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Abstract

Given a squarefree polynomial P € ko[z,y], ko a number field, we con-
struct a linear differential operator that allows one to calculate the genus
of the complex curve defined by P = 0 (when P is absolutely irreducible),
the absolute factorization of P over the algebraic closure of kg, and cal-
culate information concerning the Galois group of P over kq(z) as well as
over ko(z).

1. Introduction

The results of this paper spring from the elementary fact that an algebraic func-
tion satisfies a linear differential equation.

Let ko be a number field and kqy be its algebraic closure. Let P € ko(x)[y] be a

squarefree polynomial of degree n in y. The derivation § = % extends uniquely

to the algebraic closure ko(z) of ko(z). We define the minimal operator associated
with P to be the monic differential operator Lp = §' + a;_16'" + ... + ag with
a; € ko(x) of smallest positive order such that Lp(y) = 0 for all roots of P in
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ko(x). In Section 2, we give algorithms to calculate this operator. In Section 3,
we assume that P is absolutely irreducible, that is, irreducible over ko(z). We
show that information derived from the singular points of the minimal operator
allows one to give a simple formula (and direct method) to calculate the genus
of P = 0. In Section 4 we give two methods to factor a polynomial P € ko(z)[y]
over ko(z). Together with the algorithm in Section 3, this yields a new poly-
nomial time algorithm for this task. In Section 5, we discuss how the minimal
operator allows us to find properties of the Galois groups of P over ko(z) and
over ko(z). In the appendix we present some conjectures related to a problem
that is solved in Section 2, that is, the problem of finding a simple Tschirnhaus
transformation that will insure that the roots of a polynomial over kq(2) become
linearly independent over k.

Although other methods are known to perform these tasks, our goal is to show
that one can approach all of these via differential operators. We note that differ-
ential operators have been used to derive power and Puiseux series expansions
of algebraic functions in [7] and [5, 6] and, in a way different from that described
here, absolute factorization in [15]. For simplicity, we have assumed kg to be a
number field but all results are valid for a computable field of characteristic zero
over which one has an algorithm to factor polynomials.

We wish to thank Erich Kaltofen for stimulating and useful conversations con-
cerning absolute factorizations, Hoon Hong for deriving the explicit formulas of
Lemma 4.3, Bjorn Poonen for Proposition 2.1 and the referees for many helpful
comments.

2. From Polynomials to Linear Differential Equations

In this section we shall assume that P € ko(z)[y] is a squarefree polynomial of
degree n and discuss methods to calculate the minimal operator Lp associated

with P.

We begin by describing the well known naive algorithm to do this. This algorithm
is motivated by the fact that if ¢ is a root of P in some differential extension of

ko(x), then 6(g) = —izg (where P, and P, are the partial derivatives of P with

respect to @ and y) and this latter expression can be rewritten as a polynomial

in g. Since P and P, are relatively prime, the euclidean algorithm can be used to
find polynomials R and S of degrees at most n — 1 such that RP 4+ SP, = —P,.
We now generate a sequence of polynomials S; € ko(x)[y] of degree at most n — 1
such that for any root § of P, §(g) = Si(7). We define Sy =y, S; = S, and, for
i > 1, Siy1 to be (5;): + (5:),51 mod P. At each stage, one checks to see if the
polynomials Sp,...,S; are linearly dependent over ko(z). If so, then a relation
Z;:o a;S; =0, a; =1 yields an operator L = Z;:o ;8. If not, one continues.
This process must stop after at most n steps, since n + 1 polynomials of degree
at most n — 1 must be linearly dependent. It remains to justify that this process
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does yield an operator of minimal order that annihilates the roots of P.

Formally, the process above produces a linear differential operator L of smallest
order that annihilates the image ¥ of y in the differential ring ko(z)[y]/(P) where
the derivation is defined by ¥ = —P.(y)/P,(y). Furthermore, if P = P, -...- P,

is the factorization of P into irreducible factors over ko(x), then the map

ko(2)[yl/(P) = ko(2)[yl/(P1) © ... © ko(z)[y]/(F}) (1)

given by ¥ — (y modPy,---,y modP,) is not only an isomorphism but a differ-
ential isomorphism as well.

To show that L as constructed above is the minimal operator associated with
P, we will show that the solution space of L is spanned by the roots of P. The
roots of P span a vector space V' that is precisely the solution space of a monic
operator Lp with coefficients in ko(z). To see this, let yq,...,y; be a basis of V.
The Galois group of P acts as ¢ x ¢ matrices on V and leaves the coefficients of

_det(Wr(Y,y1, ..., 51))
Le(y) = det(Wr(yr,...,uy:))

fixed (Wr( ... ) is the Wronskian matrix) . We need to show Lp = L. First
of all, since all roots of P satisfy L(y) = 0, we have that Lp divides L on the
right (c.f., Lemma 2.1 of [37]). Since Lp annihilates each of the ymodP; in (1),
the isomorphism in (1) allows us to conclude that Lp annihilates §. This implies
that L divides Lp on the right. Therefore L = Lp. We note that we have also
shown that the solution space of the minimal operator is spanned by the roots

of P.

The above procedure involves “only” linear algebra but one can encounter prob-
lems of expression-swell when trying to carry this out. We will present an alterna-
tive algorithm that first bounds the degrees of the numerators and denominators
of the coefficients of the minimal operator and then calculates these directly us-
ing Padé approximation. This method will work well when the roots of P are
linearly independent over kq. For this reason and later use, we begin by discussing
this condition.

2.1. Linear Independence of Roots

In this section, we present a method for transforming a polynomial P(y) €
ko(x)[y] into a new polynomial whose roots are linearly independent over the
constants. In the appendix, we will discuss other possible methods to perform
this task.

There are well known efficient algorithms to give a squarefree decomposition of
an arbitrary polynomial so questions of factoring and calculating Galois groups
can be reduced to considering squarefree polynomials. Furthermore, given a
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polynomial P(y), it is easy to write it as a product P(y) = Pi(y)Ps(y) where
Pi(y) € koly] and Py(y) € ko(x)[y] with no root of P, in k. To do this, multiply
by a polynomial b(z) € ko[z] to clear denominators so Py = b(x)P € kolz,y].
Rewrite Py as a polynomial in @ with coefficients in ko[y] and let Pi(y) be the
greatest common divisor of the coefficients of powers of z. Dividing again by
b(x), we have that P = P, P, for some P, € ko(2)[y] having no roots in ko. These
two observations allow us to reduce questions of factorization, computing genera
and computing Galois groups to squarefree polynomials, none of whose roots
are constants. For these polynomials, we have the following result (due to Bjorn

Poonen).

PROPOSITION 2.1: Let P € ko(x)[y] be a squarefree polynomial none of whose

roots {yi,...,yn} C ko(z) lie in ko. Ezcept for a set of at most n? values of
a € ko, the elements

1 1

sy
Yy —a Yn — a

are linearly independent over kq.

Proof: Let K = ko(z,y1,...,yn) C ko(z) and let ¢ be an indeterminate. The
derivation % on ko(x) extends naturally to ko(z) and the constant subfield of
this latter field is ko. For an indeterminate ¢, the field ko(z, ¢) can be given the

structure of a differential field with j—; = (. The constant subfield of this latter
field is then ko(c). We shall show that the elements

1 1

sy
Y1 —¢C Yn — C

(2)

are linearly independent over ko(c). Assume that there are ¢i(c),...,q.(c) €
ko(c) such that

al)) 4ol

Yy — ¢ Yn — C

If we consider the left hand side of this equality as an element of K(c), we
can expand this in partial fractions with respect to the indeterminate c¢. The
coefficient of the term ﬁ will then be ¢;(y;), which, by assumption, cannot

be zero unless ¢; is identically zero. Therefore, the elements in (2) are linearly
independent over kq(c).

From the above, we can conclude that the wronskian of the elements of (2)
is nonzero. Considering this as an element of K(c), we may assume that the
denominator is [[.(y; — ¢)* and that the numerator is a nonzero polynomial of
degree at most n? in ¢. Therefore there are at most n? values of a € kg such that
the elements

1 1

sy
Yy —a Yn — a

are linearly independent over ko and therefore over kq. a
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We note that the proof gives us a polynomial W (¢) € K[c] whose zeros include
the exceptional set of values of ¢. From the point of view of efficiency this is not
very helpful. Instead we shall give a test to determine directly if the roots of a
squarefree polynomial are linearly independent over the constants. Having such
a test, one selects a value of @ and constructs a polynomial for which the ytﬁ are
roots (just multiply P(i —a) by a sufficiently high power of y). One then applies

the test and the Proposition guarantees success after at most n? + 1 choices.

The idea behind the test to determine linear dependence of roots of a polynomial
P € ko(z)[y] is the following: There is a number M, depending on P, such that
if a ko-linear combination of roots of P vanishes to order M, then this linear
combination must be identically zero. Therefore to test if the roots of P are
linearly dependent, we need only expand the roots as Taylor series at a point
zo € kg where the discriminant is nonzero and test if the first M + 1 terms
are linearly dependent. Doing this naively will involve working in an algebraic
extension of kg but we shall also show how this blemish may be removed to allow
us to work directly in kg.

To show that the bound M exists and to show how one may calculate it, we will
need some well known concepts and facts concerning linear operators over k()

(see [30], Ch. 5). We begin by reviewing these.

Let L = b,0™ + b,_16" 1 + ... + by be a linear differential operator with § = %
and the b; € ko[z] and GCD(by,...b,) = 1. At any point ¢ € ko one can search
for solutions of Ly = 0 of the form y = ¢* ijo c;t? where p € kg and t = z — c.
If we let b, = mei bm‘tj, bim, # 0 and substitute the expression for y into
Ly we get Ly = }(p)xp+N(2j>0 d;t’) where N = min;(m; — i), dy # 0 and
1(p) = 2ot | mimi=iy bim.p* (we use the notation pt = 1 if i = 0 and pt =
plp—1)---(p — 1+ 1) otherwise). The equation I(p) = 0 is called the indicial
equation at ¢ and its roots are called the exponents at ¢. A calculation also shows
that if y = E?io ¢;it? with pg < p1 < ... real numbers and ¢y # 0 then pg is
also an exponent. If ¢ is not a root of b,, we say that ¢ is an ordinary points
and the values of ¢ such that b,(c) = 0 are called the (finite) singular points. We
also need to classify the point at infinity. To do this we make the transformation
%, % = —tQ% and say that oo is ordinary or singular according to whether
0 is an ordinary or singular point of the transformed equation. The indicial

Tr =

equation at oo is defined to be the indicial equation of the transformed equation
at 0. If L has coefficients in ko(x), then the indicial equations at points of ko
that are conjugate over kg are the same and one can calculate this equation using
p-adic expansions where p is the minimal polynomial of the conjugate singular
points over kq. These can be found from a factorization of b,,. We say a singular
point is regular if its indicial equation has degree n and is irregular if its indicial
equation has degree less than n. Therefore a singular point ¢ is regular if and
only if the order of b,_;/b, at ¢ is at least —i. We say L is fuchsian if all of
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its singular points are regular singular points. Let L be a fuchsian operator, let
P1y- .-, Pm be the singular points (possibly including infinity) and for each ¢, let
{pi7]-}?:_5 be the exponents at p;. Fuchs’s relation states that

|
—

s = 5lm—2n(n 1) 3)

K3

m n

1

b
Il
=]

This equation is proved in [30], p. 77. Finally we say that a singularity ¢ is an
apparent singularity if the equation Ly = 0 has n independent solutions that are
analytic at = = ¢.

We shall need the following facts about exponents.

LEMMA 2.2: Let L be as above and p € ko U {oc}.
1. If p is an ordinary point, then the exponents at p are {0,...,n — 1}.

2. 1If all solutions of Ly = 0 at p can be expressed as Puiseux series, then there
are n distinct exponents at p.

3. If p ts an apparent singularity then there are n distinct integer exponents
0<p <...<pp atp with p, > n.

Proof: 1. This claim follows from the existence theorem for differential equations.

2. For simplicity, let us assume that p = 0. Let {y1,...,y,} be a basis of the
solution space at p and assume we have ordered this set so that ord,y; <... <
ord,y,, where ord,y is the exponent of the smallest power of z appearing in y.
Since each of these numbers must be an exponent, there are only a finite number
of n-tuples (ord,yi,...,ord,y,) that can be generated in this way. Order these
lexicographically and select the largest such n-tuple. We claim that the entries
are all distinct. If not, say ord,y; = ord,y;y;. For some ¢ € ko, Yigr = Yi — CYiy1
has order larger than ord,y;;1. Replacing y;41 with y;,; we get a new basis with
a larger associated n-tuple of orders, a contradiction.

3. Again, assume that p = 0. From part 2. and the definition of an apparent
singular point, there will be n distinct positive integer exponents. We must show
that the set of exponents is not {0,1,...,n — 1}. Assume that this latter set is

the set of exponents and let {y;,...,y,} be a set of solutions of Ly = 0 with

ordoy; = 1. If w(z) = Wr(yi,...,y,) is the wronskian matrix (yl(])(x)) then one
sees that w(0) is a lower triangular matrix none of whose diagonal entries is zero.
In particular, det(w(x)) is nonzero at @ = 0 and the y; are linearly independent

over the constants. The equation

. det(Wr(y,y1,- -, Yn))
Lly) = det(Wr(yi,...,Yn))

has rational coefficients that do not vanish at p. Clearing denominators gives us
L and shows that p is not a singular point, yielding a contradiction. a
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We now consider the minimal operator Lp of order ¢ < n of a squarefree
P(y) € kly], k = ko(x) of degree n. At any point, the solutions of P(y) =0 can
be expressed as Puiseux series and so the minimal operator will have a basis of
solutions of this form. Therefore, Lemma 2.2.2 applies to this operator.

Using these concepts, we wish to prove the following

PROPOSITION 2.3: Let P € ko[z,y] be a squarefree polynomial of degree n in y
and let y1,...,y, be the roots of P =0 in ko(x). Let Lp be the minimal operator
of P and let its order be q,1 < g < n. Let

M=q+q<%(N—2)(q—1)—Nl>

where

1. N is the number of points xo (possibly including infinity) where either the
degree of P(xo,y) is less than n or P(xg,y) = 0 has a multiple root,

2. 1 <0 s a lower bound on the slopes of the sides of the Newton polygon of
P at any point on the projective line,

Then M is an upper bound on the exponents of Lp at any point on the projective
line. Furthermore, the number of apparent singularities is bounded by q(%(N —

2)(g — 1) — NI).

Proof: Let p1,...,pn, be the singular points of Lp (possibly including infinity)
and let py,...,py be the points where P(p;,y) = 0 has a repeated root or the
degree drops. Note that py11,...,p, are apparent singularities of Lp.

At each p;, 1 <1 < N, the exponents are of the form p; ; = [ 4+ n;; where n; ;
is a non negative rational number. This is because at these points the Puiseux
expansions of the solutions {y;} have leading terms whose exponents are given
by the slopes of the Newton polygon.

At each p;, N + 1 <1 < m, the exponents are distinct non negative integers
with the largest one bigger than ¢ — 1. Therefore we may assume that they are
of the form p; ; = 7 + n;; with each n;; a non negative integer and at least one
n;; positive.

From Fuchs’s relation (equation (3)) we have

1 N g—-1 m g—1
2t = Y5 3 S
i=1 7=0 1=N+1 j=0
N g—1 m g—1
= Z (L +mij) + Z Z(J—an)
=1 7=0 1=N+1 7=0
g—1 m — m g—1
SE20 09 SN RS IER o 3
=1 7=0 1=N+1 7=0
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Rewriting this, we have that

N g-1 m
LV D) Nl = Yt Y S @)
=1 7=0 i=N+1 j=0

Note that 77" ) Ej;é n;; 1s larger than the number of apparent singularities
since for each j some n; ; is positive. Therefore the number of apparent singu-
larities is at most 2(N —2)g(g — 1) — Ngl.

We also have that each n;; < %(N —2)g(qg — 1) — Ngl. Since [ < 0, p;; <
1(N—2)q(q—1)—Nql at each true singularity and p;; < g+3(N—2)q(q—1)—Nql
at each apparent singularity. Note that at an ordinary point we have that the

exponents are less than ¢ and so also satisfy this bound. O

We note that if at some point on the projective line, the Newton polygon has n
distinct slopes then these slopes are precisely the exponents of Lp and Lp will
have order n, i.e., the roots of P will be linearly independent over constants. If
there are fewer than n slopes then the exponents can be larger than the slopes
due to cancellation among the roots of P. Furthermore, if we know the exponents
at the true singular points, then we can give a better bound on the number of
apparent singular points than the one given in the above proposition. Using the
notation of the proof of Proposition 2.3, we have

N g-1 m g—1

1

(N =2)q(g = 1) = DI pii= D> > iy = m=N (5)
=1 7=0 i=N+1 j=0

We note that both [ and N can be bounded in terms of the total degree d of
P in x and y and that this bound is a polynomial in d.

To decide linear dependence of the roots we will use

COROLLARY 2.4: Let P € kolz,y] be a squarefree polynomial of degree n in y
and let yi,...,y, be the roots of P =0 in ko(x). Let

M’:1?%§{q+q<%(N—2)(q—1)—Nl)}

Lett =a —a for a € kg ortzi, let ¢y, ..., ¢, € ko and let

Z a;tPi

po<p1<...

be the expansion of ciy1 + ...+ ¢y, in fractional powers of t. If po > M’', then
cayr+ ...+ ey, =0.
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Proof: Note that the number M’ bounds the exponents at any point of the
minimal operator of P. Any linear combination as above must be a solution of
this operator. If it vanishes to an order larger than any exponent then in must
be identically zero. a

To apply the above Corollary, we will want to expand the roots of P at a point
x = ¢ and compare the first few terms. To minimize working over an algebraic
extension of kg, we shall introduce the following series.

Let = ¢ be a point where the discriminant of P, Resultant, (P, %), is not zero.

For simplicity, we shall assume that ¢ = 0. Let S = ko[y]/(P(0,y)) and let @ be
the image of y in S. Since P(0,y) is square free, %(O, «) is invertible in S. One
can apply Newton’s Method (see Lemma 9.2.1, [16], p.253) and conclude that
there exist s; € ko[[z]] such that y(z) = s; + asy + ...+ a""'s, is a solution of
P(z,y) = 0in S[[z]]. Note that Newton’s Method allows one to calculate the s; to
any prescribed power of z. Furthermore, specializing « to any root «; of P(0,y)
in the algebraic closure ko of kq yields a solution yi(x) = s1+aisa+. . .—I—Qf‘_lsn of
P(z,y) in ko[[z]]. Note that {yi,...,y,} are linearly independent over constants
if and only if the same is true for {sy,...,s,} since the transformation matrix
from one set to the other is a Vandermonde matrix.

DEFINITION 2.5: We shall refer to the s; constructed as above as an adapted
spanning set of the solution space of Lpy = 0 at x = c. If they are linearly
independent over the constants then we shall refer to this set as an adapted
basis of the solution space of Lpy =0 at x = c.

Using an adapted spanning set at a point where the discriminant of P is
nonzero, we can give a procedure to decide if the roots of P = 0 are linearly
independent over the constants. Let M’ be the number defined in Corollary 2.4.
Calculate polynomials S;(x) such that s;(z) = SZ'(.TL’)—I-O(ZL’M”-H) where M" is the
first integer at least as large as M'. Corollary 2.4 implies that the s; are linearly
independent over constants if and only if the S; are and this can be decided
using linear algebra over ky. We note that the method presented here for finding
an element ¢ € kg such that P(c+ i) = 0 has kg-linearly independent roots has
complexity given by a polynomial in the total degree of P and the size of the
numbers appearing in P (bit size if kg = Q and a similar measure for algebraic
numbers).

We illustrate the method with the following example :

EXAMPLE 2.6: Consider the polynomial P(z,y) = y*(y* + 3)* + 4z (from [27],
p. 404, fe3). In order to find a transformation such that the roots of the new
polynomial are independent over Q we proceed in the following way:

o Consider Py = y°®P(x, i) Since the cocfficient of y° is zero, the roots must
be linearly dependent. In order to prove the linear dependence using the
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above we would proceed as follows. Using the notations of Corollary 2.4, we
get N =3 (corresponding to x = 0,1,00). We choose to work at the reqular
point ¢ = 2 and consider the polynomial

Py = Po(z —2,y) = 1 4+ 6y° + 9y* + 4(z — 2)y°

By computing the Newton polygon of Py we get | = —é and so M' = 24.
Computing an adapted spanning set up to order M' + 1 we get that the S;
are linearly dependent over Q and thus by Corollary 2.4 we get that the
roots are linearly dependent over Q.

e Now we consider the polynomial P, = y*P(z, i—l—l). Following the notations
of Corollary 2.4, we get N = 4 (corresponding to v = 0,1,—4,00). We
choose to work at the reqular point ¢ = 2 and consider the polynomial

P =Pz —2,y) =42+ z)y® +48y° + 60y* + 445> + 21y? + 6y + 1
By computing the Newton polygon of P, we get | = —é and so M' = 40,
which means that in order to guarantee a possible linear dependence of the

coefficients S; of a spanning set we have to compute until order 41. Note
that in this case an adapted spanning set computed up to order 6 is

2® + 0(936)) %

1 . 35 , 1069
486 46656 1679616

-+ —x — 7 — T — z
9 216 23328 124416 40310784

817 4 5525 4 102061 5 O(xg)-)) o3

1 5 9 25 3 295 4 81289 & O(xG)) o

5 2
gt % Tt 93398 T5s0872 ¢ T a0310784”
7

19 o 97T 229, 106337 g o\
+(1 T+ 5167 T ae656 ¢ T a2 ® tRoeasest T O )@

+ — T T
36 864 93312 4478976 161243136

z® O(x6))

7 37 oy 1007 o 18TS3 L 141923 . 6)>
T (8%

i n i 2 125 E 515 oy 13313

36 864 93312 1492992 161243136
where ]51(0,oz) = 0. Swince the corresponding S; are linearly independent
over Q, the roots of Py are independent over Q. This insures that Lp (and
thus Lp, ) has mazimal order 6 (see Fxample 2.7 for its computation). O

2.2. Calculating the minimal operator

We now turn to the problem of finding the minimal operator associated with
a polynomial P(y) whose roots are linearly independent over ko. The previous
paragraphs have shown how one can insure that this happens. Clearing denom-
inators, we shall furthermore assume that P(z,y) € ko[x,y] and for simplicity
that P is monic as a polynomial in y (this can always be achieved by making a
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linear transformation of the variables). Since the minimal differential operator
is fuchsian, it will be of the form

Y ) an_1($) n—1 Clo(.f)
Lp=3 TN &+ T Al

where A(z) is a squarefree polynomial ([30], Ch. V.20). We can write A(z) =
Aq(x)Az(x) where the zeros of Aj(z) are the finite “true” singular points and
the zeros of As(x) are the apparent singular points. We can let A;(x) be the
product of the irreducible factors of the discriminant since outside the zeros of
this polynomial we have n analytic solutions of P = 0. Proposition 2.3 allows
us to bound the degree of As(x). Since oo is at worst a regular singular point
we have that deg(a,_;) < deg(A*) —1 ([30], Ch. V.20). Therefore once one has a
bound on the degree of A(z), one can bound the degree of the a;. To determine
the a,_; /A%, we proceed as follows.

Let © = ¢ be a point that is not the zero of the discriminant of P and let {s;}
be an adapted basis of Lp at x = ¢. We note that

_ det (Wr(y,s1,...,5,))
Lp(y) = det (Wr(s1,...,85))

where Wr is the Wronskian matrix. Therefore, each coefficient an_z-/Ai is the
ratio of power series that we can compute. Since N; = ideg(A) is a bound on
the degrees of the numerator and denominator of a,,_;/ A'. we can determine this
rational function from the first 2/V; 4+ 1 coefficients of the corresponding ratio of
power series.

The following example shows that one can sometimes do better than using the
rough bounds of Proposition 2.3. In this example there are n distinct slopes at
some of the singular points and so we know that the Puiseux series must be
linearly independent over the constants. Furthermore, these slopes must be the
exponents. We are therefore able to use Fuchs’s relation (equation (3)) and its
consequence (equation (5)) directly to bound the number of apparent singulari-
ties.

EXAMPLE 2.7 (EXAMPLE 2.6 CONTINUED): We will compute the differential
operator (which is of mazimal order) associated to the polynomial Py of Fxample
2.6 using the above method.

The singularities of P; are —2,2,3 and oo. We can give lower bounds on the
exponents of Lp at these points by looking al the Puiseux series of Py. For
instance at x = 3 using the command “puiseuz” in MAPLE with the option
“minimal” we obtain the following representation using a formal parameter T'
after translating 3 to 0:

{le =-1/12T7% y=-p/12T+ .. ],[z=T,y=a+..]}
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where H5a? +2a+1 =0 and 262 +28+1 = 0. Therefore, since the exponents are

all distinct, the sum of exponents at x = 3 is at least 0 + % + 1+ % + 24 g = %
Doing the same with the other singularities, we obtain respectively the lower
bounds 12—5 atx=2,9 at v = —4 and % at x = co. The sum of the exponents at

the singularities is therefore at least % and equation (5) implies that :

(4—2)6(5—1)—§:§

m—N<
2 2

¢

(NN

and so Lp admits at most two apparent singularities.

Writing A(z) = (z — 2)(z — 3)(x + 2)(2® + ax + b), Lp, is of the form :

ag—i(x)
1 o Az
where ag_; is a polynomial of degree at most 41. Using the adapted basis at x = 0
we have already compuled in Example 2.6 and the previous expression of Lp as
a quotient of Wronskian determinants, this leads, when expanding the coefficient
‘X((f)), to a system in the coefficients of as and the variables a and b whose solution
gives :

as(z) 444z — 1059392 — 3257502% + 1112451z + 987286
Alz) 2(z — 3)(1222 — 2697z — 12467)(x2 — 4)

so Lp, admits exactly two apparent singularities that are conjugate over Q (and
we can also deduce directly from Fuchs’s relation that the exponents at these
points are {0,1,2,3,4,6}). The other coefficients can be computed in the same
way bul we don’t reproduce the equation Lp because of rather huge expressions.
O

Note that the algorithm for computing Lp is again of complexity bounded by
a polynomial in the total degree of P and the size of the coefficients.

3. A Formula for the Genus of P =0

In this section we will give a formula that gives the genus of an algebraic curve in
terms of the exponents of the associated minimal differential operator. Through-
out the section P € kg[z,y] will denote an absolutely irreducible polynomial of
degree n in y. Furthermore, we shall assume that the roots of P in the algebraic
closure of ko(z) are linearly independent over k. If this is not the case, we have
shown in Section 2 that we can transform P into a polynomial having this prop-
erty. It is easy to see that the transformed polynomial is absolutely irreducible
if and only if the original one is.

Although there are many ways to define the genus g of the curve P = 0 (e.g.,
the topological genus of the nonsingular model), for the purposes of this paper
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it will suffice to define this number to be the integer that satisfies the Hurwitz
formula given below. In order to state this formula we need to give some well
known definitions and facts (see [42]).

Let K be the quotient field of ko[z,y]/(P) where (P) is the ideal generated in
kolz,y] by P. For each ¢ € ko, let t = & — ¢ and let ko((t)) be the quotient field
of the ring of formal power series in t. Expanding any f € ko(x) as a Laurent
series in ¢ gives an embedding of ko(z) — ko((t)). Therefore, we can consider
ko(x) as a subfield of ko((t)) and there exist n roots y1,...,y, of P =0 in the
algebraic closure ko((1)) of k_o((t)) It is known that the field ko((¢)) is the union
of all fields of the form ko((¢'/)), m > 1 ([42], Ch. 1V, §3). For each y; there
is a smallest positive integer e such that y; € ko((¢'/¢)) which we refer to as the
ramification index of y;. The Galois group of ko(('/¢)) over ko((1)) is cyclic of
order e and is generated by t'/¢ — (t'/¢ where ( is a primitive e’ root of unity.

We say two solutions of P = 0 are equivalent if they have the same ramification
e and are conjugate under the Galois group of ko(('/¢)) over ko((t)). If y; has
ramification e then it is equivalent to e solutions of P = (. Fach equivalence class
is called a place. The elements of each place have a common ramification which
we refer to as the ramification index of the place. Therefore, to each element
¢ € ko we can associate the list of ramification indices of the places €1 ., ...¢€p.
We note that ). e;. = n and that an integer can appear more than once in this
list. Letting ¢ = %, one can embed k_o(x) into k_o((t)) and define the ramification
indices €1 o, . .., €0 10 a similar way. Let 5 = ko U {oc}. It is known that there
is a smallest finite set R C S such that for ¢ ¢ R all ramification indices at ¢
are 1. We have the Hurwitz formula:

g:l—n+zzei7a2_1

a€S i

eia—1

0 is over all ramification indices at o.

where g is the genus and the sum ).

We now switch our attention to the minimal operator of P. At each point a € S
there exist n exponents p; o, ..., pno. We note that the p; , are distinct rational
numbers. For each 1 let r; , € kg satisfy: 0 < r;, < 1 and p; , — i 1s an integer.
We shall refer to r; , as the fractional part of the exponent p; .. We then have

PROPOSITION 3.1: Using the above notation

gzl—n—{—ZZrﬁa

a€S j=1

Proof: Let o € S and y € ko((t)) be a solution of P = 0 of ramification e, where
t is a local parameter. We may write y = po(t) + tepy t)+...+ teT_lpe_l(t) where
the p;(t) are in ko((¢)). Therefore the place containing y consists of yo, ..., ye—1
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e—

where y; = po(t) + Citepy (t)+...4Cile=g elpe_l(t) and ( is a primitive ¢ root
of unity. We may therefore write

Yo Wo,e
U Wi,e
=M
Ye-1 'we—l,e
where M is the Vandermonde matrix of 1,(,(?,...,(* " and w;, = tépi. Since

M is invertible and, by assumption, the y; are linearly independent, we see that
the kg-span of each place of P = 0 has a basis of the form {w;.}. This implies
that there are exponents of the form ng,n; + %, ceey M1+ % where the n; are

6—11_5—1
=0 e 2

integers. The sum of the fractional parts of these exponents is )

Let Pi,..., P, be the places at « and let ey, ..., e, be the corresponding ramifi-
cation indices. We have just shown that for each j = 1,...,m there are linearly

independent elements w; ., = t% p; ; as above. Let p; ; € Q be the lowest power
of ¢ that appears in w;.,. Fach p; ; is an exponent at a. If all the p; ; are distinct
then we have all the exponents at o and from the above we get that

n
62'704 —1
E Tiag = E
7, ¢
: , 2
1=1 7

and the formula of this proposition follows now from the Hurwitz formula.

We therefore must consider the situation when two p; ; are equal. Consider all

linearly independent families of solutions {'wmj} of Lp where w; ., = tépm and
associate to such a family the vector of lowest powers (p; ;). Since there are only a
finite number of possibilities for the p; ; there exists a maximal vector (using the
lexicographical order) with associated family {w; ., }. If two p; ; are equal we can
replace one of the w; ., with a combination of two of these and ensure that we get
a family having a larger associated vector (p; ;). Therefore, the powers appearing
in the lowest order terms must all be distinct and the previous argument applies.

O

One can use the Hurwitz Formula to calculate the genus of a curve but in order
to do so one must calculate the ramification indices. Newton polygon methods
allow one to do this but it can happen that one must generate many terms
of the Puiseux expansions before one sees the ramification index appear in the
denominator of an exponent of ¢. The formula of Proposition 3.1 just requires one
to calculate the indicial equation at singularities of the minimal operator. One
does not need to calculate the exponents at the apparent singularities (since
these will be integers) so one only needs to look at those a such that z — o
divides the discriminant of the polynomial (and possibly infinity). Furthermore,
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assuming that P is monic as a polynomial in y (which can be guaranteed by a
Tschirnhaus transform) we do not need to calculate the exponents for all such a.
If @ has the property that all points («, 3) above « on the curve are nonsingular
points, we have that ) .(e; o, — 1) is precisely the multiplicity of  — a dividing
the discriminant, c.f. the Dedekind Discriminant Theorem ([13], p. 77).

To see this, recall that the discriminant is the product of the differences of the
roots. Let ¢ = x — a and assume that y = ﬁ—l—dltl/6 +...1is aroot of P belonging
to a place with ramification index e > 1. In particular, + — « has order e and
so y — 3 must have order 1 since the local ring corresponding to this place is
nonsingular. Therefore d; # 0. The product of the e(e—1) differences of elements
in this place is therefore di(e_l)d(w)te(e_l)/e + ... where d(w) is the discriminant
of the polynomial z¢ — 1, (a non-zero constant). Thus we get a series of the
form constant-(x — oz)e_l + higher order terms. Each place contributes a factor
of this form. A difference of roots from distinct places does not vanish, so we
have our claim concerning the multiplicity n, of * — a dividing the discriminant.
Therefore, we may replace the term ). % in the Hurwitz formula (or the
term ) %, rj, in the formula of Proposition 3.1) with %

EXAMPLE 3.2: Let P(z,y) be the polynomial
y2—2y$—4y$2—|—$2—|—4x3—|—4x4—;1:7—|—:1:5
Its minimal operator is

4 2 5 3
1 (35215422 +15+542° 762 "‘145‘3)5 4 1842°-1200°420 435 0% ~54 2 415
2 z(z?2-1)(5z%2-34+6z°—-27) 2 z2(z2-1)(5z2—-3+6z°-27)

Lp =682~

The only true singular points are 0,1, —1,00. The discriminant is 4 2°(x —1)(x +
1). We note that the curve is nonsingular above the points 1 and —1 and the order
of the discriminant at these values is 1. The exponents of Lp at 0 are {1, g} and
at oo are {—2, —%} Therefore the genus is 1 — 2 + % + % + % + % =1.

Note that the roots of P can be written as x + 2z2 + 2222 — 1 and = +
22% — 2522 — 1 so the ramification does not appear until the third term in the
Puiseuz series at 0. O

Remark: An implementation of a method to calculate the genus of a curve based
on the formula of Proposition 3.1 and using first order systems of differential
equations is described in [11]. We also note that there are efficient methods to
calculate the genus of a curve based on calculating an integral basis of the as-
sociated function field (c.f., [19], [40]). In addition there are geometric methods
based on the resolution of singularities (c.f., [18], [39]).

4. Absolute Factorization

Let P € ko(z)[y] be a squarefree polynomial of degree n. We will give two
algorithms that use differential equations to determine the absolutely irreducible
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factors of P in ko(z)[y]; the first relies on properties of the linear representation
of the Galois group arising from the associated minimal operator and the second
is a modification of the algorithm of D. Duval [12]. There are several polynomial
time algorithms that find the absolutely irreducible factors of a polynomial and
we refer the reader to [15], [22] and [32] for a history of this problem. Other
approaches to absolute factorization are given in [2], [9], and [14].

4.1. Algorithm 1

For the first algorithm, we will assume that the roots of P in the algebraic
closure of ko(z)[y] are linearly independent over ko. With this assumption, the
algorithm presented here has running time that is a polynomial function of the
degrees of x and y and the bit size of the numbers appearing in P (i.e., the
bit size if kg = Q or a similar measure for algebraic numbers). Combining this
with the algorithms of Section 2 yields a polynomial time algorithm for finding
the absolute factorization of any P. Most recently, Gao [15] has presented a
deterministic algorithm that uses systems of partial differential equations to
find absolutely irreducible factors in polynomial time (this algorithm also works
over fields of sufficiently large prime characteristic). We note that the underlying
ideas of Gao’s algorithm and ours are different.

We begin by showing how one can determine the number of irreducible factors of
P in ko(z)[y]. Let K be the splitting field of P over ko(z)[y]. The Galois group
G of K over ko(z) has a natural representation as a permutation group on the
n roots yq,...,y, of P. The key fact that we use is that each orbit of the action
of G on yy,...,y, is the set of roots of a monic absolutely irreducible factor
of P. The field K is a differential field with a unique derivation extending %.
The elements of the Galois group commute with this derivation and so form the
group of differential automorphisms of K over ko(z) as well. Since K is generated
by a fundamental set of solutions of the minimal operator Lp associated with
P and has no new constants, it is the Picard-Vessiot extension of this operator
([23] or [31]). Since the roots of P are linearly independent over kg, they form a
basis of the solution space V' of the minimal operator Lp. The Galois group of K
therefore acts as linear transformations on V' and has a representation as a group
of n x n permutation matrices. We refer to this as the permutation representation
of G. The key to counting the number of factors of P in ko(x)[y] is the following
lemma and proposition.

LEMMA 4.1: (e.f., [21], V. Satz 20.2 a) Let G C GL(V) be a permutation rep-
resentation and Vo = {v € V | o(v) = v for all o € G}. The number of orbits of
G acting on {y1,...,yn} equals the dimension of Vj.

Proof: Let Oy, ..., O; be the orbits of G in {yy,...,y,}. f v =>" ¢;y; € Vg, then

any two y; in the same orbit must have the same coefficient ¢;. Therefore we may
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write
t
o= el 2w
=1 y; €0;
Since the elements w; = Zy]ea y; lie in V5 and are linearly independent, we
have the conclusion of the lemma. a

PROPOSITION 4.2: Let P and Lp be as above. The number of irreducible factors
of P over ko(z) is precisely dimy,{y € ko(z) | Lp(y) = 0}. In particular f €
ko(x)[y] is irreducible if and only if the space of rational solutions of Lp(y) = 0
is of dimension one and generated by the coefficient of y*~! in P.

Proof: Let K and GG be as above, and let V' be the solution space of Lp in K.
Let Vo ={v € V | o(v) = v for all 0 € G}. Lemma 4.1 implies that the number
of irreducible factors of P over ko(z) equals dimg- V5. The Galois theory implies
that Vo = {y € ko(x) | Lp(y) = 0}. It is well known (see Theorem 9.1 of [4] or
Proposition 4.3 of [31]) that, since Lp has coefficients in ko(x), this later vector
space has a basis in ko(x). Therefore dim—{y € ko(z) | Lp(y) = 0} = dimy, {y €
ko(x) | Lo(y) = 0}. 0

Proposition 4.2 allows one to determine the number of factors by determin-
ing the size of a kg-basis of {y € ko(z) | Lp(y) = 0}. To do this one can use
one of the standard algorithms to find rational solutions of a linear differential
equation (see [4] or [31]). Since we have the polynomial P as well as Lp, we can
proceed more directly. One can multiply P by a suitable polynomial in z and
produce a squarefree polynomial in ko[z, y]. If ¢(x) is the coefficient of y™ in this
polynomial, then the (multivalued) functions gy, ..., qy, have no poles in the
finite plane because the qy; satisfy a polynomial in ko[x,y| that is monic in y.
Therefore any linear combination of these that is rational must be a polynomial.
This implies that any rational solution of Lp(y) = 0 is of the form é—) for some
polynomial p. The number deg,(p) — deg,(q) is bounded by the possible order
of a pole of any y; at infinity and these can be bounded in terms of the slopes of
the Newton polygon of P at infinity (or one can determine the possible values
of deg,(q) — deg,(p) from the indicial polynomial of Lp at infinity). Therefore,
from the slopes of the Newton polygons of P we can find an upper bound N for
the possible degree of p. If we let y = exeteto0 where the ¢; are indeterminates,
substitute this expression in Lp(y) = 0, clear denominators, compare powers of
x and determine a system of linear equations whose solution space has dimension
equal to the space {y € ko(x) | Lp(y) = 0}. Note that we can also determine a
basis of this latter space.

We now turn to the problem of finding the irreducible factors of P in ko(x)[y].
If P is irreducible over kg(z) then these factors are conjugate under the action
of the Galois group Gal(ko/ko) of ko over kq. Therefore, once we have found an
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extension k of kg such that k(x) contains the coefficients of such a factor and
have found this factor, we have “found” all factors. In the case where P is just
assumed to be squarefree, the set of absolutely irreducible factors is the union
of Gal(ko/ko) orbits, one orbit for each irreducible factor of P in ko(z)[y]. We
will present an algorithm that produces a v € ky and an absolutely irreducible
Py € ko(y,x)[y] that is a factor of P. To find all absolutely irreducible factors
one can proceed in several ways. The first is to factor P over ko(z) and apply
the algorithm to each irreducible factor. One will then produce an absolutely
irreducible factor in each Gal(ko/ko) orbit. A second approach is to find an
absolutely irreducible factor Py of P, replace P by P/P; and apply the algo-
rithm again. This will yield a list of all absolutely irreducible factors. A third
approach is to apply the algorithm and produce an absolutely irreducible fac-
tor Py € ko(7,2)[y]. One then calculates the norm N(P;) = [[, Py where the
product is over all embeddings of ko(«) into ko. The coefficients of N(Py) can be
calculated from the coefficients of the minimal polynomial of v (c.f., [43], p.141).
Furthermore, N(P,) is the power of an irreducible factor of P in ko(z)[y]. One
then replaces P by P/GCD(P, N(Py)) and repeats the process. This will give a
list of absolutely irreducible factors, one from each Gal(kq/ko) orbit.

We now show that to calculate a factor of P it is enough to calculate the
term of second highest degree in this factor. Recall, from the introduction to
Section 2, that we have defined a sequence of polynomials 5; of degrees at
most 7 — 1 in y such that §'(y) = S;(y) for any root y of P. The assump-
tion that the roots of P are linearly independent over ko implies that 0 is not
a root of P. Therefore we can use P = 0 to write 1 as a linear combination
of y,...,y" and so write §i(y) = Si(y) where each S; is a ko(z)-linear com-
bination of y,...,y". We conclude that there is a matrix M € GL,(ko(x))
such that (y,48(y),...,0" y))T = M(y,...,y")T for any root y of P; the '
row of this matrix is the vector of coefficients of S;. We therefore have that

(y,...,y")T = A(y,d(y),..., 8" (y))T where A = M~'. This implies that for

any integer s, and roots yy,...,ys of P, we have

Yr+ .o+ Ys Yit+ .o+ Ys

yit..- S(yr+ .- +ys)

: = A .

yi -ty "My + .-+ ys)
Using this equality and the Newton identities, we can write the first s elementary
symmetric functions of yy,...,y, as differential polynomials in y; + ...+ y, and
its derivatives up to order n — 1. In particular, if y,...,ys are the roots of an

irreducible factor y*+b,_1y* "t +...+ by of P, then we can determine b,_,, ..., by
once we have found b,_;. We shall show below how to determine this coeflicient.
To do this we will need the following lemma that gives the structure of the
inverse of the Vandermonde matrix. Although it is known ([44], Ch. 13.1) that



O. Cormier et al.: Linear Differential Operators for Polynomial Equations 19

the inverse of the Vandermonde matrix has a special form, we thank Hoon Hong
for the explicit formulas given in this lemma as well as a proof of their correctness.

LEMMA 4.3: Let K be a field, x,y,x4,...,x, indeterminates and let

n

hly) = H(‘y—l’i)

=1

qay) = MDD s

y—z o
T(”L‘) _ q(:l?,:l?) Dy(Q(xay))
Dy(h(y))

pi(x) = qj(x) r(x)
where Dy(f(y)) denotes the discriminant Res,(f(y), f,(y)). Then the matriz

1 oz - $711—1 pl(Il) p1($2) T pl(xn)
M= : : : :

s the identity matriz.

Proof: Note
M;; ol e (ag) = D wb T e (ay) r(ag) = v (25) Y af T g ()
= r(z;)q(zj, ;)
Case 1 # j
Mij = r(z;) h(x;z zj(:c]) =r(z;) l,(j:g] =0
Case 1 = 7 :
_q(z2) Dylaley) q(zj,2;)" Dy(q(z;,y))
. DGy ) D, (h(y)
Note that L L (. "y
q(xj,y) = (y,): ,(I]) = _(y), =[[v—=
y—; Yy—Z; i4i
Thus
0(e5e) Dyalasy) = [[L(as—20 [] a0 | = (H » —m)
i#i ;J?VD#] Hv
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Hence

Mij:1

Thus M is an identity matrix. a

If H(y) € Fly] is a squarefree polynomial with coefficients in a field F' and
Y1,--.,7Y, are its roots in the algebraic closure of F', then we can specialize
z; + 7; in the above result. We denote by p! (y) the result of specializing the z;
in the polynomial p;(y). Note that the coefficients of p; are rational symmetric
functions in the x; with denominators that do not vanish under this specializa-
tion. Therefore pf (y) € F[y] and the coefficients of these polynomials can be
easily calculated from the coefficients of H.

Algorithm 1

Input: A squarefree polynomial P € ko(x)[y] whose roots are linearly
independent over k.

Output: An element v € ko (given by its minimal polynomial) and
an absolutely irreducible factor P € ko(7y, z)[y].

Step 1: Calculate the minimal operator Lp associated with P and
find a basis wy,...,ws € ko(x) of {w € ko(z) | Lp(w) =0}. If t =1
the polynomial is absolutely irreducible and we can stop.

Step 2: Let § € kg be an ordinary point of Lp and calculate the first
n + 1 terms of an adapted basis {sy,...,s,} C ko[[x — B]] at = = 8
(see Definition 2.5).%

Step 3: Calculate the ¢ x n matrix B with entries in kg such that
(wy,...,w;)T = B(sy,...,8,)T. This can be achieved by expanding
the w; at © =  and solving the resulting linear system determined by
equating the coefficients of the first n powers of = — 3.

Step 4: Let H(y) = P(83,y) € ko[y] and define polynomials r; € ko[y]
by the equation (ry,...,m)T = B(pt,...,p)T, where the p! are as
defined following Lemma 4.3.

Step 5: Let v € ko be a root of H(y) (determined by some irre-
ducible factor of H). Calculate the greatest common divisor g(y) of
the polynomials H(y),r1(y) — ri(v),...,r(y) — r+(y) in ko(7y)[y]. Cal-
culate (using the Newton identities and the coefficients of g(y)) the
elements C; = > ¢ te ko(y) where the sum is over the roots of g.
Step 6: Find d; € ko(y) such that (dy,...,d:)B = (Cq,...,C,). Let
5= degyg and let b,_; = dywy + ... + dyws.

Step 7: Calculate b;_5,...,bp as in the paragraph preceding
Lemma 4.3. The polynomial y* +bs_1y* ™' + ...+ by € ko(7,2)[y] is an
absolutely irreducible factor of P.

§This may have already been computed in Step 1 depending on the method used to compute
Lp
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Before we show that this algorithm is correct, we will make some comments
concerning several of the steps. In Step 3, the matrix B is uniquely determined
since the s; form a basis of the solution space of Lp. Since 3 is an ordinary point
of Lp any solution is determined by the first n terms of its Taylor series at this
point. Therefore B can be calculated as described. Note that B will have rank ¢
since the w; are linearly independent. Because of this, once we have shown that
the linear system in Step 5 can be solved, the solution will be unique. We now
turn to showing that the algorithm is correct.

Since x = 3 is an ordinary point of Lp it will be a nonsingular point of P. The
equation P(3,y) = 0 has n distinct solutions 71,...,7, and for each v; we have
a root y; of P such that y;(3) = ;. By definition, the s; satisfy (y1,...,y,)T =
V(si,...,8,)T where V is the Vandermonde matrix of 71, ...,7,. We therefore

have (wy,...,w)T = BV} (y1,...,y,)T. Lemma 4.3 implies that BV~! = R
where R = (r;(7;)) is the ¢ x n matrix whose ' row is (r;(71), . .., 7:(7,)) where
the r; are defined as in Step 4. Notice that the matrix R is uniquely determined
by the equation (wy,...,w)T = R(yi,...,ys)T. Let G be the Galois group of the
splitting field of P over ko(x). We think of (G as a group of permutations on the
y;. The orbits of G correspond to the irreducible factors of P over kg(x) and we
know that there are precisely ¢ of these. For any o € G we have (wy,...,w;)! =
(o(wr), .., o(w)) = (1) Wor), - Yom)' = (Vo)) (W1s- - yn) " The
last equality is due to the fact that permuting the rows of (yi,...,y,)? is the
same as permuting the columns of (r;(¢;)) in the product. By uniqueness, we
have that (r;(y;)) = (ri(7,(;)))- Fix some value of 7 and for simplicity we will let
¢ = 1. The set of 7 such that y; is in the G-orbit of y; is therefore the set of j
such that (r1(y1),...,7m(71)) = (r1(7;),...,r4(7y;)). Letting v = ;1 in Step 4, we
see that the roots ¢ of the polynomial g(y) are precisely the set of v; such that
y; = 2?21 7;7_13]- is in the orbit O of y;. The sum

w:Zyi:zﬂ: Z At sizzn:@si
i=1

=10 =1 {c|g(c):0}

is therefore in ko(x) and is the coefficient of y*~! in the absolutely irreducible

factor corresponding to this orbit (N.B. s = deg, g). We furthermore have that
w is a rational solution of Lp and so there exist dy,...,d; such that dyw; +
oot diwy = Cysy + ...+ Cps,. Since (wy,...,w)T = B(sy,...,s,)" and the
s; are linearly independent over ko, we have that (dy,...d;)B = (Cy,...,C,).
Therefore Step 6 can be completed and the claim of Step 7 is true.

Note that the v we find may generate a field that is larger than necessary.

EXAMPLE 4.4: We illustrate the above algorithm with kg = Q and the polyno-
mial :

P=y*— 4y + (61’2 -|-6)y2 + (—4—8$2 —4;1:4)y—|— 1+ 3z + 322+ 2°
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We compute that P(2,y) = (y* — 4y +5)(y* + 25). In order to compule series al
x = 0 later, we consider the transformed polynomial P = P(z +2,y) and find a
factor for P.

Step 1: The minimal operator associated to P is :

3 5+ 3 52

Lp=24"
P i 4z +2)2

and a basis of rational solutions is {wy = 1,wy; = x}. This shows that P (and
thus P) is reducible and factors into two irreducible factors over Q(z).

Step 2: The first 5 terms of an adapted basis of Ly =0 at x =0 are :

B L3 3y 9 5
S T Tt T 1006°
11 3 1 9 21
- 14 AP L . N 24 25
52 Tt T3 T 0" T 102a0” T 10960
1 7o, 1 ., 23 , 31 .
S3 = —r+ —zx" — —z" + T — x
20" " 800 640" T 51200 204800
1 1 1
Sy — 2 4 _I_ 5

—x — x x
400 25600 51200
Step 3: The 2 x 4 matriz B such that (wy,ws)" = B(sy, sy, 53,54)7 is

11 -1 1
B‘(-zo 20 —70)

Step 4: Let H(y) = P(0,y) = (y* — 4y + 5)(y* + 25). The polynomials r; are

r1 = —ooes= (10825 — 4590y +1383y* —332y°+63y* —6y° +y°) (v — 3y*+ 15y — 25)*
and ry = 55555-5(10825 — 4590y + 1383y? — 332y° + 63y* — 6y° + y°)(y° — 4y* +

20y — 25)(y® — 3y? + 15y — 25).
Step 5: Let v be a root of y* + 25 = 0. Then the greatest common divisor of
H(y),r1(y) —r1(7) and ra(y) —ra(y) is -
9(y) =y* = (2+4/57)y + 5+ 2y
And we have C; =2, Cy =24+ 4/5vy, C3 = —4/5y — 22 and Cy = —136/5y + 2.

Step 6: Ford, =2+ 4/5y and dy = 2/5y we have (dy,dy)B = (C1,Cy, C3,Cy).
Then —by = —(diwy + dawy) = —(dy + dax) is the coefficient of degree 1 of an

absolutely irreducible factor of degree 2 of P.

Step 7: An absolutely irreducible factor of P is therefore :

T (2/5vx +2+4/57)y + 1/57;173 + (6/57 + 1)$2 + (13/5y +4)x +2v+5
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and so an absolutely irreducible factor of P s :
y2 + (=2/5vx = 2)y + 1/5’75173 + 224 1/5yz +1

where v* = —25. O

4.2. Algorithm 2

In this section we no longer assume that the roots of P are linearly independent
over ko and we show how one can modify the algorithm of D. Duval [12] (see
also [32]) using differential equations. This idea already appears in [34] but we
shall recapitulate this approach and give the precise needed bounds and a more
detailed discussion.

Duval’s algorithm is based on the fact that the number of absolutely irreducible
factors of P over ko(z) is the ko-dimension of the subring B of A = ko(z)[y]/(P)
consisting of elements of A that are algebraic over ky. In particular, this dimen-
sion is 1 if and only if the polynomial is absolutely irreducible. The subring B is,
in geometric terms, the vector space of functions on the curve having no poles
on the curve. One can calculate a basis for B using techniques similar to those
used to calculate the integral closure of kg[z] in A. As Duval notes, given an
element ¢ € B\ko, if we write ¢ = ap + a1y + ... + a,_1y" ! then the GCD of
P(y) and ¢ — (ag+ a1y + ...+ a,—1y™" ') gives a non-trivial factor P, of P having
coefficients in an algebraic extension k; of kg. One then can proceed by induction
to find an absolutely irreducible factor of P.

Our modification is based on the observation that the ring B is precisely the
ring of constants of the extension of % from ko(z) to A. To see this note that
since P is squarefree, there exist R, S € ko(x)[y] such that RP + SP, = — P,
as in Section 2 and that the equation d(y) = S defines a derivation on ko(z)[y]
that induces a derivation on A. Any element of a € A is the root of a monic
polynomial p,(y) of minimal degree with coefficients in ko(x). If a is a constant,

then one sees that %(a) = (. This would imply that a satisfies a monic polyno-
mial of smaller degree unless % = 0. Therefore a is algebraic over kg. A similar

calculation shows that if a is algebraic over kg then a is a constant.

We now show how differential equations can be used to find a kq-basis for the ring
B (the remaining steps in Duval’s algorithm remain unchanged). We wish to find
a ko-basis for V = {(ag, ..., an_1) € ko(2)" | (a0 + ary + ...+ an_1y" ') = 0}.
Expanding the expression 6(ag+ a1y + ...+ a,—1y™™ '), replacing 6(y) with S(y)
and reducing mod P, we get an expression by + by + ... + b,_1y"' where
the b; are of the form d6(a;)+ a ko(x)-linear combination of the a;’s. Therefore
there exists an n x n matrix M such that (ao,...,a,—1) € V if and only if
§((agy---yan_1)t) = M(ag,...,a,_1)". We therefore need to calculate a basis of
the solutions in ko(z)" of 6(Y) = MY. Although there are standard algorithms

to find such a basis (see [3]), one can again take advantage of the special origin
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of this system. The elements of V' are trivially integral over ko[x]. Therefore, we
can assume that the a; are of the form ¢;/d where d is the largest squared factor
of the discriminant. The degrees of the ¢; can furthermore be bounded from a
calculation at infinity and once this is done the problem is reduced to solving a
system of linear equations for the coefficients of the numerator polynomials.

To bound the degrees of the ¢;, replace by 1/z in P and study the local behav-
ior at 0. We first (using the Newton polygon) determine a minimum power of z
such that z°y is integral above z = 0. Now compute the minimal polynomial of
w = 2z°y and its discriminant. If we let m be the power of z dividing this dis-
criminant, then any locally integral element can be expressed using powers of w
with z* as a common denominator where & is the largest integer less than m /2.
Sending 0 back to infinity we have now bounded the degrees of our polynomial
coefficients.

One can give a more efficient version of the previous construction which avoids
computing the polynomial for w and its discriminant. If we let n be the degree
of P in y, then the power of z dividing the discriminant can be computed in the
following way.

We have found s such that w = y/z® is integral at all places over infinity. We
also have P(y,x) the minimal polynomial for y, which we assume to be monic
in y, then the minimal polynomial for w is simply P(wz®,z). If we let 2 = 1/z
and normalize to be monic, we get that the monic minimal polynomial for w is
Q(w, z) = 2" P(w/2°,1/z) where n = deg, P(y,z). By assumption w is integral
at 0, so its monic minimal polynomial does not contain negative powers of z,
ie. Q(w,z) is a polynomial in w and in z. We need to compute the discrimi-
nant of (). Here we need two discriminant identities which can easily be derived
from the basic definition of discriminants, i.e. disc(cP(y)) = ¢**~*disc(P(y)) and
disc(P(cy)) = ¢** Ddisc(P(y)). If we let discP(z) be the discriminant of P with
respect to y, we have that discQ(z) = z"(*~Y*discP(1/z). So if we let m be the
exact power of z dividing discQ)(z) we have that m = n(n — 1)s — deg, disc P(z).

To finish the degree bounding job, we are assuming that coefficients of our con-
stant function are of the form ¢;/d, our degree constraint at infinity is that
ord,,(z"*c;/d) > —m/2. Since the order at infinity of a rational function is the
degree of the denominator minus the degree of the numerator, this implies that
dege; < m/2 + degd — 1s. We shall illustrate these bounds in the following
example.

EXAMPLE 4.5: If we let kg = Q and P, = y? — 2a? then the element y/x is
the constant /2. If we make the substitution y — y + x? we produce a new
polynomial P = y* + 2%y + a* — 22% and /2 = (2? + y)/x. We shall calculate
the bounds as above with respect to P. The discriminant of P is 8z* so the basic
denominator is d = x, that is, we may write any constant as co/x + (c1/x)y
where the ¢; are polynomials in x. If we follow through the degree analysis above,
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we see that s = 2 so y/x? is integral al infinity. Substituting we find that m = 2
and so deg, co < 2 and deg, ¢1 <0, precisely the minimal degrees that will work.

EXAMPLE 4.6: We illustrate Algorithm 2 with the same example as used in
Algorithm 1 :

P=y* — 4y’ + (62° +6)y* + (=4 — 82> — 4a*)y + 1 + 32* + 32* + 2°

The associated matriz M s :

3(z24+1)2
0 0 0 6(%“)
1-322 —6(z”
M = 0 2z(z2+1) 0 z
0 -1 1—3z° 9
2z(z241) 27(1‘_21}—1) z9
0 0 = =

and we find that a basis of rational solutions of the system §(Y') = MY is spanned
by wy = (1,0,0,0) and :

33 22— 7 2
w2 = v w(x?+ 1) z(a?+ 1) z(2? 4 1)2

Let v be a root of 2* + 25 = 0. By evaluating at x = 2 (a nonsingular point),
one finds that the number a = wq(1) + wq(2)y + wa(3)y* + w2(4)y?, where y is a
root of P, is equal to —1/5y. Computing the greatest common divisor of P and
—1/57 — (wa(1) + w2(2)y + wa(3)y* + w2(4)y?), one gets a non trivial factor of
P :

y* + (=2/5yx — 2)y + 1/57;1:3 + 2%+ 1/5yz +1

O

In the previous example, we avoided the calculation of Puiseux series by eval-
uating at a point. Another way to avoid the calculation of the Puiseux expansion
is the following. Once we have found a constant element in our function field,
¢ = g(z,y), we can determine the minimal polynomial of ¢ by computing an
irreducible factor of the resultant, with respect to y, of ¢ — g(z,y) and P(z,y)
(if P is irreducible, then the primitive part of this resultant will be a power of
the minimal polynomial of ¢). Working over the field kq(c), one then takes the
GCD of ¢ — g(z,y) and P to get a nontrivial factor of P.

5. Galois Groups

In this section we will show how differential equations can be used to help cal-
culate the Galois groups of a polynomial P € ko(z)[y] over ko(x) and ko(x).
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5.1. Galois Groups over kq(x)

It is well known that the computation of the Galois group of a polynomial can be
reduced to the factorization of polynomials (c.f., [28, 41]7). A weaker but similar
result holds for differential equations [38]. In the following we want to consider

differential operators
L= Z aiéi
=0

(corresponding to differential equations Ly = ", a;y?) as a polynomial in
§ over ko(z). The set D of differential operators over the field ko(x) forms a
non-commutative ring where addition is the usual addition of polynomials and
multiplication is the composition of operators defined by the rule Ya € ko(z),
Sa = ad + a'. A differential operator L is reducible over ko(z) if and only if
L = Ly Ls in D where the L; have positive order (i.e., positive degree in §). We say
that an equation L(y) = 0 is reducible if the associated operator L is reducible.
We refer to [37] for the properties of D. In particular the non-commutative ring
D is a left and right euclidean ring. The ring D is not a unique factorization
domain, but if L = LiLy---Ls and L = E1Z2 e f/t are two decompositions of
an operator L € D into irreducible factors, then s = ¢t and there is a permutation
o € Sy such that D/DL; = D/ng(i). In particular the representations of the
differential Galois group G on the solution space of L;(y) = 0 and f/g(i)('y) =0
are isomorphic G-modules. In classical Galois theory a polynomial is reducible
if and only if its Galois group is intransitive. The differential analogue is:

THEOREM 5.1: ([37]) Let L be a linear differential operator over ko(z) and let
V' be its solution space in a Picard-Vessiot extension. The operator L factors
over ko(x) if and only if its differential Galois group G leaves a proper, nonzero
subspace {0} C W C V invariant, i.e. G C GL, (ko) is a reducible linear group.

The factorization of differential operators is, in general, a difficult task but if
the group is reductive, there are special techniques that make the task simpler.
We recall that a group is reductive if, for any representation of G as a group of
linear transformations on a vector space V' and any G-invariant subspace W C V
there exists a G-invariant subspace Wy C V' such that V = W & W,. The groups
considered here are all finite and so are reductive (Maschke’s Theorem; [24],
Theorem 1.2, Ch. XVIII, §1).When the group is reductive a factorization can be
found using the Figenring [20, 37]. This object is defined as

E(L)={R e D|ord(R) < ord(L) and LR is divisible on the right by L}.

An element R € £(L) of order greater or equal to 1 gives a nontrivial factor of

L. Indeed for z in the solution space V of L we have that L(R(z)) = 0 which

T An implementation of Deconinck and van Hoeij, which is part of the algcurves package in
MAPLE 7, computes the monodromy of P by analytic continuation methods (c.f., [28]).
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shows that z — R(z) is a ko-linear map of V to itself. If ¢ € kq is an eigenvalue
of this linear map, then R — ¢ and L will have a nontrivial common factor which
can be found by computing a right gcd. The coefficients of R € (L) are rational
solutions of a linear differential operator, they can be found using linear algebra.
Furthermore for reductive groups the character of the representation of GG on
the solution space of L(y) = 0 will be the sum of the characters on the solution
space of the irreducible factors of L.

We now turn to operators that arise as the minimal operator of a polynomial.
Given a permutation group G on n letters, there is a natural linear representation
of order n, the permutation representation, associated with G. This is gotten by
letting G act on a vector space of dimension n by permuting the basis elements.
Let Lp be the minimal operator of the polynomial P € ko(z)[y] and let G be its
Galois group over kq(x) (note that the usual Galois group and the differential
Galois group coincide). If Lp is of maximal order then the representation of GG
on the solution space of Lp is the permutation representation. If Lp has smaller
order then the solution space will be a quotient of the permutation representation
(and so can be identified with a subrepresentation). The factorization of Lp gives
information about G (we do not assume here that the minimal operator Lp is
of maximal order):

PROPOSITION 5.2: Let P € ko(x)[y] be of degree n.

1. The group G is abelian if and only if Lp is a product of operators of order
one.

2. The group G C S,, is doubly transitive if and only if Lp has an irreducible
factor of order n — 1.

3. The group G is trivial if and only if all solutions of Lp are in ko(x) (which
can be computed using linear algebra [1, 4, 31]).

Proof: The first result follows from the fact that a finite group is abelian if
and only if all its irreducible representations are of degree 1. Let xp denote the
character of the permutation representation of G associated with the action of
G on the roots of P and let x;, denote the character of the representation of ¢
acting on the solution space of Lp. If the action of GG on the roots of P is doubly
transitive, then xyp = 1 4 ¢, where ¢ is an irreducible character of G' ([21], V
Satz 20.2). We have that yr,, can be identified with a summand of xp. Therefore
if x1, does not have a summand corresponding to an irreducible representation
of degree n — 1, then x5, = 1. This implies that ¢ is trivial and so cannot be
doubly transitive. Therefore, the solution space of L(y) = 0 has summand that is
an irreducible G-module of dimension n — 1 and so assertion 2. follows. The last
assertion follows from the Galois correspondence in differential Galois theory. O

As noted, the last statement of this proposition can be checked using linear
algebra. To test if the Galois group is doubly transitive, one can proceed as
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follows. Let P(y) = y" +a,—1y" ' +.... We make a Tschirnhaus transformation
T(y)=y— %an_l of the polynomial P and get a new polynomial P having a sum
of roots that is zero (note that if we decide to do this we cannot use the algorithm
of Section 2 to calculate Lz). The minimal operator of this new polynomial P
will then be irreducible of order n — 1 if and only if the Galois group is doubly
transitive. Note that this operator is irreducible if and only if the Eigenring has
dimension 1 and this can be checked by searching for rational solutions of an
appropriate system. The fact that GG is abelian can also be checked using the
Eigenring. This follows from the next two lemmas. We begin with a simple group

theoretic fact (c.f., [21], I. Satz 5.13).

LEMMA 5.3: Let G C S, be a transitive permutation group and let 'V be the
n-dimensional vector space on which G acts via the permutation representation.
The group G is abelian tf and only if V =V, & ... BV, where the V; are non-

tsomorphic one-dimensional G-modules.

Proof: If V has the decomposition of the lemma, then G C GL(V) is diag-
onalizable and so is abelian. Conversely, if GG is abelian, then we can write
V=Vod...®V, where the V; are one-dimensional (G-modules. We must show
that they are pairwise non-isomorphic.

Let {e1,...,€e,} be the set on which G acts transitively and consider these as
basis elements of V. Since G acts transitively on this set, the span of the orbit of
e1 has dimension n. Now assume that two of the V; are isomorphic as G-modules.
We can then write ¢; = Ele w; where t < n and for any 7 there is a character
xi of G such that g(w;) = x:i(g)w; for all g € GG. This implies that the orbit of
ey lies in the span of {w;, ..., w;}. Since this span has dimension less than n, we
have a contradiction. O

PROPOSITION 5.4: Suppose that P € ko(z)[y] is irreducible of degree n and let
the order of Lp be m < n. The Galois group G of P over ko(z) is abelian if and
only tf

1. dim (&E(Lp)) = m, and

2. There exists a basis Ry,..., R, of E(Lp), each of order m — 1 such that
Lp = S;R; fori € {l,...,m} for some S; € D.

Proof: Let V be the solution space of Lp. Note that we can identify V with a
direct summand of the vector space on which G acts via the permutation repre-
sentation. We then have that GG is abelian if and only if V = V@V, @8- @V, as
a G-module, where dim(V;) = 1 for all ¢ € {1,...,m}. We shall use the fact that
E(Lp) is naturally isomorphic to Endg (V') = Homg(V, V) where we consider V
as a G-module, [37].

Assume that G is abelian. From the previous lemma, we have that the permuta-
tion representation is a direct sum of pairwise non-isomorphic one-dimensional
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(G-modules. Therefore we may write V =V, @&V, & --- @ V,,, with the V; pairwise
non-isomorphic. Thus Endg(V) = &7, Endg(V;). Since each Endg(V;) is one
dimensional, we have that the maps m; : V' — V; form a basis of Endg(V'). Let
R, € E(Lp) correspond to m;. Since R; has an m — 1 dimensional kernel, the
order of R; is m — 1. Since ker R; C ker(Lp), the operator R; must divide Lp on
the right, i.e. Lp = S; R;.

We now prove the converse. Let W be the sum of the one dimensional subspaces

im(R,) CV.IfW £V, then V=Wg& W. Consider the projection m: V — W
and R € E(Lp) be correspondmg operator. Since the R; form a basis of £(Lp)
we have R = Y7 ¢;R;, showing that im(R) = W C W. Thus W is a direct sum
of the one dimensional subspaces im(R;), showing that G is diagonalisable and
thus abelian. O

Although the above result can be made effective, it is not apparent that this
approach leads to a polynomial time algorithm to decide if the Galois group is
abelian. Such an algorithm is known using other techniques ([25], Corollary 3.3).

To compute the differential Galois group in our situation, we proceed using the
idea of [38] and we use the fact that a finite group G is determined by its action
on “constructions”: symmetric and alternating products of the solution space,
which are also G-modules.

1. One can construct a differential equation L®* = 0 (resp. L™* = 0) whose
solution space corresponds to the symmetric product Sym*(V') (resp. the
alternating product A*(V)).

As

2. The corresponding characters of (G are denoted X?S and x7° and can be

computed directly from x .

3. Factorization of L®* (resp. L"*) gives us the degrees of the irreducible char-
acters of yr that appear in the decompositions of X%)s and y7*. Computing
exponential solutions allows us to find the order of the one-dimensional
characters that appear in these decompositions.

4. Comparing the result with the tables below allows us to determine the

group.

Tables 1, 2, 3 and 4 give the decomposition into irreducible characters of yp—1,
where xp is the permutation character, for all the transitive permutation groups
of degree 3 to 11 given in [8]. Similar tables can be constructed for every degree.

Some notation: A linear character of order 7 is denoted by 1; and a charac-
ter of degree n simply by n. In order to distinguish non-equivalent irreducible
characters of the same degree n, we use the notation n,, ns, ... and if the decom-
positions of the i™" symmetric (resp. alternating) product of n, and n; are the
same we simply write n®* (resp. n'). For example, the second exterior power of
the irreducible character 6 (of degree 6) appearing in the decomposition of the
permutation character of Fyz(7) is the sum of a linear character of order 2, two
non-equivalent linear characters of order 6 and two copies of (the character) 6.
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Table 1: Degree 3 to 6

Degree 3
[ G _Jc@E=43) 156 ]
Lxp —1] laq, 13p l 2 |
Degree 4
€] 0] E(4) D) [ A0 | 509
xp —1 12, 14q,14p 12q,134,12¢ 15,2 3 3
33 1 1,
Degree 5
G C(E) D5) 7(5) A | 505)
xp —1 1sa, lsp, 156, 15g 24,2y 4 4 4
4N 1, 1 1,
4" laa,14p,4 6
Degree 6
G C(6) Dg(6) D(6) F15(6) S4(6d) S4(6c) 254(6) A4(6) 2A4(6)
xp —1 12,134,138, 16a,16p 1,2,2 12,24,24 12,24,24 2,3 2,3 2,3 l3g,155,3 lag,13p,3
29032 1,2 13,2
33 1, 1 1, 1 1,
302 1,2,3 1,2,3 1,2,3 1,134,134,3 1,134,138,3
393 1,34,34,3 13,3a,3a,3p
G Fig(6) : 2 F36(6) F3g(6) : 2 As (6) S5(6) A(6) S(6)
o — 1 1o, 4 1,4 1o, 4 5 5 5 5
4N 1 1, 1,
4" laa,14p,4 2,4
5N 1 1, 1 1,
5N? 3q, 35,4 4,6 10 10

We see that we can distinguish each of the transitive groups from the decompo-
sition of their permutation character yp and from decompositions of symmetric
or alternating powers of irreducible characters appearing in yp — 1. This ap-
proach will work for any degree: Using a theorem due to Chevalley, for any finite
subgroup H of GL,(C), C an algebraically closed field, there is a faithful rep-
resentation ® : GL,(C) — GL,,(C) for some m such that ®(H) is uniquely
determined by its set of invariant subspaces in C'™ and any representation can
be constructed from a given faithful representation using the tools of linear al-
gebra, i.e., tensor product, duals, direct sums and subspaces (see [38]). Given a
polynomial P irreducible over ko(z), we first compute the differential equation
Lp = 0 associated to it and determine the degrees of the irreducible factors of
Lp. If the order of Lp is too small, we may not directly determine the Galois
group of P using above Tables, but after a transformation of the type described
in Section 2, the order will become maximal.

EXAMPLE 5.5: Consider the polynomial P :_y4(y4 —8y? 4+ 18) + 81 2% (from
[27], p. 405, fss2) which is irreducible over Q(x). Although the corresponding

differential equation could have order 8, a calculation shows that it is :

(4) 2(12:54 — 15I2 — 1) (3)

| s | 2997% — 46002" — 99522 4+ 6 ,
22— 1)@Ba2 + 1)

242%(2? — 1)(322 4+ 1)?

Lp(y) = vy
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Table 2: Degree 7 and 8
Degree 7
G ¢ D(7) F21(7) Faa(7) L(7) = L(3,2) | A(M | S(7)
xp —1 l7a, 175 2a,2p, 2¢ 3a,3p 6 6 6 6
6\°® 1, 1 1 1,
62 12,16q,16s,6,6 7,8 15 15
2)16a, 16by 9 ]
Degree 8
G c(8) 4[z]2 E(8) Dg(8) Qs(8)
xp —1 12,14a,14p,18q,18p,18¢c,184 12a,12p,12¢c,14a,14b, 14c,14g l1og,---,12g l1og,135,126,2,2 12q,13p,126,2,2
2?2 15 1
G E(8) : 2 Qg : 2 1/2[25]4 [2%]4
xp —1 12q,12p,125,24,2p 12a,126,12¢,2a,2p 12, 14a,146,2a,2 12, 14a,146,2a,28
272 1, 1, 14 1,
202 1,19q, 19 lag, 1oy, 12c l4a, lap, lac 1,154,150
G D(8) 2Dg(8) [42]2 E(8) : Ey4
xp —1 12,2aq,2p,2¢ 12,24,2p,2¢ 12,2aq,2p,2¢ 12,2aq,2p,2¢
24972, 2,92 1,2 13,2 lg,2 1,104,109
2,92 1,124,108 1,124,108 1,124,108 1,124,104
G E(8) 5 S(a)[1/2]2 | E(8) : Dg | 244(8) = SL(2,3)
xp —1 12,3a,3p 12,3a,3p 13,34,3 2a,2p,3
302 1,15q,135,3 1,2,3 1,2,3
3,7 [
3,77 1z
G [1/4.cD(4)2]2 E(8) : 4 1/2[2%eD(4) 1/2[2%]dD(4) E(8) : Dg | 1/2[2%]eD(4) [2%]D(4)
xp — 1 15,24 1,24 15,2,4 15,2,4 15,2,4 15,2,4 15,2,4
4N 1 1, 1 1, 1, 1, 1,
42 l1og,10p,125,124,2 14a,145,2a,25 12a4,12p,2a,2 2,4 2a,2p,2¢ l14q,14p,4 2,4
49 1,12, 14a,14p,2,4 1,13,2a,2,4
G 1/2[2%]4 2574 1/2[21E(4) E(8): Dy 2774 1211 E(4)
xp —1 15,14a,14p,4 15,14a,14p,4 12q,10p,126,4 1ogq,10p,12c,4 12, 14a,14p,4 12q,12p,12c,4
4" % 1 1q 1q 1 1q 1q
4" 12a,12p,2a,2 l4a, 14p,2a,2 14a,144,2,2 loq, -, 135 2,4 2a,2p, 2¢
G GL(2,3) | [2°]A(4) | [2*]A(4) [2°15(4) 1/2[2%]5(4) | [2%]S(4)
o — 1 3, 4 3, 4 3, 4 3, 4 3,4 3, 4
4" % 1 1 1q 1q 1 1q
33 15 1 1 [ [ 15
472 15,2,3 34,34 6 6 34, 3s 6
492 1,3,6 1,34,3p,3c 1,3,6
G E(8) : Ay E(4)% : Dg E(8) : Sy [A(4)2]2 [1/2.5(4)%]2 1/2[S(4)%]2 [S(4)%]2
xp —1 15,6 15,6 15,6 13,6 15,6 13,6 15,6
672 3,646 34,3,3¢,6 3,64,6 6,9 6,9 6,9 6,9
392 1,154,135,3 1,2,3
697 1,15,24,25,6,9 1,15,4,6,9 1,15,4,6,9 | 1,15,4,6,9
42 12a,125,2a,25 | laa,lap, 4 2,4
G B(8) 17 = Fae(8) | B(8): Fay | PSL(2,7) | PGL(2,7) | B(8) : Ly = AL(3) | A(8) 5(3)
o — 1 7 7 7 7 7 7 7
77 1 1 1 1 1 1 1,
7N2 7,7,7 Ta,T6,7c 34,35,7,8 6,7,8 21 21
702 1,6,7,14 1,7,20




O. Cormier et al.: Linear Differential Operators for Polynomial Equations 32

Table 3: Degree 9

Degree 9

c(9)

HOIGE

D(9)

S(3)[1/2]S(3)

13a,l3p, loa, .- -

ylof

13a,135,2a, 2p, 2¢

2a,2p,2¢,24

2a,2p,2¢,24

1,15,

2

1,15,2

2a,2p

1,15,2

1/3[3%]3

£(9)

B [37]3

S(3)[=]S(3)

E(9) : 4

E(9) : Dg

13a, 138, 3a,3p

13a, 138, 3a,3p

13a, 138, 3a,3p

2a,2p,4

d4a,4p

da,4p

1s

1

1s

3,3

3a,3%

12q,124,4

2,4

[3215(3)

[3°15(3)

E(9) : Dg

[3°:2]3

[1/2.5(3)%]3

[5(3)°12

2,3a,3p

2,3a,3p

13a,134,6

13a,134,6

13a,134,6

13a,134,6

1z

le

1z

1z

1

1z

13,16a,16p:2a,24,2¢,6

12,16a,16b,64a,6p

3,12

371S(3)e

E(9) : 6

E(9): Do

1/2.[3% . 2]5(3)

2,6

2,6

2,6

2,6

12,16a,166,2a,24,2¢,6

12, 16a,166,2a,24,2¢,6

12,24,24,4,6

15,2,34,35,6

2,6

1,15,6°

[35 :2]5(3)

[1/2.5(3)%]5(3)

1/2[S(3)°]5(2)

[5(3)°15(2)

2,6
15,2,6,6

2,6

3,12
1z
1

2,6
3,12
1z
1z

E(9) : 2Dg
8
12
2a72b7 Say 85

E(9) : 2A4
8
1
2a,2p,84,8p,8¢

1z
53
18a, lgp, lgc, 18d,8

Ta, 76, 7c, T4

A(9)
8
1

5(9)

1z

1 28

8102° — 186324 — 97a% — 6 27(5e* — 21) -
2423(2? — 1)(322 4+ 1)2

YT o56(r — (32 + 1)27

Using the Figenring, we can show that it is irreducible. Therefore the permuta-
tion representation has an irreducible summand of dimension 4. According to the
Table 2, the Galois group G of P over Q(z) belongs to a family of 19 groups (from

[1/4.¢D(4)*]2 to [2*]S(4) ). The jth exterior power of Lp is y’—|—2(12z4_15$2_l)' =0

z(z2—1)(322+1) Y

2
%. So there remain 7 possible groups. The
2nd exterior power of Lp is of order 6 and factors as a product of two irreducible

differential equations of order 3, where one is :

s, 2060a* — 150> —1) ,  74252° — 1951a* — 6132 + 3
1222(1 + 322)2(5a2 — 1)

and has the rational solution

n" !

Ls(y) y z(52% — 1)(1 —|-3:c2)y

20252° — 12692* — 172% — 3

0
1223 (522 — 1)(1 + 322)?

y:

Therefore, the Galois group G of P over Q(z) is either [23]A(4) or 1/2[2%]S(4).
The 3rd exterior power of Ls has ﬁig;r))zl

2] A(4).

as a rational solution, so G 1is
O
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Table 4: Degree 10 and 11

Degree 10
G C(10) D(10) D10 (10) [52]2
xp —1 15,154, 15p, 156, 154, 110a,s L10s, Lioe, Liog 1272§72§ 15,2a,2p4,2¢,29 13,2a,2p,2c,29
202 1,2 15,2
G 1/2[F(5)]2 [27]5 [2°]5 271D(5) | 1/2[2°1D(5) | [2°]D(5)
xp —1 1,47 lsq,15p,15¢,154,5 lsq,15p,15¢c,154,5 2a,2p,5 2a,2p,5 2a,25,5
5N 1 1y 1 1y 1y
575 54,5 54,5
515 585 1 1y
G F(5)[z]2 [1/2.D(5)%]2 1/2[D(5)?]2 A(5)[=]2 1/2[5(5)]2 [D(5)7]2 S(5)[z]2
xp —1 13,4a,4p 13,4a,4p 13,4a,4p 13,4a,4p 13,4a,4p 13,4a,4p 13,4a,4p
4N 1, 1 1, 1 1, 1, 1,
4" l4a,14p,4 | loa,12s,2a,2s l4q, l4p, 4 3a,3p 6 2,4 6
497 1,15,4° 1,15, 44,4
6?2 44,5,6 4.,5,6
G As(10) Ss(10d) 2717 (5) 1/2[2°]F(5) [2°]F(5)
xp — 1 1,5 1,5 4,5 1,5 4,5
4T 1 1, 1, 1, 1,
55 1 1 1y 1 1,
4" 3a,3p 6 l4g,14p,4 lag,14p,4 l4g,14p,4
52 3q,3p, 4 4,6
505 1,515 105 15,51 10°
Es 5 E3 5 5
G [27]A(5) | [2°]1A(5) [27]5(5) 1/2[27]5(5) [2°]5(5)
Xp — 1 4,5 4,5 4,5 4,5 4,5
4" T 1 1 1, 1, 1,
5ND 1 15 1q 1 15
472 R 6 6 6
502 10 10
592 1,5%, 10%,15% 20 15,5%, 10%, 153 20
G [52 . 4]2 [52 : 4]24 [52 : 45]2 [52 : 45]24
xp —1 12,8 12,8 13,8 12,8
88 1 [ 1 1
8"? l4a,lab, Lac, 1ad, 4a,45,8a,86 | lsa,lsb, lsc, Lsd,8a,86,8¢c | 27 4a,4p,4c,44,8 | 2°,84,8s, 8¢
G [1/2.F(5)°]2 1/2[F(5)]2 [F(5)°]2 [A()°]2 | [1/2.5(5)%]2 | 1/2[S(5)%]2 | [S(5)°]2
xp —1 15,8 12,8 15,8 15,8 15,8 15,8 15,8
Fks 1 1q 1q 1 1 1q 1
82 20,25,84,85,8¢ | 2a,25,8,16 | 24,25,8,16 | 64,64, 16 12,16 12,16 12,16
202 la,lap, lac 14,2
8Nt 12,162, 36 2,32,36
G L(10) L(10) : 2 M(10) Se(10) 1(10).2%2 | A(10) | s(10)
xp — 1 9 9 9 9 9 9 9
9?9 1 1y 1 1q 1q 1 1q
92 102,8,,8, | 84,8p,104,10, | 104,10,,16 | 10,,104,16 16, 20 36 36
Degree 11
G c(iD) D(11) Fos(11) Fri0(11) L(11) M(11) A(11) | s(1D)
xp —1 liia, -, l11g 2a, -, 2¢ 5a,54 10 10 10 10 10
10710 1, 1 1 1 1,
10772 15,175,107 | 10,11,122 45 45 45
1073 102,45, 55 120
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If one obtains a decomposition of Lp like the decomposition of the permu-
tation character of Dg(6) or D(6) (assuming Lp is of order 4, i.e., contains no
linear characters), this means that in the latter case Lp is the product of two
irreducible isomorphic equations of order 2 and in the former case Lp is the
product of two irreducible non-isomorphic equations of order 2. We can distin-
guish the two cases using the Figenring: consider L. the Least Common Left
Multiple (LCLM) of the two irreducible equations L; and Ly of order 2. A sim-
ple consideration (see for instance Section 2.2 in [37]) yields that in the first case
the Eigenring of L., €p(L.), is of dimension 1 or 4 (depending on whether I,
and Ly are equal or not) whereas in the second case Ep(L.) is of dimension 2.

EXAMPLE 5.6 (EXAMPLE 2.6 CONTINUED): We wish to find the Galois group
of the polynomial P(z,y) = y*(y* + 3)% + 4z, which is irreducible over Q(z).

In Ezample 2.6 we have considered the transformed polynomial P, = yeP(z —
2, i—l— 1) whose roots are linearly independent over Q and whose linear associated
differential equation Lp has been computed in Example 2.7. The lalter one is of
order 6 and factors into two equations of order 1 and two irreducible equations

Ly and Ly of order 2. Hence, G is equal to De(6), D(6) or Fis(6). We have :

—6922 + 1502 — 128 + 1227 602 + 28z — 103
2(32% — 132% + 52z — 48) 7 9(3z% — 132° + 52z — 48)"

Liy) =y" +

I ( ) _ 1082°-1677x*4+10869x°—211882°>—2084x421824 _ 1
2\Y) = 2(z—2)(3z—4) (c+2)(x—3) (3¢2—33z+142

4= 193840562+15839360z°+109633122+596 72 —136744z% +13727312°—6551430z%4— 2195328 |
36(z—2)?(3z—4)%(z+2)(z—3)?(322—33z+142) Y

The LCLM of Ly and Ly is of degree 4 and its Figenring ts of dimension 2,
so G is equal to D(6) or Fig(6). The 2nd symmetric power of Ly has a rational

solution 3?215?2 50 GQ(Z) = D(6). O

5.2. Galois group over kg(x)

As mentioned before, our approach computes the geometric Galois group G
of P over ko(z). This is due to the fact that in order to apply the differential
Galois theory, one must assume that the field of constants is algebraically closed.
Of course, the Galois group over ko(xz) may be larger than the Galois group
over ko(z). We will refer to the former group as Gy, (») (the arithmetic Galois
group) and the latter group as GE(z)' We always have GE(I) C Gy (x)- Note that
resolvent method (cf. [28]) also gives a method to compute the arithmetic Galois

group of P over ko(x) (cf. [26]).

EXAMPLE 5.7: Consider P(y) = y* — z € Q(z)[y]. The roots of P(y) = 0 are
2 = 2?2y = €23 and z3 = €2 - 213 where € is a primitive cube root of unity.

One checks that Gq)y = S(3) and that GQ) = A(3). Note that the splitting
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field Q(x)(z1, 22, 23) contains the new constant £ = z3/z; and 2 = [Q(¢) : Q] =
|S(3) : A(3)]. 0

The previous example illustrates the fact that the groups G, () and GE(I) are
distinct precisely when the splitting field of P over ko(x) contains new constants.
This observation will be the basis of the technique we will use to calculate Gy, (x)
(and is very similar to the idea behind Duval’s algorithm to find an absolutely
irreducible factor, as well as our modification). The key result is:

LEMMA 5.8: Let K be an algebraic extension of ko(x) and ko be the algebraic
closure of kg. We then have that

(K : ko(z)] = [K - ko : ko(2)][K Nko : ko)
where K - ko is the compositum of K and ko in the algebraic closure of K.

Proof: Consider the following diagram:

K / O\k()m
N S

K Nko(x)

ko ()

Since [K : ko(x)] = [K : K N ko(2)][K N ko(x) : ko(x)], it is enough to show
that [K Nko(x) : ko(x)] = [K Nko : ko] and [K : K Nko(z)] = [K - ko : ko(x)].

To prove the first equality, let {a;} be ko-basis of K N ky. To show that this set
spans the ko(z) vector space K Nko(x), it is enough to show that any polynomial
p € K Nko(x) must lie in (K N ko)[z]. We proceed to show this by induction on
the degree of P. Differentiating with respect to x we see that all the coefficients
of the nonzero powers of x must lie in K Mkg and so the constant coefficient must
also lie in this field. To see that the set {a;} is linearly independent over ky(x),
let >°. filz)a; = 0, with f; € ko(z). We then have f;(a) = 0 for all elements
a € ko that are not poles of the f;. Since this is an infinite set, we have that all

the f; = 0 and so {a;} is a ko(z)-basis of K Nko(z).

We now prove the second equality. Note that since K N kg is algebraically closed
in K, we have that any elements of K, linearly independent over K Nk remain
linearly independent over kg (see [24], Ch. VIIL4). Let {e;}%,,¢0 = 1, be a
K N kg-basis of K N k_o(;l:) and {f;}7,, fo=1,bea KN k_o(:c)—basis of K. Since
{eif;} is a K N ko-basis of K and {e;}22,,e0 = 1, is a ko-basis of ko(z), we have
that {f;}7, is a ko(z)-basis of Kko. O
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COROLLARY 5.9: Let K be the splitting field of a polynomial P € ko(z)[y] over
ko(z). Then |Gy ()] = |G| [N kot kol

We note that the above Lemma is also partly a consequence of Theorem 1.12

of [24, Ch. VI, §1] and can also be used to justify the key fact behind Duval’s
algorithm.

For the rest of the chapter, we assume that P € ko[z,y] and is absolutely ir-
reducible. Note that in this case GE(r) is a transitive normal subgroup of the
transitive group G, (z). From Table 5 we see that, in most cases, there are only
very few possibilities for (i, (,) once GE(z) is known. Table 5 illustrates this fact:
Given a transitive group G on n letters, we list, for n = 3,4,5,6 and 7, all the
proper normal transitive subgroups N of G.

Suppose that we have computed G;O(x) via the previous section. We now fix a

Table 5: Transitive groups GG and their normal transitive subgroups N

possible group G for G, (,) having GE( ) as proper normal subgroup and want

to decide, using differential Galois theory, if G = Gy, (). By Corollary 5.9 we
know that if G = Gy (o) # G'o(x) then the extension ko(x)(y1, ..., yn) of ko(x)
contains new constants. The method we propose is not an algorithm but does
give results in many cases.

We consider a tentative ko(x)-basis B = {by = 1,b3,...,bg} (which we suppose

Gl

given) of |G| elements of ko(x)(y1,...,yn) over ko(x) and write z = Y.~ u;b;

with u; € ko(x). The condition 2z’ = 0 is therefore equivalent to a certain differ-

G |43 [ 50)

N A(3)

G/N (2)

G [c@ [ E@ D(4) A(4) 5(4)

N C@ | E@ | E@) | E@ | A()

G/N c | c@ [ cE [56) | @

<l KON 26 5) AG) [ 56)

N c() | C) | D) A(5)

G/N c2) [ Cc@ | @ C(2)

G 0(6) D6 (6) D(G) A4 (6) F13(6) 2A4 (6) 54 (Gd) S4 (66) F18(6) 12

N C(6) | Do(6) Do(6) | A2(6) | A1(6) | A4(6) | De(6) | Fis(6)

G/N c(2) | C(2) c3) | ¢c@ [ c@ [ c@ [ s@® | c@

G| Fao(6) 25, (6) PSL(2,5) T30 (6) : 2 PGL(2,5) | A(6) | S(6)
N A4 (6) S4 (6d) S4 (60) 2144 (6) F18(6) : 2 F36 (6) PSL(?, 5) A(G)
G/N E@) | C2) | ¢ | 0@ C(2) C(2) C(2) C(2)
G o) [ D) | For(0) Tz (7) L(3,2) | A(7) | S0

N O | ¢ [ | D) | For(7) A(7)

G/N c2) | ¢ [CcE) [ B | 0@ C(2)
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ential system S of order one, in the variables u;, having solutions in kqo(z), which
can be decided using [3, 4]l. There are three possible outcomes:

o The system S has no non-trivial rational solution. In this case, Gy, () # G.
If G is the only candidate, different from GE(I) for Gy (z), then we have

e The system has a nontrivial rational solution and we have determined that
this does not correspond to a new constant. We can then conclude that
the putative basis B is not a basis and thus Gy ;) # G. Again, if G is
the only candidate different from GE(z) for Gy (z) then Gy = GE(z) (see
Example 5.14).

e The system S has a nontrivial rational solution and we have determined
that this corresponds to a new constant v € k_o\ko (we discuss methods for
this below). We then conclude that Gy, (o) # Gr(z) and the index of Gy,
in Gy () is bounded from below by the degree of 7. In some cases this is
enough to determine Gy (5 (see Example 5.15)

This approach raises the questions of finding a tentative ko(x)-basis in an efficient
way and of determining if a rational solution of the resulting differential system
corresponds to a new constant. The first task can be done for the symmetric
groups S, and the alternating groups A,,, due to the fact that those groups
are respectively m — 1 and m — 2 transitive groups of degree m. The multiple
transitivity allows us in both cases to set up a basis by choosing arbitrary roots
y; of P (see the proof of the next lemma). This can be done for a larger class of
groups. Recall that a Frobenius group is a transitive subgroup of some symmetric
group such that the only group element leaving two elements fixed is the identity.

LEMMA 5.10: If the Galois group Gy (z) € Sy over ko(z) is an s-transitive group
and if the identity is the only element of Gy () that leaves s + 1 elements fized,
then by choosing arbitrary roots yi,...,ysy1 of P, we get a ko(x)-basis of the
splitting field of P by multiplying all elements in the basis

m—1 o m—=2_ m—

Ly, y7 Y2, Yoy, gyl eyl Ty Ry

of ko(2)(y1, - -+ Ys) [ ko(w) and the basis {1, Ysir, - - Y351} of ko(@)(yrs -5 Ys) (Ysr1)
over ko(z)(y1,...,ys) where X € N is such that A\ -m(m —1)---(m —s+1) is
the order of Gy (z)-

In particular for s =1 this includes the case where Gy 1s a Frobenius group,
for s = 2 this includes the Zassenhaus groups [17] and for s = m — 1 and
s =m — 2 this includes the symmetric group S,, and the alternating group A,,.

Proof: We proceed by induction. Let s = 1. Since Gy, () is transitive a basis of
ko(x)(y1)/ko(x) is {1,y1,...,y" ' }. Let y; # y; be a second root of P and denote

Tt is important to note that those algorithms work over ko(x)
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K the splitting field of P over ko(x). The Galois group of K/ko(x)(y1,y2) is a sub-
group of Gy () whose elements leave y; and y, fixed. This group must be trivial
by assumption and thus K = ko(2)(y1,y2). The degree of ko(z)(y1,y2)/ko(x)(y1)
is A = |Gy (s)|/m showing that a ko(x)(y )-basis of K is {1,y2,...,y, 7" }. Putting
both bases together as above yields a kq(x)-basis of K and gives the result.

Assume that the result holds until s = n —1 and consider s = n > 1. Since G} (z)
is transitive the basis of ko(x)(y1)/ko(x) is {1,y1,...,y""'}. The Galois group
of K/ko(x)(y1) is the stabilizer G/, of y;. Since s = n > 1 Gy (y) is 2-transitive
and the polynomial P, = P/(Y — y1) is absolutely irreducible over ko(z)(y1).
Its Galois group G, operates on the roots of P, as a permutation group of the
m — 1 remaining roots. Since (G, is (s — 1)-transitive and the identity is the
only element of (7, that leaves s elements fixed, we get a ko(z)(y1)-basis of K
by induction. Putting both bases together to get a ko(x)-basis gives the result.

The Frobenius groups satisfy the above conditions for s = 1 and the symmetric
Sy, and the alternating groups A,,, due to the fact that those groups are respec-
tively m — 1 and m — 2 transitive groups of degree m, also satisfy the above
conditions for s =m — 1 and s = m — 2. O

If the group G is of the above type (s-transitive and the identity is the only
element that leaves s + 1 elements fixed), then if the group is of order m - (m —
1)--- (m—(s—1)) it is also easy not only to set up a basis but also a multiplication
table for the splitting field (for larger groups this would involve some choices of
elements).

EXAMPLE 5.11: Suppose that the Galois group Gy of g = y° + 2?21 ay' €
Q(x)[y] is the Frobenius group F(5) of order 20 = 5 - 4. Since the assump-
tions of the above Lemma are verified for s = 2, a Q(x)-basis of the split-
ting field is B = {1,y2, Y3, Y5, Y1, Y192, Y193, Y1Y5, U1, YiY2: YiVs, Y1Ys, Ui, Uiy, U3 v
JYLYS, YL Uiy, YiYa, yiys b where yi, yo are distinet roots of g. In order to multiply
elements in the splitting field we use g, the minimal polynomial of y; over Q(z),
and

aly) = y'+ (v +a))y’ + (yi + viaa + a3y’ + (yi + yias + yias + a2)y
‘|‘('yi1 + yf% + yfas + yraz + ay)

the minimal polynomial of y, over Q(x)(y1). O

We now turn to the second task. Since we are only dealing with a putative basis,
once we have a nontrivial rational solution of the associated system, we need to
determine if it actually corresponds to a new constant. We can do this, in theory,
using the following lemma.

LEMMA 5.12: Letyi,...,y, be solutions of Lp(y) =0, s € N and uy,...,ug €
ko(x). One can determine a point o € ko and a bound M € N, depending on
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a, s, Ut,...,ugl and Yy, ..., Yy, such that: z = Elﬂ u:b; € ko (where the b; are
monomials in y;) if and only if the coefficients of x — a, (z — a)?,..., (z — a)M
in the Taylor series expansion of z at o are 0.

Proof: Since the u; and the y; all satisfy some linear differential equations, one
can construct a differential equation L;(y) = 0 satisfied by z ([36]). Now 1 (and
thus any element of k) and z are both solutions of the Least Common Left
Multiple Ls(y) of Li(y) and La(y) = y’. We take for a a regular point of Ls(y)
and for M the order of L3(y). If at a the Taylor series of two solutions agree on
terms of order less than M, then the solutions coincide. The result now follows.

O

To apply the preceding lemma, one needs to construct the differential operator
L3, a process which is likely to be expensive. An alternative approach is to use
Fuchs’s relation to obtain upper bounds for the exponents at possible “true” and
apparent singularities and then select a point & and use Taylor series expansions
at this point. This can be done since we know (from the Newton polygon of P)
lower bounds on the exponents that can occur in power products of roots of P
and we will have a basis of the solutions space of S. We will not describe this
process in detail but rather work out a specific example (see Example 5.15).

EXAMPLE 5.13: Consider the equation P(y) = y® —x over Q(z). We will prove
that its Galois group over Q(x) is A(3) and over Q(z) is S(3).

First, we consider the transformed polynomial P, = y*P(1/y +1) = (1 —2)y® +
3y? + 3y + 1. The differential equation associated to Py is :
5r — 2 2(19z — 1) 2
m " .
+ $($—1)y 9$2($—1)y + 922(x — 1)

Lp(y) =y y=0

As Lp, is the product of the three linear operators § + ﬁ,(s +
w4 the Galois group of Py over Q(x) is A(3).

3z(z—1)

5(2__2 and & +

3z 1)

Let y1, y2 and ys denote the roots of Pi and suppose that {1,y1,y2, y1y2, i, y2y? }
is a basis of Q(x)(y1,y2,y3). Suppose that z = ug + ury; + usys + uay1y2 + wayi +
usyoy: is a constant. The condition z' = 0 leads to the system S;.

o 1 -1 2 o
Ug ' 0 0 z(z—1) 3z(z—-1) 3z(z—1) 0 Ug
‘ 0 L 1 0 2 —1 |
Uy 3z 1‘(1,1‘_}_—21) 3z(z—1) 31?(1‘1—1) Uy
S 2 = 00 3I($1_1) ) (1_1 0 3$(z1—1) Uz
Us 0 0 £ 31‘(7;'—1) 0 z(z—1) u3
Uy 0 % g—; 0 % 0 Uy
L Us ] 0 0 0 0 0 1 L Us |
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Using the algorithm presented in [3], we find that the differential system Sy
admits the rational solutions : ug = A + %)\0, U = %"’2)\0, Uy = I_T’”)\O, Us =

2ug, Uy = Uy and us = (95;1)2)\0, where Ao and Ay are constants. Computing
the Puiseux e:ppansz'ons of Py at & = 0, we take y; = —=(1 + z/3 4 %)
and y; = T )(2 +(—1-— [\/g):cl/3 +(-1+4 [\/g)xQ/S). Since we have explicit
expressions for y1 and yy we find that (for \g = 1,1 = 0) z = %—I— fzﬂyl +
1—sz2_|_ ( z),

1=z,2 T+ (z=1)7 1) Yoyl is —( 1—|—[\/_) This new constant has
degree 2 over Q s0 GQ (@) = 5(3). O

EXAMPLE 5.14: Consider the polynomial
P =y —(1+32*)3y-2)

(from [27], p. 404, fa1) which is irreducible over Q(z). The differential equation

assoctated to P 1is :

8
Lp(y)=vy" — y=20
and Lp is the product of the linear operators § + \/?i\(/l__f;IQ and 0 — 3\/1__9:3'12) thus

the Galois group of P over Q(z) is N = A(3).

Suppose that the Galois group of P over Q(x) is G = S(3). Thus, if y1,y2,ys
are the roots Of P: a basis fOT Q(I)(y17y27y3) is B = {17y17y27y1y27y%7y2y%}' ]f
Z = ug + wiyr + Uy + usl1yz + sy + usyay? is a constant then we have the
differential system S,.

2 1 2 4
w1 0 50 ~ 5 ~ 5 5 0
0 0 — 14922 0 2 2 2
Uy (14322) 3z 3z 3z
0 0 — 1492 2 0 2
Uy 3z(143z2) 3z 3z
82 : ’ = 0 0 1 _ 2(14972) 0 1
us3 3z(1+322) 3z(1+322) 3z
Uy 0 1 1 0 _ 2(1492%) 2
u 3z(143z2) 3z(143z2) 3z(143z2) 3z s
5 149z
L - 0 0 0 0 0 ~ (11359
It admits the mtional solutions ug = A\ + )\0, Uy = ——)\0, Uy = —)\0, Us =
ug =0 and us = (1+3I ))\0 The Puiseux expansions for the roots of P at x = 1

up to order 5 are:

2 5 1, , 1
y = Z+<—§+6Z+12Z>(;c—1)+12Z(:c—1)

Yo
Uy
s
us
»
s
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1 13 1 1 171
— (-1 ——Z+ =27 1P+ = (1+—=Z -7 —1)!
'%4< 17713 )@ )+%<'+m 8 )@ )

19 29 19
- — 7? 7z —1)°
+ < 613 1296 5184 > (z=1)
where 7 satisfies 72 — 127 + 8 = 0. We take two Puiseuzr expansions y, and
yz corresponding to different solutions Zy and Zy of Z° — 127 +8 = 0 and by
expanding (for Ao = 1) the “constant” z = L — Ly, 4 Ly, — ﬁygyf at x =1,

we find that z = =3 — Z(x — 1)> + O(x — 1)°. This contradicts the fact that B
is a basis over Q(x); so the Galois group of P over Q(z) is N = A(3). O

EXAMPLE 5.15: We consider the polynomial P = y° — bxy* + 50y — 50zy? +
125y — 25z (G. Malle, private communication). The differential equation asso-
ciated to P 1is:

5322 +1) 0 12(—1452%) o  12(52 — 822 —5) ,
2@ —5) ? =52 Y T s
381 384
25(22 — 5)4 Y 25z(a? — )

Lely) = v+

y=0

This equation admits a one dimensional subspace of rational solutions (spanned
by ), so P is absolutely irreducible. Since Lp factors completely into linear fac-
tors, we get from Table 1 that the Galois group of P over Q(z) is the cyclic group
C(5). According to the Table 5 its Galois group over Q(z) is either C(5), D(5)
or F(5).

Suppose it is F'(5). Since F(5) is Frobenius of order 20 = 5-4, a tentative Q(z)-
basis should be B = {1,y2,y3, Y3, y1, Y1Y2: Y13, Y193, Y1, Y192, YiV3: Y1Y3. Y1, Y Yz,
YTy YTy, UL, Uiy, ytya, ytys b where yp is any root of P and y, is another root
of P whose minimal polynomial over Q(z)(y1) is (c.f. Example 5.11) :

Pi(y) = yv*+(y —52)y° + (yi — days + 50)y° + (yi — Szy; + 50y, — 50z)y
+yi — 5ey? + 50y? — 50zy; + 125
We can thus express any power yj for n > 4 using y1 and lower powers of ys.

Suppose that z = ZbéeB u;b; s a constant. Constructing the linear differential
system U' = tMU associated to 2’ = 0 (see the matriz M in Table 6), and
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computing the rational solutions, we obtain :

2 2
w = Ao + (60z/\1+;33f/;2+25/\3)7 uy = (40z 300)/\1-}-(;25155 130) Az 13“3’
- 12201+ 7z X+ (322 —4) A5 Un = — 200 +102:+3zAs
2 — 12_5 ) 3 — 5(1‘2—5) )
o (9522-300)A1+(4522—130)A2+13z )3 o —43z)1—30z)2+(822-T3) )3
Ug = — 2 5 Us = — 225 >
ug = (2522 —60) A1 +(202% —25) Ao +27z )3 wr = 52\ +4z)+TAs
5(z2—5) ) 5(2272—5) ’
_ 39]}A1+23]JA2+(31‘2—4)A3 , _ —135/\1-|—(51’ —175)A2—27$A3
- w2—5 ) Uy = 5(¢2—5) )
‘ =15z 149z A2+ (522 —4) )3 , _ =3Mi+2XotzAs
U0 = 5(372_5 ) U1 = 5(1.2_5) I
‘ _ (2522-20)0\ 1 + (1522 —10) X2 +3z A5 , _ bzA1+14zA2+T)s
ul? - 5(1‘2—5) ’ u13 - 5(1‘2—5) ’
. _ (51‘2—4)A1—A2—1‘A3 . _ 51?)\1—)\3
Uia = 5(c2—5) ) Uls = ~25(z2-5)>
Uie = z(5A1+3A2) Uir = — A143X
16 — 5(372_5) ’ 17 — 5(1.2_5)7
Ui = — zAy Uig = M
18 5(1.2_5)7 19 25(1.2_5)

where the \; are constants.

Computing the Puiseux expansions of the solutions of P at x = 0, we take for
y1 the series which has the value 0 at x =0 and for ys another series (its value
at * = 0 is a solution of Z* + 5072 + 125 = 0). We wish to determine whether
7 is actually a constant. We find that :

4 2
zZ = /\0 — 5)\3 — (60)\1 + 26)\2)Z + 5/\3Z2 — 5(2)\1 + )\Q)ZB + O(.I?2)

where Z satisfies Z* +5072% + 125 = 0.

Letting \g = A3 = 0 and 2X\; + Ay = 0,60\, + 26X, = 1, we find an element
zZ= ZbéerLibi = Z +0(2?*). We now compute a bound M which will insure that
Z is a constant. Note that the orbit of Z under all possible permutations of the
y; has at most 20 elements (which is the mazimal order of the arithmetic Galois
group). Therefore Z and the element 1 satisfy a linear differential equation of
order at most 21. The point 0 is an apparent singularity of Lp,and the exponents
of Lp at /5 are {0,1/5,2/5,3/5,4/5} and at oo are {—1,0,1,2,3}. From
the explicit form of the u; we get that the elements of the orbit of Z under the
Galois group have poles at {\/5,—/5} of order at most 1 and at oo of order
at most 1. All other points are, at worst, apparent singularities. We now use
FEquation () of Section 2.2 that we deduced from Fuchs’s relation. The left hand
side of Equation (4) in this situation is at most +(3 — 2)(21)(20) 4+ 3 = 213.
Therefore the exponent at any apparent singularity is at most 19 + 213 = 232.
Calculating the Taylor series of y; and y, to sufficiently high powers, we see that
Z agrees with a constant up to order 233. Therefore it must be a constant. This
implies that Z = 7, is an element of degree 4 over Q. Corollary 5.9 implies that
C(5) = GE(I) has index at least 4 in Gy (o) and so this latter group must be
F(5). O
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6. Final Comments

In this paper we show that several geometric and algebraic properties of a poly-
nomial in two variables can be determined from the associated minimal annihi-
lating operator. One can ask: How can this be generalized to polynomials of more
variables. Given a squarefree polynomial P(z1,...,2,,y) € ko(21,...,x,)[y], one
considers the left ideal I of all operators in ko(x1,...2,)[04,...,0,] that anni-
hilate the roots of P. One can show that the common solution space of these
operators is a finite dimensional vector space over ky and that the dimension of
this vector space is equal to the dimension of the kg-span of the collection of roots
of P. In a manner completely analogous to that of Section 4.1, one can show that
the number of irreducible factors of P over ko(z) is the dimension of the space
of rational common solutions of the elements of I. Algorithms are known to de-
termine this space (see [29]) and one can generalize the algorithm presented in
Section 4.1 to determine these irreducible factors as well. The question remains
as to how one can generalize the techniques of Section 3 to polynomials of sev-
eral variables, that is, what topological information concerning the hypersurface
associated to P can be determined from the singular locus of the operators L;
(or of the associated holonomic system [35])?

Appendix: Tschirnhaus Transformations

In Section 2 we gave a method to transform certain polynomials into polynomi-
als whose roots are linearly independent over the constants. In this section we
discuss other possible methods that lead to (and depend on) several conjectures
of independent interest. We begin with the following definition.

DEFINITION 6.1: Let K be a field and P(y),T(y) € Kly] be polynomials. We
define the Tschirnhaus transform of P with respect to T' to be the polynomial
Pr(y) = Res,(P(z),y — T(z)), where Res, denotes the resultant with respect to
z.

One sees that Pr(y) has the same degree as P(y) and that its roots in an alge-
braic closure K of K are {T(a) | a is a root of P}. For future use, we wish to
insure that the factorization properties of P(y) are preserved by the Tschirnhaus
transformation. The relevant facts are given in the following lemma

LEMMA 6.2: Let K be a field, P(y) € Kly| a squarefree polynomial and E
the splitting field of P(y) over K. Let T(y) € Kly| satisfy the property that
T(a) # T(B) for distinct roots of P(y) in E and let Q(y) = Pr(y).

If P=cP - P and QQ = dQ,--- Qs where ¢,d € K and the P; and @); are
monic, irreducible polynomials in Kly| then t = s. Furthermore, after a possible
renumbering  Qi(y) = Res,(Pi(z),y — T(z)) and Py) =
GOD(Qi(T(y)), P(y))-
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Proof: Let GG be the Galois group of E over K. The map a — T'(«) maps the
roots of P(y) bijectively onto the roots of Q(y). Furthermore, for any o € F,
o € (G we have that o(T'(a)) = T(o(«)). Therefore, T' maps G-orbits of roots
of P(y) to G-orbits of roots of Q(y). Identifying an irreducible monic factor of
P(y) with its set of roots gives a bijective correspondence between these factors
and G-orbits of roots of P. Therefore, after a possible renumbering 1" maps the
roots of P;(y) bijectively to the roots of Q);(y). The final statement of the lemma
reflects this fact. O

We now turn to the question of transforming a polynomial into a polynomial
whose roots are linearly independent.

PROPOSITION 6.3: Let k = ko(z) and let P € k[y] be a squarefree polynomial of
degree n. There exist integers a; ;, 0 < a; ; < n such that the roots of Pr(y) =0

in k are linearly independent over ko, where T(y) = ao + a1y + ...+ an_1y
and a; = Z;:Ol amwj.

n—1

Proof: Let Uy, ...,U,_1 be differential indeterminates and vy, ..., y, be the roots
of P. The field of constants of K = k < Uy,...,U,_1 > is once again k.
The elements V, = Z;:S ijf are linearly independent over k. To see this,
note that (Vi,...,V,) = (Usg,...,U,—1)V where V is the Vandermonde matrix
of y1,...,yn. Let ¢1,...,¢, be constants such that > ¢;V; = 0. We then have
that (Ug,...,Up_1)V(c1,.. ) = 0 and so V(ey,...,c,)T = 0. Since V is
nonsingular, we must have that (cy,...,c,)T = 0. We can therefore conclude that
the Wronskian determinant W of the V; is a nonzero differential polynomial in
the U;. This differential polynomial has order n—1 in the U; and so by a result of
Ritt ([33] p.35; [31], Lemma 2.20) there exist polynomials a; as specified such that

the substitution U; — a; keeps W nonzero. Thus the elements g, = ?:_é a]-yf

are linearly independent over ko and the polynomial T'(y) = Z?:_ol a;y’ satisfies
the conclusion of the Proposition. a

The set of possible coefficient vectors (a; ;) has cardinality (n + 1)”2. To de-
cide if a choice yields a desired Tschirnhaus transformation one can formally
differentiate Y = ag + a1y + ... + an_1y™ ! as in the algorithm described in the
beginning of Section 2. At each stage one replaces y’ with a linear combination
of powers of y using P, +y'P, = 0. For some choice within the described bounds
one will produce a linear operator of order n. In particular, for almost all choices
of a;; € ko, we will produce a Tschirnhaus transformation that yields linearly
independent roots.

We would like to be able to select constants a; # 0 such that for T'(y) =

?:_01 a;y’, the roots of Pr(y) are linearly independent over k. Obviously, this
cannot be done if the roots of P lie in kg but one could ask if such a Tschirnhaus
transform exists assuming that P has no roots in kg. This would follow from the
conjecture:



O. Cormier et al.: Linear Differential Operators for Polynomial Equations 46

Conjecture I: Let K be a differential field of characteristic zero with
field of constants C and yq, ..., y, distinct, nonconstant elements of K.
There exists a polynomial 7'(Y) in C[Y] of degree at most n — 1 such
that the elements y; = T'(y;), j = 1,...,n—1 are linearly independent
over (.

The conjecture implies that the Wronskian determinant W in the proof of Propo-
sition 6.3 will be nonzero when we replace the U; with constants. Therefore W
is nonzero when we replace all derivatives of the U; with zero. The resulting
polynomial will have degree at most n in the U; and so there will be a choice of
a; € ko within the desired bounds that are not a zero of this polynomial. This
would still not necessarily yield a deterministic method for finding these a; in
polynomial time but would yield a probabilistic argument that almost all choices
of a; yield the desired linear independence.

In Proposition 6.6, we will show that the conjecture is true if we only demand
that 7' be a polynomial of degree at most n(n — 1)/2 but at present we cannot
prove the conjecture in general or even for roots of a general squarefree poly-
nomial having no factors independent of x. We can show that Conjecture I, as
stated, is true for roots of an absolutely irreducible polynomial. This will follow
from the following lemma

LEMMA 6.4: Let Fy C Fy C F; be fields and assume that Fy is a finite Galois
extension of Fy with Galois group G. Let H C G be the Galois group of Fy over
Fyandlet i H, ... 7,H be the cosets of H in GG. Then there exist oy,...,0, € G
such that the set S = {v € Fy | det(o;7j(v)) # 0} is not empty. Furthermore,
any v € S has the property that its conjugates are linearly independent over Fy.

Proof: Let o1,...,0,, be the elements of GG. The usual proof of the Normal Basis
Theorem (c.f., [24], Ch. VI, §13) shows that the set S = {w € Fy | det(o,0;(w)) #
0} is not empty. Fix some w € 5" and let v = ) __, o(w). We then have that
v € Fi. Let N be the m x n matrix (o;7;(v)). The columns of this matrix
are the sums of disjoint sets of m/n columns of the m x m matrix (o,0;(w)).

Therefore the columns of N are linearly independent. Therefore after a possi-
7=1,...,n

ble renumbering, we may assume that the matrix (o;7;(v));Z, """ is nonsingular.

This establishes the first claim of the lemma.

For any v € Fj the conjugates of v over Fy are among the elements 71 (v), ..., 7,(v).
Let v € S and let a17(v) + ... + a,7(v) = 0 for some a; € Fy. For any
o € G we have o(a171(v) + ... + a,7,(v)) = ayom(v) + ... + a,07(v) = 0. Since
det(o;7;(v)) # 0 we have that each a; = 0. This proves the final conclusion of
the lemma. O

We now show

PROPOSITION 6.5: Let P(y) be an absolutely irreducible polynomial in ko(z)[y]
of degree n. There exist integers a;, 0 < a; < n—1 such that the roots of Pr(y) in
ko(x) are linearly independent over ko, where T(y) = ag+ a1y + ...+ an_1y"~
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Proof: Let Fy = ko(x) and let F, be the splitting field of P(y) over Fp. Let
a € F; be a root of P(y) and Fy = Fy(a). The hypothesis implies that [F} :
Fo] = n. Any element of F} is of the form ag + aja + ... + a,_1a""! for some
a; € Fy. Let o1,...,0,,71,...,7, be as in Lemma 6.4 and let Yg,..., Y, 1
be indeterminates. The conclusion of Lemma 6.4 implies that the polynomial
A(Yo, ..., Y1) =det(Yo + Yioimi(a)+ ...+ Yn_laﬂj(a”_l))f;{’.';’g is a nonzero
homogeneous polynomial of degree n with coefficients in F;. Therefore, there
exist integers a;, 0 < a; < n such that A(ag,...,a,—1) # 0 and so the con-

"=1 are linearly independent over ko(z). This

jugates of ag + a1+ ... + a,_ 1 nt
implies that the roots of Pr(y) are linearly independent over kq(x) where T'(y) =

ao—l—aly—l—...—l—an_ly”_l. O

We now will show that for distinct nonconstant elements yq,...,y, in a dif-
ferential field K of characteristic zero with field of constants C', there exists a
polynomial 7" € C[Y], of degree at most n(n — 1)/2, such that the elements
y; = T'(y;) are linearly independent over C'. We note that the usual properties
of Wronskians imply that these elements will be linearly independent over the

algebraic closure C' of C' (see [23]).

We begin by noting that, under the above assumptions, there exist n homomor-
phisms &; : C[yi,...,y,] — C such that the entries of the matrix (¢;(y;)) are all
distinct. To construct ¢; note that, by assumption, the element [, (y: — y;) is
nonzero in K and therefore invertible. Theorem 11 of ([24],Ch. IX, §1) implies
that there exists a homomorphism ¢, : Clyi,. .., Yn, (Hi#('yi —y)" Y — C.
Clearly, the elements ¢ (y;) are distinct. Now assume that we have constructed
&1, ...,¢ such that the entries of the t x n matrix (¢;(y;)) are distinct. The
assumptions imply that the elements [[...(vi — y;) and [[,.;(y» — &:(y;)) are

nonzero. Therefore there exists a homomorphism ¢.41 : Clys, ..., Yn, (H#j(yi —
yj))_l,HMj(yh — ¢i(y;))"'] — C. Continuing until ¢ = n yields the desired
homomorphisms.

PROPOSITION 6.6: Let K be a differential field of characteristic zero with field
of constants C and yy, ...y, distinct, nonconstant elements of K. There exists
a polynomial T(Y) in C[Y] of degree at most n(n — 1)/2 such that the elements
;i =T(y;), j=1,...,n—1 are linearly independent over C.

Proof: We will construct a polynomial Ty (Y) € C[Y] of degree at most n(n—1)/2
such that the elements y; = Ti(y;), 7 = 1,...,n—1 are linearly independent over
C. Let ¢1,...,b, be the homomorphisms described above and let (¢;(y;)) be the
resulting matrix with distinct entries. There exists a polynomial 71(Y) € C[Y]
of degree n(n — 1)/2 such that T1(¢;(y;)) = 0 for all ¢ > j, that is T} is zero
for each entry below the diagonal. Since T} can have no further zeros, the diago-
nal elements of (7(¢;(y;)) are nonzero and so the determinant of this matrix is
nonzero. Let ¢; € C be elements such that 2?21 ¢;T1(y;) = 0. Applying the ¢,
we have that 2?21 ¢;0:i(T1(y;)) = 0. The invertibility of (T (¢;(y;)) implies that
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the ¢; are zero and so the elements {7}(y;)} are linearly independent over C'.
Note that this implies that the Wronskian of the elements {73 (y;)} is nonzero.

Let T(Y) be a polynomial of degree n(n — 1)/2 with indeterminate constant co-
efficients {dy, . .. dn(n_1)/2}. The Wronskian W (T'(y1),...,T(yn)) is a polynomial
in the d; with coefficients in K that is furthermore nonzero since the above shows
that we can specialize the d; and obtain a nonzero result. Since C' is an infinite
field, we can specialize the d; to elements ¢; in C' and obtain a polynomial 7'(Y)

satisfying the conclusion of the proposition. a

From the proof of Proposition 6.6, one sees that Conjecture 1 would follow
from the following;:

Conjecture II: Let C be a field of characteristic zero and (a; ;) a
matrix with distinct entries. There exists a polynomial 7'(Y) in C[Y]
of degree at most n — 1 such that the matrix (7'(a;;)) is invertible.

We finally note that the set of coefficients of polynomials Pr that satisfy the
conclusions in Proposition 6.5 lie in a Zariski open set. This yields a probabilistic
argument that almost all such transformations will have the desired effect. In a
similar way, almost all polynomials of degree n(n—1)/2 will satisfy the conclusion
of Proposition 6.6.
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