true when V" is nonnegative. We are now trying to relax
the convexity condition on V| assuming only that V is strictly convex out of
a compact set.



Concentration Inequalities for Euler Schemes 13
6 Applications

6.1 Monte Carlo Simulations

Poincaré and Logarithmic Sobolev inequalities are important for applications
because they provide concentration inequalities for empirical means. The proof
of this claim uses a tensorization argument and the Herbst’s argument that
we now remind.

Theorem 4. Let pu be a probability measure on R, If u satisfies a spectral
gap (respectively Logarithmic Sobolev) inequality with constant C, then the
measure u®N on RN satisfies a spectral gap (respectively Logarithmic Sobolev)
inequality with constant C.

Theorem 5. If i satisfies a Logarithmic Sobolev inequality with constant c,
then for all Lipschitz functions f with Lipschitz constant € and all A > 0,

K(e/\f) < 6c)\252/46)\1(f'
The Herbst’s argument ensures that a measure which satisfies a Logarith-
mic Sobolev inequality has Gaussian tails (see [9]). One then deduces

Theorem 6. Let the measure . on R? satisfy the Logarithmic Sobolev in-
equality (2) with constant C. Let Xq,...,Xn be i.i.d. random variables with
law p. Then, for all bounded Lipschitz functions on R?, it holds

d

One can also show

| X
N Z f(Xi) = E(f(X1))

> r) < e~ N/, (18)

Theorem 7. Assume that the measure 1 on R? satisfies the Poincaré inequal-
ity (1) with constant c. Let X1,..., XN be i.i.d. random variables with law p.
Then, for all bounded Lipschitz functions on R% with Lipschitz constant «, it

holds
N r r?
27") < 2exp (—Kmln (a’oﬂ)) (19)

d

6.2 Ergodic Simulations

1 N
¥ 2 F(X:) = E(f(X))

i=1

Let (Y,),, be a Markov chain on R? with transition kernel K such that, for
all smooth functions f,

VK fl(z) < aK(|Vf])(2), (20)

for some a < 1. For example, fix to > 0 and set K = R, where (R) is the
semi-group of the diffusion
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dX, = dB, — VU(X,) dt

with Hess U(x) > pI and p > 0. One can then choose o = e~ Alternatively,
K can be chosen as the transition kernel of the implicit Euler scheme which
discretizes (X;). Using Herbst’s argument one can show

Proposition 3. For all 1-Lipschitz functions f on R?,

N
1 d, N(1 - a)? 9
— > — < S A
]Pm< > >+ N) 2exp< r),  (21)

fY) = [ fd
100 fre c

where d, = %]Ex(kc - Xil).

6.3 Stochastic Particle Methods for McKean—Vlasov Equations

Consider the McKean—Vlasov equation

Z 5‘%1 a” x, P|P;) — Z

i,j=1 =1

U

1P, (22)

where P, is a probability measure on R? and, for some functions b and o,
bia,p = [ bav)pld)
Rd
ola,p] = / o(z,y) p(dy),
Rd

alz, p| = olz, plofz, p]”

for all z in R? and all probability measures p. The functions b and o are the
interaction kernels. This equation has been introduced by [13] and then widely
studied from both probabilistic and analytic points of view (see, e.g., [14] for
a review). Under appropriate conditions one can show that P; is the marginal
law at time ¢ of the law of the solution of the nonlinear stochastic differential
equation

E(Yt) = Qt>

where £(X) stands for the law of X;: one thus has P, = Q;. This probabilistic
interpretation suggests to consider the stochastic particle system in mean field
interaction

{Xt =Xo+ [10[Xs Q] dBs + [1b[Xs,Qs] ds

i 1 i ; ;o1 i ;
dXp" = =50 o (X, XN )AB + < ST b, XY dt
XgN=X§, i=1,...,N,
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where (B?), are independent Brownian motions on R?. One aims to approxi-
mate P; by the empirical measure p; of the particle system:

1 N

The convergence of the particle system to the nonlinear process has been
deeply studied (see [14]). It can also be shown that the law of the particle
system at time ¢ satisfies a Logarithmic Sobolev inequality with a constant
which does not depend on the number of particles. However the corresponding
confidence intervals are not fully satisfying for numerical purposes since the
particle system needs to be discretized in time to be simulated. The conver-
gence rate of the Euler scheme in terms of N and the discretization step are
studied in [6, 7, 2, 5]. Refining the proof of Theorem 1 by precisely expliciting
the diffusion matrix of the particle system, one can also show that the Euler
scheme satisfies a spectral gap inequality with a constant independent of NV:

Proposition 4. Suppose that the coefficients b and o are bounded Lipschitz
functions. Then the Fuler scheme for the above particle system satisfies

IP( > r) < 2exp (_CJYV min(r, 7"2))
t

for all Lipschitz functions f with Lipschitz constant equal to 1 and all v > 0,

v gf(xz”m) ~Ef (X7 (@)

We now consider the granular media equation:

% =div[Vu+ u(VV + VW x u)],
where x stands for the convolution and V' and W are convex potentials on
R?. This equation in R with V = |2|*/2 and W = |z|* has been introduced
by [4] to describe the evolution of media composed of many particles colliding
inelastically in a thermal bath. One can show that the solution w; of the
nonlinear partial differential equation converges to an equilibrium distribution
Uso. Indeed, define the generalized relative entropy as

n(u) = /u logu + /uV + % //W(x — y)u(z)u(y).

Theorem 8 ([8]). If V is uniformly convez, i.e. Hess V. > X and W is even
and convex then

One has

nue) = nus) < Ke >

where Uso 18 the unique minimizer of n or equivalently the unique solution of
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1
Uoo = — €XP (=V(z) = W xus(x)),
with
7Z = /exp (=V(x) = W x uso()) da.
The granular media equations can be viewed as McKean—Vlasov equations.

The particle system well defined and the propagation of chaos result holds
uniformly in time (see [11]):

%

E(’Xt“\’ -X

)STCN’

where the X ’s are independent copies of the solution of the nonlinear equa-
tion. As the interaction kernels are not globally Lipschitz, one needs to use
the implicit Euler scheme to discretize the particle system. Let (Y,"7), .y be
this implicit Euler scheme with discretization step . We have (see [12]):

Theorem 9. There exists ¢ > 0 such that
>+ cﬁ—f— LN 4 ce‘”) < 26—N,\7~2/2

1 ,
P<N;f(Yt’ ”)—/fduoo v

for all Lipschitz functions f with Lipschitz constant 1.
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