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Abstract

The aim of this paper is to study the behavior of solutions of some nonlinear partial
differential equations of Mac Kean-Vlasov type. The main tools used are, on one
hand, the logarithmic Sobolev inequality and its connections with the concentration
of measure and the transportation inequality with quadratic cost; on the other hand,
the propagation of chaos for particle systems in mean field interaction.
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1 Introduction

Let us introduce the first nonlinear PDE (in R%) we want to study. It is a
nonlinear McKean-Vlasov PDE:

% =div [Vu+ (uVU + uVIW % u)], (1)
u(0,-) = ug,

where * stands for the convolution and W is convex, even, with polynomial
growth and U is uniformly convex (i.e. Hess U(z) > 81 for some 3 > 0). The

solution of (1) can be interpreted as the law of the stochastic process (X;)i>o
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solution of

dX, =V2dB, — VU(X,)dt — VW % u,(X,) dt ,
£<7t) = uy(z) dr, (2)

ug smooth

where £(X}) is the law of X;.
Remark 1.1. Let us motivate in few words the study of (1). Benedetto et al
(see Benedetto et al. (1998)) give a physical interpretation when

2

d=1, U(x) :5‘% and W (z) = \z|*.

Equation (1) is the homogeneous version of a transport equation in a thermal
bath with temperature 1/ that can be derived from inelastic collisions:

(0 + v, )u(t, x,v) = 02, + Op[(Bv + W', u(t, z,v))u(t, z,v)]

where x,, stands for the convolution with respect to the velocity v. This kind of
equations are called kinetic equations for granular media.

The probabilistic approach of this type of equations is to replace the nonlin-
ear process by a particle system in mean field interaction i.e. to replace, in
Equation (2), u by the empirical measure of the particle system. This leads to
the following SDE in R:

. , . 1 N . A
dX{" = V2dB; = VU(X;™) dt — - S VW (X0 = X)) dt 5
j=1 3
L(XY)=u§Ndr for i=1,.,N

where (B?); are independent Brownian motions on R%. As it is expected, the
particle system is a “good approximation” of the solution of Equation (2).
The usual way to quantify this intuition is to prove the propagation of chaos
property. In Section 3, we show that this property is uniform in time.
Theorem 1.2. There exists a K such that, for every N > 1,

112 K
su IE<X1’N—X1 )<—,
teﬂlg ’ ! t‘ - N

where (71) is solution of Equation (2) where the Brownian motion (B) is
replaced by (B').

On the other hand, we present a new approach by the use of logarithmic
Sobolev inequalities (Section 2 deals with the results needed in this paper
concerning this topic). Along this paper, the strategy is to obtain, via the



Bakry-Emery criterion, logarithmic Sobolev inequalities for the law of the
particle systems with constant that do not depend on the size of systems. This
provides good estimates in the limit N — co. As a consequence, we derive the
exponential rate for the convergence to equilibrium for the nonlinear PDE.
Theorem 1.3. There exists a constant K such that for every positive t,

e —al, < K e

where W is the unique solution of

(z) = %exp (—U(z) — W = 7())

with Z = /exp (=U(x) = W xu(x)) dz.
At last we obtain confidence intervals for the convergence of the empirical

measure at time ¢ to u: for every » > 0 and every function f from R to R with
Lipschitz (semi)norm bounded by 1, the probability

| K
v Keﬁt)

Nﬁ’I‘Q]

PO%éﬂM%—ﬁ@wmm

is bounded by

2

These confidence intervals are a straightforward consequence of the phenomenon
of the concentration of measure induced by the logarithmic Sobolev inequality.

2 exp l—

Section 4 is dedicated to the study of the case U = 0 which has been investi-
gated from the probabilistic point of view by Benachour et al (see Benachour
et al. (1998a,b)). Let us mention that the trend to equilibrium for granular
media is also investigated by Carrillo et al (seeCarrillo et al. (2001)). They are
only interested in the convergence for the nonlinear equation but their results
are much more general.

Section 5 deals with the general case of McKean-Vlasov type equations i.e.
the nonlinear diffusion is solution of

dX; = V20 (X, kxu(t,Xy)) dB, + b(Xy, k% u(t, X)) dt
L(X:) = ult, dy) (4)

715:0 — X(].

where o, b and x are smooth and bounded functions. In this case, the self-
stabilizing phenomenon disappears but we still get estimates at time 7.



2 Some classical and useful results

A probability measure p on R™ satisfies a logarithmic Sobolev inequality with
constant C' if

Ent, (f?) < C/\Vf\Qdu (5)

for all smooth enough functions f where
Ent,, (f2) :/fQIngZd,u—/deulog/deu.

Let us recall two consequences of this property for u. First, for every r» > 0,
and every Lipschitz function f on R" (equiped with the Euclidean topology)

with
|f(z) = f(y)]

. =sup <1
TP ey |z —y|

e Y

If

one has
ullf —Eu(f)l = 7) < 2e777C.
This is the so-called concentration phenomenon, see Ledoux (1999).

Secondly, denote by Wa(u, ) the Wasserstein distance with quadratic cost i.e.

Wa (i1, ) = %nf{ J[5le = vPantz. )}

where the infimum is running over all probability measure 7 on R x R™ with
respective marginals o and v. By the Monge-Kantorovitch representation (see
Rachev (1991)), we have

W (g, v)? = sup {/gdv - /fdu}
where the supremum is running over all the bounded functions f and ¢ such
that 1
9(x) < f(y) + 5l — ol

for every x,y € R". Following Otto and Villani (2000), if p is absolutely
continuous and satisfies (5), then, for every probability measure v absolutely
continuous with respect to p,

C
Wa (1, v)* < S H@ 1)

where H is the relative entropy:

d d d
/1og—yd1/: —Vlog—ydu itv<p
H(v | ) = dn du - dp (6)

+00 otherwise.



Another approach of this theorem has been studied by Bobkov et al in Bobkov
et al. (2001).

Consider now a diffusion process with infinitesimal generator L and semigroup
(Py),. As usually, we associate to L its carr du champ T' defined by

P(f.9) = 5(L(fg) ~ Ly~ gL )

and the operator I3

B(/) = £ (L(Tf) ~ 20(7, Lf)).

The diffusion generator L satisfies a curvature-dimension inequality (with cur-
vature p and dimension n) if for every smooth function f,

B(f) > p0(f) + (L)

In this paper, we only deal with the infinite dimensional case. A general study
is performed in Bakry and Emery (1985). The curvature inequality provides
logarithmic Sobolev inequalities : following Bakry (1997), for any p € R, the
following properties are equivalent

o Forevery £, B(f) > pT(/)

o Forevery f, /T'(P.f) < e ?Py/Tf

e The probability measures (P(-)(x)),, satisfies a logarithmic Sobolev inequal-
ity with constant

Ci==(1=¢").

Besides, if p is positive, the last property remains true for the invariant measure
p with constant 2/p. This provides an exponential rate for the ergodicity of
the semigroup:

H(P, | p) < Ke ",

3 Dissipative equations
3.1 The model

Consider the nonlinear differential equation (1) in R? where W is convex, even,
with polynomial growth and U is uniformly convex (i.e. Hess U(z) > (1
for some 3 > 0). The real « is defined to be the largest real (nonnegative)
satisfying Hess W (z) >~ L.



Remark 3.1. In order to prove ezistence and uniqueness for Equation (2),
it is possible to use the technics of Benachour et al. (1998a). In particular,
notice that it can be rewritten as

dX, = V2dB, — VU(X,) dt — VW, (X,) dt ,

VIWi(x) = E[VIV(z - X4)|, (7)

ug smooth.

One can prove first existence of u; by a fized point argument using the Wasser-
stein distance. Then, once uy is known, strong uniqueness for (X;) holds.

Consider now the two independent collections (B'),.y of independent Brown-
ian motions and (X}) ;en Of independent r.v. with law ug. The particle system
associated to the nonlinear process is solution of

dX{PY = V2dB] - VU (X{™) dt
1 X ; ,
- Zl VI (XY = X)) dt (8)
]:
XNy = X¢ for i=1,.,N.

Remark 3.2. In what follows, (Yl) will stand for the solution of (2) where
the Brownian motion (B.) is replaced by (B?) and X, = X&. The

3.2 Uniform propagation of chaos

Theorem 3.3. Suppose that the forth moment of the initial measure ug s
finite. Then, there exists a K such that, for every N > 1,

—12 K
supE<’Xt1’N — th‘ > < N (9)

teR

and
—1)2 T
E( sup ‘th’N — th‘ ) < K—.
0<t<T N
Remark 3.4. The constant K depends on 3, v and on the p-th moment of
ug for a power p that controls the growth of U and W.

Proof of Theorem 3.3. The proof is quite similar to the one performed by Be-
nachour et al in Benachour et al. (1998a). Nevertheless the term “VU” provides
a better estimate in time. For every 1 <i¢ < N,



A . ' . t , i

XY= X= X =X - (VUG = VUK, dr

Nt . —i
T3 [(TWE = X5 VW s (X)) dr
Nioss

By 1to’s formula,

N oo 2
- XX,

N .
> X" -
i=1

- _22/ (XY =X - (VU(XEY) = VU(X)) dr (10)
P
where
D)= (XY = K1) - [FW XY = XPY) = VI 50y (X)]

)= (

(= _Zﬁ) TG = X - YW (R, - X))
X -X,) - [VW(X, - X)) = VIV 5 u, (X))
= (r) + o (r).

The vector field VW is odd and satisfies

(VW (z) =VW(y)) - (z —y) = 0.
Then, the sum of pg) (r) and pﬁ) (r) which is equal to
(XY = X — (X, = X)) [V (X = XPY) = VIV (X, = X))

is non negative. As a consequence,

S o2 = S pPr)+ () > 0.

ij=1 1<i<j<N

On the other hand, E[ZN 1 ,ow ( )} is bounded (thanks to Cauchy-Schwarz

inequality) by
( 2)

([ lx - xif]) 0.

where

%[VWX ~ X)) = VW s u,(X,)]

J=1




Then, we get

N

0:(r) = Y E(IG(r)P) +2 X EE(r) - &(r),

j=1 1<j<k<N
with the obvious notation
() = VW(X, = X7) = VW xu,(X)
If 7 is not equal to k, one of them is not equal to ¢ and then,
E((r) - &(r)) = 0if j # k

since the random variables X, are independent copies of 771" with density wu,..
At last,

E(|(r)°) =E|[VW (X, = X) = VIV + (X))

)
.

zp] +KE UY]

]

<k(jvw(x. - X))

gKEUYi
<2K M,

We have established

N
—EY P (r)| < VENa(r)V?
j=1
where « is defined by '
aft) = E[(x7™ = X)) (11)

Let take the expectation of (10). Using the exchangeability of the marginals
of the particle system, it comes

a(t) < als) — 23 /Stoz(r) dr + % :oz(r)l/Q dr. (12)

This means that
20K
—

VN

Gronwall lemma implies (since a/(0) is 0) that

o (t) < —2Ba(t) + ()2

a(t)lﬂ < )‘_K

<puwi =’

which is (9).



The second estimate in theorem 3.3 follows classically from (9) (see Benachour
et al. (1998a)). O

3.3 Curvature of the particle systems

The main observation is that the infimum (over N) of the curvature of the
particle system is positive.
Lemma 3.5. The curvature of the particle system of size N is bounded below

by (3.

Proof. We first study the infinitesimal generator L™ of the N-particle system
which is defined by
LYF=AF-VV.VF
where
1N
N S VW (z; — ).

Jj=1

(V). (z) = VU(z;) +

fori=1,...,N.

Remark 3.6. The bold symbols A and ¥V stand for differential operators on
RN where A and V respectively are the Laplacian and the gradient operators
on RY.

In order to apply the I criterion, we have to show that

Hess ¥ > 31,y .
Reasoning with blocks of size d x d, one can show that
1
(Hess V), = Hess U(x;) + N > Hess W(x; —x;) fori=1,...,N
J#
and

1
(Hess 0),; = —NHess Wiz —z;) <0 fori,j=1,...,Nandi#j.

The result follows from the simple fact that the diagonal of Hess WV is strictly
dominating. In a more precise way,

(Hess U);, > 3~ (Hess W), fori=1,...,N
JFi

implies that the eigenvalues of Hess WU are greater or equal than 3. One can
notice that (3 is an eigenvalues of Hess ¥ with eigenvector (1,...,1). O



This ensures that the semigroup of the N-particle system at time ¢ (i.e. the
law of X} starting at x € R%) satisfies a logarithmic Sobolev inequality with

constant 9
Cy = B(l - 672&).

One can formulate an analogous result for more general initial conditions.
Corollary 3.7. Let P, be a diffusion semigroup with curvature p and a proba-
bility measure ug(dy) satisfying a logarithmic Sobolev inequality with constant
co. Then the law of X, (with L(Xo) = ug) satisfies a logarithmic Sobolev in-
equality with constant

D, = %(1 — 6_2‘”) + cpe ¥,

Proof. Let f by a smooth function. It is clear that
ENtp, () ()duoe) (£2) = / Entp, (@) (f?)duo(x) + Ent,, (Py(f2)).
The logarithmic Sobolev inequality for the semigroup leads to
2 2 —2pt
/Entpt(.)(m) (#?)duo(z) < ;(1 — ) /Pt(I‘(f))(x)duo(:c).
On the other hand, since u, satisfies a logarithmic Sobolev inequality,

Ent,, (Pt(fQ)) = Enty, <(m2>)

is bounded by

Now,

VEP(7) < Pu/T(2) = 2P (1T )
_ 1/2
<2 (Py(f*)) " (PuT )"
by the commutation relation and Cauchy-Schwarz inequality. O
As a consequence, the law of X" is concentrated around its mean as a Gaus-

sian variable with variance D;/2. This provides confidence intervals for the
convergence of the empirical measure: for all g from R? in R with Lipschitz

norm IQSS than 1, we have fOI' every 1 > 0
> < 26 —N i
T Xp .
- iy Dt

P(‘% S g(X0) - E(g(X,™"))

i=1

10



This is just a consequence of the following remark.
Remark 3.8. If the Lipschitz norm of g from R? in R is bounded by 1, then
the Lipschitz norm of

6() = 7 Lol

from R™ in R is bounded by 1/+/N.
Corollary 3.9 (Concentration). Suppose that ug(dy) satisfies a logarithmic
Sobolev inequality with constant cy. For all g from R® in R with Lipschitz norm

less than 1, we have
>t | K <9 Nr?
r — exp| ——|.
- N| ™~ P D,
fort >0, NN andr > 0.

Remark 3.10. [t is also possible to establish the concentration property as-
suming that ug is compactly supported (even if uy does not satisfy a logarithmic
Sobolev inequality).

P (}% ZN;g(XZ’N) - /g(y)u(t, y) dy

3.4 Curvature of the nonlinear semigroup

Keeping in mind that, once its law at time ¢ is known for all ¢, the nonlinear
process is an inhomogeneous Markov process with generator

L.f=Af — [VU + VW xuy] - VF,

it is possible to establish a logarithmic Sobolev inequality for the nonlinear
semigroup. Let us sketch the adaptation to the inhomogeneous case of the
proof presented in Bakry (1997). First, define the operator carr du champ at
time s by

T()(f.9) = 5[Lalf9) ~ [Tug — 4T
and the operator I3(s) by

B(s)(/.0) = 5 [L(Tulf,9) ~ T(5)(/: Tug) ~ Ts)(9, T )]

Remark 3.11. For simplicity, T(f), respectively Iz(f), stands for T(f, f),
respectively Ia(f, f).

In what follows, we assume that I' does not depend on time s. This is implied
by the fact that it is true for the diffusive coefficients of L, and it is true for
the granular media equation.

11



We will say that (L;), satisfies the Bakry-Emery criterion if for every s,

L(s)(f) > pL(f). (13)

In particular, for the solution of (2), a straightforward computation leads to
() =V,

L(s)(f) = |[Hess f||5 + (Hess U)(Vf, V) + (Hess W s u,)(Vf,V[),

where (Hess U)(X,Y) stands for the bilinear form associated to the Hessian
matrix of U. Then, (13) is true for 5 + .

The consequence of the curvature inequality (13) is the the same as in the
homogeneous case.
Proposition 3.12. The following properties are equivalent

(i) For every s and £, B(s)(f) > pT'(f)

(ii) For every u,t and f, JT(P,+f) < e PP, \/Tf
(ii1) The probability measures (P, (-)(x)), satisfy a logarithmic Sobolev in-
equality with constant

Cut =Ty = = (1= 7070,

We are now able to improve the propagation of result (9). Let us define ugk’N)

as the density of the law of k particles among N at time ¢ and u,gN) will stands

for ugN’N).

Proposition 3.13. For k < N, we have

k
k,

sup [|luf™ — u¥||, < Ky N
t>0

Proof. The first point is to obtain

i = ], < 2 (),

This easily follows from the classical relation established by Csiszar and Kull-
back (see Pinsker (1964))

I = vlipy < 2H(p|v) (14)

(where || . ||, stands for the total variation norm) and the following one due
to Csiszar (see Csiszar (1984)).

12



Lemma 3.14. Let (E,€) a measurable space and ™) be an exchangeable
probability measure on a product space EN such that p™) < v®N for some
probability measure v on E. Denote by u™™ the marginal on the first k coor-
dinates then, for every k < N, we have

2k

H(p®) [ v#F) < NH(MN) [v®N). (15)

Now let us study the behavior of F' defined by

F(t) = H(u,gN) |u£®N) .

Lemma 3.15. The derivative of F' is given by

2

)

vul™ vy

N - QN
u,g ) Uy

_/|:VU(N) Vu

p@:—/

VU, — VI, Jul™

where
1N
j=1
and

(VU,), = VU(z;) + VW s uy(x;).

The proof of this result follows from a straightforward computation and an
integration by parts. By the basic property of any bilinear form:

2(a,b) < {(a,a)+ (b,b)

we get

VugN) VuP™

N - RN
ug ) Uy

1 1
F'(t) < —5/ DS /|V\IJN AR

At last, u, satisfies a logarithmic Sobolev inequality with constant C;. By
tensorisation (see Gross (1975)), it is still true (with the same constant) for
ui™. As a consequence, we obtain

2
F(t) < — Vi Vi o),
= ﬁ + v EN) ul(?N

13



Then the function F' satisfies the following differential inequation:

1
F'(t) < —%F(t) +5 /|V\IJN VA AR

By the result (9), the polynomial growth of U and W and the uniform control
of the moments of u, for s in [0, +00), we get

/|WN ~ v, Y < K.
Then, one can use Gronwall lemma to obtain
Ft) <K

which achieves the proof. O
3.5 FErgodicity

A straightforward adaptation of Theorem 2.2 in Benedetto et al. (1998) leads
to the following qualitative result.
Theorem 3.16. There exists a unique w such that for any ug we have

Jim [, =], = . (16)

The best way to characterize the stationary measure @ is to see it as the unique
minimum of the free energy functional defined by:

n(f)= [ () log f(x) d
+ /U(x)f(x) dx
+% //W(x —y)f(2)f(y)dzdy.

It is now possible to give an exponential rate of convergence in Theorem 3.16.
First, we need a preliminary proposition which deals with the convergence to
equilibrium for the particle system.
Proposition 3.17. For all ug, there exists a constant K such that for all N
m N andt >0,

H(uéN) | ,LLN) < KNe 2P

where [y 1S the probability measure with density

ZLN exp (— Z Ulz;) — % > Wi — %‘))- (17)

14



Proof. 1t is well-known (see Bakry (1994)) that
H(uf™ | ) < H(u§™ |y ) e,

On the other hand, using the explicit expression (17), we have

H (u§™ | i) z/%mlogfém - /U?NloguN

:N/uologuojt/u?N\IfN—i—logZN
N
SKN+KY [ufP(a))
i=1
+N log </€_U(xl)d$€1>,

where P is a polynomial that dominates the growth of U and W. Then the
result follows. O

Denote by pi1  the first marginal of py. Then, for every integer N, we have
by Propositions 3.13 and 3.17,

e =y < e = wt| [ = |+ =7,

K
<— + KvVNe ™.
VN

Taking N of the order of /2, we have established the following result.
Theorem 3.18. Let P, with ¢ > 0, stands for the set of the probabilty density
f such that

[r@nog fw)de+ [fal'fwyde <.

Then, there ezists a constant K (depending on c) such that for every positive
t and ug in P,,

|ue — @, < K e P2,

Remark 3.19. This result is a somehow disappointing since the rate of con-
vergence for the nonlinear process is not the one of the particle system.

Let us show that the hope in Remark 3.19 is natural in some sense.

Lemma 3.20. Let p and v be two probability measures on R™. Then, for every
probability measures py and vy (on RN™) with respective marginals i, ..., 1
and v, ..., v,

Walin, vn)? > N Walp, v)>.

15



This lemma implies that

. 1
Wa(u™™, 1 y) < \/—N%( (N),MN)

Besides, as iy satisfies a logarithmic Sobolev inequality with constant 2/3,
satisfies a transportation inequality for the quadratic cost: for every measure
vy on RV,

W2(VN7 /~LN>2 < H<VN ‘ ,UN)-

@ =

Then we get

Wa(ue, @) < Wa (g, g™ ) + Wa (uf"™, i1, ) + Wa (o, )

<2sup (EUX,}’N — YHQDI/Q + \/%H(ul(fv) |uN)

t>0

< — + Ke P,
\/_
Let N goes to infinity to get the following result.

Proposition 3.21.
Wa(us, @) < Ke P

This is the same rate as in the linear case. This result provides efficient exact
confidence intervals for the convergence of the empirical measure at time t to
the invariant measure .

Proposition 3.22. For every r > 0, the probability

K
>r—4 N—i—Keﬁt)

1 ol iN
P(‘N;ﬂxt - [f@yute) da

N 2
1s bounded by 2 exp [— DT ]

t

4 Self-stabilizing process with non negative curvature

In this section, we study the case where U = 0 in Equation (2). This is
the equation studied in Benachour et al. (1998a,b). Let us describe quickly
the results they have established. There is propagation of chaos and more
precisely, there exists a K > 0 such that

ek

sup EUX’N—_ <KW. (18)

0<s<T

16



They also establish the propagation of chaos at the level of processes.

2 K,
< —.
|<%

E[ sup ‘X;"N -X
0<s<T
Remark 4.1. Notice that, once again, the dependence with respect to time in

Equation (18) is of the order of the square of the log-Sobolev constant at time
t.

4.1 The Ricci curvature of the particle system

We first study the N-particle system. Its curvature is bounded below by /N
(which is nonnegative): there is no positive uniform (in N) lower bound. Nev-
ertheless, we still have a result at time ¢. In particular, we have that, for every

T, N and r > 0,
>r+t K
r N
- V' N

supp(}% )y FOXY) —E[f(X))]

t<T

is bounded by

5 l Nr? ]
exp |—
Pl
where K is the constant in (18) and C(V) is the log-Sobolev constant of the
particle system of size V:

Cr(N) = ?(1 —exp(—yT'/N)) < 4T.

We have now to present another result established in Benachour et al. (1998b).
They show that there exists a constant K such that for every function f of
uniform norm and of Lipschitz seminorm bounded by 1,

E[/K)] - [t dy] <

Then, we have a concentration inequality.

Theorem 4.2. For every r > 0,
P S 1) [ty = o154 I
N P t y y y - N (1 +T)2

Nr

2
< 2exp l—ﬁ]

17



where u 1s the solution

gl

() = — exp (=W xu(z))

with Z = /exp (=W xa(z)) dx.

4.2 Curvature of the nonlinear process

As in section 3.4, we can associate to the nonlinear process a curvature which
is bounded below by ~ > 0. Then, we still have the propagation of chaos for

blocks of size o(N).
Proposition 4.3. For k < N, we have

k
k,

sup [|luf™ — u¥||, < Ky N
t>0

5 The general case

This part is dedicated to the study of the generic model of nonlinear diffusions
that can be approximated by particles in mean field interaction. The beginning
consists in a straightforward adjustment of the classical method presented by
Sznitman in Sznitman (1991).

5.1 The model

Let us start with Borel-measurable functions b;(x, y) and 0;;(z,y), 1 <1i,j <d,
from R? xR to R? and « from R to R. Let (B;);>o be a d-dimensional Brownian
motion. We study the following equation:

dyt = \/50'(715, K * U(t, 715)) dBt —+ b(yt, K * U(t, 715)) dt
£(%,) = ult, dy) (19)
Yt:() — XO.

The density of a solution at time ¢ is known to be a weak solution of:

18



0 . 92
au(s, x)= ”21 m[aij (x, Kk *u(s,x))u(s, )]
_ ; aii [b;(x, K * u(s, z))u(s, x)]

where a is equal to oo*.
Theorem 5.1. If o, b and k are bounded and globally Lipschitz functions,
strong ezistence and uniqueness hold for equation (19).

5.2 Convergence of the associated particle system

Let (B%);en be independent Brownian motions in R%. The interacting particle
system associated to (19) is the solution of

AXE = /B0 (X5 e # T (X)) dB:
+b(XEN g x TN (X0N))ds for i = 1,..., N (20)
Xe = i

where II}Y is the empirical measure of the system at time ¢ i.e. it is equal to

1 n
MY =5 > Ok
k=1

How it is expected, the propagation of chaos holds. Indeed we have the fol-
lowing estimate:

Theorem 5.2. If o and b are bounded and globally Lipschitz and k € C} (i.e.
both k and Jac k are bounded), then, for all T € R*, there exists a K; € R
such that for all v and N in N,

E[sup‘Xti’N—Yi <

t<T

2] < B (21)

Remark 5.3. [t can be shown first that for some K.,

A 21\ /2 K!
su E{X“N—X D < B 99
(2[5 -X]) < % 22)

Once again, K. is of the order of exp(KT) like the Log-Sobolev constant C
of the particle system at time T (see section 5.3).
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5.2.1 An improvement in a special case

In this section, we will suppose that o is equal to I. Then, it is still true that
the nonlinear process has a bounded-below (in R) curvature. The its law at
time t satisfies a logarithmic Sobolev inequality. This ensures that, for £ < N,

we have
sup ||Uz(t N Uy k||1 < Kr \/
t<T

In fact, it is possible to get a best estimate (at the level of processes). Following
a suggestion of Professor Del Moral we use a method developed by Benarous
and Zeitouni (see Ben Arous and Zeitouni (1999)) in an abstract framework.
Nevertheless our case is simpler because we already have established Theorem
5.2. Let us start with few notations:

o PY stands for the law of (X}V)o<i<r = ((th’N, ""Xt]v’N))o<t<T the particle

system until time 7',
e PEY denotes the law of ((th’N, th’N))
0<t<T’

marginals of P¥ do not depend on the choice of coordinates,
e let P, be the law until time 7" of the nonlinear process solution of (19).

By exchangeabilty, the k-

The key point is that we are able to show that the relative entropy H (IP’¥ | F?N)
is bounded in N.
Proposition 5.4. There exists a constant K; such that for all N,

H(PY |P,Y) < K.

Proof. By Girsanov theorem, P} has a density with respect to P given by

dPy
oY) = exp(11)
where
N T 1 XN 4 .
1Y =30 [ bV YRV = YY) = (Y (V) | dB
i=1"0 j=1

2

. . , . ‘
M?NZMH—WD—MZM%MM ds.

Under the measure P, ((B})i<i<n)o<i<p 18 @ N-dimensional Brownian mo-

tion and ((Fi)lSiSN)(KKT defined by

— ; T
B,= B [ |u

N
Z — (VE R (YD) | ds
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is a N-dimensional Brownian motion under PY. Then it follows from (6)

N | pON dP¥
H(PY | P™Y) = Epy |log e

E / T[b(X@%N fo T (X)) = b( XY ks us(X;?N))]2 ds
0

IA

IA

We write
RIXDY — XIV) — kox g (XEY) = m(XEY — XIV) — m(X0Y — X))
HR(XY - X7) — w(X, — X7)
+r(XL = X — ko ug(XL)
+K * US(YZ) — K% uS(X;"N)
and get, by Theorem 5.2,
‘ , . K
EU/@(XQN _ XYY —kw uS(X;’N)ﬂ <

which achieves the proof. O

Now we just have to use (15) and the Csiszar and Kullback inequality (14) to
establish a strong convergence estimation.
Theorem 5.5. For all T and N, there exists a constant K1 such that, for all

k< N,
[P B < K2

This implies a strong version of propagation of chaos for blocks of size o(N).
5.8 Concentration of the empirical measure

We now want to establish that the particle system (in the generic case) has
a bounded-below curvature. This is much more complicated than in the case
where o is equal to [. Indeed, the second order part of the infinitesimal gen-
erator equips R? with a Riemannian metric which changes the notion of
gradient.
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5.83.1 Control of the Ricci curvature

For simplicity’s sake, we will suppose, in this section, d = 1. The case d > 2
can be treated by the same way but with complicated notations. In Remark
5.9, we sketch the changes that occur when d is greater than 2. We treat here
the case of Equation (19). An advanced study of Riemannian geometry can
be found in Gallot et al. (1990) but let us try to describe the setting in few
words. Consider the differential operator L on R" defined by

N y 62 N h 8

Its second order part equips R" with an intrinsic metric ¢ which depends on
z € RY and which is characterized by the matrix (g;;) (the inverse of (¢g%)).
The geometry of (RY, g) is quite different from the usual one and it appears
a curvature. We now show how to control Ricci curvature of the differential
operators LV associated to (20) and defined by

L= 3w + 3 b (23)
where
; 1 Y 1
9 (.T) = CL(J?Z, N ;HCUZ - SL’])) gl( ) - g’(l’) (24>
and

Now let us recall the general deﬁnltlon of the Ricci curvature.
Definition 5.6. Let us define

(1) Christophel symbols fori,j, k =1,...,N:

1—% _ 1 igip<agpi i OGp . 89#«‘@').
7 2 Y

= oxy, ox; Oz,

(2) the Riemann curvature tensor (Rékl) where

A 6Fi
gkl = aqu axk ZP Lo — erquzv

p=1

(3) the Ricci curvature tensor (Ry) where

N
_ i
qu - Z qul7
=1

22



(4) the drift tensor (m;;) where
1 ob; X
Mij = 5(Vib + Vibi) 0 Vibj = 222 4 > Tyiby
i k=1

In our context, the matrix (G;;) is diagonal and then many terms in the
previous definitions are equal to 0. For example, Fii is equal to 0 as soon as
the three index are different. By a straightforward computation we have the
explicit expression of the Ricci and drift tensors.

Lemma 5.7. The entries of Ricci tensor are

R _! s lo —Z( lo )(ilo )
lg 2 axlaxq g glgq bt g gi axq g gi
10logg, O log J1=-Iy lﬁloggli log L0
4 Ox Oz, 99, 4 Oz, Ox 9194
and
18 gi.gy 1 dg' dg
Ry, == 1 — 1
1“9 O’ i 9q 2 ;éq xf Z 8261 0x;
1 dlog g; 1 (0 log 9q
+Z - < 0z, ) 4 %gqg or;

1 i 0logyg, ) (Olog(gi---gn) |
—l—Squg( ox; )( ox;

i

Moreover, the entries of the drift tensor have the following form:

8 0log g;
I

83%

et

_1[/0b;  Ob dlog g; 0log g;
Mw—2<axi+axj>+(1 g:9’) o, bi+ (1- g;9") oz, bj.

We have now to control the spectrum of the matrix 7', equal to R — M.
Proposition 5.8. If there exist a ¢ such that 1/c¢ < a(x,y) < ¢ and if the
first (resp the first and second) derivatives of b (resp a) are bounded by c, the
spectrum of T is uniformly bounded (above and below) in N € N by a real
number p.

Proof. By Gershgorin-Haddamard Theorem (see Grifone (1990)), if A is an
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eigenvalue of T,

<

A < max (ZI )

We are going to show that, under the assumptions of proposition 5.8, Ry, et
M,, are uniformly bounded in N whereas R, and My are of order 1/N. In

order to deal with simple notations, a will be a common bound greater than
1 for x and its derivatives. Then we have

0? 2
log gu-9n) o D log g;
q 10y

0,0z, 9194

2]
K (x; — @)K (2; — xq)m

=W iy 0y3
1
20°¢

S 2

N i#l,q
0 .
and Z log Ji £ log g;| is bounded by
i17£q,l q

dloga\’ 1 5 4
NQZ% |k (x; — 2K (;L‘~_,I‘q)|< 0. ) ngac.

Then a short computation gives

Talct
AN

‘qu‘ <
By the same way, it can be shown that

| Ryq| < Ta?c®
‘Mzz‘ S 30(C2
‘M2J| S 50(65/]\[.

Then we have obtained the bound we were looking for. The Gershgorin-
Haddamard theorem implies that the eigenvalues of T" are bounded by:

2.4 _ 5 —
Ta*c*(N — 1) 30 4 bac’(N — 1) < 6_704206

2 6 B
To’c” + AN N =

since o and c are greater than 1. As a consequence, all the operators LY have
a curvature bounded below by p = —17a2c5. U

Of course, a more precise result could be obtained by specifying the bound of
each derivative but this work is not very essential from a theoretic point of
view.
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Remark 5.9. When d > 2, g; is a d X d matriz. In order to control the
spectrum of T, one has to consider blocks of size d X d as in the proof of
Lemma 3.5.

5.3.2  Concentration of measure

Theorem 5.10. For all Lipschitz function with || f||,, < 1 and r > 0, the

probabilty
>4 Kr
VN

N
supIP’(|NZ FIXNY — /f u(t,y) dy
1

1s bounded by 2 exp ( ) where

and u solution of (20).
Remark 5.11. Explicit forms of the constants p and K, can be given. With
the notations we have introduce in section 5.3.1,

p=—17a%c
K, = 6a’c® exp (12a%*T).
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