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Projections |

V' vector space (not necessarily Hilbert).
o Let M, N subspaces of V. If

YveV,dme M,Ine N:v=m-+n,

V = M @ N. Uniqueness of decomposition if M N N = {0, }.
o If V=Ma N, define P: V — V(M) by

Vov=m+n—Pv=Pm+n)=me M.

Obviously P?v = Pv = m.

Definition

Linear operator P : V — V s.t. P> = P is a projection (on M).
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Projections |l

If PV — V projection, then V = im P & ker P.

@ If M, N subspaces s.t. V. = M & N, then exists P: V — V
with im P = M, ker P = N.

o If V =H (orthogonality) and M closed subspace,
H=Mao M=

o If P projection on M, writing unique decompositions
h=m+n K =m+n,

(PhIH)=(m[m' +n")=(m|[m')=(m+nlm)=(h|PH),

i.e. P* = P. Self-adjoint projection called orthoprojection.
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Projections Il

e If P orthoprojection on H, then H = im P & ker P.

@ If M closed subspace of H, then exists P orthoprojection with
im P = M, ker P = M+,

Hence bijection between closed subspaces and orthoprojections.

If Ml not closed subspace, there is still orthoprojection associated
with H = M @ M.

Definition

P, P, orthogonal othoprojections on H if im Py L im P5.

A
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Duality |

Definition

e Algebraic dual H* = {F : H — C, F linear.}
e Topological dual H' = {F € H* : F continuous.}

Continuous < bounded < [|F|| := supp. =1 |F(h)| < .
g € H fixed: Fg defined by Fg(h) = (g|h) isin H'

Theorem (Fréchet-Riesz)

VFeH,AgeH: F(:)=(g]|-).
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Duality I

e Map g — J(g) = (g|-), identifies H and H' isometrically
because [ J(g)|| = [&]|-

e J(\g) = M\J(g) anti-linear.

e H,H' are self-dual, isomorphic as Banach, anti-isomorphic as
Hilbert. /
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Orthonormal systems |

@ System of vectors (e;);es € H is
e orthogonal if i,j € /,i# j= (ei|e) =0,
o orthonormal if (ei|ej) = J;;.
If | =N, system = sequence.
@ If (e,)nen orhonormal sequence,

o H > hw (cn)nem with ¢, := cp(h) = (e, | h), the sequence of
Fourier coefficients.
® Y .chen = (en|h)ey, the formal Fourier sequence.
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Orthonormal systems |l

Exercise

(e1, ..., en) orthonormal family in H (dimH > n), (A1,...,A,) € C",
heH, ci(h)= (e |h)fori=1,...,n.

lh = Nieill = 1412 + > 1A = ci(h)? =D lei(h).
i=1 i=1 i=1

@ Among all (\;), choice \; = ¢;(h) minimises dist(h, K), where
K = vect(ey, ..., en).

@ Vector k =>""_, ci(h)e; € K lies closer to h than any other vector
of K.

@ In particular:

0 < [lh— k|2 = [IAlI* = =1L lci(h)I? = 321, [ci(h)? < 1A% aS
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Orthonormal systems |lI

Let (€p)n orthonormal sequence and (\,) complex sequence. Then

[ lim Zken_heH]@[Zp\ ? < o).

neN

s it true g = h?
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Orthonormal systems [V

Let (en)n orthonormal sequence in H. The following are equivalent:

o (en)n is complete (basis),

e vect(e,,n € N) =H,

o Yhe H, |2 =3 cn|(en|h)
0 Vhe H,h= Y en (en| h)en,

® > cnPn = g, where P, is the orthogonal orthoprojection on

2

5]
Ce,, and = denotes strong convergence.
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Dirac’'s notation |

(-|-) denoted by angular bra(c)ket. Split into bra (-| (to represent
vectors) and |-) (to represent linear forms).

H Usual notation \ Dirac’s notation H
Orhonormal basis
(e1,...,€n) (ler),---len))
v=2 i€ ) =il er)
(1) =2 giti

Duality J : H — H'
Jip—=J(@)()=(o|-)eH | J:[¢)— (9]
(o) = J()(¥) (olv)=(o]l¥)
Self-adjoint operators X = X*

(| Xy) = (X*¢|y) = (Xo[¥)
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Dirac’'s notation Il

H Usual notation \ Dirac’s notation H
Orhonormal basis
P, rank 1 orthoprojection to Ce, Pn=en){en|
Y = pen + Zi;én 7/}iei
Pnyp = Ynen Pn’w>:‘en><en‘w>:’en>¢n
Spectral decomposition: X =3 . x xMx
M, = orhtoprojection to Cuy My = | uy ) (uy|
X =3 (ux | ¥)ux Xy) =2 (ux|¥)|ux)
Tensor product
PR Y \ [¢)®|¥) =)
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Dirac's notation Il

o If ]l =1, then (¢ | Xv) =37, s bji{ei | Xey).
o Let p=|v)(4¢]. Then

tr(pX) = Z(ej\pxej>
= > (el)(y] Xej)

J

= > (elv)(w]e)er| Xe)

i

= > dupilei| Xe).

i
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Density operators |

e Operator p = |9 ) {1 | — with ¢ = H ~ C? — very special.

@ In canonical basis, has matrix representation

|1 |2 1/}1¢2> - — | |2 2 _
p= (I %) it (o) = onP + ol = 1.

Diagonal elements of p = classical probability on {1,2}.

o If X =xile1)(e1]| +x|e)(el= <Xl x2> is classical

observable,
tr(pX) = x1p11 + X2p22,

i.e. non diagonal elements of p do not intervene.
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Density operators |l

@ For p=[v)(1]
EyX = (0| X)) = xa|1]* + xe|th2|* = tr(pX)

i.e. p conveys same information as pure state ¢».  While (¢ | X))
not linear in %, tr(pX) linear in p.

@ For 1,12 € Sp, let pr = 91 )( 1], p2 = [¥2) (2], A €0,1],
and p = Ap1 + (1 — A)pa.

@ For M(B), B € B(R) sharp elementary observable:
T(B) = Atr(pM(B)) + (1 - N tr(paM(B))
= MM (B)+ (1= N (B),
but M;(B(RR)) convex. Hence mh, € M1(B(R)).
@ p=Mp1 + (1 — X)p2 cannot be written p = |4 )(¢| any longer. aS
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Density operators |l

Definition (States)

S=DH):={peByH):p>0,trp=1}.

p>0sVheH,(h|ph)>0<specp CRy < Jac B(H):
p=a*a.

D(H) is convex.

trp=1= specp C [0, 1].

p? < p. p?> = p < specp = {0,1} (projectors).

Projections are in extrS = S,,.

UN ERSITE
Santiago, November 2013 QCCC



Tensor products (for finite dimensional spaces) |

H is self-dual. Hence
o Vh e H,3!L(h) € H' such that L(h)(g) =
o VF € I, 3v(F) € H such that F(g) = (
o v(L(h))=h;L(v(F))=F.

e H is also a Hilbert space, hence vector h € H can be seen

o either as equivalent to the linear form L(h),
o or as a linear form acting on H', i.e. H ~ (LF(H))'.

BF(H;, Hy) := {f : Hy x Hy — C, § bilinear} = vector space.
(BF(Hl,Hz))/ = {7' : BF(Hl,Hg) — (C,T Iinear}.
H; ® H»> will be identified with (BF(Hl,HQ))/

(hlg).
v(F)lg).
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Tensor products (for finite dimensional spaces) Il

@ Define simple tensor h; ® hy:

VB € BF(Hi, Ha), h1 @ ho(8) = B(h1, ha),

H; ® Hy = vect{r = Z Aih1i @ ho i} C (BF(H; @ Hp))'.
i=1

@ Exercise: show that 7(3) is independent of representation of
7, where

BF(Hl,Hz) > 6 — T(,B) = Z)\i’@(hl’i’ h27,').

i=1

Santiago, November 2013 QCCC



Tensor products (for finite dimensional spaces) Il

Theorem

If E C Hy and F C H, linearly independent sets of vectors then
{e®@f,e€ E,f € F} C Hy ® Hy is also linearly independent.

Proof.
o LetT:Z)\,-e,-®f,-, e €E, feF.

@ For arbitrary linear forms L € H} and M € HJ, consider bilinear
form B(e, f) = L(e)M(f).

o 7=0=7(8) =2 \ie;®@fi(B) =X Aif(er, fi) =
M- AiL(e)f) = 0.

@ True for every M € H), = > A\;L(e;)f; = 0. But F independent set.
Hence \;L(e;) =0,Vi,VL € Hj.

@ E indepepent set = Vi, e; # 0= Vi, \; = 0.

6.\
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Tensor products of operators
Corollary

If (€i), (¢;) orthonormal bases of Hj,H,

i=dy,j=d>

H; ®@Hz > g = Z cijle) ®1¢) Z|gJ ® 1),
fifi=il

where |gJ> = Z::I;l C,"j|€;>. le. HioH, ~H; ®H; -- - ®H;y (dz copies).

If X; € B(H;), for i = 1,2, then

(Xl ® Xg)(hl (39 h2) = (thl) ® (thg)

(extended by linearity on H; ® H).
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Quantum marginals |

@ Let T trace class operator on Hj ® Hy. The partial trace (w.r.t.
Hy) is the trace class operator try, T on Hy, defined by

(h|tre, TH) =) (m®e;| TH @ eaj),
J
where (ezj) o.n.b. of Hp.

@ Let p be a density operator on H; ® Hp. Its partial trace tryg, p on
Hj is called the (quantum) marginal of p.

The density matrix p € D(H; ® Hjy) corresponds to joint probability; the

quantum marginal corresponds to the marginal on H; when the second

part is integrated out. Ay
S
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Quantum marginals I

o F=G®H.

o (|gi))ier (| hj))jcs onb on G and H. Family
|gihi) =g )®|hj),iel,jecJonbofF.

o |¢) € Fray hence ¢ =) Wi|gihj) = p:=[¢)(¢|=
i WiiWal gihy ) {gihi |

@ Define p1 := try p.

(glpg’) = > (8hm|pg'hm)

meJ

= > DD WiWu(ghm|gkhi)(gihj| & hm)

meJikel jled

= > (WW*)i(g|G¥g'), where G = | g ) (&l
i kel
Ay
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Quantum marginals |l

° p1=WW*= (g|WW*g) = |[W*g|?>0.

o trpr =3 i) (WW*)ii =3 ic) ey WyWi5 =
Yiperxs | Wil> = (o] ¢) =1.

e Hence p; € D(G).

e G=H-=C? ¢:\%(’61€1>+|6262>).

1
o W= (\@ ) > = W*.
V2
1
° p1 = (2 1 |. Hence p? < p1. As a matter of fact, p; —
2
marginal of a pure state — maximally disordered state!
@ Another manifestation of the irreducibility of quantum
randomness.
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