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Abstract

Neural networks are systems of interconnected processors mimick-
ing some of the brain functions. After a rapid overview of neural
computing, the thermodynamic formalism of the learning proce-
dure is introduced. Besides its use in introducing eflicient stochas-
tic learning algorithms, it gives an insight in terms of information
theory. Main emphasis is given in the information restitution pro-
cess; stochastic evolution is used as the starting point for intro-
ducing statistical mechanics of associative memory. Instead of
formulating problems in their most general setting, it is preferred
stating precise results on specific models. In this report are mainly
presented those features that are relevant when the neural net be-
comes very large. A survey of the most recent results is given and
the main open problems are pointed out.
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1 Introduction and motivation

Comparison of the computational efficiency between the most powerful computer and
the brain of the most rudimentary animal shows a really overwhelming advantage to the
biological “computer” for tasks involving learning and generalisation [22]. Therefore, a
considerable effort has been made to understand the brain functions and possibly mimic
some of them for computational purposes. In this report, we only focus on the memory
function and compare the main features between computer and brain memories. Thus,

e computer memory is localised: damage on a memory cell of the computer destroys
the information contained in it; cerebral memory is diffused: even extended damage
on some parts of the brain (due to trauma or tumour) does not significantly affect
the contained information.

e magnetic memory is addressed: one has to know the exact location of the memory
cell to recall the information contained in it; brain memory is associative: it is
pointless to remember that the last friend you met on your way was the 587th
person you were acquainted with; instead, it is preferable to recall her voice or the
shape of her face.

e computer memory is permanent up to the moment the memory cell containing it
is erased; on the contrary, there are two main types of brain memory: short term
memory, erased within few minutes, and long term one, engraved up to the moment
of the death, with the whole intermediate spectrum. Besides, it is very difficult to
force a well memorised fact to be forgotten!

e computer memory is immediately updated in contrary to the brain memory that
is progressive, an information needing repetitions in order to become permanently
memorised.

Researchers from various disciplines — mathematics, computer sciences, physics, biology,
psychology, linguistics, neurophysiology — are interested in the general study of brain
functions. However, the epistemological backgrounds and rationale of these scientists are
quite different. Those coming from physics or mathematics use an analytic method to
describe a formidably complex system — the neural system — in terms of fairly simple,
often simplist, constituting interacting units — the neurones. Based on their experience
on phase transitions and statistical mechanics, they expect that the large scale behaviour
of the system is independent of the details of the individual units so that brain functions
can be expressed in terms of a small number of characteristics of the individual neurones.
Those coming from medical or behavioural sciences are willing to understand how the real
brain of mammals works. Finally those coming from computer sciences are interested in
using the information about the brain functioning to construct more powerful computers

[74)].

In this survey no such issues are treated. Instead, a utilitarian point of view is adopted;
the neural nets are defined as mathematical models and the consequences and implications



of this definition are explained in a deductive form. Thus, mainly the mathematical
aspects of the subject are treated. Although the heuristic results obtained by physicists
are omnipresent and act as a Leitmotivin the sequel, only rigorously established results are
presented here; the reason is that there exist two excellent surveys [5, 66] on the physical
results and conjectures on the subject. Moreover, not all the mathematical results are
presented; a selection — dictated by personal preferences of the author — of the material
is performed; the reader must always keep in mind that this text is the written version of
a series of lectures taught within a finite time to an audience of real (summer) students;
therefore her indulgence for omissions is implored.

Neural nets are arrays of simple processors mimicking some of characteristics of brain
memory [5, 38, 39, 45, 53, 70, 95]. Several systems carry the name neural net nowadays; to
be systematic, a system must have the following ingredients to be recognised as a neural
net:

e a simple oriented graph G = (V, E) where V is the set of vertices (sites), called
neurones, and £ C V x V is the set of edges, called synapses.

e aset S C R? of possible states of every neurone. In most cases, the set S will be
chosen as the binary set S = {—1,1} but more complicated situations may occur.

e a configuration space, X = {z : V — S} = SV, containing all the microscopic states
of the system.

e a family of real variables, J = (Ji;)(ij)em, indexed by the synapses, called synaptic
efficiencies.

e a family of real variables = (w;);ev, indexed by the neurones, called activation

thresholds.

e a family of post-synaptic potentials, indexed by the neurones, defined by
hi = E fC]'J]'Z' — w;.

JEV:(ji)EE

e a family of transfer functions f = (fi)icv, indexed by the synapses, that serves to
update the value of the configuration at every neurone. This can be done either in
a deterministic way — and in that case the transfer function, f; : R— S, assigns a
new state to the neurone ¢ given the post-synaptic potential, h;, that excites it by
x; = fi(h;) —, or in a stochastic way — and in that latter case the transfer function
fi S xR —][0,1] assigns a value to the conditional probability P(z; = s|k; = n) for
s € S and n € R, through P(z; = s|h; = n) = fi(s,n).

Definition 1.1 We call neural net the system (G, X, J,w,h, f), i.e. an oriented graph
(G, a configuration space X, two families of real variables — the synaptic efficiencies J
and the activation thresholds w — a family of post-synaptic potentials A and a family of
transfer functions f. According to the mode of transfer, the net is termed deterministic
or stochastic.



Remark: The graph GG being simple and oriented, there exists a natural order induced
by the orientation. For finite graphs (G, we can stratify the set of vertices in the following
manner:

Vo=1{teV:VjeV,(ji) g E};

this set represents the sensor neurones that receive the external stimuli. The intermediate
strata are defined recursively, by

Vi={ieVN\(VWUViU---UV,_y): 35 € Vi such that (5i) € E}.

The last layer, L = sup{k : V' \ UL Vi) # 0} + 1, gives rise to the stratum V;, of motor
neurones that communicate to the external world the result of the computation. This
stratification of the vertex set induces a natural stratification of the configuration space

X = @{;OXZ, with X; = {z: V| = S} = Vi

The configuration over the set V5 must be fixed ad hoc but the configuration over all
the other strata is determined by the neural network updating rules. This updating can be
done either in a synchronous way, when whole batches of neurones change simultaneously
their internal configuration according to the post synaptic potential they receive from
their “parent” neurones, or in an asynchronous way, when to each neurone is attached an
internal clock — independent of the clock of the other neurones — that commands the
moment of updating. In the case of a synchronous net, the time evolution can be studied
as a discrete time dynamical system; for asynchronous nets, continuous time evolution is
more appropriate.

Given a configuration = € X, at the sensor layer, the net returns a configuration
y € X at the motor layer, implementing thus a mapping F': X — X, that is completely
determined by x — y = F/(z) in terms of the set of parameters J = (J;;)(ijjep and w =
(w;)iev. It will be convenient in the sequel to consider the set of all possible parameters .J
and w as a space 0, generic points, § = (J,w) € O, of which are meant to represent a given
realisation of the network. This space is termed control space and it will be eventually
equipped with a probability measure. The choice of the 8, fixing the parameters of the
network, controls (defines) completely the map F. To stress this control, we write, when
necessary, Fy for this map.

At this level of generality, it is difficult to implement the network, to understand its
functioning, and to decide whether it is advantageous to use a neural computer versus
a conventional one. We must therefore specify the network more precisely: this will be
done by studying particular examples.

2 Examples of neural networks

A whole spectrum of neural networks is introduced; they are classified according to the
nature of their state space, their architecture, and their transfer function.



Since implementation on a digital computer proceeds always by discretisation, very
often, it is enough to consider binary networks, i.e. S = {—1,1}. These networks have a
configuration space reminiscent of the Ising configuration space in statistical mechanics.
However, some more general single-neurone internal states space are used. For instance,
g-states Potts neural nets [33] have S = {0,---,¢— 1}, XY-neural nets [89] have S = T",
and so on.

The second characteristic serving to classify the nets is their architecture. This is
defined mainly by the edge structure of the underlying graph. However, architecture can
also be a dynamical characteristic. As a matter of fact, edges serve to index the synaptic
efficiencies. Now, if for a given graph G = (V, E), the synaptic efficiencies .J;; #Z 0 only
for all {¢j} € E' C E, it is the set £’ that defines the architecture and not the set E. In
the same spirit, the architecture can be even a random characteristic as it may happen
in the case of randomly diluted nets [15], where each synaptic efficiency is multiplied by
a random variable that can take values 0 or 1 independently on every edge of the graph,
leading thus to a bond percolation cluster sub-graph of F.

The nature of the transfer function must also be taken into account. In view of
practical applications, it is convenient to be able to parallelise the computations; therefore
it is natural to consider the same transfer function function all over the network. For
deterministic systems, we can choose the non-linear function f : R — S defined by

if s
=t =4 L 020

In several applications some continuity properties are required; in that case instead of
the sharp sgn function a smoothed sigmoidal version can be used, for instance f(s) =
tanh(fs), for some real parameter f3.

Finally, the synchronisation must be specified to decide whether the updating follows
a synchronous or an asynchronous udpating schedule. In case of synchronous updating
and for some architectures, nets may have different evolution depending on their parallel
or sequential updating [63, 79, 80, 103].

Having these characteristics in mind we present some of the most commonly studied
neural nets.

2.1 The neural net of McCulloch and Pitts

This model [65], introduced in 1943, is composed by a semi-infinite repetition of N neu-
rones, i.e. its vertex set is V = {1,..., N} x N and its space state S = {—1,1} is binary.
The particular structure of the underlying graph allows to represent each vertex v € V
as v = (¢,t) with ¢ € {1,..., N} and ¢t € N. The latter index is interpreted as time. If

v = (i,t) and v' = (j,t 4+ 1), the corresponding synaptic efficiency .J, s is denoted JZ»(;H)
and the post-synaptic potential, h,, = h;(t+1), is expressed in terms of the configurations



by
N

t + 1 Z "02 H_l) 'w;tﬂ).
The computation is then expressed in terms of the discrete time dynamics
e3(t+ 1) = sga(hy(t + 1))

Sequential updating is used to induce a dynamical evolution X — X1 where X =
SVt and V; is the set of neurones involved at time ¢. The stratum S"* of the configuration
space being isomorphic to SV for every ¢, one time step of the network is a mapping

T : SN — SN and the evolution can be regarded as a trivial (i.e. deterministic) Markov
chain on SV defined for a,b € SV by

Pop = P(Yopy = blYy = a) = { (1) fthirwiii

The reason for introducing such a trivial probabilistic object is that it can be easily gen-
eralised to tackle stochastic dynamics introduced in subsequent sections. When N — oo,
the previous evolution is a discrete dynamical system [0, 1] —[0, 1]. We are interested in
the asymptotic behaviour of 7% when ¢ — oo; (for the mathematical treatment of such evo-
lutions the reader may consult [23] for instance). It has been shown that the McCulloch
and Pitts network is computationally equivalent to a Turing machine. It is not however
evident that it offers a more efficient alternative to the computation of general functions
than a universal computer.

2.2 The simple perceptron

This is the most elementary neural net, introduced [86] in 1962. It is a binary, i.e.
S ={0,1}, synchronous net over a finite bipartite graph whose vertex set is Vo & Vi with
Vo={1,---,N} and V; = {1}, i.e. there are N sensor neurones and one motor neurone.
The edge set is £ = {(¢,7) : ¢ € Vo,j € V1} and the transfer function is plainly f = H'Sgn
Therefore, the simple perceptron implements a Boolean function of N inputs and one
output.

A fundamental question, for using neural computing, is whether all Boolean functions
can be implemented by a single perceptron i.e. whether, for every Boolean function with
N entries, G, : SV —= S, withk=1,--- ,22N, is it possible to chose the control parameters
0*%) (synaptic efficiencies and activation thresholds) of simple perceptron so that

N

GkEFe(}c), Vk = 1,---,22

The answer to this question is negative as it can be shown for the exclusive or (XOR)
Boolean function of two entries. In fact, for the simple perceptron, the input configuration
space Xy has a vector space structure and this endows the control space © = X with
the dual linear structure. In other words, a choice # of control parameters defines a linear



functional § € ©® = X[ and the post-synaptic potential is the action of this functional to
the entry configuration?

N
i=1

Definition 2.1 Let A and B be two subsets of the space Xy. We say they are linearly
separable if there exists a linear functional § € X such that

Vee A)Vye B, (0,z) < (0,y).

If no such linear functional exists, the sets are called non-separable.

10 °

_0? - ?

Figure 1: The figure gives the truth table of the X0OR func-
tion. Full blob (or number 0) stands for false and empty
blob (or number 1) for true. It is evident that there is
no single straight line splitting the plane into two regions
containing single colour points; two such lines are necessary.
The truth space of the XOR function is not linearly separable.

It is immediate to see (figure 1) that the truth table of the Boolean function XOR
with two entries splits the space Xj into two regions needing two linear functionals to be
separated instead of just one. As a consequence, this function cannot be implemented
by a single perceptron. This remark was at the origin of the oblivion into which felt the
neural computing for more than two decades.

2.3 The multilayered perceptron

The multilayered perceptron [88] is a binary neural net with sharp transfer function.
It is composed by a finite simple oriented graph of processors arranged in various layers

?The activation threshold can be incorporated in this writing by adding a N + 1 input fixed to the
value 1.



[=0,...,L; each layer is composed by N; neurones so that V; is isomorphic to {1,..., N;}
and the configuration space, X, is stratified, X = @& X;, where

Xi={z:Vi={l,...,N}— S} =5V,

Only edges connecting processors of a given layer, [, with processors of the next layer,
[+ 1, appear and we denote by JZ»(J-ZH) the synaptic efficiency between the site ¢ of the [-th
later with the j site of the [ 4+ 1-th layer. Thus the post-synaptic potential reads
(I+1) (141) o (1+1)
hy ™=y —wy
1€V
and the deterministic dynamics

:L';H_l)

(1+1)
J

=sgn(h; '), for j € V1.

The interest of the multilayered perceptron stems on the fact that it can implement all
Boolean function with an arbitrary number of entries. More precisely, it shown (see [70]
for instance) the following

Theorem 2.2 Let F': {—1,1}Y —{—1,1} be a Boolean function with N entries and one
output. Then, there exists a two layered network with binary neurones, with a layer of N
sensor neurones, a hidden layer of 2V neurones, and a layer of one motor neurone that
implements the function F' without error.

Remark: What remains an open question however is whether there is an optimal size for
the intermediate layer not saturating the bound required by the previous theorem. For
specific Boolean functions the answer is affirmative; for instance, the function XOR with
two entries can be implemented on a two layered network with only two intermediate
neurones instead of the four required by the existence theorem. It is not clear whether
this bound is really non saturated for a general Boolean function with an arbitrary number
of inputs.

2.4 Fully connected committee machine

This network was introduced in [72]. It is a special case of a two-layered perceptron with
binary neurones and sharp transfer functions. The input layer has /N sensor neurones, the
intermediate layer has K hidden neurones and the output layer has one motor neurone.
There is a first class edge connecting every input neurone to every hidden neurone and a
second class edge connecting every hidden neurone to the output neurone. The first class
edges carry synaptic efficiencies J;; with ¢ =1,---, N and y =1,---, K so that

N
Zj :sgn(inJij), 1= 1,---,N j: 1,,[&7

=1



and the second class of edges carry synaptic efficiencies that are all equal to one so that

T = sgn (i sgn(Z: SEZ'JZ'J')) .

J=1

Thus, a fully connected committee machine [1, 91] is a fully connected simple perceptron
of N entries and K outputs feeding a K entries majority rule voting machine?®.

2.5 XY-networks

This is a continuous state space network with S = T' introduced in [55]. The vertex set
is V={l,---, N} x N. Thus, as it is the case for the McCulloch and Pitts network, sites
have a spatial and a temporal component, namely v = (¢,¢), with ¢ € {I,---, N} and
t € N. Edges connect sites of a given layer with all sites of the next layer. Each neurone
is attached an activation threshold w;(t) and each edge a synaptic efficiency J(tH) The
novel feature of this network is the way the updating is performed:

(t+1) Z J t+1) sin(a;(t) — z;(t)) — wl(»t—H) mod 27.

Usually, the activation threshold of this model is a Gaussian random variable independent
from site to site.

This network has also a continuous time version [89] for asynchronous udpating, lead-
ing in an underlying space-time structure of the form V = {1,---, N} x R*. In this case
the updating is through the stochastic differential equation

d da;(t)
i Z Jij(t)sin(x;(t) — (1)) — w;(t) mod 2.

Notice however that in this case the model resembles more to a field-theoretical model
and less to a statistical mechanical one. In the usual case of random activation threshold,
w;(t) is a white noise generalised random process, independent for different ¢’s.

2.6 Short range finite-dimensional network

For layered networks, it is convenient to interpret a given layer as the spatial extent of the
network and the passage from a layer to the next one as a time evolution. The common
feature of all the nets introduced so far is that all neurones of a given layer intervene to
define the state of a single neurone of the next layer; in this sense the previous models are
long-range — as a matter of fact mean-field models (see [82] for instance for definitions)
— in the statistical mechanics terminology.

3To avoid any indeterminacy, we can chose K to be odd.



Another possibility should be to define a layered network V' = @ nVi where each
layer V; is isomorphic to a finite subset of a regular D-dimensional lattice,

Vi [-N,N)"nzZ".

The novel feature is the “short range” edge structure. In this model, a pair of vertices
(v,v), where v = (i,t) and v’ = (', '), with 7,7’ € [-N, N]? N Z* and t,# € N, belongs
to the edge set F if, and only if, ¢ = t+1 and |i —¢'| = 1, where |- | denotes the Euclidean
distance in Z”. The simplest network has binary neurones but more complicated nets can
be defined. The edge set indexes a family of synaptic efficiencies and the (synchronous)
update is performed according to the usual formula. Such short range models are studied

in [73] or [19].

2.7 Randomly diluted networks

These networks can be defined as a modification of any of the previously defined nets.
Edges of the underlying graph index not only a family of synaptic efficiencies but also
a family of independent identically distributed random variables (c.)ccp, taking values
in {0,1}. The effective synaptic efficiency is J.c.. Therefore, the edge set that really
contributes to the network architecture is the set £y = {e € F : ¢. = 1} C E. Since this
procedure is equivalent in erasing some edges, the resulting network is termed randomly

diluted.

3 Learning algorithms

We have seen that a neural net on a finite simple graph is the implementation of a mapping
F: Xo — X1 depending on the particular realisation § € © of the control parameters. To
stress out this dependence, we shall use in the sequel the notation Fj for the mapping
implemented by the realisation 6.

In this section, we address the inverse problem; namely the problem of choosing the
realisation of the control parameters so that the network implements a given mapping,
provided the implementation is possible. The direct problem will be discussed in the
following sections.

3.1 Supervised learning

The most convenient description is the statistical one. The space © contains all possible
realisations of the network. In the absence of any additional information, the parameters
can have arbitrary values. In general, we can assume that in such a situation there is an

10



a priori measure g on O, that is reasonable to choose non-atomic and having support on
the whole space ©.

Supervised learning will be interpreted as a modification of this measure pgo in such
a way that it will become concentrated on smaller and smaller sets [101]. To be more
specific, we stick to the deterministic multilayered perceptron with binary neurones and
constant transfer function f = sgn. For a given realisation 6, we denote, as usual, by
Fy the mapping implemented by the network. We identify in the sequel any mapping
g : Xo — X with its graph

{E=(2,y) € Xo x X, : 2= (z,9(x))}.

9

Definition 3.1 A training set for the mapping ¢ : Xo — X, is a finite subset, L,, of the
graph of g, i.e.
Ly={="=(2",y") 1 y* = (") }a=1,..,4-

We shall say that the network has been totally trained by the training set L, if the control
parameters have been adjusted in such a manner that* Fy |1,= ¢ |1,.

Such a total training is however very demanding in terms of time; moreover, it reduces
the generalisation capabilities of the network. It is much more efficient to allow for a small
number of errors. To be more specific, denote by d a natural distance on the configuration
space stratum X7, for instance the Hamming distance, defined for every two configurations
x and y as the number of sites where they differ

& (i —y:)?
d(I, y) = Z Tv
=1
and define a map H, : © — RT by
A
Ha(B) = 3 d(y™, Fo(a?).
a=1

The function is called total learning error and attains its minimal value, 0, when the net is
totally trained on L,. Otherwise it takes a positive value that counts the number of errors
between the graphs of ¢ and of Fj for the specific realisation of the control parameters.
Any sensible learning algorithm can be viewed as an algorithm searching for the minimum

of Hy.

3.2 Deterministic learning algorithms

Deterministic algorithms are totally specified sequences of control parameters (6,),en
exploring a subset of ©. It is expected that such sequences converge towards the global

“A slightly abusive notation is used here; restriction of a function on L, actually meaning restriction
to the set of the first co-ordinates of points composing L.

11



minimum of Hy, i.e. that

n— 00

lim 6, = 0 = arg 16}%1517'(,4(9).

However, for such a convergence to hold, some additional conditions are needed. Typi-
cally, convexity and differentiability of H4 are required. Differentiability can be replaced
by continuity and subdifferentiability; on the contrary, convexity is a very important
condition.

3.2.1 Gradient and subgradient algorithms and error back-propagation

Let H : ® —R™ be a numerical function, defined on a finite-dimensional vector space
©, which we want to minimise. Suppose moreover that H is differentiable. Obviously, if

0 = arg rdpeiél Ha(0), then H'(0) = 0. The gradient algorithm reads [8]

Algorithm 3.2 (Gradient minimisation algorithm)
F1X some numerical sequence (6, ),ex of positive numbers.
INITIALISE n < 0
CHOOSE some arbitrary 6y € O.
REPEAT UNTIL H'(4,) =0
{ O = 0 — bn ey

n«—n-tl.

}

This algorithm converges in general to local minima. We have however the following

Theorem 3.3 Let the sequence (6,)nen of the previous algorithm be chosen so that

1. lim ¢, =0,
2. % 6, = +o0,
neN

and assume that H : © — R is a convez, differentiable, bounded from below function. Then
the sequence

yr = min H(6,),

n=0,....k

where (0,,) is the sequence defined in the previous algorithm, converges to the infimum of
H, namely,
lim yx = inf H(0).

k — oo €O

12



Now, the differentiability of the function’™ is a very stringent condition; very often it can
be verified for a distance used to define H and can fail for a slight modification of the
distance function. It is therefore wishable to get rid of this condition and to replace it
by less restrictive and more stable conditions of continuity and subdifferentiablity. Recall

that gradient, when it exits, is a linear form on the tangent space. According to [85],
define then

Definition 3.4 Let H : ® — R be a convex function. A vector 6 is called subgradient
of H at 6 if
HO') > H(O)+ (0,0 —0), Vo €0O.

The set of all sugradients of H at 6 is called the subdifferential at 6 and is denoted OH(0).
For continuous functions, the minimisation algorithm becomes

Algorithm 3.5 (Subgradient minimisation algorithm)
F1X some numerical sequence (6, ),ex of positive numbers.
INITIALISE n « 0
CHOOSE some arbitrary 8o € Dom(H) and some subgradient po € dH(6,).
REPEAT UNTIL p, =0
{ CHOOSE some p,, € dH(0,,)
0, — 0, — 6,

"l

n«—n-l.

}

The convergence of this algorithm is guaranteed by the following
Theorem 3.6 Let the sequence (6,)nen of the previous algorithm be chosen so that

1. lim é, =0, and

2. 3 6, = +oo.

n€eN

Assume that H : @ =R U {+o0} is a convex, bounded from below function and that the
interior of Dom(H) is non empty. Then the sequence

yr = min H(6,),

n=0,....k

where (0,,) is the sequence defined in the previous algorithm, converges to the infimum of
H, namely,

lim y, = inf H(6).

i, v = e O

13



Proof: See [8] for instance. 0

Application of these minimisation algorithms gives rise to the so called error back
propagation adaptation scheme. To illustrate the method, consider a I + 1-layered per-
ceptron with N neurones at every layer and a smooth transfer function f. Recall that we
want to minimise

Ha(0) = Z d(y", Fy(z*))

1 A N

= _ZZ yi — i)Q'

alzl

Assume to simplify notation that the activation thresholds are identically vanishing all
over the network. Starting from a given initial realisation of the control parameters,

0= (IS

)

we wish to follow the gradient algorithm, that is to modify synaptic efficiences according
to the formula

g
U] U] i
i
where O1.4(0)
o _ A
if

The practical problem to solve therefore is to compute the partial derivative in HZ»(;). To
update the control parameters, it proves convenient to start from the last layer L and
continue backwards to the 0-th layer, hence the name error back propagation, namely

OH4(0)
HZ'(J'L) = TS50
aJ)

& o0 X 2

= ZZ (Z)E(L‘/k —Fe(m )k)

a—la

JZ'J' k=1

1 & alL)s o(L—1
=y 2 (o — Ty ) F s a7,

a=1

where
N a,(L-1) (L)
=D 2y
k=1

is the post-synaptic potential due to the 0-th layer configuration . After the modification
on JZ-(]-L) is completed for the L-th layer, the procedure is restarted with the layer L — 1
and then again up to the first layer. It is thus established that gradient descent search
leads to the error back propagation learning algorithm [45, 53].

14



3.2.2 Newton algorithm and progressive learning

First recall the principle of Newton’s method for the search of the zero of a smooth
function H : ® — R, under the assumption that H'(8) is invertible. The methods reads

Algorithm 3.7 (Newton’s one-dimensional method)
INITIALISE n + 0

CHOOSE ¢ > 0 and 0, € O.

REPEAT until H(6,) =0

H(0n
{ HTL — 0n - 57_[/((9”))

n«—n-l.

}

Proof: 1t is an elementary exercise (see exercise 6, page 380 of [57] for instance) to show
that under C'? and boundedness conditions, the above sequence converges to a zero, i.e.

lim 6, =0

with
H(0) = 0.
O

The method can be easily generalised to the multi-dimensional case with only nota-
tional complications (the derivative is now a linear operator on the tangent space).

Turn now to the specific problem we have to solve, namely adjust the control param-
eters § so that the net becomes totally trained on some training set. In other words, we
have to find a realisation  such that H4(6) = 0. Now,

Ha(0) = Z d(y”, Fy(z))

1 A N

= T = B,

alzl

and since every term in the above sum is positive, it corresponds to an additional con-
straint on the control parameters. Starting from an arbitrary realisation 8y = (Jz-l]-), change
the parameters by A'J!.. where

IR

adf = [ ot )] S ot - et

for ;7 = 1,...,N and [ = 0,...,L. After this change, the parameters are “closer”
to those corresponding to a net having learnt the first example. Now, repeat the same
procedure with the other examples

adl = 5 S - A Lo - m,

iy om
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fore,y =1,...,Nand [ = 0,...,L and for « = 2,..., A. When all the examples are
scanned consider the realisation

A
b = (‘]ilj + Z Aa‘]ilj)i'j
a=1

as the new starting point and iterate. This algorithm corresponds to a progressive learning
procedure.

3.3 A digression: need for new algorithms

We have seen that the two previous deterministic algorithms converge under rather strin-
gent conditions, convexity and continuity for the subgradient algorithm, derivability and
inversibility of the derivative operator for the Newton’s algorithm. For small nets we can
hope or even explicitly check that such conditions hold. For large nets however, it is
unreasonable even to think that such conditions can be valid. Experience from the area
of spin glasses and numerical evidence show that they almost surely fail.

H(0)

Figure 2: When the function to minimise is not convex,
depending on the initial point g, the algorithm will even-
tually converge either to the local minimum 6; or the global
one 6.

To be more specific, consider the trivial counter-example, depicted in figure 2, of
a smooth function, bounded from below, but not convex. It is immediate to see that
depending on the starting point for the sequence
H'(0,)

0n 1= en - 5717
’ [H'(6:)]

the algorithm converges to a global or a local minimum. Intuitively, the sequence 8,, can
be thought as the positions of a ball without kinetic energy falling with friction into the
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potential well defined by the function H. The ball gets trapped to the first local minimum
encountered. As a matter of fact, this trapping phenomenon is a common feature of all
deterministic algorithms. For realistic functions H we need therefore some new algorithms,
improved by stochastic considerations, like stochastic gradient or simulated annealing.

3.3.1 Stochastic gradient algorithms

For simple cases as the one exemplified above, an alternative is provided by the stochastic
gradient algorithm: it is a stochastic process (X}, ),>0 with values in the space ©, defined
by the sequence

Xop1 = X — 5n+1Hl(Xn) + 6n-}-lfn-l—l

where (£,)n>1 is a sequence of independent identically distributed variables and (6,,) and
(€,) are two deterministic (or previsible with respect to the natural filtration o(&,...,&,))
sequences tending slowly to zero. When the speed of convergence to zero of these sequences
is properly chosen, the stochastic process (X, ) converges to a random variable X, dis-
tributed according to a law charging with large probability small intervals containing in
their interior the absolute minimum of H. We don’t wish to give further details on the
convergence criteria since even this algorithm has a limited field of applications in small
nets. It is only useful to remark that the white noise perturbation £, to the dynamical
system corresponds to random kicking the ball permitting thus to get out of the local min-
ima. These kicks have to eventually vanish however since otherwise they could take the
ball outside the basin of attraction of the global minimum and thus prevent the process
from converging. This precise balance between the “downwards” driving term ¢,, and the
random kicking term ¢, gives essentially the condition of convergence (see [30] for precise
statements).

3.3.2 Simulated annealing

The stochastic minimisation algorithm known as simulated annealing proceeds [7, 41] by
changing the a priori measure p in a way exponentially suppressing the sets of parameters
leading to a large learning error [81]. This is achieved by introducing a positive parameter
3, interpreted as the inverse temperature, and defining

exp(—SHa(9))

#Aﬁ(de) = ZA(B)

No(dg)v

where

Za(8) = [ exp(~BHA0) uo(d0).

Denote by 02, = {6 € © : H4(f) = 0} C O the set composed from the network
realisations minimising the total training error. When 3 — oo, it is intuitively clear that
pap charges solely Ounin. Of course, taking the limit 3 — oo at this stage removes any

computational advantage of the formalism since we recover the minimisation problem we
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had started with. Instead, it is much more efficient to use simulating annealing algorithm
for attaining the minimum.

In mathematical terms, simulating annealing is the choice of a cooling schedule —
i.e. a monotonically diverging sequence (f3,),>1 of inverse temperatures 3, T oo — and
the construction of an irreducible inhomogeneous Markov chain on © with transition
probability kernel pg, (-,-) : © x B(©) —[0, 1], indexed by the sequence (3,),>1. The first
requirement is that for fixed n, the measure p4 g, must be an invariant measure for the
Markov evolution ¢.e. it must be the left normalised eigenvector corresponding to the
eigenvalue one for the Markov operator

/eﬂA,ﬁn(d@l)Pﬁn(ela ) = 1ap.():

This can be effectively implemented by standard algorithms like Metropolis, Kawasaki,
etc. for any fixed ,. The second requirement concerns the speed of cooling; provided
that 3, diverges not very fast when n — oo, the inhomogeneous Markov chain, having
transition kernel pg, at time n, converges to a measure p14 ., charging only the network
realisations minimising the total training error, supp ., = ©4; . This result is precisely
stated in the following

Theorem 3.8 (Simulated annealing) Let (Y,),>0 be an inhomogeneous irreducible
Markov chain on © defined by the transition probability kernel pg,,

P(Y, 41 € dO'|Y, = 0) = pg, (0, d0").

Then,
lim P(Y, € ©24,) =1

n — 0o min

B.) verifies

i

if, and only if, the cooling schedule (

> exp(—.D) = ox,

where D stands for the mazimal depth of local minima of Hy.

Proof: See [9]. o

The previous theorem establishes the algorithmic implementability of such a min-
imisation scheme; moreover, it gives the optimal speed of the cooling schedules since the
condition o2, exp(—/f,D) = ¢ is satisfied provided lim loﬁ% = cwith ¢ > D. In practice
however such logarithmic cooling schedule proves very time consuming. To the extent of
author’s knowledge, all numerical results for large systems based on simulated annealing

that are published in the literature are obtained with exponentially fast cooling schedules!
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3.4 Thermodynamic formalism of learning

Beyond the practical algorithmic reasons, this (thermodynamic) formalism allows a thor-
ough understanding of the learning procedure in terms of information theory.

To be more specific and to avoid unnecessary complications, assume that all the neu-
rones are binary, all layers are finite, and, moreover, the parameter set is discrete [95, 101].
Now the finiteness of the sensor and motor layers together with the binary nature of the
neurones implies that the set of all possible mappings M = {f : Xo— X} is discrete
and finite. The a priori measure pg on © induces a measure on M, denoted by the same
symbol, by

:/ﬂo(da)u%:f}, for fe M.

Given an arbitrary measure v on O, define its entropy by

S(v) == > v(f)logu(f),

feM

with the convention 0log 0 = 0. It can be shown (exercise) that 0 < S(v) < log card M.
As usual in information theory, the entropy of the measure v can be interpreted [48] as
the richness of v or equivalently the computational diversity of the network architecture.

Similarly, given two arbitrary measures p and v with g < v define the relative entropy

N 3 (f)
_ S loe MY

Denote finally by G4(3) the Gibbs free energy, defined by

Ga(B) = —%bg Z4(8).

A straightforward computation of the mean learning error leads to the formula

6(,%?3(,3)) EHA_/HA Jaa(dh) = 3 wan(f) X dw™ f(a),

feM

identifying thus the average total training error with the internal energy of the corre-
sponding thermodynamic system. Using the trivial observation that on the set {F; = f},
the learning error reads Ha(0) = 3, d(y®, f(z)), we obtain the standard relation of

thermodynamics

Sa = S(palpo)

. , o MA(f)
= f;/‘nx(f)l g Mo(f)
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= > palf) [log/gexp(—ﬂHA(Q))M{Fezf}uo(dﬁ) —log Z4 —log,uo(f)]

fem
A
=Y alh) [—,3 S d(y®, £(%)) + log ol f) — log o f) — log z]
fEM a=1
= —PEHAs+ 5G4
IB(QA — EHA).

Thermodynamically, this formula relates the entropy with the free and internal energies.
From the information point of view, the meaning of the last relation is also clear. First ob-
serve that So = 0 and that S411 > S4. Relative entropy being interpreted as information
gain, this monotonicity implies that, starting from tabula rasa, learning new examples
from the training set increases the information. Moreover, we compute

S, f
OEH, —p

meaning that information increases through a minimisation of the learning error.

The above arguments are strictly valid for finite networks and for training sets that
remain small compared to the size of the net. It is intuitively clear that when the training
set starts increasing without bounds some saturation must occur since, otherwise, an
infinite quantity of information should be stored into a finite system! Several numerical
studies have been done on this saturation phenomenon and heuristic computations based
on replica trick or annealed approximation showed a clear transition from a memory
regime to a saturation regime [54, 96]. However a rigorous mathematical treatment of
this phenomenon is still an open problem.

4 Neural network as associative memory

To fix ideas, we consider a McCulloch-Pitts network with N neurones at every layer and m
particular fixed configurations of Xy, denoted &* = (&1, ..., &) for p=1,...,m, called
patterns. We also use the symbol &; to denote the family of variables & = (&7, ..., &k ) for
¢t =1,..., N, so that upper indices number different patterns and lower indices number
different sites.

4.1 Choice of synaptic efficiences

We wish the net to memorise the patterns and to be able to recall them when a clue is
presented to it. Now synaptic efficiencies .J;; must be local, i.e. they must depend only
on ¢ and ¢;. This is a very important general principle; it excludes the possibility that
the synapse connecting neurone ¢ with neurone j needs some global information beyond
that contained in &; and ¢;.
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A reasonable and convenient additional assumption, but no so crucial as locality, is
the exchange-symmetry, i.e. the constraint J;; = J;;. This allows actually to express the
network evolution dynamics in terms of Hamiltonian dynamics. The most general form

[43] of synaptic efficiencies satisfying locality and symmetry is in terms of a symmetric
synaptic kernel () : R™ x R™ — R by

1 .
Jij = NQ(fi;fj), for i,7=1,..., .
Several forms have been proposed for the synaptic kernel:

1. Hebb’s rule [42]: the synaptic efficiencies are given by the formula
1 & 1
Ji=—S gt = —g &
J N = 52 5] Nf f]

where - denotes the scalar product of R™.

2. Clipped synapses: we choose here

1
Ji = 9 &),
where ¢(x) = sgn(z).

3. Truncated synapses: the choice here is given by

1
Ji; = N%(fi &),

where, for some positive constant a < N the truncating function ¢, is defined by

a for z>a
o) =% a for |z|<a
—a for z < —a.

4. Inversion-symmetric synapses [43]: for binary neurones, and for a given site ¢, the
possible values of the vector ¢; are the extremal points of the hypercube [—1, 1]™ of
R™, namely the set {—1,1}". Denote by G,, the Abelian group generated by the

m 1nversions

g#fi = gﬂ(f}"‘_7£;‘_I7£f’€f+17“_7527.7"“)

= (21""75’#_1’_52%1752”-}—17"'75;”‘) for P":]‘?"'?m'

The group (,, contains 2™ elements and ¢? = ¢ for all ¢ € G,,. We say that a
synaptic kernel is totally inversion-symmetric if for every x,y € R™ and for every
g € G, 1t verifies

Qgx,9y) = Q(z,y).
This symmetry provides a nice simplification since the 2™ characters of the group
(., are then eigenvectors of the kernel () and can therefore serve as a basis for the
spectral decomposition of ) from which interesting results can be easily obtained

[43, 44, 29].
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4.2 Characterisation of patterns

We are interested in obtaining generic results holding for a vast class of memorised pat-
terns and not for some very specific ones in the limit when the network becomes very
large: we don’t expect the obtained results to hold for all patterns. We must therefore be
able to characterise simply the set of patterns for which the net functions as an associative
memory. This can be achieved by defining the patterns as random variables over some
probability space (©,F,P) and asking whether the results hold almost surely, or in the
mean, or with large probability.

Several choices have been used to characterise the possible patterns: independent,
correlated, or Gibbsian. In the sequel, we discuss briefly the various possibilities.

4.2.1 Independent patterns

The variables (ff)ifllf\? are independent, identically distributed random variables. For
binary neurones we can use random variables with values in {—1,1} but more general
value-spaces do not alter the lines of reasoning. This choice has the advantage of being
simple to realise and highly non trivial rigorous results can be obtained [13, 17, 28, 38,

19, 50, 61, 71, 83, 99, 103]. ..

Epistemologically and philosophically it is however questionable whether this choice
offers a good modelling of reality. On the other hand, several argue that if we are able
to obtain results in that case, we can expect that the net will in fact perform better.
Actually, the case of independent patterns is thought as the worst case; experience shows
that it is much easier for the human brain to recall a well structured information than a
collection of unrelated random facts. This anthropic way of thinking is however unreli-
able since in the absence of any closed theory of neural computing, it is not granted that
neural nets perform in the same way as human brain: this is the fact we wish to estab-
lish. Epistemologically and logically it is not acceptable to include such an hypothesis as
postulate.

Nevertheless, it is worth exploring the case of independent random variables because
we can hope obtaining a mathematically closed theory within a reasonably remote future
that could serve as a first approximation of a more general and realistic theory.

4.2.2 Spatially or semantically correlated patterns

At the neurophysiological level, many examples of spatial correlation are known in the
context of visual information processing [27]. Semantic correlations, on the other hand,
occur when patterns are splitted into categories and subcategories for the purpose of
classification and biological evidence of this phenomenon is given in [68]. Therefore, an
intensive effort to model such phenomena was made [40, 69, 100].
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For our purposes, instead of considering patterns that are independent and identically
distributed symmetric random variables with variance one, we consider families of random
variables (ff)f::f;\? over an underlying probability space (€2, F,P) with a more compli-
cated dependence structure. We always consider variables with E¢! = 0 and E[(£/')?] = 1.
In the case of spatially correlated patterns, we impose

E(¢7¢7) = 6" Cij,

where (C;;)i; is a N x N non-trivial matrix of spatial correlations. For semantic correla-
tions, we impose

) B N
E(&€Y) = 6,0,
=, Ml/ ﬂl/ . . . . - .
where (C*)* is a m x m non-trivial matrix of semantic correlations.

Several interesting, but not rigorous, results concerning the storage capacity of such
models are obtained in [69, 100] where, by use of replica trick, it is shown that the
critical capacity for storing correlated patterns exceeds the capacity of storing independent
ones. This is a very appealing characteristic of the replica trick calculations and tends to
moderate the somehow severe epistemological criticism made in the previous subsesction.
It should be interesting to be able to obtain rigorous results for such correlated patterns.

4.2.3 Gibbsian patterns

The next step is to introduce mixed semantic and spatial correlations. To keep the models
tractable, some particular form of correlation must be chosen. In that direction, Schliuter
and Wagner [92] introduced Gibbsian structure for the patterns. More specifically, the
vertex set indexing the configurations (hence the patterns) is now a finite subset, A,,, of the
D-dimensional lattice ZP, i.e. we have a family of random variables (ff)fezAlnm, over an
underlying probability space (Q, F,P), taking values in {—1, 1}, with A, = [-n,n]?NZ".
We denote by & the product measure

R = (5_1 + 61)ZD

on {—1, 1}ZD and impose a Gibbsian distribution to the random variables ¢ given by

exp(\/%;::l(%ﬂfflf) m

IT II «(dnf),

Zm()‘) i€A, u=1

gn,m,/\(f € dT]) =

and

1EA, p=1

_ L S BB = I3
) = [ Vi 2 2 n6) T1 T wtan),

where (7,7 ) means that the sum extends over pairs 7, of sites of A, that are nearest
neighbours.
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In a very interesting pre-print, Nishimori, Whyte, and Sherrington [73] study the phase
diagram of a short-range finite-dimensional network having the short-range ‘Hebbian’ form
synaptic efficiencies, namely

X &g it i—jl=1

otherwise,

in which the memorised patterns are distributed according to the Gibbs measure ¢, ..

4.3 Sequential Hamiltonian dynamics for the Pastur-Figotin-
Hopfield network

Among the neural networks, a special role is played by the Pastur-Figotin (improperly
called Hopfield) network [75, 76, 46]. Consider a McCulloch and Pitts network with NV
binary neurones at every layer and consider m particular fixed configurations of Xy,
denoted & = (&7, ..., &) for w =1,...,m. These configurations are called patterns. Fix
the synaptic efficiencies by the Hebb’s rule [42]

_ S
JZ]_NMZ::lfzfj

and let all the threshold w; vanish. The evolution of the network proceeds as usual,
through?®

z;(t+ 1) =sgn (% i Z ffff%(t)) .

p=11<i<j<N

For reasons that will become clear in the next section, we also introduce the so called

Hopfield Hamiltonian
2 m
p=11<i<j<N
It is immediate to verify that if m = 1, the pattern ¢ = &' = (], -, £} ) is a fixed point
of the network dynamics (check!). What is more important however is the functioning of
the network as an associative memory; consider in fact the simplest case m = 1, and an

)& for 1€ A
#i(0) _{ T6 ofor id A,

where A C {1,..., N} with card A < Z..

initial configuration

It is immediate to show that z;(1) = &;, Vi, recovering thus the memorised pattern
&, by presenting to the network a clue, even substantially differing from the memorised

>Notice that the factor % in this formula is completely irrelevant as far as evolution is concerned. It

is there merely for later thermodynamical considerations.
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pattern. The situation is of course more complicated in the case of m > 1 but proceeds
essentially in the same lines. Neural networks being usually very large, important effort
is made in the understanding the limit N — oo and m — oo simultaneously. It turns out
that when the number of patterns grows too rapidly with respect to the size of the net, a
memory saturation phenomenon appears and the network is unable to recall memorised
patterns any more.

The most important results, summarised in the sequel, are obtained for a family (¢/')
of independent Bernoulli variables.

4.3.1 Asymptotic stability and attraction

We consider a Hopfield network whose size and number of memorised patterns tend even-
tually to infinity. We have the following

Theorem 4.1 Let m = Then

N
vlog N *

1. if v > 6, then, for N — oo, the m original patterns are almost surely stable, i.e.
Pllim inf("7 (7€ = ¢°})] = 1

2. if v > 4, then
PN {T€" = €7} =1 — R,

with hHlN_H>O RN = 0.

Proof: Fix some pattern v. Updating the ¢-th component, involves the estimation of
sgh (Zf +Z§#Z§#§”) = ¢/ sgn (N—1+§§"Z§f25f§f)-
J#i uFv  g# pFEv  g#

Therefore the pattern £ is stable over the site ¢ on the event A°(N,m, ¢, v), where

AN, mi,v) = {N -1+ > > ey <0}
ptv i

Random variables £ being bounded, they posses exponential moments; hence the result
is obtained by use of Markov inequality. Notice that

PlU™, UX, A(N,m,i,v)] < fj S PA(N, m, i, v)]

v=1:=1
< szfexp N — 1)|Eexp( tfyzfﬂzy
v=1 =1 u#v FE
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Computing the expectation is performed inductively by first computing conditional ex-
pectation with respect to o-fields generated from adequate subsets of random variables €.
Introduce in fact the following o-fields:

o { (&) s ")

and
o {(EZ N T (€ k= Nk }
We get

Eexp(—t& Y &> &¢)) = E|E(J] exp(—t&el > &y If”)

uFEV JF uFv J#

= E| ]I E(exp(—t&7& >_€r¢; IP)

uFv J#

= E|[IE (E(Hexp(—t&”ﬁf fffﬁlﬁ”)lf”))

n#v J#i

n#v J#
= (cosh¢)N-D(m=1),

= E|[]E (HE(GXP(—%%?‘ éﬁéj’lﬁ”)lf”»

Now cosh ¢ < exp(t?/2); hence

PlUL, UL AN, mui, )] <030 PIA(N, m,i,v)]
v=1

=1:=1
m N t2

< 33 infexpl—H(N — D] explS(N — 1)(m — 1)
v=11:1=1

2

= mN%ggeXp[—t(N —1)+ %(N —1)(m —1)]

The first part of the proof is completed by use of Borel-Cantelli lemma since the choice

of v > 6 leads to a convergent series }-n>, m For the weak part of this theorem to

be true, it is enough that limy _ . mN exp(— %) = 0; this happens in fact for v > 4.

O

The weak part of the previous theorem was formulated in [62] and proved in [64] and
together with the almost sure version, in [103]; it guarantees that the original patterns
are stable under sequential evolution, provided that their number m grows slightly sub
linearly in N. This stability is of course a necessary condition for the network to behave
as an associative memory. However, attraction of configurations towards stable patterns
is also needed. This is provided by the following
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Theorem 4.2 Let p € [0,1/2[ and m = (1 — 2p)2ﬂ(])\;N. Forv=1,...,m, let 2*(0) be

a configuration on the Hamming sphere centred at £ and of radius pN. Then,

1. if v > 6,
Flliminf(N[z, {72*(0) = £})] = 1

2. if v >4,
PN)= {T2"(0) = £"}] = 1 — Ry,

with hHlN_H>O RN = 0.

Proof: The proof is developed along the same lines as the proof of the previous theorem
by remarking that

(N(1—2p) — 1)?
(m—1)(N—-1)

PH(T2"(0)): = =&/} < exp(— = Knm(p)

where Ky ,,(p) is an increasing function of p. Observe also that
PO {T'2"(0) = €"}] < mN Ky m(p)

and conclude by optimising on the parameters m for the Borel-Cantelli lemma to apply.
O

Remark: Results of the previous kind were first established in [52] and a complete proof
was given in [103]. The natural question one can ask is whether all the vectors of the
Hamming spheres U S(€”, pN) do converge directly to the original patterns. It is possi-
ble to choose some particular vectors, containing only O(\/N) errors that do not converge
to the original pattern, providing thus a negative answer to the previous question. Notice
however that these vectors are explicitly constructed not to converge and hence they are
not in contradiction with the almost sure result stated in the theorem.

It is quite remarkable that these results can be extended to other initial configurations,
namely random mosaics. These are configurations coinciding with a given original pattern
on some sites, with a different original pattern on some other sites and so on. It is even
allowed to have an independent random noise on some sites. A theorem of attraction
similar to the previous one can be shown for such random mosaics [104]. Namely, it is
shown the

Theorem 4.3 Let (£/"t")i=1..n be a collection of N random variables, mutually inde-
pendent and independent of the original variables (ff)f::f](,r having the same distribution
with the original variables. Let ng,nq, -+, n,4q be an increasing family of positive integers
with 0 =ng <nqy < -+ <nygpr = N and (1)) r=1,...mt+1 be a partition of the set of indices

{1,--+, N} with card(l)) = ny —ny_1. Let

fj’y for 1€ I,
'IU(O) = ’fza (&) fOT’ ie];“ :u:27"'7m
&Y for i€ 1y,
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where a” is a transposition of the index set {1,---, N} with a”(1) = v and a”(v) = 1. Let
m= %, ny =yN, and n,, =5, N, withy >0 and 0 < v; <7, <1 and let finally €
be arbitrarily small. Then

L Ify > 5(ym +€) and y > (% then

2'71_’7711_5)
P (hn}vinf[ﬁ;“:l{T.r”(O) — 5”}]) 1.

P(A7= {T2"(0) = £"}) = 1 - Ry,

with th_Hm RN = 0.

However, all these are only partial results. It should be interesting to be able to prove
attraction after a long number of time steps, or even asymptotically in time, but this
remains still a challenging open problem.

4.3.2 Fluctuations of the Hamiltonian and existence of local minima

It can easily be shown that the Hopfield Hamiltonian decreases in time under the network
evolution (exercise !). Moreover, the stable configurations are local minima of the Hamil-
tonian. It is therefore interesting to study the structure of local minima. A first result in
this direction has been proven by Newman in 1988 by use of large deviation techniques
[71]. Namely, he showed the following

Theorem 4.4 There exists a number a. > 0 such that for all « < a. and m = aN,
there exist 6 €]0,1/2[ and € > 0 such that

P[lirr]lvinf(ﬂflzl myes(guﬁ]\f) {HN,m(y) > HN7m(€M) + GN})] =1

where S(&*,6N) is the Hamming sphere centred £* at and of radius 6N .

Moreover, Newman obtained the numerical value a, > 0.056. On the other hand, Amit
and his collaborators [5, 6], based on numerical simulations and non rigorous computa-
tions, predict a. = 0.14. In a more recent work [60, 61], Loukianova obtained «. > 0.071;
she used large deviation techniques similar to that of Newman, but a finer decomposition
of the space and then of non-uniform estimates. We give here this more recent proof.

Proof: Denote by S(x,r) the sphere centred at the configuration  with (Hamming) radius
r and define Hy(z,r) = minges(z,) Hy(z').
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For 6 €]0,1/2[ and ¢ > 0, denote by A(N,m,é,€) the event that each pattern is
surrounded by an energy barrier of height ¢V on the sphere of radius [ V]:

A(N,m, 6,¢) = (7, {hn (9, [6N]) > Hy(€") + eNY.

Put M = m — 1 and define the random variables
WE = (e, 6)
VN
These random variables are independent and identically distributed; their law weakly
converges, when N — oo, towards a standard normal law. Define, for 5 > 0,

Q, = {;4 D (WR)P el —n, 1 +9[}.

u=1

Obviously,
PIA%(N,m, é,¢)] < P(Q;) + P[A°(N,m, b, ¢) N €]

For J C {l,...,N} and z € Xy, denote by z; the configuration that differs from z
exactly on the co-ordinates J. It is immediate then to see that x; € S(x,|.J|). Thus

IFD[AC(N,m,5, 6) N Qn] = P[U U:71=[sN] {H(fﬁ) - H(fﬁ) < GN} N Qn]
< X ||Z ]P[{H(fj) H(E") < eN} N Q]

< mONPIH(EL ) — H(E) < eNYN Q).

Now remark that the variables appearing in the last event can be expressed in terms

of the variables W# by

.....

H(EL . spy) — H(E) = 4[8N] (N — [8N] = 4\/[EN](N — [6N]) EW”NWJ%) :

u=1
where
. 1 [SXN:]
Wi = 3333
N] =1
and
~ 1
Wy = ——— Z 33y
N — [6N] i=14[5M]

Introduce the quantities

1 M .
av(M,1,C) = Pl{5; X Walg < €10 @)
n=1
and

pn(M;n) = P(2;)
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to obtain

c [6N] o 6(1_5) ’
IP[A (N7m7576)] SPN(MW) +CN QN(MJL# +6)

?

! € :
for all € > Py s and N sufficiently large.

Let ' u v
: ) _
At,r) = A}gnoo 7% log E exp{t ;(Wﬁ) +r ; WiNWi}
and
A*(x,y) = sup (xt + yr — A(t, 7))
i,r

its Legendre dual. We have then the standard large deviation estimate

lim sup — log gn (M5, Vo =0, V<~ inf aA*(e, — =9, 5
im sup - log g (M. 1. - ¢ L G ” ¢

and |
. (84
lim sup — log py(M,7) < ——(n —log(1 + 7)).
N N 2

Denoting Z(6) = —élog é—(1—6)log(1—6), Stirling formula guarantees that lim +- log C][\EN] =
Z(6).

Now limsupy + log P[A°(N,m, 8, €) < —K(a, 6, ¢), with K(a,é,€) > 0 provided that
we can choose o €]0,00[ and 6 €]0,1/2[ such that, for > 0 and € > 0, we have
simultaneously

. —/6(1 = ¢)
—Z(6)+ inf  aA(z,———+€)>0
1-n<z<l4n o
and
n —log(l+4n) > 0.
It is shown in [61] that this is possible; numerical estimation gives then a* ~ 0.0712 and
for the corresponding ¢ ~ 0.009. O

Remark: The estimate for o* has been further improved in [99] to the value a* ~ 0.085.
Obtaining rigorously a finite upper bound of a, still remains an open problem.

Another result along the same lines was also proved in [61]

Theorem 4.5 For given integers N and m, and 6 > 0, let
C(N,mé)={Fp e {l,---,m}: Jx € B(&",[6N]) such that = is a local minimum of H},
where B(E*,[6N]) ts the Hamming ball around the configuration &* of radius [6N], the

7

symbol [-] denoting the integer part. Suppose that limy _ o 5 = a > 0. Then there exists
a positive constant 6(«), depending on «, such that

.1 .
l}vnilglofﬁlogP[C(N,m,é)] < —K(a, ),
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with K(a,6) > 0 and liminf, -, o 6(a) > 6. ~ 0.05.

Remark: Notice that the set C(N,mé) can be rewritten as
C(N,mé) = U, Ugfivl] Uscq,nv {€5 is a local minimum of H},
|J|=k

where
{¢) is alocal minimumof H} = {Vi € J: H({) ;) > H(EHNVe & J 2 H(Ej, ) > H(E) )

Thus the previous theorem establishes that there are no local minima in small balls around
each pattern.

With a view to numerical simulations, it is very interesting to know whether near a
given configuration * € Xy there are many Hamming neighbours having lower energy
than x. This question can be formalised more precisely in terms of the notion of escape
direction. For a given configuration z and a given site 2, denote as usual by z; the
configuration that differs from z only at site 7. Thus z(;; is a nearest Hamming neighbour
of z.

Definition 4.6 A site ¢ € {1,..., N} is an escape direction for the configuration z if
HNJn(.I) > HN7m(I{2~}).
We denote by

Nn(z) = card{i € {1,...,N} : i is an escape direction of z}.
It can the be proved [61] the following

Theorem 4.7 Let lim% = a > 0. There exist two strictly positive parameters v.(a)
and v*(a) such that, for every p=1,...,m,

Nu(€)

Yela) < lirrjlvinf ———= < limsup

NN]\(S#) S 7*(0[)

¢w
N N

Numerical values for the parameters v.(«) and v*(a) can be explicitly obtained as
functions of «. It is argued that the critical storage capacity should have an interpretation
also in terms of the asymptotic number of escape directions.
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5 Thermodynamics of the restitution process

5.1 Main definitions

We again limit ourselves to the Hopfield model of binary neurones, sequentially updated.
Now however, we allow for a stochastic evolution, i.e. instead of rigidly imposing the
evolution

zi(t+1) = sgn(— Z Y. &),

p 11<e<y<N
we introduce the 2V x 2V transition matrices

exp(Bhi(z)y;) e . .
(ﬁ)( y) { eXP(ﬁhi(i))‘}‘eXP(y—ﬁhi(z‘)) if Y = 5 for 7 #L

0 otherwise,

fori=1,...,N,and z,y € {—1,1}" where
E Z el a;.
n=1 i
These transition matrices allow the definition of a Markov chain (Y},),>0 on {—1, 1}V by

P(Yog1 = y|Y, = 2) = pD(z,y),

where
S @) o (v ).
21 ey ZN
As it was the case for the stochastic learning procedure, the stochastic evolution tends to
the deterministic one if one let 3 — oo. Gibbs formalism arises now naturally. Define the
finite volume Gibbs measure as a probability on the configuration space given by

Y exp(—=BHnm(2)) Ly (2),

7mvﬁ T

YN m (-

where Zn ., g 1s the partition function.

It is then easily shown the following

Proposition 5.1 The finite volume Gibbs measure Yy, g is the unique invariant mea-
sure associated with the Markov chain of transition probability p.

Proof: Exercise! O

The specific free energy is defined, as usual, by
INmp ﬁ v 108 ZNm.
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and since the Hamiltonian depends on the patterns ¢, so does the partition function and
hence the free energy.

To obtain generic results, we can again choose the variables ¢ to be Bernoulli inde-
pendent random variables. Therefore the thermodynamic functions in finite volume are
random variables as it is the case in spin glass systems [82]. The same questions can be
asked, namely whether the thermodynamic variables tend to a non random limit when
N — oo, or whether quenched, fy ., g, and annealed,

meﬁ = ﬂN log EZ N m g,

free energies coincide in the infinite volume limit. These questions are partially answered
in the following sections.

5.2 Behaviour of the annealed free energy

The asymptotic behaviour of the annealed free energy is established in the high and low
temperature regimes [103].

Theorem 5.2 let a = lim%. Then

1. if B <1,

logZ «
a>0 !
2.4 B> 1, B
m,]l\lfriloofN’m’ﬁ -
and 1 2
ogZ m
]}1_{1%0 fNms = 3 /3 mf{— —logcosh(\/g )}
m finite

Proof: The main idea of the proof is to introduce auxiliary Gaussian variables to linearise
the quadratic form in the exponent of the partition function

Bm I¢]
INm,3 = GXP(—T ) > HGXP 2N(f” z)y)

rzeXy p=1

where (-, ) denotes the scalar product of R*. Using the identity
($2)_ a/ ( atQ—I—t )dt
P T Vg p PR T
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we write

Bm. N N & LA
INm,g = exp(—ﬁ)(—)m/2 dry---dr, Z eXp(—? Z ri + \/;32 Ty Z zEl).
u=1 u=1 ;=1

2 27 R™ ceX x

But now the integration over x is trivially performed and by Fubini’s theorem we obtain

2

N N "
EZNmps =2V exp(—ﬁ_—m) [(g)l/z/ﬂ&dr exp(— ; + Nlogcosh(\/gr))] )

2
Using standard Laplace’s method, we obtain, asymptotically in NV,

7 logIZ_I_ m m mo N m

= - - — _log — — —
N.m. 3 TN 23N 28N B2 3
with limy By = 0.

2
e T
;2}%{7 —log cosh(\/IE:ﬁ)} + Ry,

Now, for g > 1

2
glgrg&{% — log Cosh(\/g;l:)} =c3 <0
and when limy m = oo the annealed free energy diverges. On the contrary, for g < 1,

2

e T
;2}%{7 —log cosh([:r:)} = 0.

We split then the term —NT’"Z) appearing in the exponential into —NTQ(;_E) — Njﬁ, absorb

(1 — 3) in the integration variable, carry out the integration, and conclude. a

5.3 Behaviour of the quenched free energy

The next point is to establish the existence of the limit of the quenched free energy. This
can be proved only for a region of the parameters.
Theorem 5.3 Let a € [0,1] and 6 €]0, 1 such that 6 —4(\/a(l — &) > 0. Let

s :]0,00[xR — R

1 1—-46
(B,h) +— —Elogcosh(ﬂh)—l—ThQ,

and define two functions

. loe2 o «
U'(8,a,6) = min 0s(3, h) - é +5 F 5 loa(6 — /a1 - 9))
and
log 2

\112(/3’0[) = I;flelﬂg\l (I)O(ﬁv h) -

«
5 .

3

{

Then, for every 3 >0,
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1. For P-almost every w € €},

U3, a,8) <liminf fy .5 < limsup fy s < U5, a),

N —

N —
m
N %—)Q

2.
U3, a,8) <liminfEfy,.z <limsupEfy,.5 < U5, a),
%—)00 N — oo
ﬁﬁa %—)Oz

In particular, when o = 0, the free energy converges almost surely to a constant (the
Curie-Weiss free energy) as it can be seen from the previous theorem by taking oo = 0
and letting, by continuity, 6 — 0.

The weaker assertion (2) of the previous theorem — the majorisation and minoration
of Efymps — and the idea of its proof were formulated in [49]. In the present form it
was completely proved in [18, 103]. The complete proof is quite complicated and needs
several intermediate steps for which we direct the interested reader to the original papers.
Notice also that the existence of the quenched free energy, when « # 0, remains an open
problem in spite of the continuing efforts. This is a general problem not only for Hopfield
model but also for the frustrated mean-field spin-glasses (see [82] for instance).

5.4 Self-averaging

Self-averaging is a property of some macroscopic quantities of disordered systems. Here
we only stick to the self-averaging property of the quenched free energy.

It is remarkable that free energy of the Hopfield model has the weak self-averaging
property; 1t is shown that the quenched free energy is very “close” to its average. Thus
although the existence of the average it is not known, it can be proven that the free energy
satisfies a very strong concentration property.

This result has a long history. Using martingale difference methods introduced by
Girko for the study of spectral properties of random matrices in [35] (see [37] for a more
recent and more easily accessible document), Pastur and Shcherbina obtain, in [77], a
weak self-averaging property for the quenched free energy of the Sherrington-Kirkpatrick
spin glass. Then, their method has been applied to the Hopfield model by Vermet, in
[102], and then this result has been improved by Shcherbina and Tirozzi, in [93], and then
in [78]. Following the same lines of reasoning but using a much more careful estimation
of the terms appearing in the expansions, Bovier, Gayrard, and Picco [18] obtained the
strongest formulation of weak self-averaging. Their theorem essentially proves the almost
sure convergence of a rate function that is related to a constrained free energy. Stating
precisely their result at this stage should need the introduction of various notions and
notations that will be naturally introduced in the next chapter. Therefore, formulation
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of this result is postponed. Instead, it is preferred to state and prove here a weaker
[102] self-averaging result that has the advantage of illustrating the Girko’s method quite
transparently.

Theorem 5.4 Let 8> 0 and m < y(N)V'N, with limyv(N) = 0. Then,

lim  E((fams — Efwmg)?) = 0.

N — coym — oo

Proof: Introduce an auxiliary parameter ¢t € [0,1] and fix some site & with 1 < k < N.
Instead of the original Hopfield Hamiltonian

HNm = Z Z fuffl’i-fja

ulz]l SNii#j

consider the modified Hamiltonian

HNm(rkt Z > a; — — Z S .

ulz#gzy#k plzl SNi#£k
Obviously, f{N,m(x; k,1) = Hym(z).
With this modified Hamiltonian, define the modified partition function

Zng (k,t) Eexp ﬁﬁNm(x;k,t)),
the modified finite volume, quenched, specific, free energy

. 1 N
fN,mﬁ(k7t) = _ﬂ—Nlog ZN,mﬁ(k7t)a

and the modified finite volume Gibbs measure

N (5 ks t) = ZGXP ~BHN (2 k, 1)1 ().
ZNTrﬁ

Following Girko, introduce now the increasing sequence of o-algebras
Fr=0(l1,.... &), k=0,...,N,
with Fo = {0,Q}. It is immediate that
N
N —Efnmg = D E(fNmslFr) — E(fnmslFro1)]
k=
[

B fxma(k, )| Fi) = B(fam ok, 1)|Fros)]
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because fn . 1s measurable with respect to Fy. Moreover, the terms of this sum are
orthogonal for different k’s. Now, use the trivial identity, valid for any ¢ € C*([0,1]),

1 d
+/g

Applying this identity in the summands above we remark that

E(fNms(k, 0)|Fr) — B(fy,ms(k,0)|Fre1) = 0

because the part of fN7m7g(k,t) that is measurable with respect to F; without being
measurable with respect to Fj_1, is precisely the term

Y Z Z f#fzgﬂfﬂk

,u 1:=1,..,Nyi#k

which vanishes when ¢ = 0. It only remains the derivative part yielding

N s=EfNmp = / Z > B AN m s (wins k1) Froa)—ELB(EF AN m.p(in; b, 1) Fr)]dt

u=1 £k

Bounding trivially
|’N}/N7mvﬁ(:ﬁixk; kat)| <1,

we get from the orthogonality of the martingale differences that

Am?

E ((fyms = Efnmp)?) < "

hence the theorem. O

Remark: It is worth noticing that to improve the above result, the martingale difference
part of the proof remains unchanged. Only some technical additional work is needed to
improve the trivial bound |y g(xxk; k,t)] < 1 used to estimate the summands. This
can be achieved by using combinatorial and spectral estimates [93, 103].

At this place, a special mention is needed for the profound results of Talagrand [99],
interested in precise estimates valid not only asymptotically but at every N. Based on
techniques of concentration of measures [58, 97, 98], he establishes, among other things,
a series of results on concentration properties of the free energy.

Finally in [90], using previously developed methods [2], it is shown that Zn .3/ EZN m s
converges, in the high temperature regime, to a log-normal random variable when m =
alN, with a > 0. Although I believe this result is undoubtedly correct, the proof given in
[90], especially the proof of the technical result 2.17" given in their appendix — on which
the estimates of the whole paper rely —, is in my opinion incomplete. More recently,
Talagrand [99] proves a stronger result, namely
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Theorem 5.5 Let « = m/N and S(1 + \/a) < 1. Then there is a positive constant K
depending on o and B such that, for every u > 0,
u2

(log(l — B) — u)) <K eXp(—?).

m

28N

P (fN,m,ﬁ Z +

This theorem is valid at every N and not only asymptotically.

6 Gibbs states of neural networks

6.1 Extension of measures

Extension of a measure defined on a finite-dimensional space to a measure on an infinite
dimensional one is a basic problem in probability theory since the mere existence of
stochastic processes lies on such a construction. The first result towards this direction
was the celebrated Kolmogorov’s extension theorem [51]. It is instructive to recall the
precise statement of Kolmogorov’s theorem and to introduce some notation that will be
useful in the sequel.

6.1.1 Fixing marginals: Kolmogorov’s extension and unicity

As usual, the one site state space is a probability space (5,8, ) that will be assumed
compact and metrisable. For a vertex set V (that is a denumerable discrete set and
assumed embedable in a Lipschitz way into R? for some d), the configuration space is given
by X = {z:V — S} = SY. For afinite subset A C V, we denote X; = {z : A — S} = S4;
this space will be identified with the set of restrictions x5 of configurations on A. The
natural o-algebra on X, will be F) = S* and product measure will be denoted x*. We use
the symbol F for FV. The problem of extension of measure is the possibility of equipping
the measurable space (X, F) with a probability PP whose finite-dimensional marginals are

fixed.

Theorem 6.1 (Kolmogorov) Let (A,),>1 be an increasing sequence of finite subsets
of V and (Xa,,Fa,) be the corresponding sequence of measurable configuration spaces.
Suppose that on each Fy, is defined a probability Py, such that the family (Py,,), verifies
the following compatibility condition:

If Ay C Ay then Po (F) =Py (F x SY\M) VF e Fy,

(the measure Py, is the marginal of Py , on Xy, ). Then there exists a unique probability
measure P on (X, F) such that

P(F x S%) =P, (F), VF € Fy,

(the finite-dimensional marginals of P coincide with Py, ).
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This theorem, a corner-stone in the theory of stochastic processes, is of restricted
use in the context of statistical mechanics because it excludes the possibility of phase
transitions.

6.1.2 Fixing conditional expectations: the DLR construction and phase tran-
sition

The DLR construction, after the names of Dobrushin [26] and Lanford and Ruelle [56],
is reminiscent of the Kolmogorov’s construction. Instead of fixing finite-dimensional
marginals however, we fix conditional probabilities with respect to fixed boundary con-
ditions. The DLR construction can be seen as a generalisation of the existence of an
invariant probability for a Markov chain. Here however, the ordering of the indexing set,
played by “time” for Markov chains, is played by an ordering by inclusions of subsets of
finite subsets of V. The Markovian character of the process is guaranteed by the existence
of a genuine Hamiltonian as it is explained below.

Notations 6.2 We use the symbol A CC V to denote that A is a finite subset of V.

Definition 6.3 Let (®4)accv be a family of mappings ®4 : X — R, indexed by the
finite subsets of V' such that ®4 is F4-measurable for every A CC V (the mapping ®4
depends only on the configurations restricted over A). Then the family (®4)accv is called
a family of interaction potential.

Interaction potentials introduce a coupling between configurations over different sites
that allow to construct measures that are not plainly product measures. However, to keep
an overall spatial Markovian structure, this interaction must be moderate.

Definition 6.4 If, for every A CC V and every x € X, the sum

Yo D)

ACCV;ANA#D

exists, then it is called (genuine) interaction Hamiltonian and is denoted by Hy(z). If this
sum does not exist but there is an increasing and diverging to +0c sequence of positive

numbers (ax)accv such that
1

— > ®u(z)

is extensive, then the latter sum is called mean-field interaction Hamiltonian and is de-
noted by the same symbol Hy(x).

Remark: In the above definition, extensive means that, asymptotically and in some sense
not to be farther precised here, the mean-field Hamiltonian H,(x) behaves like |A].
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Example 6.5 Let S ={—1,1}. For a positive parameter J and a real parameter h, we
define the interaction potentials

—Jax; if A={i,j} and [t —j| =1

(I)A(T}) = —h:L‘Z' if A= {L}
0 otherwise
and
\I/A(t) = —hxi if A= {L}
0 otherwise.

The potential ® gives rise to a genuine Hamiltonian and defines the ferromagnetic Ising
model with external field; the potential ¥ gives rise to mean-field Hamiltonian with a, =
|A| and defines the Curie-Weiss model with external field.

We assume henceforth in this subsection that the model is defined by a genuine interaction
Hamiltonian and that for every 8 > 0 and every yuc, the integral

Zne g(yac) =/X exp (—BHa(xzayac)) KJA(dI)

A

exists. Here zpyac denotes the concatenation of two restricted configurations, that is a
configuration z € X such that

 fa ifieA
Ty it igA

The configuration yae is a boundary condition and the quantity Zxe g(yac) is called the
finite-volume partition function with boundary condition yje.

Definition 6.6 A probability defined on (X, F) for every measurable set F' € F and
any boundary condition yxc € Xj,c by

1

Ya5(Flyac) = e ()

/XA exp (—BHA(zayac)) Lp(zayac)s’ (dz)

is called a finite-dimensional Gibbs’ specification for the boundary condition yje € Xje.

Remark: The Gibbs’ specification is a Markovian kernel of conditional probabilities with
respect to the ordering defined by the inclusions.

We are seeking for measures v on (X, F) having as finite-dimensional conditional laws
the Gibbs’ specifications.

Definition 6.7 (DLR equation) Let
g = {’)/ S ./Ml(X, F) VF € .;E, vy-a.e. y € X,\V/A CcC V,"}/(F|yAc) = ’}/A,ﬁ(F|yAC)}-

The set G is called set of Gibbs measures specified by the family of kernels (ya g(+|yac))accy -
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Remark: Contrary to the Kolmogorov’s theorem, the DLR equation is less restrictive:
the set G can be empty, can be a singleton, or it can have several elements (in fact infinitely
many). For models encountered in statistical mechanics for which the DLR construction
is possible, the set G is not empty. The passage from the regime of unique Gibbs measure
to the regime where many solutions exist is called a phase transition.

The general structure of the set G is a difficult problem and is the object of study
of a whole discipline, the equilibrium statistical mechanics, lying beyond the scope of
the present review. The interested reader can profitably consult complete treaties on the
topic, [34, 87, 94]. The only thing that will be mentioned here is that the set G has
a simplicial structure. The extremal points of this set, called pure states, are attained
through special choices of the boundary conditions; in general, the limiting Gibbs measure
is a convex combination of pure states.

We end however this subsection by recalling once more that the DLR construction
is possible only for models defined by a genuine interaction Hamiltonian excluding all
mean-field neural network models. For instance, the only neural network model from the
ones presented in this report for which DLR construction is possible is the one called
“short-range finite-dimensional network”, introduced in section 2.6.

6.1.3 Weak limiting procedure

For models defined by genuine Hamiltonians, still another construction is possible that
is shown to be equivalent to the DLR construction. This is the weak-limiting procedure,

defined briefly below.

Consider a system with genuine finite-volume Hamiltonian H,. Fix some arbitrary
configuration y € X and define the relative Hamiltonian Ha(-|y) : X — R by

Hy(z|y) = Ha(zayac).

Denote by o5 : X — X, the canonical projection such that @ — op(z) = 24 € X,.
Every one site space S (viewed as a fibre for the construction of the configuration space as
a fibre bundle over the base V'), can be equipped with the discrete topology 7. Thus, X
can be equipped with the product topology 7 = [];cy 7i; with this topology, the canonical
projections are continuous functions.

Now the Borel o-algebra B(X), rendering measurable the open sets for the topology 7
of X, coincide with the o-algebra F generated by the collection C of cylinder sets Cy, (F},),
where for a given n € N and a given increasing sequence of volumes A,, we define the
cylinder sets by

Car,(Fo)={z € X :0on,(x) € F, for F, € Fa,}.
Define also, for a fixed configuration y € X, the space
Xaly) ={z e X :z;=y; for 1€ A}
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With the definitions introduced so far, it is possible to introduce a sequence of prob-

ability measures on (X, B(X)) by
pingu(A) = Mn pane (08, (AN Xa, (), VA€ B(X),

where ya, 3, is a finite-volume Gibbs measure defined by

exp(—BHx(xalyac)
2a€Xs exp(—BHa(zalyae)

YA Byne (Ta) = =

Notice that va,,,. is very reminiscent of the Gibbs specification introduced in the
previous section but it does not exactly coincides with it since it is not defined on the
whole configuration space X but only the subspace Xj.

The space S being compact for the discrete topology, the same holds true, by virtue
of the Tychonov’s theorem, for the space X for the product topology 7. Moreover, the
topology 7 can be easily metrised so that X is a compact metrisable space, hence complete
and separable, what technically is called a Polish space. By Riesz-Markov theorem, there
exists a bijection between probability measures p on (X, B(X)) and positive normalisable
linear functionals on the Banach space C'(X) of continuous bounded real functions on X.
Thus the set M (X) of probability measures on X is identified with a subset of the dual
C*(X) of C(X). Now the topology 7 defines continuity on C'(X); it induces therefore a
weak-* on C*(X), called the vague topology on M;(X). (Recall [12] that a sequence of
probability measures () of M;(X) converges weakly to p, denoted p,, = p if, and only
if, im,, — o [ fdp, — [ fdp, for all f € C(X).) We have the following

Theorem 6.8 The space M1(X) is compact for the topology of weak convergence. More-
over, i, = p if, and only if, p,(C) — u(C) for every cylinder set C of X.

The previous theorem guarantees that all sequences of finite volume measures have at
least one accumulation point. We thus define

Definition 6.9 A probability p on (X,B(X)) is a Gibbs measure if g belongs to the
closed convex envelope of the set of accumulation points (for the weak topology) of the
sequence of measures (fi,,6,4(+)), defined above.

This construction gives rise to Gibbs measures that are convex combinations of ex-
tremal (pure) DLR Gibbs states [67], defined through fixed boundary conditions. The
natural question is how to choose extremal states through this weak limiting procedure.
This can be achieved by perturbing the original Hamiltonian by additional terms that van-
ish eventually, after the infinite-volume limit is taken. To fix ideas, consider the standard
Ising model Hamiltonian

HA(t) = —JZ Z Tilj.

€A jezdi)i-j|=1
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This Hamiltonian has two minima®, denoted respectively + and —, defined so that

r=+4+ & x;,=+1,VieA
r=— & z;=-1,YieA

The well known Peierls argument establishes the existence of a phase transition (ex-
istence of at least two different infinite volume Gibbs measures) provided that d > 2.
Consider now a Hamiltonian perturbed by an additional term

Hk(x)z —JZ Z xixj—hz.m.

€A jezdi|i—j|=1 €A

It is clear that if A # 0, one of the two ground energy configurations is favoured and thus
the external field lifts the degeneracy. As a result, H, with h # 0 gives rise to a unique
Gibbs measure. Taking now the limit A | 0 after the infinite volume limit is performed,
the extremal Gibbs measure corresponding to the + boundary condition DLR Gibbs state
is obtained. Similarly by taking & T 0, the DLR Gibbs state with — boundary condition
is chosen.

This observation is quite general and allows to choose extremal Gibbs measures. When
there are ¢ minimising configurations, g—1 external fields are needed to lift the degeneracy.

6.2 Induced measures

Even the weak limiting procedure introduced in the last subsection needs the description
of the model by a genuine Hamiltonian and thus fails for mean-field models. One method
to circumvent this difficulty is to use null boundary conditions for mean-field models
as it was done in [4] for the Curie-Weiss random field model. Another possibility is to
reduce the problem to the equivalent problem over magnetisation and follow a precise
weak limiting procedure introduced in [18] we describe briefly below.

We have already seen that yn,, s, the finite volume Gibbs measure, is the unique
invariant probability of stochastic evolution. However, the model is a long range sys-
tem and this destroys its spatial Markovian properties and makes impossible the DLR
construction.

Starting from the (slightly modified) Hopfield Hamiltonian

1 m
HN,m(fﬂ) = TON Z Z ffff;czx],

1,j p=1

6This is true stricto sensu only in the infinite-volume limit. Now, in the infinite-volume limit the
Hamiltonian diverges. The precise statement is that both Hx(+) and Hx(—) are of the order —J|A|(1+

o(leah)
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we introduce, for every n € N, the finite volume Gibbs measure in an external field & by

1
Wano(#) = i exp(=BHym(x) + Bh 1 € w1),
N,m,B3 3

nh . ..
where Z7 5 is the new normalising factor.

The Hamiltonian can also be expressed in terms of overlap parameters
p 1 p
vy(z) = NZ& x;, for p=1,...,m,

by writing
e N
> (ox(@)* = = llow(@)ll3:

Therefore, the Hamiltonian depends on the configurations = only through the overlap
parameters v. It is convenient to introduce induced measures on R™, instead of ordinary
Gibbs measures, by

h h
IN 5 (V) = T m s({v(2) = v})
for v = (v',...,v™). For § > 0, write a(é, 3) for the largest solution of the equation

éa = tanh(Ba) and denote by || - || the £2 norm on RY. Let lim % = a. For fixed 3, for
v € N, and S € {—1,1}, we define the ball

v,s) __ N |, P , v
B = {2 € RV : [lo — sa(1 - 2/, B)e’|| < o),

where ¢” denotes the v-th unit vector in RY. With this notation, it is proven in [18] the
following

Theorem 6.10 There exists ag > 0 such that, for every a < ag and every 8 > 1434/«
if p* > Cla(l —2y/a, B)]*%a'/®|log o|'/*, almost surely,

lim li n,h B(777+1) =1.
im lim gny . 5(B,"")

So, this theorem guarantees that by using a small external field, eventually vanishing to
zero, we can force the induced measure to be concentrated on a ball of overlap parameters
slightly differing from a selected direction 1. This result is the first rigorous indication
that stochastic dynamics can be used to recover associatively the stored patterns in a large
network. However, important problems remain open concerning the dynamical evolution
of the net. For instance, it is not yet rigorously established whether a simulated annealing
algorithm can be used to explore the stored patterns. Although such a possibility is
expected, it remains to know how the various parameters have to be adjusted for such an
algorithm to converge.
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6.3 Self-averaging revisited

We are now able to state the result of [18] concerning the weak self-averaging property of
the rate function. Denote

ON,5,0(0) = log gvg.n=0([lva — 013 < p).

~5N
The function ¢y g, is the large deviation rate function governing the exponential conver-
gence to zero of the corresponding probability. It is closely related to the free-energy since
the latter can be expressed in a similar way where the restricting event ||[vy — || < p) is
replace by the whole space.

It is proven in [18] the following

Theorem 6.11 Assume that limy _ o 5 = a > 0. Let p < 1 and ||0||z be bounded.
Then, for every n € N, there exists t, < oo such that Vt > t,,, and for N large enough,

3/2
t(log N) < 1

P(16w,5,(5) — B ()] 2~ =) < 3

The proof of this theorem consists in writing ¢n 5,(0) — Eéng,(0) as a martingale
difference, following the ideas of Girko explained in the previous chapter, and then use
precise estimates for these martingales differences. The proof, although quite straightfor-
ward, is somewhat technical to be reproduced in extenso here and the interested reader
is directed to the original publication.

7 Conclusion

In this review, the profound relation existing between neural networks and statistical
mechanics is shown. Due to the limited space and time available, only a selection of
mathematical results is presented here.

Neural nets have found an extended field of applications in constructing engineering
devices where they are used as an alternative to universal computers to perform tasks of
categorisation, pattern recognition, forecasting, and so on. All these fascinating applica-
tions are missing from the present report. One may consult the books [53, 70, 45] to get
a flavour of possible applications and the specialised journals like Network, IEEE Neural
Networks, IEEE Patterns Analysis and Machine Intelligence, ... for some more finalised
applications.

Biologists and neurophysiologists also use neural nets modelling to explain the func-
tioning of the brain. Experiments in neurophysiology identify new characteristics of neural
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behaviour and these are incorporated into more and more sophisticated neural models.
All these results are missing from this review.

From the moment that the connection of neural networks with statistical mechanics
was established, the subject became a branch of theoretical physics. Many interesting
and intuitively appealing results were obtained by the physical community. Based on
heuristic approaches like the replica trick, many qualitatively convincing results have
been obtained. All these results are also missing from this survey. The interested reader
is directed to [66, 25, 32, 31, 69, 54| for the most important of them.

The reader could expect therefore that all the mathematical aspects would be pre-
sented here. She will be disappointed: only results establishing that learning process is
equivalent to an information increasing (entropy decreasing) process and that the resti-
tution process is a Markov process converging to an invariant measure interpreted as the
Gibbs measure of statistical mechanics is presented. Interesting issues as those describing
dynamical evolution of neural nets with stochastic differential equations [10, 47] or with
discrete time evolutions [11, 21] are omitted. But also mathematical results connected
to more specific issues of neural networks such as biomathematical modelling of neural
functions [24] or connections with graph theory are absent from this report.

The main reason for these omissions is that the subject is so vast that without limiting
oneself in some clearly circumscribed region their is a risk of endless ramification. The
second reason is that even in the restricted domain of thermodynamic formalism examined
here, there are still numerous open problems. The known mathematical results only
partially explain the numerically observed phenomena. Many questions pointed out in
the main text — like the storage capacity, the stability and convergence under several
steps of the dynamics, the study of systems with dependent patterns, etc. — remain
unanswered for the moment. The mathematical methods presented here offer may be
a good starting point to tackle these questions but new bright ideas are also certainly
needed.
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