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Abstract

We show that liouvillian solutions of an n-th order linear differential equation
L(y) = 0 are related to semi-invariant forms of the differential Galois group of
L(y) = 0 which factor into linear forms. The logarithmic derivative of such a form
I, evaluated in the solutions of L(y) = 0, is the first coefficient of a polynomial P(u)
whose zeros are logarithmic derivatives of solutions of L(y) = 0. Together with the
Brill equations, this characterisation allows one to efficiently test if a semi-invariant
corresponds to such a coefficient and to compute the other coefficients of P(u) via
a factorization of the form F.

1 Introduction

In this paper k is a differential field whose field of constants C is algebraically
closed of characteristic 0 (e.g. Q(z) with the usual derivation d/dz). For the
derivation § of k and a € k we write 6*(a) = ¢ and also a") = o/, a(?) =
a’,.... Let

dny dn—ly
L(y):andx—”—l_an_ldx”—l +...4+apy =0, a; €k (1)
be a linear differential equation of order n over k. We denote by {y1,...,y.}

a fundamental set of solutions of (1). We refer to [11,15,17] for definitions of
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a Picard-Vessiot extension (PVE) of k | of the differential Galois group G(L)
and of liouvillian solutions of for (1). A PVE K of k for (1) is a differential
field extension K = k < y1,...,y, > with no new constants which is the
equivalent of a splitting field for (1). Under our assumptions a PVE exists and
is unique up to differential automorphisms. The group G(L), which consists of
the differential automorphisms of K /k, is a linear algebraic group over C which
sends a solution of (1) into a solution of (1). This action gives a faithful repre-
sentation of G(L) as a subgroup of G'L(n,C) which will be the representation
of G(L) in what follows. There is a Galois correspondence between algebraic
subgroups of G(L) and differential subfields of the PVE of (1) and the fixed
field of G(L) is k. A solution of (1) in k is a rational solution, a solution in an
algebraic extension of k is an algebraic solution, a solution whose logarithmic
derivative is in k is an exponential solution and a solution belonging to a field
obtained by successive adjunctions of exponentials, exponentials of integrals
and algebraic functions is a liouvillian solution. Algorithms for computing li-
ouvillian solutions of (1) are presented in [6,10,15]. In [10], it is shown that
if L(y) = 0 has a liouvillian solution, then there is a solution z; whose loga-
rithmic derivative u; = 2} /z is algebraic and whose algebraic degree can be
bounded independently of the equation L(y) =0 [10,17]. All conjugates u; of
uq under G(L) are also logarithmic derivatives of solutions z; of L(y) = 0 and
the minimal polynomial P(u) of u; can be written as

P(u)= ﬁ (u - M) (2)

(T %) o rr 0(2i)
=u" — ———u"T ..+ (-1)"
Hi:1 Zi ( ) 2:1_{ Z

(3)

In particular, the coefficient of u™~! is the negative logarithmic derivative of a
product of m solutions of L(y) = 0. It is possible [9] to construct a differential
equation whose solutions are the products of length m of solutions of L(y) = 0:

Definition 1 Let L(y) = 0 be a homogeneous linear differential equation of
order n and let {y1, -+, y,} be a fundamental system of solutions. The differ-
ential equation L®™(y) whose solution space, denoted V,,, is spanned by the
monomials of degree m in yi,---,y, is called the m-th symmetric power of

L(y) = 0.

An algorithm to construct L®™(y) is given in [15]. From (3) we get that the
coefficient of v™~! in the minimal polynomial P(u) is the negative logarithmic
derivative of a solution whose logarithmic derivative is rational, i.e. an expo-
nential solution of L®™(y) = 0. Let {y1,...,y,} be a fundamental system of
solutions of L(y) = 0 and V' the solution space of L(y) = 0. The solution
space V,, of L®™(y) is, if the solutions satisfy a homogeneous polynomial of
degree m over C, a quotient of the m' symmetric power S™(V) ([8], p. 586)



of V on which the group G(L) acts in the natural way®. If G(L) is a reductive
group, then V,, is a direct summand of S™ (V') ([14], Lemma 3.5). If we denote
the basis of V by new variables Y, ..., Y, then §™(V) is the vector space of
forms of degree m in Yi,...,Y, over C while V,, is the vector space of forms
of degree m in yy,...,y, over C. The natural homomorphism ,, mapping
S™(V) to V,, is an evaluation homomorphism which maps a homogeneous
polynomial p(Y1,...,Y,) of degree m into the polynomial p(yi,...,y,). For
m > 2 the homomorphism %, is not always an isomorphism. But ¢ is an
isomorphism, and the action of G(L) on forms of degree one is the same in

Clyrs---,yn) and C[Y, ..., Y,].

Definition 2 Let V be a C-vector space, call {Y1,...,Y,} a basis for V, and
let G C GL(V) be a linear group. Define an action of g € G on C[Yi,....Y,]
by g - (p(Y1,....Yn)) = p(g(Y1),...,9(Yn)). A polynomial with the property
that

Vge G, g(p(Yi,....Yn) =v(9) - (p(Y1,...,Ys)), with¢(g) €C

is called a semi-invariant of G. IfVg € G we have ¢,(g) =1, then p(Y1,...,Y,)

is called an invariant of G.

If a polynomial is invariant, then its homogeneous components are invariant.
If p € §™(V) is an invariant (resp. semi-invariant) of G(L), then ,,(p) is a
rational function (resp. an exponential solution, a function whose logarithmic
derivative is rational) which is a solution of L™ (y). Note that if p is a product
of linear forms, then ,,(p) # 0.

2 Liouvillian solutions and products of linear forms

Theorem 3 Let L(y) = 0 be an n-th order linear differential equation over k
with differential Galois group G(L) C GL(n,C).

(i) If L(y) = 0 has a liouvillian solultion whose logarithmic derivative is
algebraic of degree m, then there is a G(L)-semi-invariant of degree m in
ClYi,...,Y,] which factors intlo linear forms.

(it) If there is a G(L)-semi-invariant of degree m in C[Y1,...,Y,] which fac-
tors into linear forms, then L(y) = 0 has a liowvillian solution whose
logarithmic derivative is algebraic of degree < m.

3 For a cyclic vector of a differential module M, the m-th symmetric power of the
vector is not always a cyclic vector of the m-th symmetric power of M



Proof. Let zy = >, a;1y; be a liouvillian solution of L(y) = 0 whose log-
arithmic derivative z]/z; is algebraic of degree m over k. The conjugates of
z1/z1 under G(L) are also logarithmic derivatives of solutions z; = 3% ; a; ;v
of L(y) = 0 ([17], Theorem 1.5) and Yo € G(L) we have that o(z;) = ¢,.z;
where ¢,;, € C ([17], Proof of Theorem 2.3). Since the action of G(L) on
forms of degree one is the same in Cly1,...,y,] and C[Y;,...,Y,], the forms
4 a;;Y; will be sent to constant multiples of each other by the elements of
G(L) and thus [T7%, (37 a;;Y:) is a G(L)-semi-invariant form which factors
into linear forms.
Let F = F(Y1,...,Y,) € C[Y1,...,Y,] be a G(L)-semi-invariant form of degree

m over C which factors into a product of linear forms:

F(Y1,Ys, ...V =] (Z ai,jYi)

For o € G(L) we have o(F) = ¢, - F' with (¢, € C). Thus

Since C[Y7,...,Y,] is a unique factorization domain and the elements of C are
the only units, we must have o (X", a, ;Y;) = ¢o;- (X, a; 7/Y;), where ¢, ; € C.
Since the action of G(L) on forms of degree one is the same in Cly1,. .., ¥x)

and C[Y1,...,Y,], we get that the m solutions 37 ; a; jy; of L(y) = 0 are sent
to constant multiples of each other. In particular the logarithmic derivatives
are permuted by G(L). The length of the orbit of any of these logarithmic
derivatives under G(L) is at most m, which shows that all of these logarithmic
derivatives are algebraic of degree at most m. O

As an immediate consequence of the above result we have that if the form
F =TI, (X a;;Y;) of degree m is not the product of forms of lower degree
which are G(L)-semi-invariant, then G(L) must act transitively on the loga-
rithmic derivatives of )77, a; ;y;. We then get the following representation of
the minimal polynomial P(u) of the logarithmic derivatives:

m n !

=1 4ijYi

P(u) — H (u - (Zzn_l JY ) ) (4)
jale Dy @iy

Thus, not only is the existence of the minimal polynomial equivalent to the

existence of a G(L)-semi-invariant form that factors into linear forms, but all

coefficients of the minimal polynomial are given by the factorization of the



form. This remark can be found in [7] p. 52.
From the equation (4) we get:

Corollary 4 [f a G(L)-semi-invariant form F which factors into linear forms
F = 1I"L, (31 @i ;Yi) factors into a product [ F; of G(L)-invariant (resp.
semi-invariant) forms F; of degree m;, then the corresponding polynomial P(u)
of (4) will be the product of polynomials P; of degree m; whose rools are the
logarithmic derivatives of solutions 3.7, a;;y; of L(y) = 0.

The above result is a generalization of Theorem 2.1 of [19] (without the re-
cursion for the other coefficients) which states that for second order equations
the existence of a liouvillian solution is equivalent to the existence of an expo-
nential solution of some symmetric power. This follows directly from the fact
that a form in two variables over an algebraic closed field always factors into
linear forms and that for second order equations the map v, : S™(V) — V,,
is an isomorphism for all m € I ([14], Lemma 3.5).

3 Bounds on the degree of the forms

For linear differential equations of order > 3 the known algorithm for com-
puting a liouvillian solution will compute the coefficients of the minimal poly-
nomial of a solution or its logarithmic derivative by computing rational and
exponential solutions of various symmetric powers L&™(y) = 0, i.e. the im-
ages under v, of G(L)-invariant forms. The main difficulties of this approach
are, first, the combinatorial explosions of the complexity of computing the
symmetric powers and, second, the many ways to choose the correct linear
combinations among the rational /exponential solutions to get the coefficients.
In what follows we show how to:

(i) Choose a first coefficient which must correspond to a minimal polynomial,
i.e. the evaluation of a semi-invariant form that factors into linear forms.

(ii) Compute the other coefficients from the first in a unique way by factoring
the semi-invariant form.

Since we will have to compute rational/exponential solutions of L(y) = 0
we will assume that k is a differential field over which such solutions can
be computed (e.g. (C(x),d/dz)). Algorithms which compute such solutions
are described in [3,12] For (C(z),d/dz) the computation of an exponential
solution is much more difficult than the computation of a rational solution.
For irreducible second order equations it is shown in Theorem 4 of [19] that
one can use only rational solutions. We will now give a similar result for third
order equations using the result of [15].



Theorem 5 [f an irreducible third order linear differential equation L(y) =0
with coefficients in k and G(L) C SL(3,C) has a liowvillian solution, then
L(y) = 0 has a solution z, such that the logarithmic derivative v = 2'/z of z
is algebraic over k of degree m € {3,6,9,21,36} and m is minimal with that
property. To such a solution corresponds a G(L)-semi-invariant form F =

[T~ (X%, ai;Yi) which factors into linear forms.

(i) If m =3 then G(L) is an imprimitive linear group. In this case F or F*?
is an tnvariant. We have the following possibilities:

(a) If G(L) = FEs., the extra special group of order 3° and exponent 3,
or G(L) = (Es1 x (2/37)) then there are, up to multiples, 4 semi-
invariant forms F.

(b) Otherwise F' is unique up to multiples.

(i) If m # 3, then G(L) is a finite primitive linear group. There are, up
to multiples, only finitely many possibilities for ' and a unique one for

m =9 orm=21. For m # 6, the semi-invariant F is an invariant. For

m = 6 either F' or F? is an invariant.

Proof. The existence of a solution z whose logarithmic derivative u = 2'/z of
z is algebraic over k of degree m € {36,21,9,6,3} follows from [15], Theorem
3.3 where the minimality of m is also proven. From Theorem 3 we can asso-
ciate to this solution a G(L)-semi-invariant form F which factors into linear
forms.

If m = 3 then G(L) is a monomial subgroup of SL(3,C) and from [14], Propo-
sition 3.6 we get that there exists a form F of degree 3 which is either a
G(L)-invariant form or whose square is a G(L)-invariant form. From [18] The-
orem 3.1 we get the result in the imprimitive case.

If m # 3, then G(L) must be a finite primitive group [14,15]. The stabilizer of
the logarithmic derivative is a subgroup having a common eigenvector, i.e. a
I-reducible subgroup. From [15] we get that the finitely many 1-reducible sub-
groups of G(L) of minimal index (corresponding to an algebraic logarithmic
derivative of minimal degree) are non abelian for each of the 8 finite primitive
groups and thus have, up to multiples, one eigenvector. There are thus only
finitely many minimal polynomials of degree m and thus, up to multiples, only
finitely many forms of degree m that factor into linear forms. Decomposing
the m-th symmetric power of the faithfull primitive characters of degree 3 of
the 8 finite primitive subgroups of SL(3,C) we get, except for G(L) = Fy,
that all linear characters are trivial (for m = 9,21 there is a unique trivial
summand). For G(L) = F3 the linear characters in the decomposition are
of order 1 or 2. O



A similar result holds for linear differential equations of any prime* order

(6,10,15,17]).

4 Computation of a liouvillian solution

We will present a general method, but focus on third order equations in the
presentation. The existence of a liouvillian solution of a differential equation
whose differential Galois group is unimodular is equivalent to the existence
of a G(L)-invariant form whose degree m belongs to a finite set determined
by the order of the equation and which factors into linear forms. In order to
transform this into an algorithm which computes liouvillian solutions we need
to:

(i) Perform a variable transformation in order to get a differential equation
whose differential Galois group is unimodular and which has a non trivial
liouvillian solution if and only if the original equation does. One can also
perform a second transformation with the property that, for given m, the
kernel of 1, is trivial for the new equation.

(ii) Compute the invariant forms of given degree m.

(iii) Find among the invariant forms of degree m those that factors into a
product of linear forms (for imprimitive groups and F3 we consider the
square of the semi-invariant)

(iv) Factor the forms over C into linear factors and compute the other co-
efficients of the minimal polynomial of the logarithmic derivative corre-
sponding to the form.

All points can be solved algorithmically for k C C(z):
4.1 Transformations

If the differential equation is not unimodular, then the transformation z =
Y- exp (—#) is a solution to the first problem (cf. [14], p. 18). We denote

the new equation again by L(y) = 0. In order to compute the invariants of

degree m we want v, : S™(V) — V,, to be an isomorphism. If L®™(y) = 0 is
n+m—1
n—1

equation L(y) so that the groups G(L) and G(L) are equivalent and so that the
L®™(y) = 0 is of maximal order, i.e. so that t,, : S™(V) + Vo, is an isomor-
phism. This can be done by constructing an equation L(y) = L{bor-bn=1)(y)

not of maximal order ( ), then we modify the equation L(y) = 0 into an

4For non prime order, the non-monomial imprimitive linear groups must be
considered



where b; € k and whose solution space is {z = ") by | L(y) = 0}. One
can apriori choose the degree of the b; so that the equation L{torb»=1)(y) will
have the required properties ([16], Proof of Theorem 3.5 and [13], Example
3.3 and after). By construction lé(y) = 0 will have a liouvillian solution whose
logarithmic derivative is algebraic of degree m if and only if L(y) = 0 does.

Example 6 For the equation

B dy N 3222 — 272z + 27 dy 642> — 812? 4+ 135z — H4
 dx3 3622(x — 1) dx 223(x — 1)3

L(y) y=0 (5)

the map 3 : S*(V) + Vs is not an isomorphism, because L®3(y) is of order 7
and thus has a solution space which is of dimension T over C, while S3(V) is
of dimension 10. We thus need to modify the equation by setting for example
z =y +y'. The linear differential equation f/(y) = LU0 (y) of lowest order
whose solution space is {z =y +y' | L(y) = 0} is:

a3y 1282% — 98z% 4 10822 + 37822 — 486z + 162 a2y
dz3 z(z — 1)(72z% — 216x5 + 280z* — 126z + 27z2 + 81z — 54) dz?

9477z — 13464z7 4+ 2106zt + 29565z° — 2651452 — 1458 4+ 2304z® — 24840z° + 248726
3622(72z% — 21625 + 280x* — 12623 + 2722 + 81z — 54)(z — 1)?

dy + —4608xz°% + 288722° — 67240z* + 1155602° — 13116622 4+ 78165z — 27135
dx 72x(7228 — 21625 + 280zt — 12623 + 2722 4 81z — 54)(z — 1)2 Y

We thus have that G(L) is equivalent to g(i) Computing E@B(y) we gel that
this equation is of order 10 and thus that 3 : S*(V) — V3 is an isomorphism

for f/(y)

4.2 Computing the invariants

We propose to compute the invariants of degree m of G(L) by computing the
m-th symmetric power of L(y).

We will assume (eventually after a transformation described above) that ),
is an isomorphism. In this case there is a bijection between rational solution
of L®™(y) = 0 and homogeneous invariants of degree m of G(L). We thus first
compute a basis { fi(z), ..., fi(x)} of the rational solution space of L&™(y) = 0
(cf. [3,12]). To get an expression of a rational solution in terms of solutions of
L(y) = 0 we proceed in the following way:

(i) Pick a regular point ¢ € C of both L(y) = 0 and L®™(y) and compute the
Taylor series expansion of the fundamental set of solutions {y1,...,y,}

of L(y) =0 with yz(j_l)(c) = ;.



1) Decompose each rational solution into a homogeneous polynomial of the
p g poly
solutions y; of L(y) = 0. We set

file)=" 30 hjieiad'YE U
11+...+in=m
and equate the first (n‘:ff;l) coefficients of the Taylor series expansions.
The corresponding linear system must have a unique solution since v, is
isomorphism.
This will give a representation P;(yi,...,y,) of each f;(z) as a homo-
geneous polynomial in solutions which will correspond to the invariant

Pi(Yi,...,Y,) of G(L).

If we work with L®™(y) = 0 when this operator has order less than the dimen-
sion of the symmetric product of the solution space, then the linear system
described in 2. will not have a unique solution. It will have a solution that
depends on dim(ker 1,,) parameters and not all of these solutions lead to in-
variants. In Proposition 9 we show that despite this fact, we can sometimes use
the information to show that the original equation has Liouvillian solutions.
The next example gives the calculation for an equation where the symmetric
power has order lower than the dimension of the symmetric product of the
solution space.

Example 7 Consider the equation L(y) = 0 given in (5). The set of exponen-
tial solutions of L®3(y) = 0, which is of order T instead of 10, is the one dimen-
sional rational solution space spanned by f(x) = z*(x —1). In order to deter-
mine the corresponding polynomial invariant, we pick a reqular point ¢ = —1
of L(y) = 0 and L®3(y) = 0 and consider the following series expansion of the
solutions y1, yo and y3 with y1(—1) = L,yo(—1) = 0,y3(—1) = 0, y'(—1) =
0,y2'(—1) = Lys'(—1) = 0 and y,"(—1) = 0,y"(—1) = 0,y3"(—1) = 1 and
gel:

167 . 169 . 28523 .
=] — —— T -
y(2) s D oy B = e (B D)

—% (z+1)°+0 ((:c + 1)7)

)= +1) = ek D)= (e 1) - S (e 1)
—% (x+1)°+0 <(:1: + 1)7)

pol@) =5 (e 41— oo (e 1) = O (e 1) T (1)

+0 ((z +1)")

Replacing f(x), y1(x), y2(x) and ys(x) by their Taylor series in x = —1 in



@)= >0 hiiuylylyy

t1+i2413=3

we get an inhomogeneous linear system whose solution space is of dimension 3,
due to the kernel of 5 : S*(V) — V3. We gel an expression for f(x) depending
on 3 parameters o, 3,7:

i — 1942 +Gmn_mm6_g%>2 G%m_g&
Y= N2 T\ 6641 T 1849 | T 43 ¢ N1¥s 1032 43
(372949 10368 72

33252 T 1s19 ' T 13
<225373_+ 72
111456 "~ 437

ﬂ) Y1Y2Y3

5171 )

) yl@/2+ay1y3+ <—@‘|‘ —3

)w%+ﬁm%+7%

4.3  Finding an invariant that factors into linear forms

The set of forms of degree m which factor into linear forms is a closed algebraic
subvariety in §™(C") whose defining equations, the Brill equations, can be
derived ([4], p. 127 and p. 140). In order to find those invariants that factor
into linear forms, we consider a linear combination of a basis of the invariants
of degree m 377, A\; P;(Y1,...,Y,), plug the coefficients into the Brill equations
and solve for Ay,..., A, by computing a Grobner basis.

When one restricts oneself to irreducible third order equations, one computes
the Brill equations for certain forms (resp. squares of forms) that factor into
linear forms. Theorem 5 (working with increasing m) implies that there will
always be, up to multiples, a finite set of possible forms if ker(i,,) is trivial.
The fact that the solution set is finite makes the computation of the Grobner
basis easier.

In the following example we give the Brill equations for forms of degree three
in three variables and apply them to the situation of Example 7.

Example 8 A form
Y33 + (aoY1 + G1Y2)Y32 + (50Y12 + oYY + 52Y22)Y3
+(coY? + a1 Y2Ys + oY1V + e3Yy)

factors into linear forms over C if and only if ([2], p. 181)

(1

/3)ag P + 3byco — al ico + ci(apay — by) 4 bocy
(1/3

—(1

—(1

)
)Cllp + Sb()Cg — CLOCg + c2(a0a1 — bl) + bgcl

/ ) — ClonCO + Glblco — albocl — 3C0€2 + C%
/3

Jb1 P + a1byco — agbacy — arbocs + agbocs — 9cocs + iy

0
0
0
0

10



—(1/3)62P — a16003 + Cloblcg — Cl()bQCQ — 3C1€3 + Cg
where

P = a062 + G%bo — 46062 — bl(aoal — bl) — ad1C1 — dgCy

Consider the forms:

59717 372949 5561 5171
Fy=dy? — 1242 2 2~ 2
1 Y1 Y1y + 16611 —Yiys+ 33932 “aaoa Y1Ya 1032 Thao J1Y2Y3 — 1548 Trag /2
| 225373,
111456 72%°
20736, 0368, T2,
2=~ Tgag YiYs T Tgpg ¥1¥a + g¥ays t s
144 72 : 144 2
Fy=— 3 —yiys + 43y1y2 + Y1ys3, Fy = ~ g Yi2ys + 43?12 +12y;

In order to find which of the forms Fy + M Fy 4+ A3sF3 + M Fy factors into
linear forms we plug the coefficients (polynomials in Ag, A3, Ag) into the above
Brill equations and get a polynomial system in the variables Ay, Az, A\y. This
system has 15 solutions which are the 15 values of Ay, A3, Ay for which the form
Fy+ M Fy+ s Fs+ M Fy factors into linear forms. One solution of the system
is

2699 47 523

)\:7)\:— = ——
271866247 70 1447 1 1728 (6)

which correspond to the form:

7 71 35 A7
F =4y} — 1247y, + gyfya + €y1y§ — g Vvays + m:’hyg
277 'y 221 , 523 ., 2699
72 Y2 T 108 Y2Y8 T 1798 Y23 T ge624 V3

which is irreducible over Q bul factors over C.

The Brill equations do not provide a factorization, but only determine a poly-
nomial system for the parameter values for which a linear combination of
forms factor into linear forms. One then needs to effectively compute an abso-
lute factorization of the forms. For the above form F', the A Factor algorithm

11



of MAPLE computes the following factorization® of F':

5684  122a T2 2842  833a 364
4 ly1 + | — + — Y2 + Y3

8595 ' 955 955 8595 1910 955

L3680 1203 728\ (2812 8333 368"
n 8595 ' 055 9055 ) 2 8595 1910 955 ) °

2
10259 1220 1228 T2 (-2 -a-5)

8595 955 955 955 Y2

y1 +

25 2
507 8330 8333 36 (-2 -a-5)
34380 © 1910 1910 955

Where « is a root of Q1(z) = 933122 4 3888002* + 510624z + 216161 and S
is a root of Qq(z) = 362% + (36 + 150)z + 150 + 36a* + 197

To compute a linear differential equation whose m®™ symmetric power has max-
imal order, in general gives a new operator with very complicated coefficients
and it may be very expensive to compute rational or exponential solutions of
the symmetric power of this new equation. The following proposition allows
us to occasionally avoid such a transformation and use the original equation
even when the symmetric power is not of maximal order.

Proposition 9 Let k be as above and let L(y) = 0 be a linear differential
equation with coefficients in k. Let {y1,...,yn} be a fundamental set of solu-
tions of L(y) = 0 in the associated PVE and let W,, be the space of homoge-
neous polynomials of degree m in variables Y1,...,Y,. Assume that the set S

of polynomials P(Y1,...,Y,) in Wy, such that

(i) P(Ya,...,Y,) factors into linear factors, and
- (P(yh'"vyn))/

[ €k

(it) P(yr, ..y yn)

is a finite union of one dimensional subspaces of W,,. Then L(y) = 0 has a
liouvillian solution.

Proof. The assumptions imply that there exist P;,..., P, € S such that any
element of § is a constant multiple of some F;. Let K be the associated PVE

5 The explicit form of the factorization obtained by A Factor depends on the name
of the variables used to represent the form.

12



and let G(L) be the Galois group. For P € §, and o € G(L), the polynomial

P(o(Y1),...,0(Y,)) again factors into linear factors and

Therefore P(o(Y1),...,0(Y,)) = ¢, Pi(Y1,...,Y,) for some ¢, € C and some
i. In particular, the element o will map each linear factor of P(Yi,...,Y,)
to a linear factor of one of the P;. This implies that the orbit of such a lin-
ear factor {(Y7,...,Y,) under the action of G(L) is contained in the set of
constant multiples of a finite set of linear polynomials. Therefore the orbit
of Iy, yuyn))/(U(y1,...,yn)) is finite and so {(yi1,...,y,) is a solution of
L(y) = 0 whose logarithmic derivative is algebraic. O

The finite (up to multiples) set of forms in the Proposition may not be an
invariant, but the product of the forms belonging to the same G(L)-orbit will
be a semi-invariant that factors into linear forms®. It is thus sufficient to
consider products of the forms belonging to the set.

Example 10 Consider the equation L(y) =0 given in (5). From Fxample 8
we get that there are, up to mutiples, 15 forms in the set S. Thus L(y) = 0
has a Liouvillian solution. In this case S consists of one G(L)-orbit of length
1 and seven G(L)-orbits of length 2.

4.4 Computing the remaining coefficients of the minimal polymial

Using the factorization of the (semi-)invariant one gets Taylor series expan-
sions of arbitrary precision of the factors using the same initial conditions for
k C C(z) than those used to compute the invariant. One can use these expan-
sions of the factors to compute the coefficients of the minimal polynomial of
an algebraic logarithmic derivative corresponding to the form.

Let

—u e w4 (1) 1;[1 .
=u™ + by ()™ 4L+ bo() (9)

6 An orbit of length > 1 is the result of an imprimitive permutation representation
of G(L) on the linear forms in the factors of that orbit.
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be the minimal polynomial of an algebraic logarithmic derivative of a solution

of L(y) = 0. Let

F(Y,....Y,)= ﬁ (zn:ai,m)

7=1 \z=1

be a semi-invariant form of degree m that factors into linear forms and as-
sume that we have obtained the factors. Let z; = 377", a; ;y;, where the y;
form a fundamental set of solutions whose Taylor series can be determined
to arbitrary precision. Assume that we have a bound N on the degrees of
the numerators and of the denominators of the coefficients b;(x) of P (such a
bound can be determined, c.f., [9,10] and [5] for related bounds). We write

N t
. Zt:o cr,t:E

bo(z) =
(@) =SV 4w

with the ¢;;,d; ; indeterminates. Equations 8 and 9 let us conclude that we
can calculate the Taylor expansion T,(x) of each b, in terms of the Taylor
expansions of the z; and so can calculate these to arbitrary order. Comparing
powers of z in the equation

N N
Z crqzt = To(x) Z d, sz’
t=0 s=0

yields an infinite system of linear equations for the ¢; ;,d; ;. The first 2NV of
these equations will determine b,. To see this, note that if p;/¢; and py/g¢s are
rational functions whose numerators and denominators have degrees bounded
by N and whose Taylor series agree up to order 2NV, then p1/q1 — pa/q2 =
(p1g2 — P2q1)/ 192 has a Taylor series T' beginning with terms of order 2V + 1
or higher. Since p1g2 — p2g1 = T'(g1q2) we must have p;gs — pagr = 0. This is,
of course, a very inefficient way to find these solutions. Alternate methods for
a related problem are discussed in [5] and we would expect these methods to
yield more efficient algorithms in this situation as well.

Example 11 Consider the equation L(y) = 0 given in (5) which, by Frample
10, has liouvillian solutions. In order to compute a liouvillian solutions we,
a priori, need to consider products of the 15 forms corresponding to the val-
ues found in Frample 8. In facl, as we will see, the values (6) immediately
yield an invariant (i.e., a G(L)-orbit of length 1). We will try to compute a
minimal polynomial P(u) = by(x)u® + ba(x)u® + by(x)u + bo(x) (bi(z) € C[z])
corresponding to this form, i.e. where by(x)/bs(x) is the logarithmic derivative
of f(z) = 2*(z —1).

In order to bound the degrees of the b(x) we use the method given in [1],
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pp. 93-95 for the fuchsian case (cf. [9]). The exponents of L(y) at 0 are
3/2,1,1/2, at 1 they are 4/3,1,2/3 and al oo they are —2/3,—1,—4/3. We
must have deg(bs) < m(l+ k) where m = 3 is the degree of P(u), k = 2 is the
number singular points ¢; # oo of L(y) = 0 and [ is the number of zeros of
bs(x) which are not singular points of L(y) = 0. One has that

where the a;; are possibly repeated exponents at the singular points ¢; # oo
and r is the smallest exponent at oo. Thus I < 0.5 which gives deg(bs) < 6.
According to [1] we get deg(b;) <641 fori € {2,1,0}.

We now take Taylor series of the solutions y; in Frample 7 up to order 17
and compute the series ldy, ldy and lds of the logarithmic derivatives of the
factors of F' given in Section 4.3. For i € {2,1,0} the elementary symmelric
functions (—1)'o;(ldy, lda, ld3) must correspond to the cocfficients bs_;/bs. We
get the following polynomial P(u):

s 202z -1) , 642* — 63z + 15 5122 — 74522 + 351z — 54

U — /U

(z— )z 12(z — 1)222 " 216(z — 1)%23

Whose zeros are all logarithmic derivatives of solutions of L(y) = 0.

If we know that the form that factors into linear forms is an invariant of G(L)
(e.g. if ker(¢n,) is trivial), then the above method will always give a unique
polynomial P(u) whose zeros are all logarithmic derivatives of solutions. If the
invariant is not the product of semi-invariants of lower degree, then P(u) will
be irreducible.
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