Fourth order linear differential equations with
Imprimitive group

Delphine Boucher, Philippe Gaillard and Felix Ulmer
IRMAR
Université de Rennes 1
F-35042 Rennes Cedex
delphine.boucher,pgaillar,felix.ulmer@univ-rennes1.fr

Abstract

In this paper we study fourth order linear differential equations
whose differential Galois groups are imprimitive. We derive optimal
bounds for the degree of the minimal polynomial of the logarithmic
derivative of a Liouvillian solution. This is the lowest possible order
where imprimitive non monomial groups occur.

1 Introduction

Let k be a field and § a derivation on k£ whose field of constants C is algebraically
closed of characteristic 0 (e.g. Q(«) with the usual derivation d/dz). For the

derivation § of k and a € k we write 6™(a) = a™ and also a(V) = o/, a? =

a”,.... Any n-th order linear differential equation can be transformed to

L(y) = y(n) + an—2 y(n_z) +...4ay = 0,a;, €k (1)
The differential Galois group G of L(y) is a subgroup of SL(n,C).

Definition 1.1 Let V' be a C-vector space, let Yy,...,Y, be a basis for V
and let G C GL(V) be a linear group. Define a group action of o € G on
IeCly,....Yolbyo-(I(Yr,...,Yy)) =1 (0(Y1),...,0(Yn)). If a homogeneous
I € C[Yy,...,Y,] of degree m has the property that

Vo e G, o-I(Vi,...,Ys) = di(o) - (I(Va,..., Vo)),
with 1/)](0’) eC

then ¥;r: G — C is a one dimensional character of G and I is a semi-invariant
of degree m of G with character ;. If 11 is the trivial character 1 of G, then
I is an invariant of degree m of G. If j € N is minimal such as (¢7)! = 1,
then j is the order of the character 1;r and of the semi-invariant I.
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From [12] Theorem 3 we get that the existence of a Liouvillian solution of the

form z = e/ ™ where u is algebraic over k is equivalent to the existence of a
semi-invariant that factors into linear forms. If m = [k(u) : k| is minimal,
then m is the minimal degree of a form that factors into linear forms. For
each order n it is possible to derive a finite list of possible m that have to be
considered in order to compute Liouvillian solutions of L(y) = 0. For second
order equations the smallest possible list is given in [7] and for third order
equations in [10].

Definition 1.2 Let G C GL(V) be a linear group acting irreducibly on the
vector space V' of dimension n over C. Then G is said to be imprimitive if there
exist subspaces Vi, ---, Vi with £ > 1 such that V =V, ®---®V}, and, for each
g € G, the mapping V; — ¢(V;) is a permutation of the set S = {Vi,..., Vi }.
The set S is called a system of imprimitivity of G. If all the subspaces V; are
one dimensional, then G is called monomial. An irreducible group G C GL(V)
which is not imprimitive is called primitive.

For primitive groups of degree 4, the list of smallest possible m,
{4,5,8,10,12, 16, 20, 24, 40, 48, 60, 72, 120} is derived in [3].

A representation of a group G is imprimitive if the character of the repre-
sentation is irreducible and induced by the character of a subgroup. If a given
system of imprimitivity cannot be further decomposed, then the restriction of
the stabilizer G; of V; in G to V;, which we denote H; = p;(G;), is a primitive
group of degree d = dim(V;). If n =4 and d = 2 then H;/Z(H;) is conjugated
to either Ay, Sy, A5 or PSL(2,C) ([1, 7, 10]). In this case we say that the
imprimitive representation is of type Ay, Sy, A5 or PSL(2,C).

From [10] Theorem 3.2 and [9] Proposition 2.1 we get the following upper
bounds for m where z = e/ * is a Liouvillian solution with [k(u) : k)] =m

. 4if G C SL(4,C) monomial.

2. 8=2-4if G C SL(4,C) is of type Ay.
3.12=2-6if G C SL(4,C) is of type S.
4

—_

. 24=2-121f G C SL(4,C) is of type As.
5. There are no Liouvillian solutions if G C SL(4,C) is of type PSL(2,C).

In the following we will refer to the above bounds as the standard bounds. It
is known that the standard bounds are not best possible for n =6 ([2, 3]) and
we will show that for n = 4 they are also not best possible. The above notion
of type of an imprimitive group is ambiguous since we will see that a group
can be of several distinct types (cf. example 2.2 and example 3.1). We thus
define the type of a group as the group A4, Sy or As of lowest possible order
among the possible types. This will associate the smallest possible standard
bound to a group.

In this paper we investigate if the bounds above are best possible for each

type.



2 Monomial groups

The following explicit version of [9] Proposition 3.6 shows that it is possible to
characterize the equation L(y) whose Galois group G C SL(4,C) is monomial:

Lemma 2.1 Let L(y) = 0 be an irreducible linear differential equation of order
n with G C GL(n,C).

1. If there exists a solution z = eJ ™ with [k(u) : k] =m, then m > n.

2. The differential Galois group G of L(y) is monomial if and only if there
exists a solution z = el ™ such that [k(u) : k] =n.

Proof.

1. Suppose that L(y) = 0 has a Liouvillian solution z = e/ " with [k(u) :
k] = m and such that m is minimal. Since G sends the logarithmic
derivative v = 2'/z into another logarithmic derivative, the minimal
polynomial P € k[U] of u must be of the form

i

Zq

where the z; are solutions of L(y) = 0. Since G sends 2/z; to 2/z;, it
sends z; to a multiple of z;. In particular the space spanned by 2,..., 2y,
is G-invariant. Since L(y) is irreducible, the group G C GL(n,C) is an
irreducible linear group, showing that m > n.

2. Keeping the above notation, suppose now that m = n. Then in the basis
21,...,%n the group G sends a solution z; into a multiple of some z;.
Therefore in this basis the representation of G is monomial. Conversely,
if G is monomial in some basis y1, . . ., Yn, then G permutes the y./y; which
are therefore of degree at most n. Since G C GL(n,C) is irreducible, we
get from the above that the orbit of u = y|/y; cannot be less than n,
showing that [k(u) : k] = n.

Example 2.2 The transitive group G of degree 16 of number 189 in the clas-
sification of [6] is of order 96. We will use the method presented in [15] to
compute a linear differential equation with this group as differential Galois
group and whose solution space is a subspace of the space of holomorphic one
forms of some Galois cover with Galois group G. This group has two charac-
ters of degree 4 which are both unimodular and induced by the one dimensional
character of a subgroup and thus monomial. The group can be generated by
elements o, and oy belonging to the unique conjugacy class of size 12 whose
elements are of order 4 and to a conjugacy class of elements of order 12 with
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the property that o3 = (0109)"" is of order 8. Consider a Galois cover of

P! with Galois group G ramified in 0,1, 00 according to oy, 09, 05. The char-
acter of G on the space of holomorphic one forms (cf. [15], Theorem 4.2)
contains both characters of degree 4 exractly once. From the character table
(cf. [15] Section 5.2) we get that the smallest possible exponents at 0,1, 00 are

—%, %,0, 1}, {—i, %, —%, —%} and {1 + g, 1+ é, 1+ %, 1+ %} Since they
add up to 6, there is no apparent singularity and the above must be the actual
exponents (cf. [15] Section 6.3.1). Therefore an equation with those exponents
at 0,1, 00 must exist. According to ([5] Section 15.4) the exponents determine

the equation up to 3 accessory parameters by, ¢; and cy:

@ N 122 -5 @ N 11043 z%2 — 9359 = + 1080 @
dz*  z(z —1) da3 288 (z — 1)2 22 dz?

4806 2 + (144 by — 4655) x — 144 by dy
3 _+
144 (x — 1) 22 dx
(57915 x3 + (12288 ¢; — 59147) 22
1228823 (2 — 1)*
(12288 ¢y — 12288 ¢1) x — 12288 co>
1228823 (z — 1)*
Since we have three tuples of exponents at some singularities where the ex-

ponents differ by integers, it is possible to compute the accessory parameters
using the approach given in [15] Section 6.2 in order to get:

@ n 122 =5 @ n 11043 2% — 9359 z + 1080 @
dz*  x(r—1) da? 288 (z — 1)% 22 dx?

19224 22 — 25097 x + 6477 dy
576 (z — 1)3 22 dx
47171 4 57915 2% — 106318 =
12288 22 (x — 1)*
By construction we must have G = G. It is interesting to note that G can also

be induced by a 2 dimensional character of a subgroup which is projectively
equivalent to Ay. The group G is thus monomial and of type Ay. []

3 Imprimitive non monomial groups

The finite imprimitive non monomial subgroups of GI(4,C) are classified pro-
jectively, i.e. up to scalar multiples, by H.F. Blichfeldt in [1] and we will use the
notation introduced there in the following. Blichfeldt gives 14 types of finite
imprimitive groups. The groups belonging to the families 1° to 6° are of type
Ay, those belonging to the families 7° to 11° are of type S, and those belonging
to the families type 12° to 14° are of type As. However those families are not
disjoint:



Example 3.1 Taking a =1 and = —1 in the family 7° we get the group G
of order 192 generated by

0010 1 0 0 0 0100
0001 0 -10 0 1000
1rooo]’lo o 1 0 ['l]oo0oo01][
0100 0 0 0 -1 0010
_ 42 42
1262 1252 0 0 £ 0 0 0
= 0 0 &€ 0 0
0o o =22 =21 0 0¢& 0
—1-¢ 148 0 0 0 —
0 0 L 3

where £* +1 = 0. The group G has 7 subgroups of order 96. One of them,
denoted K, is generated by:

00 HE &F
00 R 5E
G me g
3 3
L
and e e
’ ’ 6-353 52 ¢8
0 0 —
e g "
5 > 0 0
3 3
—52—5 f-;ﬁ 0 0
Another one, denoted Ky is generated by
0 0 14 142
2. 2
14 142 0 0
2, 2
2 K
and e e
0 0 -;5 ‘gf‘
0 o0 =& L&
e ne 9
2 2
= 0

The representation of each subgroup K; is a sum of two irreducible representa-
tions of dimension 2 and we denote one of those characters x;. Since (x;)¢ is
the character of G we get a system of imprimitivity for each group K;. Denot-
ing H; the kernel of x; and Z(H;) the center of H; we have |Hy/Z(H,)| = 24
and |Hy/Z(Hs)| = 12, which proves that G is of type Ay and Sy. It is however
natural to consider this group as a group of type Ay (cf. Section 1). []



Theorem 3.2 Let L(y) = 0 be an irreducible fourth order linear differential
equation whose differential Galois group is an imprimitive non monomial sub-
group of SL(4,C). If G is respectively of type Ay, Sy or As, then there ezists
a solution z = el * where [k(u) : k] is minimal and equal to resp. 8, 12 or 24,
with the exception of the group of family number 13° with n = 1 of type As
where there ezists a solution z = el ™ with [k(u) : k] = 20.

Proof. We note that there exists a Liouvillian solution of L(y) = 0 if
and only if the non monomial imprimitive group G is of type A4, Sy or As.
The result is obtained by computation using the classification of the finite
imprimitive non monomial groups given in [1]. Since we show that there is
only one finite imprimitive non monomial group for which the classical bound
is not best possible, the classical bound will always be best possible for the
infinite imprimitive non monomial groups which, by construction, contain finite
imprimitive non monomial groups of arbitrary large order (cf. [4], Theorem
2.2.3).

We illustrate the approach on the first family of subgroups G7 of [1] whose
elements are of type A4. An imprimitive group in this family is generated by

0010 1 0 0 0
0001 0 -1 0 0
R1_1000’51_0010’
0100 0 0 0 —1
0100
1000
52_0001’

0010

1000 1 1 0 0
0100 —i i 0 0
S =100 a0 MW= 0 0 » o
000 a 0 0 —ib b

where
a®=1 and b =1.

Note that the classification given in [1] is a projective classification, i.e. up to
scalar multiples. From [10] Lemma 3.1 we get that the minimal index [k(u) : k]
is the index of a 1-reducible subgroup of minimal index, which is invariant up to
projective equivalence [14]. Therefore it is possible to work with the matrices
given in [1], even if they are not unimodular.

Since the existence of a solution z = e/ with [k(u) : k] = m minimal is
equivalent to the existence of a semi-invariant of degree m that factors into
linear forms, our goal is to show that for no value of the parameters there exists
a semi-invariant that factors into linear forms of degree less than 8, which is
the standard bound for the type A;. Since the groups in [1] are irreducible,
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there will be no such semi-invariant of degree < 4 (cf. proof of Lemma 2.1).
In order to construct the semi-invariants of the group Gy we first consider the
finite subgroup G, generated by the non parametrized matrices Ry, S, Ss.
For each linear character ¢ of G, we compute the dimensions of the spaces
Vi,a of semi-invariants of G, of degree less than 8 with character ¢. We use
the Molien series (Theorem 2.2.1 of [13]) that we generalize to non necessarily
trivial linear characters. For a group G and a linear character i) of G we get :

1 [oe]
= dim(V¢,d)z
@ i e =

We start with the invariants of G1, which are the semi-invariants corresponding
to the trivial character of G;. The Molien series of (G is

1+ 2u? + 7u* + 12u® + O(u®)

showing that the space of invariants of degree 2,4,6 is respectively 2,7,12.
Using the Reynolds operator, we compute invariants of degree 4 until we get
7 linearly independent ones and we get :

B = [x‘f—ir:v%%—xg—l—azi,
72 :L’2 + I%xi,
T3x3 + 1125 + Ty + 22,
x%xgu + xlxga:g + xlxg,xi + $2x§x4,
72 :L’3 + ZE;:L’Z,
x1x4 + x2x3,

T1ToT3T ).

Invariants of degree 4 of (G; must be linear combinations of the above in-
variants of C~¥1 and thus be of the form f = >°; 5 a; I, but invariants of G’l
could become semi-invariants of G;. However semi-invariants corresponding
to different characters of C~¥1 will also correspond to different characters of G;.
Therefore the space of semi-invariants of G; must be subspaces of the spaces
of semi-invariants of G; which are also semi-invariants of G, i.e. which are
also semi-invariants of the parametrized matrices Sy(n), S3(n). We thus set

Sin).f = f=0 (1)

and

Sz(n).f — A [ =0 (2)
Under the condition that ¢ # 0 and b # 0 we get a Grobner basis whose
elements involving \;, o, a,b are

(03] ()\1—1),a2()\1—1),a3()\1—a),a4()\1—a),

Qs ()\1 — a2) , Og ()\1 — a2) , Q7 ()\1 — a2) )
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)\20[1 — 20[1 + 0[2,)\20[2 — 12 o] — 20(2, )\20(3 — 2a3b+ 20[4b,
Aoy — 6 azh — 2 ay4b, oas — 2 a5b2 + 2 a662 + a7b2,

Aorg — 20[5b2 + 2a6b2 - Oé7b2, Aoy — 80[5()2 - 8a6b2,

aq (a4— 1) , Q9 (a4— 1) , QU] (b4— 1) , Q9 (64—1),
ooy (a2 — 1) , Qo QL7 (a2 — 1) , 0 Q7 (b2 — 1) , Qo QL7 (b2 — 1) ,
aray (a— 1) a0y (a — 1) ,azar (a — 1) ,aqa7 (a — 1),

o3 (a2— 1) , 0y (aZ— 1) yaray (b—1) asay (b—1),
azar (b—1),aua7 (b—1), a3 (B = 1) oy (b — 1),
1?4+ 1/12 2%, aras 4+ 1/6 anauy, apaz — 2oy, a3? + 1/3 oy,
aras + 1/8 asar, asas — 3/2 a1az, asas + 1/4 asaz,
g — 3/4azar, a5’ + 1/4agar + 1/8 ar?,
1/day (dag —ay),1/4das (4dag — az),1/4as (4das — ar),
1/4014 (4&6 — a7) s 1/4&5 (4&6 — 057) s
1/8 2ap +ar) (4das — ar).

From this we get the following cases:

1.

There are no conditions on a and b if and only if o = @y = a3 = a4y = 0.
In this case the most generic semi-invariant of G; “coming from” an
invariant of (G; is of the form

f=oas(xad +2527) + ag (2% 23 + 23 23) + a7 11 T2 73 14

where
as (ag—1/4dar) = a2 +1/4dagar+1/8a2 = a2+ 1/4asga; —1/8aZ = 0.

The possible dependence between «; and A; shows that not all semi-
invariants will always correspond to the same character of G, but ignor-
ing these possibilities clearly gives us the “worst possible” case containing
all possible splittings in spaces of invariants for distinct characters of G;.
Note that “worst possible” case here means that we may look for a semi-
invariant that factors into linear form in a space of semi-invariants that
is too large. If there exists a semi-invariant that factors into linear forms
in this space, then resultant(f, z1 + ¢y X2+ c3 x5+ s x4, 21) = 0 (cf. [8]).
Computing a Grobner basis we get that in this case there is no solution
(i-e. no values of ¢;, @; with the a; not all zero).



2. Either a* = b* = 1 or a®> = b = 1. We now multiply each of the above
matrices by the inverse of their determinant which gives us the unimod-
ular groups Hsrg, Hsge, Hogs, Hi9o and Hyg of respective order 576, 384,
288, 192 and 96. In the last case corresponding to a = b = 1, as noted
by Blichfeldt, the group is reducible. In the other cases we use character
theory to compute that there are no 1-reducible subgroups of index less
than 8 (cf. [10] proof of Theorem 3.2). Consider for example the group
Hi95. We consider all faithful imprimitive unimodular characters y of
Hig5. In order to find the minimal index of a 1-reducible group, we con-
sider all subgroups K of Higy of index < 8 and decompose the restriction
xk of the character y to K. If the standard bound is not best possible,
then we must find a group K such that xx has a summand of degree 1.
It turned out that none of the above groups has a 1-reducible group of
index < 8.

The above computations for the invariants of G; correspond to the trivial
character of G;. Next we have to consider all other linear characters of Gy,
there are 7 in this case. For each linear character of G; we compute the cor-
responding Molien series and using a Reynolds operator for this character we
now compute all semi-invariants of degree < 8. We again consider those semi-
invariants that are also semi-invariants of G; and do the above computations.
Having done this, we can conclude that for this family of groups of type A,4
the standard bound is best possible.

The standard bound was always best possible, except for one group in the
family number 13° of the classification given in [1] for the parameter n = 1
where we found 20 instead of 24. This group is presented in the example below.
Ol

Example 3.3 The unimodular group G corresponding to n = 1 in the family
13 is of order 240 and generated by

w 0 0 0
10 W0 0
1710 0 W 0
0 0 0 w'
—1—w? —
i T Uy
! 0
02 = ’ 2 —1-w? -5
0 T 3 o
1 0 1 —*2;““’
where w* — w? +1 = 0. This group has an abelian subgroup of inder 20

which must be 1-reducible. The construction of an equation for the group
G wvia the method of [15] is possible. In the following we give all necessary
ingredients for the construction, showing also why the construction is com-
putationally difficult. Selecting the monodromy matrices at the singularities



0,1,00 to be 01,09, (0109) " we see that the unimodular imprimitive charac-
ter of G appears twice in the G-module of the holomorphic one forms of the
corresponding covering of P'(C). Therefore there exists a differential equation
whose exponents at 0,1, 00 are up to integers {—7/12,-1/12, —11/12, —5/12},
{-2/3,-1/3,1/3,2/3},

{1+1/8,1+3/8,14+5/8,1+7/8}. Since the exponents add up to 4, we have
to either:

1. add an integer 2 at one exponent,

2. add two integers at two different exponents so that the exponents remain
all distinct,

3. add one apparent singularity with exponents0,1,2,3,5 and one integer at
one of the exponents at 0,1, 00 so that the exponents remain all distinct,

4. add two apparent singularities with exponents 0,1,2,3,5,
5. add one apparent singularity with exponents 0,1,2,3,6.

For each of the above 69 possibilities we have to compute the remaining acces-
sory parameters using the invariants of G. There are 3 linearly independent
invariants of lowest degree 8 of G

We consider the case when we add the integer 2 to the exponent —%. From
([11], Lemma 3.1) we get that the values of the invariants of degree 8, which

are rational solutions of the 8-th symmetric power, must be of the form

iz i
z(z —1)°

Following the method of [15], we get polynomial equations for the accessory
parameters.

We could not complete the computations of all cases yet, but the equation is
guarantied to exist. []

4 Final remarks

The method used in this paper relies on the classification of Blichfeldt via
parametrized matrices. Such a simple classification is not available for rep-
resentations of higher degree. In the proof of Theorem 3.2 the general case
could always be treated using a “worst case” approach where we considered all
space of semi-invariants of G; which where also semi-invariants of G; together.
Another notable fact was that for each family we always had to consider sepa-
rately only a finite set of finite groups. It is not clear that the same approach
would work for higher degree.
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