Local Levi-Flat hypersurfaces invariants by
a codimension one holomorphic foliation

by D. Cerveau & A. Lins Neto*

Abstract. In this paper we study codimension one holomorphic foliations leaving
imvariant real analytic hypersurfaces. In particular, we prove that a germ of real analytic
Levi-flat hypersurface with sufficiently ”"small” singular set is given by the zeroes of the
imaginary part of a holomorphic function.
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1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let M be a germ at (C™,0) of a real codimension one irreducible analytic set.
For the sake of simplicity, we will denote germs and representative of germs by the
same letters. Since M is real analytic of codimension one and irreducible, it can be
defined by (F' = 0), where F': (C™,0) — (R, 0) is an irreducible germ of real analytic
function. The singular set of M is defined by sing(M) = (F = 0) N (dF = 0) and
its smooth part (F = 0) \ (dF = 0) will be denoted by M*. Note that sing(M)
contains all points m € M such that M is smooth at m, but the codimension
of M at m is at least two. The Levi distribution L on M™ is defined by L, :=
ker(OF (p)) C T,M* = ker(dF(p)), for any p € M*.

Definition 1. We say that M is Lewvi-flat if the Levi distribution on M* is inte-
grable.

The integrability condition of L implies that it is tangent to a real codimension
one foliation £ of M*. Since the hyperplanes L,, p € M*, are complex, the leaves
of £ are complex codimension one holomorphic submanifolds immersed on M*.

Remark 1. If the hypersurface M is defined by F' = 0 then the Levi distribution L
on M can be defined by the real analytic 1-form ¢(0F —OF'), which will be called the
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Levi 1-form of F'. The integrability condition is equivalent to (OF —0F)N\OOF |pr- =
0. Since dF = OF + OF, this is also equivalent to

OF (p) NOF(p) NOOF(p) =0, Vpe M .

Example 1. If f: (C*,0) — (C,0) is holomorphic and non constant then the
analytic set defined by M = (Zm(f) = 0) is Levi-flat. The leaves of the Levi
foliation on M are the real levels of f.

For instance, if M is smooth a classical result of E. Cartan says that there
exists a coordinate system (z1, ..., z,) such that M = (Re(z1) = 0). More recently
Burns and Guong (cf. [B-GJ) have proved an analogous result in the case where
F(z1, ..., 2n) = Re(2% + ... + 22) + h.o.t. (see also corolary 1).

Definition 2. Let F and M = F~1(0) be germs at (C",0) of a codimension one
singular holomorphic foliation and of a real Levi-flat hypersurface, respectively. We
say that F and M are tangent, if the leaves of the Levi foliation £ on M are also
leaves of F.

In this paper we will prove two results concerning the situation of definition 2.
Our first result is the following :

Theorem 1. Let F be a germ at 0 € C*, n > 2, of holomorphic codimension
one foliation tangent to a germ at 0 € C™ of real codimension one and irreducible
analytic variety M. Then F has a non-constant meromorphic first integral.

In the case of dimension two we can precise more :

(a). If F is dicritical then it has a non-constant meromorphic first integral f/g,
where f,g € Oz and f(0) = g(0) = 0.
(b). If F is non-dicritical then it has a non-constant holomorphic first integral.

Recall that a germ of foliation F at 0 € C? is dicritical if it has infinitely many
analytic separatrices through the origin. Otherwise it is called non-dicritical.

Remark 2. The definition of dicritical and non-dicritical codimension one folia-
tions in dimension n > 3 is more involved than in dimension two. On the other
hand, the proof of theorem 1 in dimension n > 3 will be done by reduction to
the case of dimension two, taking 2-plane sections transverse to the foliation. We
will see that if the foliation restricted to the 2-plane is non-dicritical then the first
integral is in fact holomorphic.

Remark 3. Consider the foliation F defined by the differential equation w :=
dP + Q.(xdy — ydzx) = 0, where P,Q € C[z,y] are homogeneous polynomials of
degree four. In section 5 we will see that it is possible to choose P and @ in such a
way that F has no non-constant meromorphic first integral, but after one blowing-
up at 0 € C2, say 7: C2 — C2, the strict transform F := m*(F) is tangent to a
real analytic hypersurface M c C2. In this example the hypersurface M := W(M )
is real analytic outside the origin, but has no analytic equation in a neighborhood
of 0 € C2. The example was motivated by the way we have tried to prove theorem
1 in the non-dicritical case at the begining.

However, the example satisfies the following property : the foliation F has an
affine transversal structure outside the set of separatrices. This can be expressed
as follows : there exists a closed meromorphic 1-form n = %% such that dw = nAw
(see [Sc]). In a future paper we hope to study and describe more precisely this type
of situation.
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The second result concerns the existence of a foliation tangent to the singular
Levi-flat. We need a definition.

Definition 3. Let M = F~!(0) be a germ at 0 € C™ of real analytic Levi-flat
hypersurface. We define the complexification Mc¢ of M as Mc = F 1(0), where F¢
is the complexification of F in (C?",0), when we consider F as a real analytic germ
of analytic function at (R?",0) ~ (C",0). We define the algebraic dimension of
sing(M) as the complex dimension of the singular set of Mc. Let n = i(OF — OF)
be the Levi 1-form of F. We will denote by nc the complexification of 7 on (C3",0).

In section 2.1 we will precise how we do these complexifications (see also example
2).

Remark 4. Let M& = (Mc \ (dFc = 0). The integrability condition of n =
i(OF —OF)|pr- implies that nc| M is integrable. Therefore, the differential equation
nc = 0 defines a foliation L¢ on Mg that will be called the complezification of L.

In a certain sense, the next result asserts that if the singularities of M are
sufficiently small (in the algebraic sense) then M is given by the zeroes of the
imaginary part of a holomorphic function.

Theorem 2. Let M = F~1(0) be a germ of an irreducible analytic Levi-flat hy-
persurface at 0 € C*, n > 2, with Levi 1-form n = i(OF — OF). Assume that the
algebraic dimension of sing(M) is < 2n — 4. Then there exists a unique germ at
0 € C™ of holomorphic codimension one foliation Fy; tangent to M, if one of the
following conditions is fulfilled :

(a). n >3 and codysz (sing(nc|az)) > 3.
(b). n > 2, codpz (sing(nc|mz)) > 2 and Lc has a non-constant holomorphic
first integral.

Moreover, in both cases the foliation Fp; has a non-constant holomorphic first in-
tegral f such that M = (Zm(f) =0).

Remark 5. About the uniqueness of Fj;, we would like to observe that this is a
general fact : if M is a real analytic Levi-flat and there is a holomorphic foliation
F tangent to it, then it is the unique one. This follows from the following facts :

(a). Two holomorphic foliations in a connected open set that coincide in a non-
empty open subset are equal. This follows from the definition of holomor-
phic foliation (cf. [LN-S]).

(b). Given p € M* then by E. Cartan’s theorem there exists a holomorphic
coordinate system z = (z1, ..., zp) such that M = Re(z1). In this case the
unique holomorphic extension of the Levi foliation to a neighborhood V' of
p is the foliation G whose leaves are the levels z; =constant. In particular,
Fulv =G and so it is the unique one tangent to M.

Remark 6. We would like to observe that the conclusion of theorem 2 is also true
for n = 2 and codp; (sing(ncar:)) > 3. However, in this case the conclusion would
be that M is smooth. In fact, a non-smooth real analytic Levi-flat hypersurface in
(C?,0) defined by (Zm(f) = 0) never satisfies the condition codnsx (sing(nc|az)) >
3. This can be seen clearly in the next example.
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Example 2. Let M be the real hypersurface of C2 given by F(z,y) = Re(z?+y?) =
0. Since F(z,y) = 3(2® +y? + 7° + 7°) its complexification is

1
Fe(z,y,2,w) = 5(@* +y° +2° +v’) — dFc=a+8,

where a = zdx+ydy and 3 = zdz+w dw. The complexification of the Levi 1-form
in this case is nc = i(a — 3). Since dF¢|pz = 0, we get

’17@|ME = ZZOé‘MC* = —ZZ,B‘ME .

From the above relations it can be easily proved that sing(nc| ME) = X1 UX5, where
X1 =McN(z=y=0)and Xo = McN(z =w = 0), so that codas: (sing(nc|a) =
2.

A consequence of theorem 2 is the following nice result due to Burns and Gong
(cf. [B-G]) :

Corollary 1. Let M = F~1(0), where F: (C",0) — (R,0), n > 2, is a germ of
real analytic function such that

(a). F(21,.y2n) = Re(23 + ... + 22) + h.ot..

(b). F~1(0) is Levi-flat.
Then there exists a germ of biholomorphism ¢: (C™,0) — (C™,0) such that ¢(M) =
(Re(z? + ... + 22) = 0).

In the next example, we will see that there are germs of real analytic Levi-flat
hypersurfaces which are not tangent to foliations, even in the case n = 2. As we
will see, these examples are tangent to holomorphic webs.

Example 3. Let fo, f1,..., ft € On, n > 2, be irreducible germs of holomorphic
functions, where k& > 2. Consider the family of hypersurfaces

S:={Gy:=fo+sfit..+s"fr|scR}.

By eliminating the real variable s in the system G, = G, = 0, we obtain a real
analytic germ F: (C™,0) — (R,0) such that any complex hypersurface (G5 = 0)
is contained in the real hypersurface (F = 0). For instance, in the case k = 2, we
obtain

fo 1 f2 O

_ 0 fo i fo| _

(1) F =det fo fo Fo 0|7
0 fo f1 fa

-2 2 S, B - —
= f3-Fo+ Fo-f3 + fo-fo-F1 4 Fo-Forft = 1112 (fo-Fo + Fo-f2) — | fol* 1 f2? -
which comes from the elimination of s in the system
fot+sfit+sifo=Ffo+sf +s2f,=0.

We would like to observe that the examples of this type are tangent to singular
webs. The web is obtained by the elimination of s in the system given by

fotsfi+sifot. ..+ f=0
dfo + s.dfy + s%.dfa + ... + Skdfk =0
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In the case of (1) we get a 2-web given by the implicit differential equation Q2 = 0,
where
dfo dfv dfz 0
0 dfo dfv df2
Q = det
““Nr A £ 0
0 fo fi [

This type of example shows that, although £ is a foliation on M* C M = (F =
0), in general it is not tangent to a germ of holomorphic foliation at (C",0).

In fact, M. Brunella in [B] has proved that in the general situation a germ of real
analytic hypersurface is "almost” like that. He proves that there exist a complex
manifold Y together with a codimension one divisor D, a real levi-flat singular
analytic hypersusface N C Y, an open subset Ny C N, a codimension one singular
foliation F on Y tangent to N and a holomorphic map 7: (Y, D) — (C™,0) such
that

(a). 7Nyt No — M™ is an isomorphism.
(b). 7w No — M* is a proper map.
In particular, the Levi foliation £ on M* satisfies 7*(£) = F|n,, but in general

there is no germ of foliation G at 0 € C™ such that 7*(G) = F, whereas sometimes
there are webs as in example 3.

Let us state a problem motivated by our results.

Problem. Let M be a real analytic germ of a Levi-flat hypersurface at 0 € C™.
Assume that there exists a singular codimension one k-web, k > 2, such that any
leaf of the Levi foliation £ on M™* is also a leaf of the web. Does the web has a
non-constant meromorphic first integral as in example 3 ?

By a meromorphic first integral we mean something like fo(x) + z.f1(x) + ... +
2% fr.(z) = 0, where fy, ..., fx € Op.

We would like to thank Frank Loray for his suggestion to use reference [L], whose
results have simplified a lot the proofs of theorem 1 in the non-dicritical case and
corollary 1 in dimension two. The first author would like to thank also IMPA and
the second to thank IRMAR, where this work was developed.

2. PRELIMINARIES.

In the proof of theorem 1 we will use Seidenberg’s reduction theorem (cf. [Se]).
According to this theorem, after a finite number of blowing-ups, we obtain a folia-
tion such that all its singularities are reduced in the sense of [S] and [M-M]. Section
2.2 will be devoted to prove that a reduced foliation in dimension two, tangent to
a real analytic hypersurface, has a holomorphic first integral. In section 2.3 we
will see some consequences of this fact for the Seidenberg’s reduction of a foliation
tangent to a real analytic hypersurface. On the other hand, the proof of theorem
2 will be based in the complexification of a Levi-flat real hypersurface and of the
Levi foliation. This topic and some basic results, will be discussed in section 2.1.

Let us fix some notations that will be used from now on.

(a). O, : the ring of germs of holomorphic functions at 0 € C". O(U) = set of
holomorphic functions in the open set U C C™.

(b). Of ={f € On | f(0) #0}. O*(U) ={f € O(w) [ f(2) #0, Vz € U}.



(c). A, : the ring of germs at 0 € C™ of complex valued real analytic functions.

(d). Apr : the ring of germs at 0 € C™ of real valued real analytic functions.
Note that A,r C A, and F € A, is in A, g if, and only if, F = F.

(e). Dif f(C™,0): the group of germs at 0 € C™ of holomorphic diffeomorphisms
f:(C™,0) — (C™,0) with the operation of composition.

). D={z€C||z| < 1}.

2.1. The complexification. This section will be devoted to state some properties
of the complexification of a Levi-flat germ.
Given G € A,, we can write its Taylor series at 0 as

(2) G(z) =Y Gy 7,

where G, € C, p = (1, ooy pon), v = (1, ooy V), 2H = 2012l and 2V = 21200,
When G € A, then the coeflicients G, ,, satisfy
G =Gy

The complexification G¢ € Os,, of G is defined by the series
(3) Ge(z,w) = Z Gy 2t w” .
W, v

If the series in (2) converges in polydisk D}’ = {z € C" | |z;| < r} then the series
in (3) converges in the polydisk D2". Moreover, G(z) = Gc(z,%) for all z € D.

Remark 7. The complexification does not depends on the coordinate system, in
the sense that if ¢ € Diff(C",0) then there exists an unique pc € Dif f(C?",0)
such that

(4) (Gop)c=Geopc

In fact, if p(z) = 3 @,z is the Taylor series of ¢ and ¢c(z,y) = (p(x), B(y)),
where B(y) = >, Poy? then relation (4) is satisfied for all G € A,,.

Let F € A,R, F(0) = 0, be irreducible and such that M = F~1(0) is a Levi-flat.
If the Taylor series of F is

F(2) =Y Fu, 2"z
H,v
then the complexification ¢ of its Levi 1-form 1 = i(0F — OF) can be written as

“~ [ OF, OF,

(5) ne= z; <a—zfdzj - a—w(:dwj> = i;(Fﬂyw” d(z*) — F,, 2" d(w")) .

The complexification M¢ of M is defined as M¢ = F(C_l(O). By remark 7, M¢
does not depends on the coordinate system. Its smooth part will be denoted by
Mg = Mc \ (dFc = 0). As we have already remarked, nc|a; is integrable and
defines a codimension one foliation L¢ in Mg.

We will assume that the Taylor series of F' converges in the polydisk D;'. The
first result of this section is the following :

Lemma 2.1. Let F, M, M* and F¢ be as above. Then for any z, € M* the leaf

L., of L through z, is contained in the hypersurface {z € DI'| Fr(z,Z,) = 0}. In
particular, L, is closed in (C™,0).
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Proof. Fix z, € M* and define f(z) := F¢(z,Z,). Note that f(z,) = 0 and
f71(0) is a complex sub-variety of D?. Let S,  be the irreducible component of
f71(0) c D which contains z,. We assert that L,, C S,, C M and dim¢(L,,) =
dime(S,,) =n—1.

In fact, since z, is a smooth point of M, by E. Cartan’s theorem there exists a
local coordinate system (W, ¢ = (z1, ..., ) € C™) such that ¥ (z,) = 0, (W) = D"
and M*NW = (Re(zy,) = 0) (cf. [Ce-S]). In this coordinate system the foliation
L is defined by dxy,|p+nw = 0. In particular, (x, =0) C L,,.

On the other hand, since dF(z,) # 0 and dRe(z,) # 0, there exists a real
function G on W such that G(p) # 0 for all p € M*NW and F o ¢~ 1(z) =
G(z).Re(xy,). From this relation we get

2G(z) (w0 +Tn) = Fe(¥ (), 971 (x)) -

If we set Hc(w,y) = Fc(¢v~1(x),~1(y)) then, by complexification we get
2Gc(z,y) (xn + yn) = He(z,y), where Ge is the complexification of G. Since
»71(0) = 2, we get
foy Yz) = He(x,0) = 2Ge(x,0).2, —>
ffonw=8,,"W=(x,=0cL, cM = S, CM,
because S, and M are analytic. This proves also that S, is a complex hypersurface
of D. In particular, dimc(S.,) = dimc(L,,) = n — 1 and this implies that

L, CS,,, because L, is connected. Hence, L, =S, N M* and L,, is closed in
M*. O

Remark 8. In lemma 4.3 of section 4.2 we will prove that, for n = 2, all leaves of
the complexification L¢ are closed in M\ sing(nc|a=). This fact will be used in
the proof of corollary 1. We would like to remark that the proof of lemma 4.3 can
be adapted to the general case n > 2.

Another fact that will be used is the following :

Lemma 2.2. Let h € O,, h # 0, h(0) = 0. Suppose that h is not a power in O,
Then Zm(h) and Re(f) are irreducible in A, x.

Proof. We will prove that Zm(f) is irreducible. Since Re(f) = Im(i.f) we
will get also that Re(f) is irreducible. Let h(z) = >, hy 2" be the Taylor series
of h and h(w) := 3, hyw", w € (C",0). Note that Zm(h) = 3(h(z) — h(Z)).
Therefore, the complexification Hc of H := 2Zm(h) can be written as

He(z,w) = h(z) — h(w) .

Suppose by contradiction that Zm(h) is reducible in A, g. In this case, we can
write H(z) = ¢(2).4(z), where ¢,9 € A, g and ¢(0) = 1»(0) = 0. Let ¢¢ and ¢¢ be
the complexifications of ¢ and 1, respectively. Since H = ¢.1, by complexification
of the Taylor series in both members, we get He(z, w) = ¢c(z, w).¢c(z, w), so that
H¢ is reducible.

Now, since the germ h is not a power, there exist € > 0 and a representative of
h, denoted by the same letter, holomorphic in a polydisk D;* around 0, such that
the fiber h=1(c) is connected for all ¢ with 0 < |c| < € (cf. [M-M]). This implies
that, if w, € D is such that 0 < |h(w,)| < € then

H,,(2) = He(z,w,) = h(z) — h(w,)
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is irreducible in D?. Let 0 < § < r be such that |h(w)| < € if [w| < & and set
V.= DI\ & '(0). We have concluded that if w € V then H,, (z) is irreducible in
Dy.

For a fixed w, € DF set ¢y, (2) = ¢c(z,wo) and ¢, (2) = Yc(z,w,). From
Hc = ¢c.¥c we get

H, = (bw'ww
and this implies that for all w € V, either ¢, € O*(D}), or ¢, € O*(DF). Since 0 is
in the closure of the open set V', we can assume that there exists a sequence (wy)n>1
in V such that lim w, = 0 and 1, € O*(Dy), for instance. Since 1, — 1 in
n—oo n

compact sets, this is possible only if ¥y = 0, because 1g(0) = 1¢(0,0) = 0.

On the other hand, the complexification ¢ of ¥ € A, satisfies ¥c(z,w) =
Ye(w, z), and so

Yo=0 = ¢c(0,Z) =9Yc(2,00=0, Vz = ¢.(0)=0, Vz,

a contradiction with ), (0) # 0. This contradiction proves that Hc is irreducible
and the lemma. U

Another result that will be used is the following :

Lemma 2.3. If F is irreducible in A,g and M = F~1(0) has real codimension one
then F¢ is irreducible in Oa,.

Proof. Write the decomposition into irreducible factors of Fr = gfl...gf", g;j €
Oap,y kj > 1, g;(0) = 0, 1 < j < r. This implies ' = G}*...GF", where G;(2) =
gi(2,Z) and G; € Ay, 1 < j <r. Note that g; = Gjc, 1 < j <r. Since F = F we
get
F=Gh. G =G;".G;" = Gh.Gh=@)k. . @)k .

This implies that 7 = 2a + b and, after reordering the indexes, we can assume
that there exist units Uy, ...,U,, Vi, ..., Vi € Oay such that Gaj_ic = U;.(Goj)c,
k‘gj_l = kgj, if 1 S ] S a and G2a+j(C = V}'.(m)c, if 1 S j S b. In particular,
we can write F' = G.H, where

G = (G1.G1)"..(Go.Go)Fe | H=U.GyxH..Grr |

and U is an unit in A,,. Note that H € A,r because F,G € A,r. Since F is
irreducible in A,g we have two possibilities :

1. a =1,k =1,b =0 and H(0) # 0. This implies F = H.|G1|*> =
H.(Re(G1)? +Im(G1)?), and so M = (Re(G1) = Im(G1) = 0). But, this would
imply that M has real codimension > 2, a contradiction.

2, q =0,b=rand (Gj)c = V;.Gjc for all j = 1,...,7. In this case, we get
G, = U;.Gj, where U;(2) = Vj(2,%) is an unit. This implies that |U;| = 1, and so
U; = e, aj € Apr. If we set b := eiai/2.Gj, then we get Ej = h; and h; € Aur.
Therefore, we can write F' = U.h’fl...hf”, where U € A,g, U(0) # 0. Since F is
irreducible in A,g we get b =1 and k; = 1. Hence, Fg is irreducible in Os,. O

Now, assume that M = F~1(0) C (C?,0) is a Levi-flat hypersurface and there
exists a germ of holomorphic foliation F tangent to M and defined by a holomorphic
vector field X = P9, + Q d,, with an isolated singularity at 0 € C?, where P,Q €
O5. Define
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Remark 9. X(F)|p~ = 0. In fact, since F is tangent to M, for all p € M* we
have X (p) € ker(0F(p)). This is equivalent to X (F)(p) = 0. As a consequence of
the next lemma we will get F'| X (F).

Lemma 2.4. Let G € Ay be such that G|y~ =0. Then F | G, that is there exists
H € As such that G = H.F. In particular, F | X (F).

Proof. Let Fr and G¢ be the complexifications of F' and G, respectively, and
M = Fz'(0) C (C*,0). It follows from lemma 2.3 that F¢ is irreducible in Oj.
We assert that Ge|a. = 0. In fact, fix ¢, = (20, y,) € M*. Since dF(g,) # 0 and
G|a- = 0 there exists a neighborhood V of ¢, in C? such that H' = (G/F)|y is
real analytic in V. Let H¢ be the complexification of H, which is holomorphic in
some neighborhood W of (z,, Yo, 0, ¥,) € C*.

It follows from G = H.F that Gc = Hc.Fc. Therefore, Ge|wna,. = 0. Since
Mg is irreducible, this implies that Gc|a. = 0.

Finally, G¢|a. = 0 implies that there exists Hc € Q4 such that Gc = He.Fe.
Hence, G = H.F, where H(z,y) = He(z,y,Z, 7). O

2.2. The case of reduced singularities in dimension two. Let M and F be
germs at (C2,0) of a real analytic Levi-flat hypersurface and of a holomorphic
foliation, respectively, where F is tangent to M. We will assume that :

(I). F is defined by a germ at 0 € C? of holomorphic vector field X with an
isolated singularity at 0.
(IT). M is irreducible and defined by (F' = 0), where F' € Asg is irreducible.

Let us assume that 0 is a reduced singularity of X, in the sense of Seidenberg.
Denote the eigenvalues of DX (0) by A1, A2. We have two possibilities :

(a). A1, A2 # 0 and Ao/A; ¢ Q4. In this case, X has exactly two analytic sepa-
ratrices through p, both smooth. It can be written in a suitable coordinate
system (u,v), as

(6) X = XMu(l 4 Ri(u,v))0, + A2.0(1 + Ra(u,v))d, ,
where R;(0,0) = R2(0,0) = 0. The separatrices are S; := (v = 0) and
So = (u=0).
(b). &1 # 0 and Ay = 0. In this case, X has a saddle-node at p. We will

suppose, without loss of generality, that A\; = 1. It can be written in a
suitable coordinate system (u,v), as

(7) X =u™ 8, + [v(1 + Au™) + h.o.t]d, ,

where A € C, m > 1 (cf. [M-R-1]). In this case, X has one or two analytic
separatrices through the origin.

Lemma 2.5. Suppose that X has a reduced singularity at 0 € C? and is tangent to
M = F~10). Then A\1,A2 # 0, A\2/A1 € Q_ and X has a holomorphic first integral.
In particular, in a suitable coordinate system (x,y) around 0 € C?, X = ¢.Y, where
#(0) # 0 and

Y =qx0; —pydy, ged(p,q) =1.
In this coordinate system, f(z,y) := xzP.y? is a first integral of X.
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Proof. In a certain sense, for the dynamical systems experts, the lemma is
almost immediate : lemma 2.1 implies that F has a non-enumerable number of
closed leaves (those contained in M*). However, there are some difficulties when
A1, A2 are resonant or in the presence of small divisors. So, we will give a detailed
proof.

Assume first that X is like in (6). Let X and M have representatives in a polydisc
Q := (Jul,|v] < €) and denote by F the foliation defined by X. Suppose further
that all leaves of X in M* are closed (lemma 2.1). We denote the leaf of F through
g € Q\ {0} by L,. The foliation F has two analytic separatrices through 0, (u = 0)
and (v = 0). The union of the separatrices of F will be denoted by Sep(F). The
first remark is that M D Sep(F).

In fact, let (gn)n>1 be a sequence in @ \ Sep(F) such that nlzlgo g, = 0. It is

well known that U, L,, D Sep(F). Since M is closed, 0 € M and dimg(M) =
3 > dimpr(Sep(F)) = 2, there exists a sequence (¢, ),>1 in M \ Sep(F) such that
lim g, = 0. The fact that X is tangent to M implies that L, C M for all n > 1.

n—oo

Hence, M D Sep(F).

Let ¥ := {(u,¢)||u] < €}, 0 < |¢] < e. Note that ¥ is transverse to X in
a neighborhood of (0,¢). We will consider ¥ parametrized by u — (u,c). Let
h € Dif f(X,0) be the holonomy map of the separatrix S; := (u = 0), relative to
a closed path in S; going around 0 € S; once. Denote by U C X the domain of
h. Given ¢ € M NU we have h(g) € M N X, because h(q) € Ly and Ly, C M. In
particular, h(M NU) C M N 3. Note that M N'X = () is a real analytic curve.

Claim 2.1. If)\l,/\g 75 0 then )\2/)\1 S Q_.

Proof. In fact, in this case, h/(0) = p, p = €*™*1/*2 and we can write h(u) =
p.u + h.ot.. Denote by I' the reduced germ at 0 € ¥ of the real analytic curve
M NXY. The germ T" has a finite number of irreducible components, say I'y, ..., I'y.
We need a definition.

Definition 4. Let ¥ C (C,0) be a germ of real analytic irreducible curve. We
define the tangent cone, C(7¥), of 7 as follows : since 7 is irreducible it admits a
Puiseux’s parametrization v: (R,0) — (C,0), v(¢t) = t™.u(t), m > 1, u(0) € C*.
We set ) (0)
U U

om = e ® = {onon1* < B
As the reader can check, C(¥) does not depends on the Puiseux’s parametrization.
Moreover, if f: (C,0) — (C,0) is a germ of biholomorphism then

- / - SO
Clf() =1'0).c) 7700) ) -
Let D ={C(T1),...,C(Ty)}. Since h(M NU) C MNX, for all j € {1,..., £} there

exists an unique i(j) such that h(I';) = I';;). In particular, C(I';;)) = C(h(T';)) =

ﬁ.C(I‘i(j)), so that

Lp=p = p={J 2 p

|l s
This implies that ‘-ﬁ is a root of unity, because otherwise D would be infinite.

Hence, Re(M\1/A2) € Q. Let us prove that Zm(A1/A2) = 0. Set A\1/A2 = a+1ib,

a€Q.
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For each t € [0, +00), set 3y = {(u,e"t.c)|u € C}. Then X is transverse to F
in a neighborhood of p; := (0,e7t.c) and Xg = . Let hy: (3Z,p0) — (X¢,pt) be the
holonomy transformation of F relative to the open curve t — p;. It can be shown
that

h{(0) := py = e~ (@O
Since hy(X1 N M) C £, N M, h, must send each branch I'; of ¥ N M to a branch
I of ¥, N M. The tangent cone of I';; at p; is given by C(T'j;) = T/%\'C(Fj) =
Eiibt.O(F]‘) .
Since M is real analytic, there exists the limit tliT C(Tjt). Hence, b = 0 and
—+00

A1/A2 € Q. This implies that A1 /A2 € Q_, because the singularity is reduced. O
Claim 2.2. The foliation F is linearizable.

Proof. Let us assume first that A1, Ay # 0, so that X\a/A\1 = —p/q, p,q € N, by
claim 2.1. After multiplying X by a constant, we can suppose that its linear part
at 0is S = qud, —pvd, and that the separatrices of X through 0 are (u = 0) and
(v=0).

In this case, the holonomy transformation h: (3,0) — (2,0), ¥ = (v =c¢), ¢ # 0,
is of the form

h(u) = Cu+ hot., ( =e*™/P = hP(u) =u+ ho.t..

It is well known that the germ of foliation F is linearizable if, and only if, h is
linearizable (cf. [M-M] or [L]). Suppose by contradiction that h is non-linearizable.
In this case, h? # id, so that h?(u) = u(1 + a.u*) + o(u¥*2), where a # 0. For a
germ in Dif f(C,0) tangent, but not equal, to the identity, it is known that all the
pseudo-orbits near the origin accumulate in the origin. This would imply that all
leaves near the separatrix (u = 0) accumulate at (v = 0), and so they cannot be
closed.

Since the eigenvalues of X are not in the Poincaré domain (A2/A\; < 0), the
saturation by F of a small neighborhood V' of (0,¢) in X, satz(V), is such that
satz(V) U (v = 0) contains a neigborhood W of the origin. This implies that F
has only two closed leaves near the origin : (u = 0) and (v = 0).

On the other hand, lemma 2.1 implies that all leaves of F contained in M™* are
closed, a contradiction, because the origin is in the closure of M™. Therefore, F is
linearizable.

It remains to consider the case of a saddle-node. We will prove that in this
case there is no germ of real analytic variety M, with dimg(M) = 3, such that
X is tangent to M. We can be reduce this proof to the previous case by doing a
blowing-up at 0 € C2. In fact, if we write X as in (7) and consider the blowing-up
7(t,v) = (t.v,v), then

Z=m"(X)=t(1+AN—-1)(tuw)™ + h.0t) 0, —v (1 + A(tw)™ + h.o.t) 0, .

It follows that DZ(0) has eigenvalues 1 an —1. On the other hand, it is known
that the holonomy of the separatrix (¢ = 0) is tangent but not equal to the identity.
Therefore, it is not linearizable. Hence, the germ of Z at (t = v = 0) is not
linearizable and Z cannot have a real analytic germ of variety M , with dimR(M )=
3, tangent to it. Finally, if X had a germ M = (F = 0), tangent to it, then Z
would have (F o7 = 0) tangent to it. This finishes the proof of lemma 2.5. 0
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2.3. The hypersurface after the resolution. As we said at the begining, we
will use Seidenberg’s resolution theorem [Se]. Denote by w: (Y, D) — (C2,0) a
sequence of blowing-ups, begining by one at 0 € C2, such that all singularities of
the foliation F := 7*(F) are reduced. Let D = Uj—;1 D; be the decomposition
of the divisor D = 7~1(0) into irreducible components. Each D; will be called a
divisor of m. We will say that D; is dicritical, if it is not invariant by F. Otherwise,
it will be called non-dicritical. We will say that F is dicritical, if D contains at
least one dicritical divisor. Otherwise, we will say that it is non-dicritical.

By doing additional blowing-ups if necessary, we can suppose that F has no
singularities in the dicritical divisors and that the dicritical divisors are isolated :
if D; and D; are dicritical divisors with ¢ % j then D; N D; = ( (cf. [C-LN-S]).
Note that, if D; is a dicritical divisor then F is transverse to D;.

We will denote by M the strict transform of M = F~1(0) by 7 :

M =71 (M\{0}) .
Note that M is an irreducible real analytic hypersurface F-invariant.

Lemma 2.6. In the above situation we have two possibilities :

(a). F is non-dicritical. In this case, M D D.
(b). F is dicritical. In this case, M cuts at least some dicritical divisor D;.
Moreover, M N D; is a real analytic curve.

Proof. Let I = {j| D, is dicritical} and J = {1,...,7} \ I. Recall that if #I > 2
then the D;ND; =0 if ¢,j € I and ¢ # j. Since D is connected, we can decompose
it as

(8) D = (Uier Di) U (U, Ey) ,

where each E; is a maximal connected union of non-dicritical divisors. If J = () then
#1I =1 and up to a biholomorphism F is the radial foliation, given by x dy —y dx =
0. If I, J # 0 then each E; cuts at least one D;, i € I.

Since 0 € M there exists a divisor Dy, such that M N D, # (). Suppose first that
D,, is non-dicritical. We assert that D, C M.

In fact, let ¢ € Do N M. Since dimg(M) = 3 > dimr(Dy) = 2, there exists a
sequence (qn)n>1 in M \ D, such that lzm gn = q. If we denote by L,, the leaf

of F through gy, then L, C M. Suppose first that ¢ ¢ sing(F). In this case,
M > U,L, D D,, because D, \ sing(F) is a leaf of F. On the other hand, if
q € sing(F) then F has a holomorphic first integral in a neighborhood of q, by
lemma 2.5. This implies that U, L,, contains both separatrices of F F through g. One
of these separatrices is contained in D,. This implies that M > UpL, D D,.

By the same reason, M contains all separatrices of all singularities of Fin D,.
In particular, M contains all non-dicritical divisors D such that DgN D, # 0. By
connexity, M > E;, where E; is the unique component in (8) which contains D,.
This proves assertion (a) : if F is non-dicritical then M > D. On the other hand, if
F is dicritical then M cuts at least one dicritical divisor. In fact, let g € MnD. If
q € E; for some j then the previous argument shows that M D E But E; cuts at
least one dicritical divisor, say D;, and so M N D; # 0 for some i € I. This implies
that M is transverse to D; because M and F are tangent and F is transverse to
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D;. Since dimg (M) = 3 and dimg(D;) = 2, it follows that M N D; is a real analytic
curve. ]

3. THEOREM 1.

3.1. Proof in dimension two : the dicritical case. First of all, let us fix a
notation. Given G € Ay we can write its Taylor series as

§ /‘ ik =l —
G(l’,y) = aj,k,[,m »Tj«y T ym ) aj,k,[,m € (C .
J.k.t,m

If we set gom(2,y) =D  ajke;m 27 .yF then

(9) G(z,y) = gom(z,y) ™ .
m
Note that g, is holomorphic for all £,m > 0.
By lemma 2.4 we have X(F) = H.F, where H € A,. If we write as in (9),
F(z,y) =30, fom(zy) Z4g™ and H(z,y) = >t hem(2,y) Z°.7™, then we get

X(F) =3 X(fom) T 7"
£,m

because X (T) = X(y) = 0. From X (F) = H.F we get

10)  XE) =S X7 =S| Y hapfos | 7"
lm Lm \ aty=L
Bts=m
Let D; be a dicritical divisor such that M N D; is a real analytic curve, say T
Fix a smooth point ¢ € T' and a parametrization v: I — D;, I = (—¢,€), of a
neighborhood of ¢ in I" such that v(0) = ¢ and v/ (¢) # 0, for all ¢.
Without loss of generality we can assume that ¢ is a smooth point of D. Choose
a holomorphic chart (U, 4 = (u,v)) around ¢ such that :
i).g=w=v=0),0UND=UNnD; = (v=0)and ¥(U) = {(uy,v) €
C2|Jul, o] < 6},
(ii). Fly is defined by du = 0, that is, their leaves in U are the curves (u =
¢, [v| < &), |¢| < 8. This is possible because F is transverse to D;.
(iii). The germ of v at 0 € I can be written as y(t) = ¢, with ¢t € (R, 0). This is
possible because 7 is real analytic and ~’(0) # 0.
It follows from 7(D;) = {0} and D,NU = (v = 0) that the map 7 can be written
in the chart (u,v) as w(u,v) = (z(u,v),y(u,v)), where
z(u,v) = v™.g(u,v) and y(u,v) = v™.h(u,v) ,
m,n € N and g(u,0),h(u,0) # 0. After taking a smaller U we can suppose that
g=1l,orh=1.
In fact, since U N D = (v = 0), either ¢g(0,0) # 0, or h(0,0) # 0. Suppose for
instance that g(0,0) # 0. Let ¢ be a branch of the m!" root of g, defined in some
neighborhood of ¢q. Then the map

D (u,v) = (u,0) = (u,v.¢(u,v))
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is a biholomorphism in a neighborhood of 0 and satisfies
o ® Y(u,0) = (@™, 5".h(u, 7)) ,

as the reader can check. In the new chart (u,?) properties (i), (ii) and (iii) are
still true and 7 is as asserted. Therefore, from now on, we will suppose 7(u,v) =
(v™, v™.h(u,v)). We would like to observe that h, (u,v) # 0 for v # 0, because 7 is
a biholomorphism outside D; NU = (v = 0).

Remark 10. Let us write G € Ay as in (9), G(z
r(G) = min{m.k + n.l|gxe # 0} and J(G) =
straightforward computation, shows that

) =Y Ghe(m,y) TG Let
{(k,0)|m.k +nt = r(G)}. A
G o m(u,v) Z g0 (V™ V"™ h(u, v)) _m'k+"'e.h(u,v)é =

(11) _Zws( 3 gM(UM,v".h(u,v)).h(u,v)’z> .

m.k+n.b=s

On the other hand, we can write % as h(u, v) = > hi(u).v v/ If we substitute this
expression in the series (11), we see that G o w can be written as

G o m(u,v) Z Gs(u,v,7)
s>7r(G)
The fact that A is holomorphic and the definitions of r and J imply that

(12) Grluv@ = 3 geelo™ v h(u,0))h(w0)
(k,0)eJ(G)

as the reader can check.

Let r(F) and J(F) be as in remark 10. It follows from (10) and (12) that the
term in T" in the Taylor series of (X (F) — H.F) o is

S
(13) > h(w,0) [X(fre) = hoo-frtlm ve huwy = 0
m.k+nL=r(F)
From (13) and h(u,0) # 0 we get
(14) X(fre) —hoo-fre=0, VY (kt)eJ

There are two possibilities :

I). There are two different pairs («, 3),(v,0) € J such that f, s/f g is non-
7 8
constant.
(IT). There exists a pair (a,3) € J such that f, 3 # 0 and for any other pair
(7,6) € J then f, s = a,s.fa,3, where a5 € C.

In case (I), fy,5/fa,p is @ meromorphic first integral of X, because

X(f’y,é/fa,ﬂ) _ X(f'yﬁ) X(faﬂ) -0.

fr5/ fop frs fop
We assert that case (II) is not possible.
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In fact, since M is F-invariant, it follows from (ii) and (iii) that M N U is
parametrized by A: (—=6,d) X Ds — U, where Ds = {v € C||v| < §} and A(t,v) =
(t,v). In particular, we have

ForoA=0
From (9) we get
(15) Foro A(t,0) =3 fuaw™ v h(t,0) T+ h(E,0) =0
k¢
From (12) the term in 7" in the series (15) is
—
(16) Gr(t,v) = > fre@™v™h(t,0)) . h(t,0) .
m.k+n.b=r

Relation (15) implies that G,.(t,v) = 0, for all (¢,v) € (—4,d) x Ds.
On the other hand, in case (II), we can write

(I)($7y7fvg) = Z fk,[(mvy)‘fk‘gé = fa,ﬁ(:my)‘p(f?y) )
(k,0)eJ

where p(s,t) = 32, 5)c.7 0,6 s7.t% is a non-zero polynomial. For ¢ € (-4, §) we have
O(v™, v".h(t,v), 7", T".h(¢,0)) =7".G,(t,v) = 0.
Therefore the identity

fap(@™, 0" h(t,v)). 0@, T".R(t,0)) =0
implies that, either f,g(v™,v™.h(t,v)) = 0, or p(v™,v™.h(¢,0)) = 0. Since
t — h(t,v) is non-constant and f, g is holomorphic, we get fo g(v"™,v".h(t,v)) # 0,
because (fa,3 = 0) has a finite number of irreducible components. Hence,

p(T™,T™.h(t,0)) = 0. However, this implies that for all ¢ € (—4,d) the polynomial

qt(z) :=p(z™,2".h(t,0)) = 0, so that h(t,0) = 0, which contradicts h(u,0) Z0. O

3.2. Proof in dimension two : the non-dicritical case. Let F be agerm at 0 €
C? of a non-dicritical foliation tangent to a real analytic subset M of codimension
one. In this case, F has a finite number of analytic closed leaves which accumulate
at 0 € C? : its separatrices.

Consider a resolution 7: (C2, D) — (C2,0) of the foliation F. Set F = 7*(F)
and let M be the strict transform of M by 7 :

M ===1(M)\ {0} .

Since F is non-dicritical, all irreducible components of D are F-invariant. More-
over, M D D by lemma 2.6. In particular, M contains all singularities of F in
D.

It follows from lemma 2.5 that all singularities of F have a local first integral : if
q € sing(F) C D then there exists a local coordinate system (W, (u,v)) such that
.7:'\W has a first integral of the form v™.v™, where m,n € N and ged(m,n) = 1. We
will call this type of singularity a saddle with a first integral.

We will use the following result (cf. [L] page 162) :

Theorem 3.1. Let F be a non-dicritical foliation and w: (C?, D) — (C2,0) be a
minimal resolution and F = 7*(F). Assume that all singularities of F in D are
saddles with a first integral. Fiz a transversal ¥ through a point p € D N%, which
is not a singularity of F. Then :
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(a). The transversal is complete, in the sense that there is a neighborhood U,
of p in X such that for any smaller neighborhood p € U C U, then Vi :=

int (satﬁ(U) is a neighborhood of D, where int denotes the interior and

sat z(U) := Ugevu Lq , Lq = leaf of F through q .

(b). There exists a finite ramified covering I1: (D,0) — (%,0) and a subgroup
q C Dz;ff((C,O) which covers the pseudo-group of holonomy of the germ
Fp of F at D.

For a precise definition of the pseudo-group of holonomy of the germ Fp in
assertion (b) of theorem 3.1, we send the reader to the reference [L]. The group G
is usually called the global holonomy group of F. In the reference [L] the author
proves that it can be defined in a more general situation, namely when all the
singularities in the corners of D are saddles with a first integral and the others are
either hyperbolic or saddles. As an application, he gives a nice proof of a theorem
due to Mattei and Moussu about the existence of a non-constant holomorphic first
integral for a non-dicritical germ of foliation with closed leaves (cf. [M-M]). In
particular, he proves the following :

Corollary 3.1. In the situation of theorem 3.1 the foliation F has a first integral
if, and only if, the group G is finite.

When the foliation has not necessarily a non-constant first integral, in the situa-
tion of theorem 3.1 the group G is finitely generated, G =< fi, ..., f >, where each
generator has finite order : f;L 7 = 4d. In this case, it is known that G is finite if,
and only if, G is abelian. Therefore, if 7 has no non-constant first integral we have
G' = [G,G] # {id}. If f € G*\ {id} then f(z) = z(1 + a.2*) + o(2**2), a # 0, for
some k > 1. Let f: W — C be a representative of f, where 0 € W and f(0)=0.

It is known that there exists a neighborhood U of 0, U C W, such that for any

z € U then, either its positive orbit is well defined and liT f™(z) = 0, or its
n—r+00

negative orbit is well defined and lim f"™(z) = 0 (cf. [L]). This implies that for
n——oo

any ¢ € II(U) C X then the F-leaf of q accumulates in the divisor D, and so it
cannot be analytic. By using this and (a) of theorem 3.1 we get the following :

Corollary 3.2. In the situation of theorem 3.1, if F has no non-constant holomor-
phic first integral then there exists a neighborhood V, C B of 0 € B such that for
any smaller neighborhood 0 € V.C V,, and any q € V then the leaf of F|v through
q accumulates in 0. In particular, F|y has a finite number of analytic leaves : its
separatrices.

Now, if V is small, it follows from lemma 2.1 that all leaves of F|y through
points of M* NV are closed in V. This implies that they cannot accumulate at the
origin. Since M* NV contains infinitely many leaves of Fy, it follows from corollary
3.2 that F has a non-constant holomorphic first integral. This proves theorem 1 in
dimension two in the non-dicritical case. (]

3.3. Proof in dimension n > 3. Let F be a germ at 0 € C*, n > 3, of a
holomorphic codimension one foliation, tangent to a germ at 0 € C™ of real analytic
hypersurface M. We are going to prove that F has a non-constant meromorphic
first integral.
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Let us give an idea of the proof. First of all, we will prove that there is a

holomorphic embedding i: (C%,0) — (C",0) with the following properties :
(i). i71(M) has real codimension one in (C2,0).

(ii). sing(i*(F)) = {0}.

(iii). #*(F) is tangent to i~ (M).

Set E :=i(C?,0). The above conditions and theorem 1 in dimension two imply
that F|g has a non-constant meromorphic first integral (or holomorphic, if i*(F)
is non-dicritical), say f. After that we will use a result of [C-LN-S-1] to prove that
f can be extended to a meromorphic germ f; € O, which is a first integral of F.

Let us suppose that F is defined by w = 0, where w is a germ at 0 € C" of an
integrable holomorphic 1-form with codcn (sing(w)) > 2. We say that a holomor-
phic embedding i: (C2,0) — (C",0) is transverse to w if codc=(sing(i*(w))) = 2,
which means in fact that, as a germ of set, we have sing(i*(w)) = {0}. Note that
the concept is independent of the particular germ of holomorphic 1-form which
represents F. Therefore, we will say that the embedding 7 is transverse to F if it
is transverse to some holomorphic 1-form w representing F.

According to [M-M], the set of holomorphic embeddings i: (C%,0) — (C",0)
transverse to F is non-empty. Let us fix one embedding i: (C%,0) — (C",0),
transverse to F. By the inverse mapping theorem, we can assume that ¢ is linear.

Let £(2,n) be the set of linear mappings from C? to C* and set Lr = {i €
L(2,n) | @ is an embedding transverse to F}. In [M-M] it is proved that £ is open
and dense in £(2,n), if it is not empty, which is our case.

Now, i, € L£(2,n) be a linear embedding transverse to F and E, = i,(C?).
Consider coordinates (x,y) € C* x C"~2 such that E, = (y = 0). Given r, s > 0 set
B(r,s) = {(z,y) € C?xC"? | |z| < rand |y| < s} and B, = {(x,0) € E, | |z| < r}.
Fix r, > 0 such that F has a representative in B(7,,7,).

Lemma 3.1. In the above situation, there exists 0 < r < r, with the following
property : for any 0 < € < r there exists 0 < 0 < r, such that for any p € Ble, 9)
then the leaf L, of F through p, contains a point ¢ = (x,0) € E, such that |gq| =
|z| = €. Moreover, L, cuts E, transversely in all points of L, N Be.

Proof. Given y € C" 2 and r > 0 set E, = {(z,y)|z € C?} and S.(y) =
{(z,y) € E, ||z| = r}. Let w be a holomorphic 1-form representing F on B(r,,7,),

n—2

w = Pi(z,y)dr1 + Py(z,y) dxs + ZQj(xay) dy; -

j=1

Since i, is transverse to F we have codg, (w|g,) = 2. In particular, there exists
0 < r <1, such that sing(w|g,) N{(x,0) € E, ||z| < r} = {0}, which means that
(Py(x,0) = Py(z,0) = 0) N B, = {0}. In particular, F is transverse to E, in all
points of B, \ {0}.

Now, fix 0 < ¢ <r. There exists 0 < d1(€) < 7, such that

[P1L(z,y)| + |Pa(z,9)| > 0, ¥ (2,9) € (Je] =€) N |yl < d1(e)) ,

which implies that sing(w|g, ) N Se(yo) = 0, for all y, with [y,| < d1(€). Since F
is transverse to E, in the compact set S.(0) = 9 B., there exists 0 < d(e) < d1(e)
such that for any point p = (z,y) with |z| = € and |y| < d(e) then L, cuts S¢(0)
and so cuts F,.
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If we fix p = (z,y), where |z| < € and |y| < §(e) then the leaf L, cuts S.(0) =
0 Be, because :

(i). Ly, N E, is a union of leaves of F|g,. In particular, L, N E, contains the
leaf of F|g, through p = (z,y).
(ii). L, N E, cuts Sc(y) by the maximum principle.
(iii). If g € L, N Ey N Se(y) then Ly = L, and L, cuts S.(0) C E.
Since F is transverse to E, in the set B, \ {0}, the intersection of L, with E, is
transverse on this set. This finishes the proof of lemma 3.1. O

Corollary 3.3. In the above situation there exists a 2-plane E C C", transverse
to F, such that the germ at 0 € E of M N E has real codimension one.

Proof. Lemma 3.1 has the following consequence : for any 2-plane E, through
0 € C™, transverse to F, and any 0 < € < r, then M NIB, # (), that is there exists
p € E,N M with |p| = e. We keep the notations of lemma 3.1.

In fact, fix 0 < € < r, and let d(e) > 0 be as in the assertion of lemma 3.1. Since
0 is in the closure of M* there exists ¢ = (z,y) € B(e,d(¢)) N M*. By the lemma,
L, contains a point p = (z,0) with |z| = e. Since M is levi-flat, L, C M*, and so
p € M* and |p| =e.

The above argument implies that the real dimension of the germ at 0 € E, of
E, N M is always > 1. Since Lx is open and dense in £(2,n), by transversality
theory, there exists a linear embedding i € Lx such that E = i(C?) is transverse
to M* and to F simultaneously. This implies corollary 3.3. O

Let E be a 2-plane as in corollary 3.3. By the two dimensional case F|g has
a non-constant meromorphic first integral (holomorphic in the non-dicritical case),
say f. Since the embedding E — C™ is transverse to F and sing(F|g) = {0}, by
lemma 3.1 we can take representatives in some B(r,,7,) in such a way that there
exist 0 <11 <719 <71, and 0 < § < 7, with the following properties

(a). If C := B,, \ B, C E then sing(F)NC = .

(b). IV :={(z,y) |z € C and |y| < §} then any leaf of F|y cuts C transversely.

As a consequence, the first integral f can be extended to a first integral f of
Flv. On the other hand, V is a Hartogs domain in C™ with holomorphic closure
V = B(rs,0). By Levi’s extension theorem f can be extended to a meromorphic
function f; on B(rq,d) (cf. [Si]). This extension gives a meromorphic first integral
of F. This proves theorem 1.

4. THEOREM 2 AND COROLLARY 1.

4.1. Proof of theorem 2. Let us give an outline of the proof. In [Ce-LN] Mal-
grange’s theorem on the existence of a holomorphic first integral for a germ of
foliation G at 0 € C™ such that codcr (sing(G)) > 3 is generalized for codimension
one holomorphic foliations on an irreducible analytic subset of CV of dimension
> 3. In this way, hypothesis (a) of theorem 2 was chosen in such a way that we can
use the results of [Ce-LN] for the complexifications £¢c and M¢ of M = F~1(0) and
L, respectively. So, both hypothesis, (a) or (b), imply that we have a holomorphic
first integral of L¢ on Mg, say gc. The hypothesis on the algebraic dimension of
sing(M) implies that Mc is normal. In particular, gc can be extended to a holo-
morphic germ fc € Oy,. The idea is to prove that this extension can be done in
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a special way, namely, with the property that it is the ”complexification” of some
holomorphic germ f € O,, such that f(M) C (R,0). The function f|p+ will be a
holomorphic first integral of £, so that the foliation Fj; defined by df = 0 will be
tangent to M. Finally, f(M) C (R,0) will imply that M = (Zm(f) = 0).

Let = i(0F — OF) and nc be its complexification on (C2",0). Recall that 7|+
and 7c|ps; define £ and Lc, respectively.

Lemma 4.1. Under hypothesis (a) of theorem 2 there exist germs g, h € A, such
that g(0) =0, h(0) =1 and n|pr+ = h.dg|pr-. In particular, we get the following :

(a). glar: M* — R is a submersion constant along the leaves of L.

(b). The leaves of L on M* are the hypersurfaces M* N g~(c), c € (R,0).

(c). L has only a finite number of leaves adherent to the origin : those contained
in g~1(0) N M.

Proof. By lemma 2.3 the hypersurface M¢ is irreducible. So we can apply
corollary 1 of the main theorem of [Ce-LN] to the foliation L¢. It follows from this
result that there are germs Hc, Ge € Oay, such that G¢(0) = 0, He(0) = 1 and
nelye = He.dGelp.. Define H,G € A, by H(z) := H¢(z,%Z) and G(z) := Ge(z,%).
Since 7 = nc|(w=z) We get 1|+ = H.dG|nr-, where H(0) = 1.

Now, set H = hy +iho and G = g1 + i go where hy, ha, g1,92 € A,r. Note that
h1 (0) = H(O) =1and h2(0) = 0. Since HdG = (hl dg1 —hso dgg)—i—i(hl dga+ho dgl)
and 7] = n we get by restriction to M* that

hi + h3

(hidga + hadg1)|p- =0 = n|pu- = N dg:
1 M*

In particular, n|pr- = hdg|a~, where g = g1, h = (h% + h3)/h1, g(0) = 0 and
h(0) = 1.

Now, for any p € M* we have h(p) dg(p)|r,nm~ = n(p)|T,m~ # 0. Since h is an
unit we get that dg(p)|r,a- # 0 if p € M* is near the origin. This proves (a). We
leave the proofs of (b) and (c) to the reader. O

Consider g € A, g given by lemma 4.1 and its complexification g¢. Since g|ps- is
a first integral of £ we get dg An|a- = 0. The complexification of the Taylor series
of dg and 7 in the relation, implies that dgc A nc|uz = 0. In particular, gc|a; is
a non-constant holomorphic first integral of the complexified Levi foliation L on
ME.

Now, let us assume hypothesis (b) of theorem 2 : L¢ has a non-constant holomor-
phic first integral gc and codass (sing(nc|az)) > 2. Since dim(sing(Mc)) < 2n—4,
the hypersurface M¢ is normal and so there exists G¢ € Oa;, such that G¢| Mz = gc.
Note that

(17) dGc /\77(C|M£f =0.

Let G € A, be defined by G(z) := G¢(z,%). It follows from (17) that dGAn|a+ = 0.
If we set G = G1 +1 G2, where G1, G2 € A, r then we get dGj An|y+ =0, j =1,2,
because 77 = 7. Since G is non-constant, one of the germs, G or G2, is non-constant.
Therefore, £ has a real non-constant analytic first integral. To be coherent with
the notations of lemma 4.1 we will denote this first integral by ¢g and by g¢ its
complexification. We can assume that gc has the generic fiber connected (cf. [M-
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Recall that Ft was defined from the Taylor series of F': if F'(z) =}, F., 212"
then Fr(z,w) =3, , Fu. 2" w”. Since n = i(0F —0F), we get by complexification
that

nc = (0. Fc — 0y Ft) ,
where
(18) 0.Fc =Y Fuyw’d(z*) and 8,Fc = Fyp 2" d(w") .
v v

The next result will provide a ”good” extension of gc.

Lemma 4.2. Let ¢ € A,gr be a real analytic function such that g|p~ is a
non-constant first integral of the Levi foliation L. Let gc € Qa, be its com-
plexification, so that gc|ay: is a first integral of Lc. Assume that n > 2 and
cod sz (sing(ndMg)) > 2. Then there is an unique fc € Oay, such that fc|y. =

gc|m. and gﬂ% =0 forallje{1,..,n}.

Proof. Let nc = i(0.Fc — OwFc), where 0, Fc and 0, F¢ are as in (18). Set
w := i~ 'nc. Note that w|p: defines Lc. With the notations of (18) we have
dFc = 0,F¢c + Oy F, so that

(19) wlmg =20:Fc|mz = —20uwFc|m; -

Take representatives of Fr and nc in some ball B, around 0 of C?" such
that dim(sing(dFc)) < 2n — 4 and cody (sing(nclvz)) > 2 in B, Set X =
sing(ne|my)-

Claim 4.1. The function gC|M5\X has an unique holomorphic extension to some
neighborhood U of M\ X in C*", say G, such that

oG
20 —=0,Vjedl,.. .
( ) awj ) .] { ) 7n}
Proof. Let us write the integrability condition for the 1-form 0 := w| M\ x- Fix
a point p, = (29, ..., 25, wy?, ...,w) € M\ X. By (19) we can write

ey Rm

"\ OF¢
9 = _2811)F(C‘ME\X = -2 jz 8—dwj

— Ow;
MI\X
In particular, there exists j € {1,...,n} such that %(po) # 0. Assume that
J
gg - (po) # 0, for instance. In this case, we can parametrize M in a neighborhood

of p, as a graph w, = ¢(z, w1, ..., w,—1), where ¢: V — C is holomorphic and V is
an open neighborhood of ¢, = (2%, ..., 22, w9, ...,w%_4). It follows from (19) that in
this parametrization we have

9 = 282F(C|ME = Z Aj(z,wl, ...,wn,l)dzj s
j=1

where
OF¢

Aj(z,wl, ...,wn_l) = 2 W (z,wl, ...,wn_l,cp(z,wl, ...,wn_l)) .
J
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Since 6(p,) # 0 there exists j € {1,...,n} such that A;(¢,) # 0. Let us assume
A1(g,) # 0, so that A;(q) # 0 for ¢ in some neighborhood V; of q,. Therefore, we
can write

n
9:A1. d21+ZBdej ::Aloz,
j=2
where B; = A;/A; is holomorphic in V;. Since 6 is integrable, « is also integrable,
so that o Ada = 0. The coeficient of dz; A dw; A dz, in this relation gives gg f =0.
This implies that By = bk(2), 2 < k <n, and so a = dz1 + >_,_, bj(2)dz;.
Now, gc| Mz can be written in this parametrization as

gc(z, W1,y ooy W1, ©(2, W1, ey Wr—1)) 1= g1(2, W1y ey Wi—1) -

Since gc| M is a first integral of L¢ and Lc is defined by « in the neighborhood V1,
we get

0 .
dpha=0 = dgi=da, pcOV) = %zo, Vi=1,.,n.
J
It follows that g; depends only on z and we can write g1 (2, w1, ..., wp—1) = gp(2),
where g, is holomorphic in some neighborhood V,, of z,.
In particular, in the open set of Mg, say W,,, given by W, := (V,, x C") N M¢,
we have
gclw, = gplw, -
It follows that g, is an extension of gc|am: to a neighborhood U, of W in c*
satisfying
0
9o _0,vj=1,..,n.
8’wj

If § is a holomorphic extension of gc|a: to some neighborhood U of an open set
W of Mg satisfying (20) on U and W N W, # () then g = g, on Un U,. We leave
the proof of this fact to the reader. This implies that g¢| Mmz\x can be extended to
a holomorphic function G, defined in some neighborhood of M\ X, and satisfying
(20). O

Let us finish the proof of lemma 4.2. It is enough to prove that G € O(U) can
be extended to an open set W of C?" such that W O Mc, so that 0 € W.

We will first extend G to a neighborhood of X = sing(nc|a;). This can be done
as follows : given p € X, fix a coordinate system (W, ¥ = (u,z) € C>"~1 x C) such
that (W) = D" 'xD, ¥(p) = 0 and MENW = (z = 0). Since codps: (X) > 2 there
exists a 2-plane E C C?"~! x {0} such that p = (0,0) is an isolated point of EN X.
We can assume that E = C? x {0} C C?" and that ¥ = (z,y,2) € C2 x C*"~3 x C.
The function G is defined and holomorphic in a neighborhood H of some sphere
S ={(z,0,0) | |x| = §}, say of the form H = {(x,y, 2) |§/2 < |z| < 2§, |y|+]|z| < €}.
Note that H is a Hartogs domain with holomorphic closure H = {(z,y,2) | |z| <
26, [yl + |2| < €} (cf. [Si]). Therefore, G can be extended to the neighborhood H
of p and we can assume that G is defined and holomorphic in a neighborhood V'
of M in C?". Let us extend it to a neighborhood of 0 € C**. We will use the
following result of [Ce] :

Theorem 4.1. Let f: B, — C be a holomorphic function, where B, = {z €
C™||z| < p}. Assume that :



22

(a). m > 3.

(b). 0 € B, is the unique singularity of f in B,.

(c). For any 0 < r < p the hypersurface f~1(0) is transverse to the sphere
Sy ={z€C"||z| =r}.

Then any holomorphic function defined in a neighborhood of a knot S, N f~1(0),
0 < r < p, can be extended to a holomorphic function defined in an open set U
which contains f~1(0). In particular, 0 € U.

In fact, the result proved in [Ce] is more general, but the weaker version above is
sufficient to us. Observe also that for any f with an isolated singularity at 0 € C™
there exists a ball B, such that f|p, satisfies hypothesis (b) and (c) of theorem 4.1
(cf. [M]).

Since dim(sing(Mc)) < 2n — 4 there exists a non-empty open set U of the
grassmanian Gr(4,2n), of 4-planes in C?" through 0, such that if £ € U then
0 € E is an isolated singularity of Fg|g and the function E € U — u(Fc|g,0) € N
is constant, where p denotes the Milnor’s number. The invariance of the Milnor’s
number implies that we can find 0 < r, < p and a non empty open set B C U with
the following property (see [L -R]) :

(i). For any E € B then F¢|g satisfies the hypothesis of theorem 4.1 in the ball
B, NEof E.

By theorem 4.1, there exists € > 0 such that G|gny can be extend holomorphi-
cally to the ball EN B, for all E € B. This implies that G can be extended to the
open set W := |Jpz(£ N Bc). On the other hand, the open set W contains a Har-

togs domain H; such that its holomorphic closure H; contains 0 € C2*. In fact, if
we fix E, € B then the sphere S := {z € E, | |z| = ¢/2} is contained in the open set
W of C?". Consider coordinates z = (z,y) € C*xC?"~* such that E, = (y = 0) and
S ={(z,0)||z] = €¢/2}. By compacteness of S, there exists 0 < § < €/4 such that
Hy ={(z,y)|e/2 - < |z| <€/2+4 0 and |y| < é} C W. Since dim(E,) =4 > 2,
H, is a Hartogs domain with holomorphic closure Hy = {(z,y)||z| < ¢/2 + 8 and
ly| < &}. Hence, G can be extended to H; and we are done. Call the extension
fc. Tt follows from (20) that %% =0 for all j = 1,...,n. This finishes the proof of
lemma 4.2. ’ O

Let us finish the proof of theorem 2. Since gﬂ% =0, 1< j <n, we can consider
fc as a germ in O, : fc is the complexification of f(z) := fc(z,w). The germ
of f at 0 is an extension of the germ of g|p«. In particular, the foliation defined
by df = 0in (C",0) is tangent to the Levi-flat M. Moreover, M C (Zm(f) = 0),
because f|y = g|u is real valued. Now, Zm(f) is irreducible in A, by lemma
2.2, which implies F' = U.Zm(f), where U is an unit. Hence, M = (Zm(f) = 0)
and this finishes the proof of theorem 2.

4.2. Proof of corollary 1. Let M = F~}(0) C (C",0) be a Levi-flat, where
n > 2 and F(z) = Re(2? + ... + 22) + h.o.t.. We want to prove that there exists
¢ € Dif f(C",0) such that ¢(M) = (Re(x? + ... + 22) = 0).

The idea is to use theorem 2 to prove that there exists a germ f € O,, such that
the foliation F defined by df = 0 is tangent to M and M = (Re(f) = 0). The
foliation F can be viewed as an extension to a neighborhood of 0 € C" of the Levi
foliation £ on M*.
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Let us assume for a moment that M = (Re(f) = 0) and conclude the proof.
Without loss of generality, we can suppose that f is not a power in O, so that
Re(f) is irreducible by lemma 2.2. This implies that Re(f) = U.F, where U € Ag,
and U(0) # 0. If the Taylor series of f is f =3_,-, f;, where f; is a homogeneous
of degree j, j > 2, then

Re(f) = RIRe()) = RUF) = UO)Re(} + .+ 23) —
fa =U(0).(22 + ... + 22). Therefore, by Morse lemma there exists ¢ € Dif f(C",0)

such that fo¢~1(z) = 22 + ... + 22, so that M = (Re(z? + ... + 22) = 0) and we
are done.

Write F(z) = Re (Z?Zl z]2> + 2l pi>3 Fuv 277, s0 that

2 WV
wi | + E Ey, 2K
1 lul+v[=>3

1 n n
Fe(z,w) = B Z 232 +

i=1 i=

Let us compute sing(Mc) and sing(nc|u). We can write dFc = a+ 3, with o =

Yoy Gindzy =300 (2 + Aj(z,w)) dzj and B = Y7, GiEdw; = Y0 (w; +

Bj(z,w)) dw;, where A; and B; have order > 2 at 0, 1 < j < n. This implies that

the sets
N ([ OF¢c N ([ OF¢c
X1 = ﬂ <8_Z]_0> anng = ﬂ (6_11;]_())
j=1 j=1
have codimension n in (C2*,0) and that sing(Mc¢) = X; N X5 = {0}.
On the other hand, nc = i(a — ), and so

(21) nelmy = (N +idFe)|vs = 2ialp: = —2iB|m;x -

In particular, a|px and ([a; define Lc.

Set M; = {(z,w) € Mc| g—gf # 0 for some j = 1,..,n} and My =
{(z,w) | g—ff # 0 for some j = 1,...,n}. Note that M& = M; U M,. We assert
that

sing(nclauz) = (Xa N M) U (Xo N Mz) = coda (sing(nclaz)) =n .

Let us prove that sz’ng(ndMg) N M; = X3 N M. Since a|p;, defines Le|ar,, we get
sing(ndME) N M; D X; N M;. As the reader can check, the relation dF¢ A dz; A
o ANdzy, = Z?:1 g%;_ dwj ANdz A ... Ndzy, implies that (dzy A... Adzy,)|n, # 0. This
fact, (21) and the relation

OF
(—C.dzl/\.../\dzn>‘ = (aNdza A ... Ndzp) |,
821 M,

imply that if p € M; and a(p)|r,n, = 0 then g—ff(p) = 0. Similarly, aa—lj;?(p) =0 for
all 2 < 7 < n. Hence, sing(ndME) NM; = X, N M. Similarly, sing(ndME) NMy =
XoN M.

As a consequence, if n > 3 we can use part (a) of theorem 2 to guarantee the
existence of f such that M = (Re(f) = 0). However, if n = 2 we have to work

more to prove that L¢ has a non-constant holomorphic first integral, in order to
use (b) of theorem 2.
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Proof in the case n = 2. We are going to prove directly that L¢ has a non-
constant holomorphic first integral. The idea is to blow-up once the origin of C%,
m: (C4,P?) — (C*,0), and prove that the foliation £c := 7*(Lc) on the strict
transform Mg of Mc by 7, has a non-constant holomorphic first integral. Let us
state the main result that we will use.

Consider the more general situation of a germ at 0 € C? of analytic Levi-flat
M = F~1(0), not necessarilly with first integral, where F is irreducible in Asg.
Let Fr, Mc = Fz'(0) and M¢ be as before.

We will assume that the power series that defines F converges in a neighborhood
of A = {((z,w) € C*||z|, |w| < 1} := Bx B, so that F(z) = Fr(z,%) for all 2] < 1.
Set V' := Mg\ sing(nc|m;) and denote by L, the leaf of L¢ through p, where p € V.

Lemma 4.3. In the above situation, for any p = (20, w,) € V the leaf Ly, is closed
in ME.

Proof. Consider the holomorphic vector fields X and Y on B defined by

OFc OFc OFc OFc
X = 8_Z28Z1 *a—ZIaQ andY—a—wZ(')wl 78_’11}1
Since X (Fr) = Y (Fr) = 0, they are tangent to the levels of Fi and in particular
to Mc. Denote by G and H the foliations by curves defined by X and Y on M,
respectively. We need some facts.
L X\ME and Y|ME are tangent to Lc. In particular, if we denote by LJ and LZ
the leaves of G and H through q € V' then Lj C Ly and LZ C L.
This follows from the fact that L¢ is defined by «f Mz =—0 | Mz and

By -

ix(o) =0 = ifpeV then X(p) € T,Lc
iy(8)=0 = ifpeV thenY(p) € T,Lc
where T,Lc := 1), L,,.

II. X and Y are linearly independent along V. In particular, for any p € V the
leaves L7 and L’p} intersect transversely in Ly, atp : T, L, =T, L3 & T) LZ.

We have seen in the proof of theorem 2 that for any p € V' = M¢ \ sing(nc|nm;)
then, either %(p) %0, or %(p) # 0, which implies that X(p) # 0. Similarly,
Y (p) # 0. Therefore, X(p) AY (p) # 0, and the vector fields X and Y are linearly
independent along V.

II. For any p = (20,w,) € V the leaf L (resp. Lz) is contained in A9 :=
{(z,w,) € V|Fc(z,wo) = 0} (resp. Al := {(z0,w) € V|Fc(z0,w) = 0}). In
particular, LY and L% are closed in V = M¢ \ sing(nc| gz )-

It follows from X (F) = X (w1 — wo1) = X(wa — we2) = 0 that LY C AJ. Let
57 be the irreducible component of AJ which contains p. For any ¢ € V' we have
that, either g—ff(q) # 0, or gfg(q) # 0. This implies that dimc(S]) = 1. On the
other hand, L§ C SJ and dimc(L$) = 1, so that L = SJ, by the definition of leaf.
Hence, Lf is closed in V. Similarly, Lz is closed in V.

Fix p = (2o, w,) € V and set Nj, := U, cpn L§ C V. We assert that IV, is closed
inV and N, = L,.

1. N, is closed in V. Let (pn = (#n,wn))n>1 be a sequence in N, such that
lim pn = q = (2/,w’) € V. Recall that we are working in A = B x B. In
n oo

(22)

q€L
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particular, z’,w’ € B. By remark III, we get (z,,w,) € L]’;, for all n > 1, and
(Zoywn) — (2o,w’). Again, by remark III, we have (z',w’) € L‘(szw,). Hence,
q € Np.

2. L, = Np. Remark I implies that IV, C L,. Since N, is closed in V, it is also
closed in L, C V. On the other hand, it follows from remark II that IV, is open in
L,. Hence, N, = L, because L,, is connected, . O

Let us finish the proof of the case n = 2. Let F € Aygr be such that F(z) =
Re(23 + 23) + h.o.t. and F~1(0) is a Levi-flat. Its complexification can be written
as

1
Fe(z,w) = 3 (22 4 22 + w} +w3) + h.ot.

Since 22 + 23 = (29 +i21)(22 — i21), after the linear change of variables z =
V2 (29+i21), y = V2 (22 —i21), we will assume that F(z,y) = 2 Re(z.y) + h.o.t.
x.y + T.5 + h.o.t., with complexification of the form

Fe(z,y,2,w) = z.y+z.w+ Z fikem @ y* 2™ = zytzwtR(z,y, 2, w) .
jHk+L4+m>3

We take the divisor P3 of the blow-up 7: (C*,P3) — (C*,0) with homogeneous
coordinates [z : y : z : w], (z,y,2,w) € C*\ {0}. The intersection of Mc with the
divisor P? is the quadric Q := {[z : y : 2 : w]| xy + 2w = 0}, which is biholomorphic
to P! x P )

Consider for instance the chart (W, (¢,u,v,w)) of C* where 7(t,u,v,w) =
(tw, uw,v.w,w) = (x,y, z,w). We have

Feon(t,u,v,w) = w?(tau +v+w Ry (t,u,v,w)) ,

where R (t,u,v,w) = R(t.w,u.w,v.w,w)/w?, which implies that

McNW = (tu+v+wR (tu,v,w) =0) = QNW = (w=v+tu=0).

On the other hand, as we have seen in (21), The foliation L¢ is defined by
alys = 0, where

_ OFc ofc , OR OR
a=— dx + ay dy = <y+ (’9ac> dx—l—(x—i— 8y> dy .

In particular, we get

™ (a) = w (vwdt + twdu + 2tudw + w.01) ,
where 0; = w[Adt + Bdu] + Cdw, A = (% 071') Jw?, B = (%—I;ow) Jw? and

C= (t%OW—i—u% o) Jw
It follows that L¢ is defined in this chart by ;| iz. = 0, where

(23) o1 =uvwdt +twdu +2tudw +w.0; .

Note that (23) implies that Q is Lc-invariant. In particular, S := Q \ sing(Lc)
is a leaf of L. We assert that S is biholomorphic to C* x C*.

In fact, sing(ﬁc)ﬂQ is the union of four lines of Q ~ P! xP! : two ”vertical” rules
of the form V; := {a;} x P!, a; # as, and two "horizontal” rules H; := P! x {b,},
by # ba.

In the chart (W, (¢, u, v, w)) we can see two of these lines (see (23)), one horizontal
and one vertical : sing(Lc) "W NQ = H, UVy, where H; = (w =¢=v =0) and
Vi=w=u=v=0).
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In the chart (Z,(t1,u1,v1,2)), where 7T(t1,U1,111,:Z) = (uy.2,t1.2,2,01.2) =

(z,y,z,w), we can see the other two rules of sing(Lc). The reader can check
that QN Z = (z =v1 + t1.u; = 0) and 7*(a) = z ag, where

Qo = tl.Z du1 +ui.z dtl + 2t1.u1 dz + 2.92 s

with 6, holomorphic. This implies that sing(Lc)NQNZ = HyUVa, where Hy = (z =
t; = v; = 0) is an ”horizontal” rule of @, Hy # Hy, and Vo = (z = u; =v; =0) is
a "vertical” rule, Vo # V.

Let us prove that L has a non-constant holomorphic first integral. Fix a point
Do € S and a transversal ¥ to S. For instance, in the chart (W, (¢, u,v,w)) take
Po = (1,1,—1,0) and the section ¥ = {(1,1, -1, w)|w € C}, parametrized by w.
Call G the holonomy group of the leaf S of L¢ in the section ¥. The fundamental
group II; (S, p,) is isomorphic to Z x Z and is generated by the curves d;(0) =
(€9,1,—€",0) and 62(0) = (1,e%, —e%,0), 6 € [0,27], I11(S, po) =< [61],[d2] >.
Therefore G =< fi, fo >, where f; corresponding to [§;1] and fo to [d2]. We get
from (23) that f/(0) = f5(0) = —1, so that fi(w) = —w + w?r(w) and fo(w) =
—w + w?ry(w). Moreover, [f1, f2] := fi t o fy ' o fiofa =id, because II;(S, p,)
is abelian. Since f{(0) = f5(0) = —1 we get G’ := {g’(0)|g € G} = {1,-1}.
We assert that the homomorphism ¢: G — G’ defined by (g9) = ¢’(0) is an
isomorphism.

It is sufficient to prove that v is injective. Let g € G be such that ¢g’(0) = 1.
Suppose by contradiction that g # id. This implies that g(w) = w(1 + a.w®) +
o(w**2), where a # 0. In this case, it follows from [L] that any pseudo-orbit of g
accumulates at 0 € (,0). But this implies that L£¢ has non-closed leaves, which
contradicts lemma 4.3.

In particular, we get G =< f; > and fZ = id. It follows that G is linearizable
: in some holomorphic coordinate system z of (3,0) we have fi(z) = fa(z) = —=z.
The function H(z) = 22 € O, satisfies Ho f; = Ho fo = H. By [M-M] it can
be extended to a non-constant holomorphic first integral, say B, of L¢, defined in
some neighborhood of ) in Mc. This finishes the proof of corollary 1. O

5. APPENDIX : AN EXAMPLE.

The aim of this section is to give a class of examples of germs of non-dicritical
foliations F on (C?,0) with the following properties :
(I). F has no non-constant holomorphic first integral.
(IT). If 7: (C2, D) — (C2,0) is a blow-up of 0 € C2 then the foliation F := 7*(F)
is tangent to an analytic real Levi-flat hypersurface M containing 7=1(0).

As consequence, the projection M := 7(M) is a real hypersurface invariant by
F, which is analytic outside the origin but not at the origin.

Denote by Pr C C|z,y] the set of homogeneous polynomials of degree k. Let
P(z,y) = z.y.(y — x).(y — b.z), where b # 0,1, and Q(z,y) = aoy* + a1 x.y> +
as 2.y + a3 3.y + a4 x*. We will consider Q € Py as a parameter. Let Fg be the
foliation defined by wg = 0, where

wo = dP(z,y) +2.Q(z,y)(z dy — ydz)
Proposition 5.1. There are T C Ig C P4, where I is a C-linear subspace with
dimc(Z) = 3 and Ig is a real analytic quadric of real codimension one, such that :
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(a). Fo has a non-constant holomorphic first integral if, and only if, Q € I.
(b). If Q € Ip \ T then Fq satisfies (I) and (II).

Proof. The resolution of singularities of Fg, involves just one blowing-up
m: (C?,D) — (C2,0). Set F = Fo := n*(Fg). For instance, in the chart
n(t,z) = (z,t.x) = (z,y), we have 7*(wg) = d(z*.p(t)) + 2.2%.q(t).dt = 3.1,
where

(24) 1 =4p(t)de+ (p'(t) + 2.9(t)a®)dt , p(t) == P(L,1) , q(t) == Q(L,1) .

The differential equation 1 = 0 is of Bernouilli type and defines F in this chart. It
has four singularities in D. In the above chart we can see three of these singularities
po == (0,0), p1 := (1,0) and ps := (b,0). The other one, p3, is the point of infinity
of D. Set sing(F) :={po, -..,p3} and D* = D\ sing(F). Let

X :=4p(t) 0y — (p'(t).z + 2.q(t).2%)0,

be the vector field dual of . Note that the eigenvalues of DX (p;) are 4p’(b;) #
0 and —p’(b;). The Camacho-Sad index of F at p; with respect to D is
CS(F,D,p;) =—1/4,0 < j <3 (cf. [C-S]).

The main fact about 7 is that it admits a multivalued integrating factor : if we
set g .=z~ 2.p~ /2 then

T (w) d(ap(t) | 2.4(t) dlg~®) | 2.4(t) 2.q(t)
= dt = dt = —-24d, dt .
26 p(t)3/2 26 p3/2 T p(1)32 g3 + OEE g+ OEE
In particular, n = 0 is equivalent to the multivalued equation
q(t) 1 q(t)
25 dg — dt =d — dt=0.
) - sttt = () -

In order to study the differential equation (25) we consider a ramified covering
of topological degree two. Let E be the bundle of rank two over P! covered by two
charts (E; ~ C3,(t,w,z)) and (Ey ~ C3,(s,z,y)), where s = 1/t, 2 = w/t? and
y = tx. Let S C E be the elliptic curve given in the chart E; by (w? — P(1,t) =
2 = 0) and in the chart E; by (22 — P(s,1) = y = 0). We can define a line bundle
II: L - S by

{LﬂEl:{(t,w,x)|w2:P(1,t)} , I(t,w,z) =(t,w) on LNE;
LNEy={(s,2,y)|22=P(s,1)} , (s,z,y)=(s,2) on LNE;

a holomorphic map ¢: L — C? by

O(t,w,z) = (t,2) on LNE;
O(s,2z,y) =(s,y) on LNE,

and a ramified covering ¢: S — D ~ P! by ¢ = ®|g. Of course, the diagram below
commutes

L 3 ¢

ol \!
S — D
@

The map ¢ is a ramified covering of degree two with four ramification points. The
ramification points are go = (0,0,0), ¢1 = (1,0,0) and g2 = (b,0,0) in the chart E;
and g3 = (0,0,0) in the chart Ey. Note that ¢(g;) = pj, 0 < j < 3. The map P is
also of degree two and ramifies along the fibers II"!(g;), 0 < j < 3.
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Let G = ®*(F). It follows from (25) that the foliation G can be defined in the
chart E; by the differential equation ©|rng, = 0, where

e:d< ! )—Q(l’t)dt.

2w w3

As the reader can check, the form © extends to LN Es as d (y%) %ds. Note
that we can write © = dG — a, where G|g, = 1/2?.w, G|g, = 1/y*.z and a = ag

is the meromorphic 1-form on S given by aglsng, = %dt and aglsne, =

f%ds. Let us state some remarks.
(i). S is G invariant and sing(9) NS = {qo,...,q3}. In particular, S* = S\
{90, ---,q3} is a leaf of G.
(ii). If @ # 0 then the poles of « are qq, ..., ¢3.
(iii). The order of ¢; as a pole of o is < 2 and Res(a,g;) =0 for all j =0, ..., 3.
(iv). For any 5 = 0,...,3, G has a local holomorphic first integral in a neigh-
borhood of g; of the type u.v?, where (W, (u,v)) is a local chart with
SNW = (v=0) and II"*(g;) "W = (u=0).
We leave the proof of (i) and (ii) to the reader. Let us prove (iii) and (iv).

Fix for instance the pole ¢y = (0,0,0). Since p’(0) # 0, we can solve locally the
equation w? = p(t) = P(1,t) as t = h(w?) = w?.u(w?), where u(0) # 0. Therefore,
we can write

QL h(w?)

a= Td(h(w2)) =2 -

g(w?)

QQ, h(w?)).h' (w?)

5 dw .

dw =

By considering the Taylor series of g at 0, it can be proved that there exists ¢ € O;

such that
g(_wQ)dw =d (M)

w2 w

and this implies (iii). In particular, we get

(26) ®:d<ﬁ—¢(32)> = (#M)

is a local holomorphic first integral of G. Since (w,x) — (w/(1 — z2.4p(w?),z) =
(u, z) is a local biholomorphism, we get (iv).

Given v € H(S*,Z) define per(ag,vy) = fv ag. We can write the first homology
group of S* as Hy(S*,Z) =< [01], [02], [0]; ---, [73] > where é; and o are generators
of Hy(S,Z) ~ Z* and v, is a simple cicle going around g; once, 0 < j < 3. It follows
from (iii) that per(ag,v;) =0, 0 < j < 3. Define the linear map Per: P, — C? by

PGT(Q) = (per(Q,&l),per(Q,52)) :

Consider also the linear map o: Py — P4 given by

py_ L(2D0H _opon
7 4\ 0z 0y Oy Ox

Lemma 5.1. The following sequence is exact :

(27) 0P, 3P C®—0.



29

Proof. We will work in the chart F;. Let us remark first that, Euler’s identity

for P and H implies that
1 OH 1 __0P 1 /1 0P OH
H=-|\P—--H— |=-|-H—-P— | .
o(H) x( oy 2 3y> y<2 oz 333)

In particular, we have o(H)(1,t) = p(t).h'(t) — 1 h(t).p’(t), where h(t) = H(1,t).
Suppose by contradiction that ¢(H) = 0, but h(t) = H(1,t) # 0. This would
imply that p’/p = 2.h’/h, which is equivalent to p = c.h?, ¢ € C*. This is impos-
sible because p is irreducible. Therefore, H = 0 and o is injective. In particular,
dimc(Im(o)) = dime(Ps) = 3.

Consider the divisor A on S given by A = Z?:o (g;) and set

Ma = {g| g is meromorphic on S and (9)sc < A} U {0}
Qoa = {w|w is meromorphic form on S and (w)s < 2A} U {0} ,
Q) ={w € Qoa | Res(w,q;) =0, 0< 5 <3}
where (.)oo denotes the pole divisor. Some remarks :

(v). The Riemann-Roch theorem implies that dimc(Ma) = 4 and
dimc(ﬂgA) = 8.

(vi). d(Ma) C Qaa, where d: Ma — Qop is the differential. In particular,
dimc(d(Ma)) = 3, because dime(ker(d)) = 1.

(vii). Remark (iii) implies that ag € € for all @ € Ps. Therefore, we will
consider « as a linear map a: Py — 1 C Qsa. Note that « is injective.

Let us prove that Im(o) = ker(Per).

Define §: Py — 2oa by 0(H) =d (ﬂ;—Qb) (in the chart Fy). An easy compu-
tation shows that
o(H)(1,1)

w3

This implies that Im(o) C ker(Per) and that ¢ is injective. On the other hand,
if @ € ker(Per) then ag is exact, and so a(ker(Per)) C d(Ma). In particular,
we get Im(d) C a(ker(Per)) C d(Ma). This implies that dimc(a(ker(Per)) = 3.
Since « is injective, we get dimg(ker(Per)) = dimc(a(ker(Per)) = 3. Hence,
Im(o) = ker(Per).

Let us prove that Per is surjective.

d(H) = dt = gy == Qqm) is exact = o(H) € ker(Per) .

For each j = 0,...,3 consider a local chart (Dj,z;) of S around g¢; such that
zj(g;) = 0. Given w € Qoa we can write w|p, = 2 + Izes—wﬁ + g;(z;j), where
g; € O(D;j), 0 < j < 3. Define T': Qon — C® and T :]QQA — C* by :

T(w) = (Res(w, qo), ..., Res(w, g3), ag, ..., a3) and T (w) = (Res(w, qo), --., Res(w, q3)) .

By the residue theorem, we have T'(Q24a) C ¥ and T7(Q22a) C 31, where ¥ =
{(x1,....,78) € C¥| X5 2 = 0} and By = {(z1,..,24) € C*| ) z; = 0}
Moreover, ker(T1) = Q1 and ker(T) = the set of holomorphic 1-forms on S, which
has dimension one. This implies

dimc(Im(T)) = dimc(Qa) —1=7 = T(Qa)=YX = T1(Qa) =%
and

ker(Tl) = Ql — dzm@(ﬂl) = dimC(QgA) — dsz(Zl) =8-3=5.
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Consider now, the map Per;: ; — C? given by Per;(w) = (f51 w,f52 w).
Note that dimc(Im(Per)) = dimc(Im(Pery)). Since ker(Pery) = d(Ma), we get
dimc(Im(Pery)) = dime (1) — dime(d(Ma)) =5-3=2. O

Let T = ker(Per) = Im(o) and Ip = {Q | per(aq, 61), per(ag, 62) are R-linearly
dependent}. As a consequence of lemma 5.1, we get :

(viii). Z is a complex linear subspace of P4 with dimc(Z) = 3.
(ix). Zg is defined by

Re(per(Q, é1)).Im(per(Q, 62)) — Re(per(Q, 62))- Im(per(Q, 1)) = 0.

In particular it is a homogeneous real quadric and dimg(Zg) = 9.

Lemma 5.2. The following properties are true :

(a). Fg has a non-constant holomorphic first integral in a neighborhood of 0 €
C? if, and only if, Q Sy 5

(b). If Q € Iz \ I then Fq is tangent to a real analytic hypersurface M C
(C%, D).

Proof. Let us prove (a). If Q € 7 then Q = o(H) where H € P,. Set f =
P/(1 — H)?. Then
df dP _ 2dH 1

f P +1—H_P(1—H)[
It follows from Euler’s identity that 2PdH — HdP = 20 (H)(y dz—x dy). Therefore,
f is a first integral of Fq.

Conversely, suppose that Fg has a non-constant holomorphic first integral f €
O, such that f(0) = 0. The idea is to prove that cg is exact, which will imply
that @ € Im(o). Note that F := fo® o is a holomorphic first integral of G. This
implies that the holonomy group G of the leaf S* with respect to the foliation G
is finite, say #(G) = m. In particular, if v is a cycle in S* N E; then 4™ can be
lifted by II to a neighbour leaf as a closed path, say 7, and we can assume that
¥ C E1\ K, where K := Uj_oIT"'(¢;) US. Recall that G is defined outside K by
©O. Since 4 is contained in a leaf of G, we get

o~ fom [ (o) ) = oo ) o

On the other hand, IT o 4 = 4™, so that the cycles v and 7 are equivalent in
Hi(L\ U_oII"*(g;),Z). Hence, m [ ag = [5aq = 0, which implies that ag is
exact and @ € 7.

Let us prove (b). Assume that P, := per(Q,d;) and P» := per(Q,d2) are R-
linearly dependent, but (P, P») # (0,0). In this case, we get Py, P, € B.R, for some
B with |8] = 1. In particular, if Q; = 87 .Q then per(Q1, 1), per(Q1,d2) € R. As
a consequence, the periods of the form o, are real and there exists a harmonic
function f; on S* such that df; = Zm(ag,) = 3 (ag, — @g;). Recall that © =
dg—agq, where g|p,nr, = 1/2%.w and g|g,n, = 1/y*.z. If we define g; := 37!.g and
©; = 371.0 then ©1 = dg; — g, . In particular, we get Zm(01) = d(Zm(g1) — f1).
Therefore, the form Zm(©,) is exact with primitive F} := Zm(gy) — f1. For any
¢ € R the real analytic hypersurface £, '(c) of L\ K is a Levi-flat tangent to G.

dP + (2PdH — HdP)] .
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Denote by M 1 the germ of F;(c) at S. Let us prove that M! extends analytically
to K. Without loss of generality, we will assume 3 = 1.

Ezxtension to S*. Let ¢ = (t,w,0) € S* N E;. Then Fy can be written in a
neighborhood of ¢ as

A 1 Im(Z>@
Fy(t,w,z) = Im <m> — it w) = % — ftw) =

MY is defined in a neighborhood of ¢ by Zm(Z2.w) — |a|*.|w|?(f1(t, w) — ¢) = 0.

Extension to a neighborhood of gj, 0 < j < 3. We have seen in (iv) that for any
j =0,...,3 there exists a holomorphic chart (W, (u,v)) such that SNW = (v = 0),
II-!(g;) NW = (v=0) and O|w = d (-17). In this chart, we have

u.v

1 . 1
Im(©) =dIm <—2) = Filw=Im (—2) +c1,cq€eR.
U U

This implies that M} can be defined in W by Zm(w.7?) + (¢1 — ¢)|ul2|v]* = 0.
Therefore, M} at S is an analytic subset of (L, S).

We will construct now the real the real Levi-flat M satisfying (IT). Let p: L — L
be the involution defined by p|g, (¢, w,z) = (¢, —w, z) and u|g, (s, z,y) = (s, —2,y).
Note that the group of automorphisms of the ramified covering @ is {id, u}.

We have seen in (26) that around gg we can write © = d (ﬁ - %“’2)), where 9

W

Te.w

is holomorphic in a neighborhood of 0. This implies that F =Im ( i — %713)) +

c1, ¢1 € R, in a neighborhood of gy. In particular, if we set F' := Fy — ¢ then
Fou=-F = Flopu=F?.

This implies that there exists a real analytic function F on C?\ 7~ (Sep(Fq)) such
that Fo® = F2. We assert that, if ¢ > 0 then the germ of F~1(¢c) at D extends to
a real analytic Levi-flat M, tangent to ]:'Q.

For instance, let us exhibit an analytic equation of M, in a neighborhood of
po = ®(qo). Near o we have F' = Im(1/u.z2), where v = w/(1 — z2.4p(w?)). Note
that u? = w?/(1 — 22.4(w?))?. Since w? = p(t) along S, we get u? = p(t)/(1 —
x2.4h(p(t))?, so that u? is well defined and holomorphic near py = (t = z = 0).
Since p’(0) # 0, the map (t,z) — (p(t)/(1 — 22.4(p(t))?,x) = (s,7) is a local
biholomorphism. In the coordinate system (s,z) we can write u?> = s. On the
other hand,

Im?(u.z?) 1 PR

F? = Im?*(1/u.x?) = PEENRE :4|u2|2.|x|8(2|u2|.|m|4—u2.m ~- 7?3 =

F2—c=0 < 22|zt = 4c|u?)? |z + 2t + 22T =

4lu 2. |z® = (4cju?|?.|z|® + u2.2* + w2 F*)2. This implies that M, can be defined
near pg by the real analytic equation

(28) 452 |z|® — (s.x* +3.3* + 4c|s]2|z®)* =0

Similarly, it can be proved that M, has a local real analytic equation near all points
of D. We leave the details to the reader. O
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Final remarks : let T' be the intersection of M, with the section (z = 1). If we
set s = re'? in (28) then we get, after simplifications, the polar equation for I :

r=c lsin?(/2), 0 €[0,2n] .

The above equation represents a cardioid in polar coordinates. In particular, M,

is irreducible. This implies that M, := w(M,) is sub-analytic and irreducible, but

not real analytic at the origin, by theorem 1. O
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