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Abstract

Let 93 be a complete discrete valuation ring, S = 9[[u]] and d a positive integer. The aim of this paper
is to explain how to compute efficiently usual operations such as sum and intersection of sub-S-modules of
S?. As S is not principal, it is not possible to have a uniform bound on the number of generators of the
modules resulting from these operations. We explain how to mitigate this problem, following an idea of
Iwasawa, by computing an approximation of the result of these operations up to a quasi-isomorphism. In
the course of the analysis of the p-adic and u-adic precisions of the computations, we have to introduce
more general coefficient rings that may be interesting for their own sake. Being able to perform linear
algebra operations modulo quasi-isomorphism with S-modules has applications in Iwasawa theory and
p-adic Hodge theory.
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1 Introduction

Let R be a complete discrete valuation ring (see §2.1 for a reminder of the definition) whose valuation is
denoted by vz. Let K denote its fraction field with valuation v and 7 be a uniformizer of $R. We set
S = M[[u]]; it is the ring of formal series over JR. Our aim is to provide efficient algorithms to deal with
finitely generated modules over S. Since, we can always represent a torsion module as the quotient of two
torsion-free modules, we shall focus on torsion-free modules.

Any finitely generated torsion-free S-module .# can be considered as a submodule of S? for d big
enough. As a consequence, we can represent .# by a matrix whose columns are the coefficients of generators
of ./ in the canonical basis of S¢. Thus we can reformulate our problem as follows: given M; and Mo
two matrices representing respectively the S-modules .#; and .#, embedded in S¢, give algorithms to
compute a matrix representing .#, N .# or .#1 + .#>. We would like also to be able to check membership,
equality of sub-S-modules, inclusions, efc. As S is not a principal ideal domain, in order to control the



number of generators of the sub-S-modules of S¢, we propose, following an idea of Iwasawa, to compute
approximations of the submodules resulting from aforementioned operations in the following sense: we say
that a morphism .#; — .#> is a quasi-isomorphism if its kernel and co-kernel both have finite length, and
we want to make computations modulo quasi-isomorphisms. We propose two different approaches, each of
them having its own advantages and disadvantages.

First approch: We notice that classes of modules modulo quasi-isomorphism can be described by modules
over the rings S and .S, defined respectively as the localization of S with respect to 7 and the completion of
the localization of S with respect to u. Precisely, for A = S, Sy, let Freefl4 be the set of free sub- A-modules
of A%, and denote by Mod‘é /qis the set of quasi-isomorphism classes of sub-S-modules of S 4. We shall
prove that there is an injective morphism ¥ : Modg/qlis — Free‘éw X Freecslu,% — (M Rg Sr, M Q5 Sy)
(where ./ is any representative in the class .#) whose image can be precisely characterized (see Theorem
1.1 below). Using this correspondence, operations with modules with coefficients in S reduces to the
computation with modules over S, and S,,. As these two last rings are Euclidean, there exist classical
canonical representations and algorithms to manipulate modules over these rings.

Second approach: 1t consists in finding a canonical representative in a class of modules modulo quasi-
isomorphism which is amenable to computations. Such a representative is provided by the maximal module
of a S-module .7 . It can be defined as the unique free module in the class of quasi-isomorphism of .#. We
present an algorithm to compute the maximal module associated to a sub-S-module of S¢ which is inspired
by a construction of Cohen, presented in [10, p. 131], to obtain a classification up to quasi-isomorphism
of finitely generated S-modules. We can then compose this algorithm with algorithms to compute basic
operations on free modules in order to compute with representatives up to quasi-isomorphisms.

In order to obtain real algorithms (i.e. something computable by a Turing machine) we have to consider
the fact that elements of S, S, S, are not finite. In this paper we consider an approach in two steps in order
to solve this problem. First, we give the ability to Turing machines to manipulate, by the way of oracles,
elements of S, S, S,. More precisely, we suppose given oracles able to store elements of the base ring,
compute valuation, multiplication, addition, inversion, and Euclidean division. We express the complexity of
an algorithm with oracle by the number of calls to the oracles to compute ring operations. Once we have well
defined algorithm with oracles to compute with modules, we study as a second step the problem of turning
them into real algorithms.

Much in the same way as for floating point arithmetic, the actual computations with modules with
coefficients in .S’ are done with approximations up to certain 7-adic and u-adic precisions. It is important
to ensure that the (truncated) outputs of our algorithms are correct which means that they do not depend
on the 7 or u powers of the input that we have forgotten. In order to deal with this precision analysis, it is
convenient to consider a generalisation of the family of ring coefficients S. Namely, given «, (3 relatively
prime integers, we write v = 3/ and set S, = {>_ a;u’ € K[[u]]|vk(a;) +vi > 0, Vi € N}. We have
Sp = S. In this paper, we develop a theory of S,,-modules which encompass modules over .S and use it in
order to obtain algorithm with complexity bounds and proof of correctness.

More precisely, we generalize the definition of a maximal module for finitely generated torsion-free
S, -modules. Denote by Maxféy the set of maximal sub-S,-modules of S¢. We prove the following theorem
(see Theorem 3.12), which generalize the above mentioned decomposition:

Theorem 1.1. The natural map

U Max%y — F‘ree‘éu,ﬂ X Freegm
M = (M, M)

is injective and its image consists of pairs (A, B) such that A and B generate the same &-vector space in
& If a pair (A, B) satisfies this condition, its unique preimage under W is given by AN B.

In the theorem, & is a field containing S, and its localization S,  and S, ,, which is precisely defined
in Section 2.2. We give an algorithm with oracles to compute the maximal module associated to a finitely
generated torsion-free S,-module. In general, it is not true that the maximal module of a torsion-free
S,-module is free, although this property holds when v = 0. Nonetheless, by using the theory of continued
fraction, it is possible to obtain a tight upper bound on the number of generators of a maximal module
embedded in SZ. If v is rational, it admits a unique finite development as a continued fraction that we denote
by [ao; a1, ..., a,] (here, we suppose that a,, # 1). We can prove the following (see Theorem 3.32):



Theorem 1.2. Let v = [ag;an, ..., an]. Let # be a sub-S,-module of SI. Then Max(.# ) is generated by
at most d - (2+ S2I"%1 ay;) elements.

We then move to precision problems. We provide some simple examples to show that a lot of basic
operations that we need in order to compute with modules over S,,, such as the computation of the Gauss
valuation, are not stable. This means that, in general, the computation with approximations of the input data
does not yield approximation of the result. This is where it becomes interesting to use the possibility to
change the slope v of the base ring .5,,. In the context of our computation, a bigger slope plays the role of
a loss of precision in the computation of an approximation of a module over S,,. In this direction, we can
prove the following theorem (see Theorem 4.6 for a precise statement):

Theorem 1.3. Let .#, and Mo = S,,.t for t € S? be two finitely generated sub-S,,-modules of S¢ such that
Mo C 1/7C M for a positive integer c. Let My and My be the matrices with coefficients in S, of generators
of My and My in the canonical basis of SE. Suppose we are given approximations M7 and M} of M, and
M, respectively. Then, for a well chosen v' > v, there exists a polynomial time algorithm in the length of the
representation of M7 and M3 to compute a matrix M3 which is an approximation of the maximal module

associated to (M g, Sy1) + (Mo Rs, Su/).

The organisation of the paper is as follows: in §2, we introduce the rings S,,, and their basic arithmetic
and analytic properties. In §3, we generalize some classical results of Iwasawa to the case of finitely
generated S, -modules and then give an algorithm with oracle to compute the maximal module associated
to a torsion-free S, -module and obtain an upper bound on the number of generators of a maximal module.
Note that §2 and §3, we only describe algorithms with oracles. In §4, we study the problem of p-adic and
u-adic precisions and turn the algorithms with oracles obtained in the previous sections into real algorithms.

2 Arithmetic of the rings S,

In order to compute with modules over .S,, we first have to study the basic arithmetic properties of their base
ring. In this section, we show that its localization with respect to u®/7? and m becomes Euclidean. We
provide algorithms with oracles to compute the Euclidean division in these rings which will be very useful
for our purpose along with their complexity expressed in term of the number of ring operations. They will be
turned into real algorithms (i.e. working on a real Turing machine) in §4 where we study the problem of
precision of computation in the rings S,,.

2.1 Notations

We fix the notations for the rest of the paper. Let ‘R be a ring equipped with a discrete valuation vg, that is a
map vk : R — N> U {+oo} satisfying the following conditions:

e forall z € R, v, () = +oo if and only if z = 0;

o forall z € R, v (z) = 0 if and only if x is invertible;
o forall z,y € R, vm(zy) = v (z) + v (y);

o forall z,y € R, v, (x + y) > min(vx (x), v (y)).

Let a be a fixed real number in (0, 1). One can define a distance d on R by the formula d(z,y) = a¥*(@~V)
(z,y € M) where we use the convention that a™>° = (. For the rest of the paper, we assume that R is
complete with respect to d. We recall that R is a local ring whose maximal ideal is 90t = {z € R|vn(z) > 0}.
By renormalizing vz, we can suppose it to be surjective. We denote by 7 a uniformizer of R, that is an
element of 2R whose valuation is 1. Every element = in 2R can then be written = 7"« where r = v ()
and u € R is invertible. Here are several classical examples of such rings A:

e the ring Z,, of p-adic integers equipped with the usual p-adic valuation;
e more generally, the ring of integers of any finite extension of Qp;

e for any field k, the ring k[[u]] of formal power series with coefficients in k.



We now go back to a general fR. It follows easily from the definition that the field of fractions of R is just
R[1/7]. Let’s denote it by K and set S = R[[u]], the ring of formal series over R. The valuation vg; can be
extended uniquely to a valuation vg on K.

2.2 Definition and first properties of S,

Denote by K[[u]] the power series ring with coefficients in K. It is classical to define the Gauss valuation
of an element Y a;u’ € K[[u]] as the smallest v (a;) if it exists. The ring of elements of K [[u]] with non
negative Gauss valuation is nothing but %R[[u]]. In this section, we are going to consider more generally a
family of valuations parametrized by a slope v € Q so as to define the subring of K [[u]] of elements with
positive valuation.

Definition 2.1. Let v € Q. We define the Gauss valuation v, : K[[u]] = Q U {+o00, —oo} by v, (z) = +o0
ifr =0, v, au’) = min{vg (a;) + vi,i € N} if Y a;u’ # 0 and this minimum exists and v, (x) =
—o0 otherwise. The Weierstrass degree of * = > a;u’ denoted deg}y, () is given by deg}, (0) = —ox,
degyy () = min{i|vg (a;) + vi = v, ()} if v, (x) # —o0 and degyy, () = 400 otherwise. When no
confusion is possible, we will use the notation degy, instead of degyy, .

Figure 1: The Gauss valuation of 72 - u* with v = 1/3is 10/3.

The following lemma gives some basic properties of v, and degy;,. In particular, it shows that v,, has the
usual properties of a valuation:

Lemma 2.2. For z,y € K[[u]] we have:
1. v,(x) = +ooifand only if x = 0;
2. vz y) = v, (2) + 0. (y);
3. vy (x +y) > min(v, (v), v, (y))-
Moreover for all x,y € K|[u]] with finite Gauss valuation, degy, (x.y) = degy (x) + degy (v).

Proof. From the definition (i) is clear. To prove (ii), we first suppose that x = ZAaiui andy = > biu’
have finite valuation. Let 2 = 2 -y = > c;u’. We have vk (c;) + vi = vk (X g aj - bi—j) +vi >
min;{vk (a;)+v-j+vk(bi—;)+v-(i—35)} > v, (x)+v,(y). Moreover, by taking i = degy; (x)+degy, (y)

in the previous computation, we obtain that v (Ceg,, () +degyy (y)) = Vv () + v (y). If v, (7) = —oc and
y # 0, we can apply the previous result to the series obtained by truncating = up to a certain power to show
that v, (x - y) = —o0o. The proof of the rest of the lemma is left to the reader. O

We let S, = {z € K[[u]]|v,(z) > 0}. By definition, an element = € S, can we written as a series
x = Z au’,
€N

where a; € K and vk (a;) > —vi.



Remark 2.3. It is clear that S, is complete for the valuation v, with v = /. Nonetheless, the ring S, is
not a valuation ring. In fact, although v, (u®/7?) = 0 for v # 0 (resp. v, (u) = 0 for v = 0), u®/7? (resp.
w) is not invertible in S,,.

We let

Syr=8,[1/7] = {Zaiui, a; € K such thatvg (a;) + vibounded below}.
ieN

In the same way, it is clear that one can extend the valuation v, of S, to S, [7? /u®] and we let S, ., =

Sl,[?ﬁ/\ua] where the hat stands for the completion of S, [7” /u®] with respect to the topology defined by v,.
Put in another way,

Sy = {z:aiui7 a; € K, vg(a;) +vi>0,and lim wvg(a;)+vi= —i—oo}.
»LEZ 11— — 00

We moreover define

&= {Zaiui, a; € K vk (a;) + vibounded below and lim vk (a;) + vi = +o00}.
ez 1—>—00

We have the following commutative diagram of inclusions:

Sy/ M\"g
\S /

ey

As S, » is a subring of K{[u]], it is equipped with the valuation v, and the Weierstrass degree associated
to v,. Moreover, one can extend, in an obvious manner, the definition of v, and the Weierstrass degree for
Sy and &.
We can interpret the ring S, in terms of the analytic functions on the m-adic disc. In order to ex-
plain this, for v = f/a € Q, we consider the open disk D, = {z € Qug(z) > v} where Q
is the completion of an algebraic closure of K. Denote by &, the ring of convergent series 0, =
D ien a;ut|a; € K,liminf; o @ > —v} in the disk D,,. It is clear that S, , is exactly the set { f €
K{[[u]]] vk (f(z)) bounded below on D, } and S, can be described as { f € K[[u]]| vk (f(z)) bounded below by 0 on D, }.
Thus, there are obvious inclusions .S, C S, » C 0, but one should beware of the fact that the last inclusion

is strict. Indeed for instance, for R = Z,, v = 0 the series ), "TL which defines the function log(1 — u) is
convergent in the unity disk but is obviously not in Sy - since vk (1/7) has no lower bound. Assuming that v
is rational (which we do), the next proposition gives another characterisation of elements of ), that lie in
Sy~ In the course of the proof, we use the notion of Newton polygon of an element of .S,.

Definition 2.4. Forz =), a;u’ € K([u]] € S,, we define the Newton polygon of x that we denote by
NP, (x) by the convex hull of the set of points {(i, vk (a;)), i € N} together with the point (0, +00) and the
limit point lim,_, 4 o (@, — ).

Proposition 2.5. An element x € 0, is in S, . if and only if x has only a finite number of zeros in the disk
D,.

Proof. Let x € 0,. The number of zeros of z € D,, is equal to the length of the interval above which
NP, (z) has a slope < —v. If this length is finite, it is clear that v,(a;) is bounded below by a line of the
form —vi + ¢ with c a constant and as a consequence is an element of S, .

Conversely, suppose that « € S, . This means that v, (a;) + vi is bounded below and is contained in
Z + vZ which is a discrete subgroup of R (as v is rational). Thus, the set {v,(a;) + vi,i € N} reaches a
minimum for a certain index io. This means that for all ¢ > 4, the slope of NP, (z) is greater than —v and z
has a finite number of zeros in D,,. O



We end up this section, by remarking that up to an extension of the base ring R all the S,,’s are isomorphic
to a Sp. Indeed, write v = 8/« with «, (3 relatively prime numbers and let zo, in an algebraic closure of K,
be such that w® = 7. Let R’ = R[w], K’ be the fraction field of 2R’ (and a finite extension of K). The
valuation on R extends uniquely on R’ by setting vx/(w) = 1/a. For p = 0,v, let S,/ = S, @x R’. The
valuation v defines a Gauss valuation on S, that we denote also by v,,.

Lemma 2.6. Keeping the notations from above, the unique continuous morphism of rings p : So’ — S,
sending u to 5 is an isomorphism. Moreover, if x € Sy' we have vo(z) = v,(p(x)) and degly (z) =
degyy (p(2)).

Proof. By definition, S!, = {>" a;u’|vg(a;) +vi > 0} = {3 a;(u/@?) |vk: (a;) > 0} from which it is
clear that p is an isomorphism. The rest of the lemma is an easy verification. O

2.3 Divisionin S,

The Weierstrass degree allows us to describe a Euclidean division in S,,. Although, the existence of such a
division is classical (see for instance [10]) at least over Sy = R[[u]], we give here a proof for all v which
provides an algorithm with oracles to compute the Euclidean division.

In order to study divisibility in .S,,, we have a first result:

Lemma 2.7. Let x,z € S,. We suppose that degy, (x) = 0 then there exists y € S, such that x.y = z if
and only if v, (z) < v,(2).

Proof. 'We suppose that degy;- () = 0. If there exists y € S, such that z - y = z then clearly v, (z) < v,(2).
Reciprocally, we suppose that v, (z) < v,(z). Write 2 = >, yau’ and z = Y, ¢;u’. We remark
that as degy, () = 0, we have v, () = vk (ag). Since ay is invertible in K there exists y € K[[u]] such
that 2.y = z. We have to prove that v, (y) > 0. For this, write y = >, b;ul. We have v (bg) =
vk (co) —vK (ap) > 0 by hypothesis. Then, for j > 1, we prove by induction that v (b;) +vj > 0. We have
bj=ag'cj—agt >0 _ a;-bj_;. Butvg(ag' - ¢;) +vj > v,(2) — v, (x) > 0 because degyy, (z) = 0.
Moreover, fori = 1...j, vk (ag "' - a; - bj_i) +vj = vk (a;) + vi — v, (x) + v (bj—;) + v(j — i). Butby
definition vk (a;) + vi — v, (2) > 0 and by the induction hypothesis vx (b;—;) + v(j — ¢) > 0. Therefore,
vk (b;) + vj > 0 and we are done. O

Applying Lemma 2.7 to z = 1, we get

Corollary 2.8. Letx = 3
vy, (z) = 0.

ieN a;xt € S, then x is invertible in S, if and only if degy, (z) = 0 and

We note that the corollary implies that S), is a local ring. Next, we introduce the following notations: for
x =Y ,cna’ € S, and d a positive integer, we let Hi(z,d) = 3,5, a;u’ and Lo(z, d) = Y0~} au’. Tt

is clear that = Lo(z, d) 4+ Hi(z, d).

Proposition 2.9. Let z,y € S,. Suppose that v,(y) > v, (x) then there exists a unique couple (q,r) €
Sy, x (K[u] NS,) such that deg(r) < degy, (z) andy = q -z + 7.

Proof. First, we prove the existence of (g, 7). Let d = degy, (x), we consider the sequences (g;) and (r;)
defined by ¢p = 0 and ry = y and

Hi(’l“i, d Hi(?‘i, d)

)
i+l = 5 - yTidl =T — = - . 2
Git1 =Gt Hi(z, d) has Hi(z, d) . )

We are going to prove by induction that ¢; and r; are convergent sequences (for the v, valuation) of
elements of S,. Let e = v, (Lo(z, d)) — v, (Hi(z, d)) > 0. Our induction hypothesis is that g; and r; are
elements of S,, that v, (Hi(r;,d)) > e - i+ v, (Hi(y,d)) and that y = ¢; -  + r;. It is clearly true for ¢ = 0.

By the induction hypothesis, we have v, (Hi(r;,d)) > v, (Hi(y, d)) and by hypothesis v, (Hi(y, d)) >
v, (y) > v(x) = v, (Hi(z,d)) so that v, (Hi(r;,d)) > v, (Hi(z,d)). Applying Lemma 2.7, we obtain

II{{ii((Zj)) € S, and then g;11,7;4+1 € S,. Next writing z = Hi(z, d) + Lo(z, d), we get

Hitri,d) |00 a). 3)

Ti+1 = LO(TZ', d) — m



Applying Lemma 2.2, we obtain that v, (Hi(r; 1, d)) > v, (Hi(r;, d)) + v, (Lo(z, d)) — v, (Hi(z, d)). Using
the induction hypothesis, we get that v, (Hi(r;11,d)) > e - (i + 1) + v, (Hi(y,d)). Finally, using the
hypothesis that y = ¢; - © + r;, we immediately check using (2) that y = g;41 - & + 741.

From the induction, we deduce that ¢; and r; are convergent sequences of .S, for the v,, valuation. In fact,

we have ¢;+1 — ¢; = Iffiﬁ’;;j)) so that vy, (gi+1 — ¢i) = vy (Hi(r;, d)) — vy, (Hi(z,d)) > e i+, (Hi(y,d)) —
v, (Hi(z,d)) > e -i. The same argument works for r;. Denote by ¢ and r the limits. As for all € N,
Yy = ¢; - x +1;, we have y = ¢ - « + r. Moreover, since Hi(r;,d) > e - i, we have Hi(r,d) = 0, so that
r € Klu] and deg(r) < degy, ().

We prove the uniqueness of (¢, r). Let (¢/,r') € S, x (K[u]NS,) such thaty = ¢’ -  + 7’. Then
(g—¢") -x=r"—r. Wehave degy, ((¢ — ¢') - ) = degy (v — r) < degy,(x) which is only possible if
g=¢ andr =17, O

From the proof of Proposition 2.9, we deduce Algorithm with oracle 1 to compute from the knowledge
of x,y, the elements ¢’,r’ € S, such that v, (¢ — ¢') > prec and v, (r — ') > prec. Furthermore, by the
proof of the proposition, the number of iterations of the while loop is bounded by [prec/e|. We deduce that
Algorithm 1 needs one inversion and 3 - [prec/e] multiplications in S,. The Algorithm with oracle 1 can
be turned into a real algorithm and in Section 4, we will present an even faster algorithm to compute the
Euclidean division.

Algorithm 1: EuclideanDivision

input :z,y € S, withv,(y) > v,(x), prec € N
output:q,r € S, such thaty = ¢ - « + r and v, (Hi(r, degy, (z))) > prec
q <05
Ty
d + degy (z);
while v, (Hi(r, d)) < prec do
i(r,d) .
¢ 0t

Hi(r,d) ..
6 T = )

[V I R S

7 return q, r;

We state the following convenient definition from [10]:
Definition 2.10. Let = € S,, we say that x is distinguished if v, (x) = 0.
With this definition, we can state the classical Weierstrass preparation theorem:

Corollary 2.11 (Weierstrass preparation). Let x € S, be a distinguished element and let d = degy, (z).
Then we can write x = q - h, where ¢ € S, is an invertible element and h € K[u] N S, is of the form

h = ﬂfld + Zf;ol but with v (b;) + vi > 0.

Proof. We notice that dv is a nonnegative integer. Indeed, it is clearly nonnegative, and writing z = > aqu?,
we have v (aq) + dv = 0 (since z is assumed to be distinguished) and, consequently, dv = —vx(aq) € Z.
By proposition 2.9, there exist ¢ € S, and r € K[u] N S, such that degr < d and

u?

ﬂ-d~u

=q-x+r.

Using Lemma 2.2, we obtain v, (¢) = 0 and degy,, (¢) = 0. Then, Corollary 2.8 implies that g is invertible.

To finish the proof it suffices to remark that degW(ﬁ“T‘,i,, — 1) = d and the result follows from the definition
of degyy, . O

Remark 2.12. The previous proposition is closely related to the Proposition 2.5 since it says that an element
of 0, isin S, » if and only if it can be written as product of a polynomial times a function which does not
have any zero in D,,.

The following proposition states that the rings S, » and S, ,, are Euclidean rings and provides algorithms
with oracles to compute the division.



Proposition 2.13. The ring S, , is Euclidean, the ring S, ,, is a discrete valuation ring for the valuation v,,
(and as a consequence is also Euclidean). Moreover, & is a field.

Proof. Letz,y € S, . There exist s, ¢t € N such that 7°z, 7'y € S, and v, (7" - y)
Proposition 2.9, yields ¢ € S, and r € K[[u]]NS, such that deg(r) < degy, (x) and
and we are done.

In order to prove that S, ,, is a discrete valuation ring, we have to show that the set of invertible elements
of S, is the set of elements x € S, , such that v, (z) = 0. Write v = 3/, with «, ( relatively prime
numbers. Let m be the ideal defined by {z € S, ., v, (x) > 0}, it is clear that S, ,, /m is isomorphic to the
field k((u®)). As S, is complete for the v, valuation, the Hensel lift algorithm gives an algorithm with
oracles to compute the inverse of an element whose valuation is zero. The Algorithm 2 uses a fast Newton
iteration to perform this computation modulo m™ at the expense of O(log(n)) multiplications in S, .

Let = be a non zero element of &, by dividing it by a power of 7 we can suppose that v, (z) = 0 and by
using the algorithm with oracle Algorithm 2, we can invert it. O

> v, (7* - ). Applying
y=n"t-qz+ntr

Algorithm 2: Inverse
input :z €S, , suchthatv,(z) =0,n €N
output:y € S, ,, suchthatz -y =1 mod m"
if n = 1 then

‘ y < 1/T mod m;
else

y « Inverse(z, [n/2]);
Y y+y(1 —xy) mod m";

n A W N -

Remark 2.14. One can use the usual Euclidean algorithm to compute the Bézout coefficients of x,y € S, .
This algorithm outputs g, k,l, m,n € S, r such that g is the greatest common divisor of v and y, k-x+1-y = g,
m-xz+n-y=0andk-n—1-m = 1. It proceeds by using the fact that gcd(x,y) = ged(y, r) where r
is the rest of the division of x by y and uses O(degy, (y)) calls to the Euclidean division Algorithm 1. We
remark, as the rest of the division of two elements of S, is an element of K [u], that starting from the second
iteration of this algorithm all the divisions to be computed are the usual division between elements of K [u).
Unfortunately, we will see that in §4, that the Euclidean algorithm in general is not stable, so that we might
need extra information, about x and y in order to compute an approximation of their gcd from the knowledge
of an approximation of x and an approximation of y.

3 Modules over S,

Let d be a positive integer and fix v € Q. We want to compute with finitely generated torsion free S, -modules.
Any such module ./ can be embedded in S¢ for d € N and can be represented by a matrix with coefficients
in S, whose column vectors are the coordinates of generators of ./ in the canonical basis of S ;l. Indeed,
we can always embed .4 is # ®g, Frac(S,) and select a basis (ey, ..., eq) of # ®g, Frac(S,) together
with an element D € S, such that the image of .# in .# ®g, Frac(S,) is contained in the free S, -module
generated by the 5.e;’s.

A first problem arises here: it is not possible to bound the number of generators of the submodules of S¢
that we have to compute with. For instance, for d = 1 and v = 0, choose a positive integer £ and consider the
sub-Sy-module .7}, of Sy generated by the family (m*~7u/) j=0,....k. Then .#), can not be generated by less
than k& + 1 elements. Indeed, let (eg, . . ., e,) € ST be a family of generators of .#}., and for j > 0 and define
a filtration on .}, by letting FV #), = .4, N u’Sy. We are going to prove by induction on t € {0, ..., k}
that there exists a matrix M; € M,,x,(So) such that, if we set (ej,...,el,) = (eo,...,en) - M; then
(€h, - -, €y,) is a family of generators of .2, for j < t, €j = u/n"~7 mod FI*'.4), and (€});>; is a
family of generators of F'*.#),. This is obviously true for ¢ = 0. Suppose that it is true for g € {O .k}
Let (ef,...,el) = (e, ... ,en) - My,. As the morphism (Z;?:to Soe})/Flotl ), — 7+ I9R, deﬁned by

rn

u' >~ a;u’ + ag is an isomorphism, we can suppose if necessary by renumbering the family (e) that



ej, = uor*~" mod F'*1 . Then, by considering linear combinations of the form €, — Ae} ., ; for

A € 5y for j > ty, one can obtain a matrix My, satisfying the induction hypothesis for ¢y + 1. Finally, we
getn > k.

A second problem comes from the fact that there is no unique way to represent a module by a set
of generators. For computational purpose, in order to check equality between modules for instance, it is
important to have a canonical representation, that is a bijective correspondence between mathematical
objects and data structures. An example of such a canonical representation exists for finitely generated
modules with coefficients in a Euclidean ring ([5]): it is the so-called Hermite Normal Form (HNF). It is
given by a triangular matrix (with some extra conditions) that can be computed from an initial matrix M
by doing operations on column vectors of M. Even if S, is not Euclidean, we could have hoped that such
representations still exist for free modules. Unfortunately, it turns out that it is not the case. Indeed, in
general, there does not even exist a triangular matrix form for matrices over .S,,. For instance, for v = 0, take:

u m

M= ( ) € May2(So)

T Uu

and assume that M can be written as a product L P where L is lower-triangular and P is invertible. Let o
and [ be the diagonal entries of L. Then, « and 3 belong to the maximal ideal of Sy (since the coefficients
of M all belong to this ideal) and the product 3 is equal to a unit times u? — 72. Hence, by multiplying 3
by an invertible element in Sy if necessary, we can assume that 5 = u 4 7 since .S is a unique factorisation
domain. On the other hand, by hypothesis, there exist a,b € Sy such that ua + 7b = 0 and 7a + ub = .
This equality implies that 7 divides a and therefore that 3 = 7a + ub € uSy + m2Sp. This is a contradiction.

In this section, we explain how to get around these problems. First, we recall the notion of quasi-
isomorphism and study the localisation of the modules with respect to 7 or u® /7 in order to obtain canonical
representations well suited for the computation in the category of modules up to quasi-isomorphism. Then,
we describe a generalisation of an algorithm of Cohen to compute the maximal module associated to a given
torsion-free S, -module and obtain a bound on the number of generators of a maximal .S,,-module. We
explain how to combine the different approaches in order to obtain a comprehensive algorithmic toolbox for
modules over S, .

3.1 Quasi-isomorphism and maximal modules

In order to be able to control the number of generators of a S),-module, we are going to compute up to finite
modules which will be considered as “negligible”.

Definition 3.1. A finitely generated S,-module is said to be finite if it has finite length. Let .4 and A’
be two finitely generated S,,-modules, let f : .M — M' be a S,-linear morphism. We say that f is a
quasi-isomorphism if its kernel and its co-kernel are finite modules.

Remark 3.2. Since ker f and coker f are finitely generated (because S, is a noetherian ring), it is easy to
check that they have finite length if and only if they are canceled, at the same time, by a distinguished element
of S, and a power of w. We refer the reader to [11] for the definition and the basic properties of the length of
a module. A quasi-isomorphism between torsion-free modules is always injective. Indeed, its kernel, being a
submodule annihilated by a power of u®/ 7P and 7 of a torsion free module, is zero.

Example 3.3. Let ./ be the submodule of Sy generated by (72, wu®). The inclusion .# C Sy yields an
injective morphism whose cokernel is annihilated by  and u>. As a consequence ./ is quasi-isomorphic to
the free module .Sy (see Figure 2).

We have a canonical representative in a class of quasi-isomorphism which is given by the following
definition.

Definition 3.4. Let .# be a torsion-free finitely generated S,,-module. We say that .4’ together with a
quasi-isomorphism [ : M# — A’ is maximal for A if for every N, torsion-free S, -module, and quasi-
isomorphism [’ : M — N, there exists a morphism g : N — .#' which makes the following diagram
commutative:



N

The morphism g in the definition is unique and is in fact a quasi-isomorphism. Indeed, by the commuta-
tivity of the diagram, the image of g contains the image of f. Thus, the cokernel of g is finite. Moreover,
since f is injective, g is injective on Im f’, which is cofinite in .4, It follows that ker g is finite and g is a
quasi-isomorphism. Moreover, for every z € .4, there exists a positive integer n such that 7"z is in the
image of f’. The image of 7™z by g is then uniquely defined by the commutativity of the diagram (4). The
uniqueness of g follows.

A maximal module for .#, if it exists, is unique up to isomorphism. Indeed, if .#’ and .#"' are two
maximal modules for .# then there exist two quasi-isomorphisms g; : #' — #" and g5 : A" — A’
and the uniqueness of g in the diagram (4) implies that g; o go = Id 4 and g2 0 g1 = Id 4. If it exists,
we denote the maximal module of .# by Max(.# ). We can rephrase the above by saying that if .#" is the
maximal module for .# then there is a quasi-isomorphism from .# into .#’ and any quasi-isomorphism
M — A" is an isomorphism. In fact, this condition characterises maximal modules:

Lemma 3.5. Ler ./ be a finitely generated torsion free S,-module. Let .#' be a S,-module such that there
is a quasi-isomorphism [ : M — M. The following assertions are equivalent:

1. A’ is maximal;
2. any quasi-isomorphism ' — #" is an isomorphism.

Proof. We only have to prove that the second property implies that .#’ verifies the universal property
of maximal modules. For this let .4 be a finite type S, -module such that there is a quasi-isomorphism
flotl - N LetA=f&f .M — A" DN be the diagonal embedding and let .#7, = %. It is
clear that . is a finitely generated torsion free S, -module.

There are canonical injections i_y+ : A" — My and iy : N — My. We claim that i_y and i_y are
quasi-isomorphisms. To see that, it suffices to show that the induced injection i 4 = (i_g/,ix) 0 A : M —
M has a finite cokernel. But

coker f @ coker f’
A(A) N (coker f @ coker f')

cokeri_y =

which has finite length being a quotient of coker f @ coker f.
Next, by hypothesis i_g- is in fact an isomorphism so that we have a quasi-isomorphism g = z';”l, oty
which sits in the following diagram:

&)

M ——————> N

It is clear that the lower left triangle of the diagram is commutative and we are done. O
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A theorem of Iwasawa [8] asserts that if .# is a finitely generated module over Sy, then Max(.#) exists
and is free of finite rank over Sy. The main object of §3.3 is to extend this result to modules over S, and
to study Max(.#): we shall provide a constructive proof of the existence of Max(.#') for any finitely
generated torsion-free module .# over S,. We will see however that this Max(.#) is not free in general,
nevertheless we shall provide an upper bound on the number of generators of Max(.Z).

Lemma 3.6. Let [ : .4 — ' be a quasi-isomorphism between torsion-free finitely generated S, -modules.
Suppose that A is free then ' is maximal.

Proof. We use the criterion of Lemma 3.5. Let .4 be a finitely generated S,-module such that there is a
quasi-isomorphism f’ : .#’ — .4 and we want to show that f’ is an isomorphism. As .# is torsion-free,
we know that f/ is injective. Now, suppose that there exists a non zero element in the cokernel of f/. It means
that there exists a non zero x € .4 which is not in the image of f’. As f’ is a quasi-isomorphism there exists
n € Nand A € S, a distinguished element (recall definition 2.10) with 7" -z € Imf" and A - = € Im f’'. If
weset 2y = f/ 7' (x" - z) and 25 = f~ (X - x), we have the relation

Azg —@tz9 =0, 6)

in A'. Let (e;);cs be a basis of .#" and write z; = Zpgej for i = 1,2. Putting this in (6), we
obtain that \yrj = 7" and thus 7 |pj for j € I since A is a distinguished element of S,. But then
' wl/m™e;) =1/ f(z1) = x contradicting the fact that x is not in the image of f’. O

Remark 3.7. One can rephrase Iwasawa’s result in a more abstract way using the category language.
Let Modg = be the category of finitely generated S,-modules, that are torsion-free and let Modtsfy (resp.
Freeg ) denote its full subcategory gathering all torsion-free modules (resp. all free modules). We also

introduce the category Modgif, which is by definition the category of finitely generated S, -modules up to
quasi-isomorphism, i.e. ModqiyS is obtained from Modg by inverting formally quasi-isomorphisms. We

have a natural functor Modg = — Modgls, whose restriction to Mod% Modg defines a pylonet in the sense of [2],
§1. It follows from the results of loc cit (see Corollary 1.2.2) that the Max construction is a functor: to
a morphism f - M — M in Msl/, one can attach a morphism Max(f) : Max(.#) — Max(.#"). We
recall briefly the construction of Max(f). Let .#4" be the pushout M' ® 4 Max (), that is the direct sum
M’ ® Max(A) divided by M (embedded diagonally). We have a natural morphism ' — A" which
turns out to be a quasi-isomorphism. Hence, there exists a map M#" — Max(.#') and we finally define
Max (4 ) to be the compositum Max(.#) — A" — Max(.#") where the first map comes from the natural
embedding Max () — A" & Max(A).

If ./ is a submodule of S¢ (for some positive integer d), the following proposition gives a very explicit
description of Max(.#).

Proposition 3.8. Write v = /«, with «, 0 relatively prime integers. Let d be a positive integer and .# be
a submodule of S%. Then Max(.#) exists and

Max(#) ={z €S | IneN, n"zv €. .4 and (u*/7°)" -z € .M }.
Furthermore the morphism i g : M — Max(. ) is the natural embedding.

Proof. Let Myax be the set of 2 € S such that there exists some n such that 77 and (u®/7%)™ - = belong
to .#. We want to show that Max(.#) exists and is equal to A pax. It is clear that # C Mrax and
that the quotient .#,.. /.4 is canceled by a power of 7 and a power of u® /7" which is a distinguished
element. Hence it has finite length, and the inclusion .Z — .#,,. is a quasi-isomorphism. Next, suppose
that we are given a S,,-module .# together with a quasi-isomorphism ¢ : #,ax — #p. Then there is a
quasi-isomorphism i_y : .# — .# that sits in the following diagram:

M —— Mo — 5S¢

Y P ™

Mo
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Note that g is injective as it is a quasi-isomorphism. Moreover, we know that the cokernel of ¢_, is annihilated
by a power of u® /7" and a power of 7, which implies that g is surjective. Thus, g is an isomorphism and by
Lemma 3.5, Max () exists and Max(.#) = M nax as claimed. The second part of the proposition is clear
from the above diagram. O

It follows directly from Proposition 3.8 that the intersection of two maximal modules is maximal. The
same is however not true for the sum: in general the S, -module .# + .#’ is not maximal even if .# and .4’
are (take for example .# = uSy and .#’ = 7wSy). This leads us to define the new operation + ., (Which is
much more pleasant than the usual sum of modules) on the set of maximal submodules of S¢ as follows:

M+ M = Max(M + M)

We also deduce from Proposition 3.8 that a Sp-module .7 is free if and only if .# = #ax. This gives
a nice criterion to check if a Sp-module is free. It is not true in general for a sub-S,-module .# of S¢ that
Max(.#) is free (this will become apparent when we give the general shape of a maximal S, -module in
§3.3). However, by Lemma 2.6, every S, becomes isomorphic to Sy over a finite extension R’ = R[w]
(where @ depends on v). Set S, = S, ®x . For all submodule ./ of S%, we obtain that Max(.# © S!)
is a free submodule of (S/,)?. Denote by Maxgy the set of maximal sub-S,-modules of S¢ and by Freegé

the set of free sub-S!-module of (S!,)<.

Proposition 3.9. The natural map

) :Max‘éy — Freeds,y
M —  Max( A ®sg, S))

is injective. A left inverse of ® is given by M' + #' N S%. Moreover, the image of ® contains the subset of
Freedsl/l of free modules which admit a basis (€,);c1 where e € (S!)% and €}, = w®ie; with e; € (S,)% and
a; € N

Remark 3.10. Actually, we will prove later (see Lemma 3.18) that the image of ® is exactly the subset of
Freeds, verifying the condition of Proposition 3.9.

Proof. In order to prove that ® is injective, it is enough to prove that ® has a left inverse. For this, let
M € Maxgy and let .#' = Max(4 ®g, S)) € Freeflg,y. Then it suffices to prove that .7 = .#' N S%is a
maximal sub-S,-module of S?. Indeed, as it is clear that .#, contains .# and that the injection .#Z — ./,
is a quasi-isomorphism (since the injection .# ®g, S/, — .# is a quasi-isomorphism), we remark that by
the maximality of ./ it would imply that .# = #5.

For this let « € S¢ and suppose that there exists n € N such that 7" - x € #y and (u®/7P)" - & € M.
As .#’ is maximal and .#5 C .#’, by Proposition 3.8, it means that x € .#’. Hence x € .#>. Using again
Proposition 3.8, we deduce that .#5 is maximal.

Let us now prove the last claim of the proposition. Let .Z’ € Freeg{/ which admits a basis (e});c; where
el € (9)% and e} = w%e; with e; € (S,)? and o; € N. We have to find a sub-S,-module .# of SZ
such that .# ®g, S, is quasi-isomorphic to .Z'. As .#' = @ €.S), it is enough to treat the case d = 1.
Let 0 < o be an integer and let .#" be the sub-S’,-module of S/, generated by w®*. Let A be a positive
integer such that %+ + )\g = v € Z. Such a A exists because « and [ are relatively prime. Let .# be the

sub-S,-module of S, generated by 7 and Z—i Letpy =w 7’;—:, it is clear that v, () = 0 so that u is a
distinguished element of S),. Thus, we have w®'.;u € 4 ®g, S, and @' - w*~** € M g, S,, therefore
M Rg, S, is quasi-isomorphic to .#". O

3.2 An approach based on localisation

We have seen that in a class of quasi-isomorphism of a finite type torsion-free S,,-module .Z there exists a
distinguished element Max(.#). In this section, we use this fact in order to represent the quasi-isomorphism
class of .# by localizing with respect to u® /7" and 7. We thus obtain a representation of finite type
torsion-free S, -modules amenable to computations.
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3.2.1 A useful bijection

We keep our fixed positive integer d. We recall that

&={ E a;iu’, a; € K, vi(a;) + vi bounded belowand lim vk (a;) + vi = +o00}
i——00
i€l

is a field containing S, . and S, ,,. If .# is a sub-S,-module of & 4 we shall denote by .#; (resp. .#,)
the sub-S,, r-module (resp. the sub-S,, ,-module) of & @ generated by .#. For example, if ./ is free over
S, with basis (eq, . .., ep), then 4 (resp. .#,,) is also free over S, » (resp. S, ,,) with the same basis. As
. is torsion free, and as S, ,, and S, . are principal ideal domains, .#, and .#,, are free. We denote by
Maxdsu the set of maximal sub-.S,, -modules of S{,i andfor A =S,,5, » or Sy, let Freeff‘ denote the set of

sub- A-modules of A<, which are free over A. Recall that Max‘éU = Freefé0 since we have seen in Section 3.1
that a maximal module over S is free. Thus, the following lemma provides a useful description of maximal
Sp-modules.

Lemma 3.11. Let S = Sy. The natural map

U’ :Freet — TFreel x Freel
M = (M, M.

is injective. If a pair (A, B) is in the image of V', its unique preimage under V' is given by AN B.

Proof. From the descriptions of elements of S, Sy, .S, and & in terms of series, it follows that S = S; N .S,,.
If # € Free%, it is isomorphic to S* for h < d and, by applying the preceding remark component by
component, we get .4 = .#, N .#,. This implies the injectivity of ¥’ and the given formula for its
left-inverse. 0

Using Lemma 3.11, we can prove:

Theorem 3.12. The natural map

v :Maxgy — Free‘é” XFreegM
M (M, M.

is injective and its image consists of pairs (A, B) such that A and B generate the same &-vector space in
&% If a pair (A, B) satisfies this condition, its unique preimage under ¥ is given by AN B.
Furthermore, we have the following equalities:

V(N H) = (MeO M., M, N M)
V(M +wax M) = (My+ M., M+ M)

forall #, ' € Max? .
Sy

Proof. Let w in an algebraic closure of K, be such that w® = 7. Let R’ = R[w] and 5], = S, ®n R'. We
know by Lemma 2.6 that S, is isomorphic to JR/[[u]]. Then, the map W sits in the following commutative
diagram:

v
d d d
_—
Maxsu Freesu, X Freesyyy

hMax(. ®s, S.) { ®s, S,

!

d d

Freeqs — — _ Free X Free
Sy, Sl’,,7r s!

v,u

®

By Proposition 3.9, the map .# +— Max(.# ®g, S.) is injective and ¥’ is injective by Lemma 3.11 and the
fact that S/, is isomorphic to Sy by Lemma 2.6. Thus, we deduce that ¥ is injective by the commutativity of
(8).

We want to prove now that if the pair (A, B) belongs to Freedsy X Freedsy_u and satisfies the condition
of the theorem, then ./ = AN B is maximal over S, and ¥(.#) = (A, B). We claim that there exists
abasis (e1,...,ep) of A (over S, ) such that ./ is included inside the S,-module generated by the e;’s.
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Indeed, let us first consider (e, .. ., ey) a basis of A and denote by .#" the S, -module generated by the e;’s.
Now, remark that, by our assumption on the pair (A, B), every element x € B can be written as a &-linear
combination of the e;’s. Taking for n the smallest valuation of the coefficients appearing in this expression, we
get z € m~ "4, Moreover, since B is finitely generated over S, ,,, we can choose a uniform n. Replacing
e; by m— "¢, for all i, we then get A = .# and B C .. Thus #4 = ANB C M. N M, = 4"

Since S, is a noetherian ring (recall that v is rational), we find that ./ is finitely generated over .S,.
Furthermore, one can compute Max(.# ) using Proposition 3.8: if x is an element of S¢ for which there
exists n such that 7"z and (u®/7”)"z belong to .#, then x € A (since 7 is invertible in S, ) and z € B
(since u®/m? is invertible in S, ,,). Thus = € .# and Max(.#) = .4, i.e. ./ is maximal.

Let us prove now that ¥U(.#) = (A, B). By the same argument as before, we find that there exists a
positive integer n such that #”.#’ C .# C .#’, from which it follows that .#, = .#) = A. The method
to prove that .#,, = B is analogous: we first show that there exists a basis (e1, ..., ep) of B over S,, ,, and
some elements sq,..., s, € S, such that:

e all s;’s are invertible in S, ,,, and
e we have > s;6;8, C .4 C > e;S,.

From these conditions, it follows that .#,, is generated by the e;’s over S, and, consequently, that .Z,, = B.

It remains to prove the claimed formulas concerning intersections and sums. For the intersection, we
note that if 4 N.A' = (My N M) N (MLN M) = (MO ML) N (M, N A,). Hence, we just need to
justify that 4 N A and 4, N A, are free over S, . and S, ,, respectively, and that they generate the
same &-vector space. The fact that they are free follows from the classification theorem of finitely generated
modules over principal rings, whereas the second property is a consequence of the flatness of & over S,
and S, .

For the sum, we have to justify that (# +max A ) = My + A and (M +max A" )y = My + M),
Itis clear that (A + M)y = Mr + M) and (M + H"), = M, + A),. Hence, it is enough to prove
that, given a finitely generated S,-module N € S¢, we have Max(N), = N, and Max(N), = N,,. Itis
obvious by Proposition 3.8. O

Reinterpretation in the language of categories We introduce the “fiber product” category Freeg =~ ®pyee,
Freeg = whose objects are triples (A, B, f) where A € Freeg , B € Freeg and f : & ®s,, A —
& ®s,,, B is an &-linear isomorphism. We have natural functors in both directions between Max¢ and

Freeg — ®pree, Freeg  :toan object .# of Maxdsu, we associate the triple (S, » ®g A, Sy, ®s A, f)
where f is the canonical isomorphism, and conversely, to a triple (.#,, .#,, f), we associate the fiber
product of the following diagram (which turns out to be free of finite rank over S,):

M

®

My ——— E Q3 M ——— E s, Mu

Theorem 3.12 then says that these two functors are equivalences of categories inverse one to the other.
Actually, this result can be generalized to non-free modules as follows.

Proposition 3.13. The functor Modg — Modg =~ ®moed, Modg ., A +— (Spn ®s M, S, Qs M)
factors through Mod%ivS and the resulting functor

qis
Modg, = — Modg, = ®wmod, Modg,
is an equivalence of categories.

Proof. Left to the reader. O
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3.2.2 Normal forms for modules over S, . and S, ,,

As S, r and S, ,, are Euclidean rings there exists a good notion of rank as well as Hermite Normal Forms
for matrix over these rings. In this section, we state propositions giving the shape of Hermite Normal Form
together with algorithms with oracles to compute them. We recall that an algorithm with oracle is a Turing
machine which has access to oracles to store elements of the base ring and perform all usual ring operations:
test equality, computation of the valuation, addition, opposite, multiplication and Euclidean division. We will
measure the time complexity of the algorithms by counting the number of calls to the oracles. Classically,
we then derive some consequences which will be used in this paper. For the complexity analysis, we denote
by 6 a real number such that product of two d x d matrices with coefficient in S, can be done in O(d?)
ring operations. With a naive algorithm, we can take # = 3 and with the current best known algorithm of
Coppersmith and Winograd [6], § = 2.376.

Proposition 3.14. Let M = (m;;) € Myxq (Su,x), let v be the rank of M. Then, there exists an invertible
matrix P such that M.P = T with

tq 00
*

*
* % 0 0

where
o fori=1,...,rt; =ud + Z?igl bju! withvg(bj) +v(j—d;) >0;

o fori=1,...,1, Ty, = t; and L is a strictly increasing function from {1, ...r} to {1,..., d} such
that (1) = 1.

The matrix T is said to be an echelon form of M. Let dy,.x be the maximal Weierstrass degree of the entries
of M, an echelon form of M can be computed in O(d - d’ - dpax + max(d’ - d',d'% - d)log(2d’/d)) ring
operations

If the echelon form moreover satisfies:

e all entries on the 1(i)"-row are elements of K [u] of degree < d;.

then T' is unique with these properties and is called the Hermite Normal Form. The Hermite Normal form of
M can be computed from an echelon form of M at the expense of an additional O(r?) ring operations.

Proposition 3.15. Let M € Mgy (Sy ), let v be the rank of M. Then there exists an invertible matrix P
such that M.P =T and

7rd1 0 0
*
4
T = T : (11
*
* * 0 0
where

o fori=1,...,r, T, = 7 where 1 is a strictly increasing function from {1,...r} to {1,...,d}

such that [(1) = 1.

The matrix T is said to be an echelon form of M. An echelon form of M can be computed in O(d.d") +
max(d? - d',d'? - d) log(2d' /d)) ring operations.
If the echelon form moreover satisfies

o the entries on the 1(i)"-row are representatives modulo 7% .
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then T is unique with these properties and the called the Hermite Normal Form of M. The Hermite Normal
form of M can be computed at the expense of an additional O(r?) ring operations.

Proof. The proof of the previous propositions as well as algorithms to compute the echelon form of M with
the given complexity is an immediate consequence of [7, Theoreme 3.1] together with the fact that S,  and
Sy« are Euclidean rings. Moreover for all z,y € S, » one can compute the gcd(x, y) in O(degy, (y)) ring
operations. From its triangle form, one can then compute the Hermite Form of M with coefficients in .S, . at
the expense of O(d - 7 - dax) ring operations. O

Remark 3.16. We deduce from this proposition that if M € Mgy (Su.x) is a full rank matrix, there
exists P such that M - P is a matrix of the form (10) with all coefficients in K[u]. In the same way, if
M € Myyxq (Suu) is a full rank matrix then there exists an invertible matrix P such that M - P has the form
(11) where all entries are representatives modulo grmax{dy,....dr}

Let S, 10c be S, or S, ~. We derive some consequences of the existence of triangle forms and Hermite

Normal Form for the representation and computation with finitely generated sub-S,, ;,.-modules of Sg loc-
d

v,loc

d

We can represent a finitely generated sub-.S,, ;,.-module .# of S by a d x d matrix M giving d generators
of ./ in the canonical basis of Si 10¢ Since every sub-module of S¢, . has dimension at most d. Keeping the
same notations, one can compute the module of syzygies of .#. For this it is enough to compute R, a matrix
of maximal rank such that M - R = 0 which can easily be done by computing an echelon form of M. Given
avector ¥ € Sg’ 10c Provided by its coordinates vector V' in the canonical basis, one can check efficiently if
¥V € ./ by finding a vector X such that M.X = V which can also be done with the echelon form of M.
Let M and M’ representing the modules .# and .#’, one can compute a matrix representing the module
M + 4" by computing the echelon form of the matrix (M M’) and taking the d first columns. One can

compute the intersection of .# and .#’ in the same way by finding R and R’ such that (M M) ( }]2%’ ) = 0.

3.2.3 Consequences for algorithms

In view of the results of §3.2.1 and §3.2.2, we shall represent a maximal S,,-module ./ living in some S¢ as
a pair (A, B) where A (resp. B) is the matrix with coefficients in S,  (resp. in S, ,,) in Hermite Normal
Form representing S, . ®g, A (resp. S, ., s, A ).

The second part of Theorem 3.12 tells us that it is very easy to compute intersections and “maximal-sums”
of S, -modules with this representation. Indeed, we just have to perform the same operations on each
component, and we have already explained in §3.2.2 how to do it efficiently. As the Hermite Normal Form
is unique, it is also very easy to check the equality of two maximal sub-S,-modules of S¢. Using only the
echelon form of the matrices A and B it is also possible to test membership.

Even better, this representation is also very convenient for many other operations we would like to
perform on S,,-modules. Below we detail three of them. First, let .#Z C Sf,l be a maximal S,,-module. By
definition, the saturation of .# in S¢ is the module

Moy ={z€SE | IneN, mwe.a}.

It follows from Proposition 3.8 that ., is maximal over S,,, and we would like to compute it. For that,
working with our representation, we need to compute (At ) and (Msat )w- But, we have (Mot )n = M
and

(Mar)u = {z € Siu | IneN, n"z € M,}.

The computation of (.#,y ) is then for free, whereas the computation of (.#g,¢ ), can be achieved using
Smith forms, which is here quite efficient due to the fact that .S, ,, is a discrete valuation ring. An important
special case is when . has rank d over S,,. Then (.#gat)., is always equal to Sl‘iu. Thus, in this case, if .#
is represented by the pair of matrices (A4, B), then .#,; is just represented by the pair (A, I) where I is the
identity matrix.

More generally, one can consider the following situation. Let .# € Maxgu and #' € Maxflgu .- We
want to compute .# N.Z', which is a maximal module over S,,. As before, we need to determine (.# W4 )
and (4 N .#A"), and one can check that:

(AN M)e = MaO M.
(MM = MM
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Note that, here, .#,, is vector space over &. As before, the intersection ., N .#,, can be computed using
Smith forms and, if .#" has rank d over S, ., we just have ., = &% and so (4 N M"),, = M.

The third example we would like to present is obtained from the previous one by inverting the roles of
Sy and S, ,: we take .4 € Freegvy and A’ € Free‘éy , and we want to compute . N .Z'. We then have
(MO Mg = My O M. and (MO M) = My N A" Here anew difficulty occurs: .2 is a &-vector
space and so, in previous formulas, it appears an intersection between a free module over S, . and a &-vector
space. Again, one can compute this Smith form. However, it is not so efficient as before since .S, . is just a
Euclidean ring, and not a discrete valuation ring. Anyway, it remains true that, in the case where ./ has full
rank, then .. = &<. So, in this case, (.# N .#") is just equal to .#, and the computation of (.# N.A")
becomes very easy.

3.2.4 Further localisations

We remark that the matrix appearing in Proposition 3.15 has coefficients in .S, ,, which is a discrete valuation
ring while the matrix of Proposition 3.14 has coefficients in S, , which is only Euclidean. For certain
applications, it can be more convenient to compute with elements in a discrete valuation ring; for instance,
the computation of the Smith Normal Form can be made faster in a discrete valuation ring.

It is actually possible to work only over discrete valuation rings by localising further. More precisely,
for any element a € K (where K is an algebraic closure K of K) with valuation > v, we have a canonical
injective morphism S,, . — K[[u — a]] which maps a series to its Taylor expansion at a. Hence, if .#, is a
sub-S,, --module of S¢ . one can consider .#,, o = M, ®s, . K[[u— a]] C K[[u — a]]* for all element a
as before. Moreover, if .#,, has maximal rank, all .#, ,’s are trivial (i.e. equal to K [[u — a]]?) except a finite
number of them (which are those for which a is a root of one of the ¢;’s of Proposition 3.14). In addition, the
map:

E :Mod§,  — [luess Mod%, uy
My = (Mpa)a
is injective and commutes with sums and intersections. Hence, one can substitute to .#,, the (finite) family
consisting of all non trivial .#, ,’s. This way, we just have to work with modules defined over discrete
valuation rings.

Note finally that there exist algorithms to compute one representation from the other. Indeed, remark first
that computing the image of ./, by = is trivial if .#, is represented by a matrix of generators: it is enough
to map all coefficients of this matrix to all K [[u — a]]’s. Going in the other direction is more subtle but is
explained in [3], §2.3.

3.3 A generalisation of Iwasawa’s theorem and applications

The aim of this subsection is to present an algorithm with oracle to compute the maximal module associated
to a S,-module. Moreover, as a byproduct of our study, we will derive an upper bound on the number of
generators of a maximal sub-S,-module of 5.

The idea of our construction (inspired by an algorithm of Cohen) is to consider the matrix of relations of
a module and to perform elementary operations preserving quasi-isomorphisms to put this matrix in a certain
form. In order to do so, we first need a way to compute the matrix of relations of a module or at least a certain
approximation of it. Let .# be a torsion-free finitely generated S, -module and let (ey, ..., e;) € .#* be
a family of generators of .#. We denote by % the module of relations of (e, ...,ex) that is the set of

(A, ..., Ak) € S¥ such that Zle Aie; = 0. Let r be the rank of # ®g, S, . From the exact sequence
0—+2% ®S,, Su,7r — 5577]’ A ®SV SV,TK‘ — 07 (12)

deduced from the flatness of S, over S,,, we obtain that Z ®g, S, r is a free module over S, . of rank
¢=Fk—r.Let(f1,...,f) beabasis of Z®g, S, » and set Z' = ©_, (S, f; N S¥). Apparently, Z' is a
sub-S,,-module of % which is free of rank ¢. Indeed, if n; denotes the smallest integer such that 7" - f; € S l’f,
then the family (7" - f;) is a basis of %’. Moreover, we have the inclusion #’' > 7V.% for a certain N
since Z' ®s, Syx = % ®s, Su,x. Now, from the knowledge of the matrix M € My (S, ) whose column
vectors are the coordinates of e; in the canonical basis of Sf,l, we can compute a matrix R’ € My ,(S,) of
generators of %’ using the algorithms of §3.2.2. We have by definition M.R’ = 0. Of course in the above
construction, we can replace, mutatis mutandis the localisation with respect to 7 by the localisation with
respect to u® /78,
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3.3.1 An algorithm to compute the maximal module

We start with a couple of matrices M = (m; ;) € Myxr(S,) and R = (r; ;) € My x,(S,) representing the
generators of .7 embedded in S and a sub-module of % containing 7~ % for a certain N. We are going to
prove by induction that we can put R in triangular form by using elementary operations on the rows of 12
and the columns of M which preserve . up to quasi-isomorphism. We suppose that for a positive integer i
there is a strictly increasing function ¢ : [1,i9] — N* such that

o foralli=1,...,50—1,forj >d,andt(i) <m < t(i+1),rjm =0;
e foralli=1,..., 4, forall j > ¢(¢), r; ; =0.

The matrix R has the following shape:
T1,t(1)

R Tio t(io) (13)

where the blanks represent 0 entries.

We set £(ig + 1) to be the first integer ¢ such that ¢(ig) < ¢t < £ and there exists a j > ig+ 1 with r; ; # 0.
If no such integer exists then we have finished. In order to describe operations on rows (resp. columns) of a
matrix 7" of dimension k X £ it is convenient to denote the row vectors of 1" (resp. the column vectors of T') by
L,(T)fori=1,...,k (resp. C;(T) fori =1,...,£). We say that the condition Cond(%) on R is satisfied if
there exist two different indices jo, j1 € {1,...,k} such that v ;5 - 7}, +5) 7 0, v (750 1) < V0 (75, 6())
and degyy (7)) < degy (75, +(i)). We apply the algorithm ColumnReduction (see Algorithm 3) on
R, M,ig+ 1,t(ip + 1).

Algorithm 3: ColumnReduction (preliminary version)

input :
o M € Maxr(Sy)
o R € Mpy(S,) in the form (13),
o i, t(i) €N
output: R, M such that M - R = 0 and R does not satisfy condition Cond(¢(7))

while Cond(t(4)) is satisfied do
2 Pick up jo,J1 € {1, ey k‘} such that Tjot(3) * Tj1,t(4) ;é 0, UV(Tjo,t(i)) < UV(le,t(io+1)) and
degyy (7jq,0()) < degpw (7, 1(1));

—

3 (q,7) < EuclideanDivision(r, +(s), 7j, (1))
4 CjU(M)(_CjO(M)—’_qul(M);

5 le (R) A le (R) - quo (R)7

6 return M, R;

It is clear that the matrix M returned by Algorithm 3 represents the same module .Z since it modifies
M by performing elementary operations on the columns. Moreover, the algorithm preserves the relation
M - R = 0. The effect of the operation of Step 5 of Algorithm 3 on the entry r;, ;(;) of R is either

e replacing it by 0, or
e decreasing strictly its Weierstrass degree and its Gauss valuation.

Hence, it is easily seen that after a finite number of loops the conditions Cond(¢(ig + 1)) will no longer
be satisfied on R. It may happen that there is only one nonzero entry on the ¢(io + 1)** column of R and
in this case, we are basically done: by permuting the rows of R we can suppose that the non zero entry is
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Tig+1,t(io+1)- Next, we remark that the vector v of .# whose coordinates in the canonical basis of Sl‘f is
given by the (ig + 1) column of M verifies Tig+1,t(io+1) - ¥ = 0 which means that v = 0 and we can set
Tig+1,; = 0 for j > t(ig +1).

If there are several nonzero entries on the #(ig + 1) column of R and the condition Cond((ig + 1))
is not satisfied on R, we let jo be such that v, (7}, ¢(io+1)) = Mini<;j<r{v,(7)+@i+1))}- Note that we
have v, (7, ¢(i0+1)) < Vu(Tjt0+1)) fOr j # jo because on the contrary, the condition Cond (t(ip + 1))
would be satisfied on R. By multiplying the #(io + 1)*" column of R by an element of Sy~ with valuation
—0y (7o, ¢(io+1))» W€ can moreover suppose that v, (7, +(io+1)) = 0. Let & = minjjo (v, (75 1(ig+1)))-

The case v = 0 First, we suppose that » = 0 from which we deduce that § is a positive integer. Denote
by e1, ..., ex the generators of .# represented by the column vectors of the matrix M. Denote by .#; the
module generated by (¢});=1...x with €/ = e; for j # jo and €/, = Le;,. The identity of S¢ induces an
inclusion f : .# — .#1. It is clear that the cokernel of f is annihilated by . Moreover, we have

Piotior) €l = > @ej. (14)
J#jo
As the right hand side of (14) is in ./ since “U9*2 € S, the cokernel of f is also annihilated by 7, (i1 1)
which is a distinguished element of .S,,. We conclude that f is a quasi-isomorphism.

We denote by O1(j) the operation on the couple of matrices (M, R) which consists in multiplying by
L the (j)" column of M and multiplying by  the (j)'" row of R. Keeping the hypothesis and notations
of the preceding paragraph, it is clear that if (M, R) represents the module . and its relations, then the
matrices resulting from the operation of O (jo) represents the module .#; which is quasi-isomorphic to ..
By repeating operations of the form O1 () a finite number of time, we can suppose that § = 0. But it means
that the condition Cond(#(ig + 1)) is not satisfied on R and we can call again Algorithm 3.

We thus obtain the algorithm ColumnReduction (final version), Algorithm 4, which takes a relation
matrix of the form (13) for 7y and returns a relation matrix of the same form for iy + 1. The algorithm
MatrixReduction, Algorithm 5, uses ColumnReduction in order to compute a new set of generators of a
module quasi-isomorphic to . the relation matrix of which has a triangular form.

Algorithm 4: ColumnReduction (final version) for v = 0

input :
o M € Maxr(Sy),

e R € Mjy(S,) in the form (13),
e i,t(i) € N the position of the last non zero “diagonal” entry of R.

output: R,M such that M.R = 0 and R is triangular up to the ¢ + 1 row.

—

while Jjo, j1 such that jo # j1 and rj, ¢y - 75, +(i) 7 0 do
2 while Cond(t(4)) is satisfied do

3 Pick up jo,j1 € {1,...,k} such that Tjo,t(i) * Tj1,t(d) #0, ’UV(rjg,t(i)) < UV(le’t(i)) and
degyy (7jo,6()) < degw (7, ¢(1));

4 (q,7) + EuclideanDivision(r;, +(iy, 7, (i) )

5 Cjo (M) = Cjy (M) + qCj, (M);

6 Lj1 (R) A le (R) - quo (R)’

7 Let jo be such that degyy (7}, +(s)) = maxi<j<p{degy (7))}
8 0 = mingzjo (v (7.40))) — Vo (Tj0.20) )

9 CjO(M) %%Cjo(M);

10 Lj(R) + n°Lj,(R);

11 return M, R;

The general case We reduce the general case to the case v = 0, by using Lemma 2.6. Let w in an algebraic
closure of K be such that w® = 7. Let R’ = R[w], S, = 5, @x R and 4’ = # &g, S),. The valuation
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Algorithm 5: MatrixReduction for the case v = 0
input :
® R€ Mxe(Sy),

o M € Myxk(S,) such that M - R = 0.

output: R € Myy(S)), M € Myx(S]) such that M - R = 0 and R is a triangular matrix.
1 19 < 0;
2 t(io) — 1;
3 whilei < k do
t(lo) — mln{t|t > t(Zo) and E'j > O,With?"jﬂg # 0 };
io i + 1;
M, R + ColumnReduction(M, R, g, t(i0));
for j < t(ip) + 1 to ¢ do
L Tig,j < 0

®X N S A

on fR (resp. the Gauss valuation on S,) extends uniquely to R’ (resp. to S.,). We have v, (w) = 1/a. The
algorithm for the general case is exactly the same as for the case v = 0 up to the point when Cond (¢(ip + 1))
is not satisfied. By multiplying the (i + 1)** column of R by (Mo 1o+1)" Y we can moreover suppose
that vy, (75, ¢(ip+1)) = 0. Let § = min;;, (v, (7} 4(ig+1)))-

With this setting, we can define a quasi-isomorphism in the same manner as before. Namely, letey, ..., eg
be the generators of .#" as a sub-module of Sl’,d represented by the column vectors of the matrix M. Denote
by .7/ the module generated by (e’;);j=1..x Where €, = e; for j # jo and €} = #63‘0. Then the natural
injection .#" — _#/ is a quasi-isomorphism. We denote by O(j, ) the operation on the couple of matrices
(M, R) with coefficients in .S/, which consists in multiplying by % the (j)*" column of M and multiplying
by @’ the (j)*" row of R. With the hypothesis and notations of this paragraph (i.e. M has the form
(13)), if (M, R) represents the module .#" and its relations, then the matrices (M’, R’) resulting from the
operation of Ox(jo, &) represents the module .#{ which have been shown to be quasi-isomorphic to .#’ (as
a S/ -module). Moreover, R’ verifies the condition Cond(¢(ig + 1)).

The matrix M’ (resp. R’), resulting from the operation O5(j, ¢) is made of column (resp. row) vectors
with coefficients in S, multiplied by w? for a certain § € %Z. An important claim is that this structure is
kept intact in the course of the computations involving all the elementary operations introduced up to now. In
fact, these operations on the rows of R are:

e multiplication of a row by a w®, for v an integer ;
e permutation of the rows ;

e for jo,j1 € {1,...,k}, replacing L;, (R) by L, (R) — ¢'L;,(R) where ¢’ is the quotient of @ - y
by w®° - x for z,y € S, and g, 1 € N.

It is clear that the two first operations does not change the structure of R and the same thing is true for the last
operation. Indeed, let ¢ € S,  and r € S, N K[u] with deg(r) < degy, (), be such thaty = ¢ - z + r,
then for ag,a; € N, we have @ - y = @ g . @™z + w*r so that we have ¢/ = w* ~* ¢ with
qES,.

In order to prove formally this claim and take advantage of it to carry out all the computations in the
smaller S, coefficient ring, we represent the couple of matrices (M’, R') with coefficients in S/, by a
triple (M, R, L) where M, R are matrices with coefficients in S, and L = [ay, ..., o] is a list of integers
such that for i = 1,...,k, C;(M') = w®C;(M) and L;(R') = w~* L;(R). We say that the condition
Cond'(7) on R is satisfied if there exists two different jo, j; € {1,...,k} such that Tjot(i) * Tjr(i) 7 0,
O (Tjo.i)) + 222 < v, (rj, 4)) + =2 and degyy (7,,4¢i)) < degyy (7, +(;))- With these notations, we can
write the final version of the MatrixReduction algorithm (see Algorithm 6) which encode the matrices M’, R’
with coefficients in S, with a couple M, R of matrices with coefficients in .S, and a list of integers.

Example 3.17. We illustrate the operation of the algorithm on the module of example 3.3. Recall that A4 is
the submodule of Sy generated by (72, wu®). It is represented in the canonical basis of So by the matrices
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Algorithm 6: MatrixReduction

o X NN AR W N -

10
11
12
13
14

15
16
17

18
19
20
21
22

23
24

25
26
27

input :
o R Miye(Sy),

o M € Myxk(S,) suchthat M - R = 0.

output: R € Myy(S)), M € Myx(S)), L suchthat M - R = 0 and R is a triangular matrix.

19 < 0;
t(io)(—l;
L+ [0,...,0];
while i < k do
ig <10+ 1;

while Cond’ (t(ig)) is satisfied do

L[jo]
if Vy (Tjoﬂf(io)) > UV(le,t(io)) then
le (R) — 7750[’]& (R)’

Cj, (M) = m=%C;, (M);
L[j1] < L[j1] + a - do;

Cjo (M) = Cj, (M) + qCj, (M);
L Lj1 (R) A Lj1 (R) - quo (R)’

Cjo (M) 4 —i57Cjo (M);
Ljo (R) « 7lol Ljo (R)’
| Lljo] <= Lljo] +6 — [6];
for j < t(ip) + 1 to ¢ do

L Tig,j < 0

(Cjo (M), Cio (M) 4= (Cio (M), Cj, (M));
(Ljo(R), Lig(R)) <= (Liy (R), Ly, (R));

L[j1]

U (Tjo,t(i0)) T ~a= < V(T 6i0)) + —o-

do < [’Uv(rjo,t(io)) - ’Uu(le,t(z'o)ﬂ;

Let jo € {1,...,k} be such that 7, ;(;,) # 0;

t(do) < min{t|t > t(dp) and 3j > 0, withr;, # 0 };
while 3jo, j1 such that jo # j1 and rj (o) * 7, 1(i0) 7 0 dO

Pick up jo,j1 € {1,...,k} suchthat 7, +¢i0) - 7}, +(ig) 7 O

and degyy (7,.1(i0)) < degw (75, ¢(i0))3

(g,7) = BEuclideanDivision(r;, ¢(i) 7j, ¢(i0))3

Let jo be such that degyy (7),,4(i0)) = Mmaxi<j<r{degy (7).¢i0)) }:
4 — min; (UV(Tj,t(io))) - 'Uu(rjo»t(io));
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M of generators and R of relation :

M= (r* 7u®),R= (i) .

It is clear that Cond(1) is not verified on R since there is no division possible between its entries. As a
consequence, we apply operation O1(1) on the couple (M, R) to obtain:

3
M = (7r 7Tu3),R: <7ru ) .
-7
Now, we have tu® = —u? - 7 and by applying on M (resp. R) an elementary operation on the columns

(resp. rows), we get finally :
M= (x 0),R:<0>.
-

An we deduce that the maximal module associate to M is w.Sg.

3.3.2 Computation of Max(.#)

Let My, Ry, L; = MatrixReduction(M, R, L = [0,...,0]). Let Ly = [f1, ..., Bk]. We denote by ./
the sub-S/,-module of (S!)¢ generated by the vectors given in the canonical basis of (S!)? by the column
vectors i - C;(My) fori € {1,...,k} such that L;(R;) is the zero vector.

Lemma 3.18. We have .#{ = Max(# ®s, S)).

Proof. Let #' = M ®g, S., and let .#, be the sub-S’,-module of (S’,)? generated by all the column
vectors @ - C;(M;). Tt is clear that .#; = .4/ since fori € {1,..., k} such that L;(R,) is not the zero
vector, we have C;(M7) = 0 (because . is torsion free). As .#; is obtained from .#’ by a sequence of
quasi-isomorphisms, it means that there exists a quasi-isomorphism ¢’ : .#' — _#{. If we prove that .#/ is
a free S/,-module, we are done by Lemma 3.6.

Consider the exact sequence 0 — # — S*¥ — .# — 0 associated to the family (ey,...,ex) of
generators of .#. As S/, is flat over S, and as #' ®g, S.[1/w] = # ®g, S.,[1/w] by definition of Z’, we
have an exact sequence

0= Z ®s, S)[1/w@] = (S.)[1/w] = A'[1)=] = 0 (15)

defined by the generators (e1, . .., ey) of .Z'[1/w]. Itis clear that at each step, the algorithm ReduceMatrix
describes an exact sequence of the form (15) for a different map (S”,*)[1/w] — .#'[1/w] since it preserves
the relation M R = 0. From this and the definition of M7, we deduce that if ; is the module of relations of
A7 then #1[1/w] = 0 from which we deduce that %, = 0 and we are done. O

Remark 3.19. As a byproduct of the preceding proof, we see that the vectors given in the canonical basis
of (S)? by the column vectors P - C;(M,) fori € {1,...,k} such that L;(Ry) is the zero vector form a
basis of M.

Corollary 3.20. Let Mo = 4] N SL. Then, Mo = Max (M ).

Proof. The corollary is an immediate consequence of Proposition 3.9 and Lemma 3.18. 0

3.3.3 Computation with S, -modules

Proposition 3.9 and Lemma 3.18 establish a one-to-one correspondence @ : Maxgu — Freeflg, , defined by

M — Max(# ®g, S',). Moreover, the image of ® is exactly the set of free sub-S’,-modules of 5/, which
admit a basis (e;);cr where e; € (S!)% and e; = wie} with e/ € (S,)% and 0 < a; < a. We have seen
thata ./# € @(Maxéy) can be represented by a couple (M, L) where M € Mgy (S,) and L is a list of
positive integers < .

From the data of a matrix representing an element of .#Z € Maxgy the algorithm MatrixReduction
computes the couple (M, L) representing ®(.# ). Moreover, if .Z’ € @(Max‘év ), the Algorithm 7 allows
to recover @1 (.#"). We see that we can easily go back and forth between the different representations.
For most of the applications however, it is convenient to represent an element of .# € Maxdsu by a couple
(M, L). Indeed, we have the lemma:
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Lemma 3.21. Let ./, M € Max$ | then

(MO M) = ()N D( M),
(p(%l +max %2) = (I)(%l) +max (I)(«%Q)

Proof. For the first claim, we have ®~1(®(.#1) N ® (M) = (A1) N P( M) N ST = (®(1) N ST N
(B (o) N SL) =ty N M.
Next, we prove the second claim. We have the following diagram of quasi-isomorphisms:

(M + A>) ®s,, S.,

/ \ (16)

Max(. A1 + M) Rs,, S., Max(#1 ®s, S,) + Max(#2 ®s, S,)
Thus, we have Max(Max(.#1 + #5) ®s, S,,) = Max(( A1 + #2) ®s, S.) = Max(Max (4 ®s, S.,) +
Max (45 ®s, S.)) which is exactly the desired result. O

Let A\, M- € @(Maxgu) be represented respectively by the couples (M7, L) and (M, Ls). Then, by
Lemma 3.21 one can represent the sum .#; +p,ax -#> by applying the algorithm MatrixReduction on the
couple ((M;Ms), L1 + L) (where Ly + Lo is the concatenation of the lists L1 and L»). The representation
as a couple (M, L) is however not well suited to the computation of the intersection of modules, since it
implies the computation of the kernel of a matrix with coefficient in S;, which is not Euclidean.

3.3.4 The generators of a maximal module

In order to have a complete algorithm (with oracles) to compute Max(.# ), it remains to explain how to
recover 4o = /| N S from the knowledge of .#] (see §3.3.2 for the definition of .#]). We would
like also to obtain a bound on the number of generators of .#5. By the construction of .#/, there exists
a basis (eq,...,ex) € S¢and §; € Nfori = 1,...,k, such that .| = EBfZl S’ .wde;. Then, we have
My = @le(S{,.w‘si N S,).e;. Hence, it is enough to explain how to compute .#{ N S¢ when .#] has
dimension 1. In this case, .#] is generated by an element of the form # -y where y € S, and by definition,
we want to find generators for the S,-module {z € S, |v, (x) > v, (Z5 - y)}. We are reduced to the problem
of finding generators of the S,-module A" = {z € S, |v,(x) > —b6/a}.

Lemma 3.22. Let§ € {0,...,«a — 1}. We define inductively a sequence of couple of integers («;, B;) by
setting cvg = 0, By = 0. Then for i > 0, while B;_1 + o;_1v > —g, we let (a;, B;) be the unique couple of
integers such that

® fi+aiv> —g,
o forall (x,y) # (a;, B;) € Z2 such that 0 < x < cv; and y + zv > ,g, we have B; + c;v < y + zv,

e «; is the smallest integer strictly greater than ;1 such that there exists an integer f3; with («;, 3;)
satisfying the two conditions above.

The family (7% - u®) has cardinality bounded by o and is a system of generators of the S,-module
N ={z e S |v,(x) > —d/a}.

Proof. First, it is clear by definition that all the 7% - u* are elements of .#". Moreover, it is clear that o; is
bounded by —4/8 mod a.

Denote by .4 the sub-S,-module of .#" generated by the family (7% - u®?). Let 2 € .4, we prove
inductively on degy; () that  is in .Ag. If degy (z) = O then v, (z) > Osothatx = - 1 withz € S,.
Suppose that d = degy, () > 0. As v, (x) > —d/a, by applying Corollary 2.11, we can write z = ¢ - h,
with ¢ € S, invertible and h € Ku] is a degree d polynomial such that v, (h) > —3/« and degy, (h) = d.
We have to show that & is in .4j. Let iy be the greatest index such that a;, < d. Then by construction
of the family (ay, 8;), we have v, (7%0 - u®0) < v,(h). Indeed, if ¢ is the term of h of degree d then
t € . and if we write t = 7/ - uX, we have by construction 3;, + c;,v < p + xv. Thus we can write
h = qy - 7P -u%io +r where g1 € S, degyy, (r) < a;, and v, () > —& /. We can then apply the induction
hypothesis on 7 to conclude. O
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From the above lemma, one can easily deduce an algorithm to compute the generators of 4" = {x €
Sylvy () > —d/a} as well as an upper bound on the number of generators. In order to find the «; we just
run over all the values between 1 and —6/8 mod « and check for each of them if it satisfies the conditions
of Lemma 3.22. Nevertheless this algorithm is inefficient and the obtained bound is far from tight. In the
following, we explain how to obtain a tight bound as well as an efficient algorithm to compute a family of
generators of .4 by using the theory of continued fractions. In order to set up the notations, we briefly recall
the results from this theory that we need (see [9]). For aq, ..., a, integers, the notation [ag; a1, ..., ay)
refers to the value of the continued fraction

N 1
Qg
n 1
aq
. 1
o
an
We take the convention that a,, # 1 in [ag;ay,...,ay] so that every rational number can be written
uniquely as a finite continued fraction. Let r = [ag; a1, ..., a,]. Welet pg = ag, g0 = 1, p1 = apay + 1,
q1 = a1 and define inductively py = agpr—1 + Pr—2, Gk = Grqk—1 + qr—2. The fractions py /gy are called
the k' convergent of the continued fraction [ag; ay, . . ., a,]. We have the properties:

e the integers py and gy, are relatively prime (see [9, Th. 2]);
® pr/ar = lag;ay, ..., ax).

Definition 3.23. Let r be a real number, and let vy be a positive integer. We say that a fraction 7 (b > )
is a best approximation (resp. a positive best approximation) of r relatively to ~y if for all integers c,d
such that v < d < band ¢/d # a/b (resp. suchthat v < d < b, dr — ¢ > 0.and ¢/d # a/b), we have
|dr — c| > |[br — a| (resp. dr — ¢ > br —a > 0). We say simply that § is a best approximation (resp. a
positive best approximation) of v if ¢ is a best approximation (resp. a positive best approximation) relatively
to 1.

Remark 3.24. Our definition of best approximation corresponds to what is often called in the literature best
approximation of second kind (see [9]).

Everything we need about continued fractions is contained in the following theorem (see [9, Th. 15 and
Th. 16]).

Theorem 3.25. Let x = [ag; a1, . . ., Gp].
1. Every convergent py/qy is a best approximation of x.

2. Reciprocally, every best approximation of x is a convergent, the only exceptions being the cases

x=ag+k withr € [1/2,1], %ZGTO-

Moreover,fori:O,...,n—l,x—% >0f0rievenandx—% < 0 fori odd.

Let r be a real number and b an integer. In the following, it is convenient to denote by min(r, b) (resp.
min™ (7, b)) the integer a such that |b - r — a| = min{|b-r — k|,k € Z} (resp. such thatb-r —a =
min{b - r — k,k € Zwithb-r — k > 0}). Then, for r a real number and b a positive integer, we let
{b}, = b7 —min(r,b) and {b};" = b-r — min™ (1, b).

Example 3.26. Let r = 0.9 and b = 2. Then we have min(r,b) = 2, min™ (r,b) = 1, {b}, = —0.2 and
{b} =0.8.

We need the following lemma:
Lemma 3.27. We have:
e forall j €{0,...,n}, {qj}> > 0ifjiseven, {q;}. <0if jis odd;
e forj € {1,...,n — 2} for all  integer such that 0 < ¢ < ajy2, ¢ - {qj+1}a + {q;}= has the same
sign has {q; } -
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Moreover forall j € {1,...,n — 2} and all  integer such that 0 < ¢ < a2,

1€ gj+1+qite = {gjr1te +{q}e-

Proof. The fact that {¢;}, > 0if j is even, {g; }, < 01if j is odd is an immediate consequence of Theorem
3.25.

If ¢ = 0, there is nothing to prove. We suppose for instance that {g; }, > 0 and {g;41}. < 0 (the other
case can be treated in a similar manner). Suppose that for 0 < ¢ < a,42, we have

{gj}e +C-{gj+1} <O. (17

Let ¢ be the smallest verifying (17), then ( > 2 since we have by definition of a best approximation

{a53el > {aye ol Then, as {g; o + (C — 1) - {41} > 0. we have [{g; o +C - {ay1 al < [y}l
which is a contradiction with the fact that there is no best approximation of x the denominator of which is
between ¢;+1 and ¢j+2 = an+2¢j+1 + ¢ > g1 + g5

With our hypothesis, for all integer ¢ such that 0 < ¢ < a2, we have {g;}» > {¢j}» + (- {gj+1}a-
Thus we have we have {q;}, > ((¢j+1 - * — min(z, ¢;41)) + ¢; -  — min(zx,g;) > 0, so that 1/2 >
(€gj+1+¢;)-x—C¢ min(z, gj4+1)—min(z, ¢;) > 0 (remember thatas j > 1, {¢,}, < 1/2). Asaconsequence,
¢min(z, ¢j4+1) + min(z, ¢;) = min(z, (gj41 + ¢;) thus {¢ - ¢j1 + ¢jte = C- {G+1}a + {¢5}a- O

For z = [ap;a1,...,a,] € Q and ~ a positive integer, we would like to be able to obtain the list of
positive best approximations of x relatively to y. The lemma tells us that not only the convergents po; /go; for
i € {0,...,|n/2]} are positive best approximations of z but also the min™ (z, g2; + f1q2i+1) /(g2 + 11G2i+1)
fori € {0,...,[(n—2)/2|} and p integer such that 1 < p < ag;+o. The following proposition states that
these are all the positive best approximations of x and gives a generalisation for the case of a positive 7.

Proposition 3.28. Ler © = a/b where a,b are relatively prime integers. Write x = [ap; a1, ..., a,)| and

denote by py. / qy. the sequence of convergents associated to the continued fraction [ag; ay, . .., ay,]. Lety < b
int

be a positive integer. Let v < d < b be an integer such that =224 s g positive best approximation of x

relatively to y. Let i be the biggest index such that d — q2;11 > v and let \ be the biggest integer such that

d — qit+1 — A qit2 > 7. Then

]) min+(r,d—q27‘,+1—>\'qzz+2)

T is a positive best approximation of x relatively to .

2) Ifeis such that d — qo;41 — A - G2i42 < e < d then min*(ﬂc7 e)/e is not a positive best approximation of
x relatively to 7.

Moreover, we have

{d—qait1 — X quira}d —{d}d = X {quiva}e — {q2i41}2 > 0. (18)

0 d— G243 v d— q2it1 — 2qi42 d—g2i+1 (
| ] ] ] ] ]

Figure 3: Graphical representation of Proposition 18.

Proof. Let i and X be defined as in the statement. We remark that we have A\ < as;43. Indeed, by hypothesis
d—q2i41 — A Gaiy2 = 7y, but we have goi3 = a2i43 - g2i+2 + ¢2;+1 and we know that d — 243 < 7. For
0< C < Qgi4+3 an integer, let ,U(C) = @2i+1 t+ C.q2i+2, h=d-— u(/\)

First, we prove that
{d} = {u(O}e = {d = n(O)}, (19)

if 0 < ¢ < ag;43. Using Lemma 3.27, we obtain

0 < min(z, p(€)) — u(¢) -z < 1. (20)
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As0 < d-x—minT(z,d) < 1, we have 0 < (d — p(¢)) - z — min™ (2, d) + min(x, u(¢)) < 2. We
have to prove that (d — u(¢)) -  — min™ (x,d) + min(z, u(¢)) < 1. Suppose, on the contrary, that
(d— p(¢)) -z — min™ (2, d) + min(x, x(¢)) > 1, then because of (20), we have:

0<(d—u(¢) 2 —minT(z,d) + min(z, u(¢)) — 1 < d -z — min*(z, d). (21)
If ¢ < A this is a contradiction with the hypothesis that min® (#.d) 3 o positive best approximation of x
relatively to . If ¢ > A then (d — p(¢)) - @ — min™ (2, d) +min(z, p(¢)) < (d— p(A)) - —min™ (z,d) +
min(z, u(A\)) because {(¢)}; > {u(\)}S by Lemma 3.27. Next, we remark that (d — u()\)) -z —
min™ (z, d) +min(z, u()\)) < 1 by what we have just proved, so that we have (d — ;(¢)) - & —min™ (z, d) +
min(z, 4(¢)) < 1. In any case, we are done.

Now, suppose that there exists v < e < d such that

{d}y <{ehd <{n}. (22)

For 0 < ¢ < ag;+3 anon negative integer, let e(¢) = d— p(¢). Choose ¢ so that [{e}- —{e(¢)};| is minimal.
By (19), we know that {e(¢)}F = {d}} — {u(¢)}2. As moreover {d}} — {p(az;y3)}s < {d}} (following
Lemma 3.27) and {e(\)}} = {h}}, we deduce that A < ¢ < ag;+3. Suppose that {e}} — {e({)}S # 0.
Asforall ¢ € {A, ..., azirg — Lh [{e(C + D} — {e(O}E] = {u(O}E — (¢ + 1} | = aaisaan we
deduce that |[{e — e(¢) }2| < {g2i+2}+ and the fact that |e — e(()| < gai+3 contradicts the second statement
of Theorem 3.25.

Thus, we have that {e}} = {e({)}; . Then, from (22), we can write {e}} = {d}F —{p({)}. < {h}} =
{d}F — {p(\) }s so that {(¢)}x > {p(N) }s. Suppose that {p(¢)}. > {1(A\)}. then, as X < ¢ < ag;y3, it
means that ¢ > . But then, ¢ = ¢(¢) = d — u({) < 7 which is a contradiction with the hypothesis v < e.
As a consequence, we have A = ( and e = h.

To finish the proof, we note that (18) is an immediate consequence of (19) and Lemma 3.27. O

Let x be a rational and  a positive integer. From the Proposition 3.28, we immediately obtain an
algorithm (see Algorithm 7) to compute the reserve ordered list of the integers ¢ such that min™ (x, ¢) /¢ is a
positive best approximation of x relatively to .

From Algorithm 7, it is possible to obtain a bound on the number of positive best approximations of a
rational number z. In order to state the following corollary, we introduce a notation: for (u, p, ¥) € R? x N,
we denote by L(, p, x) the finite arithmetic sequence with first term p, common difference p and length x
(if x is zero then the sequence is considered as empty).

Corollary 3.29. Let © = [ag;aq,...,ay,] be a rational number, denote by pi/qi for k = 0,...,n the
associated sequence of convergents. Let vy be a positive integer. The list a positive best approximations of x
relatively to v has cardinality bounded by 2 + Z}Z{zJ ag;.

Denote by L the finite sequence of increasing integers q such that min™ (z,q)/q is a positive best
approximation relatively to . Let I = {0, ..., |(n—1)/2]}. There exist two sequences (p;)icr and (X;)ier
with coefficients respectively in Q and N such that L = U;erL(pi, g2i41, X:)- Moreover, for i € I, the
sequence ({q})qe (s qzis1,x:) 18 also an arithmetic sequence with common difference {q2i11}e < 0.

Proof. To prove the first part of the statement, it suffices to show that the number of elements of the list
generated by the loop beginning in line 12 of Algorithm 7 for a given value of next gk is less than @pextqr+1-
Indeed, it is clear from the initialisation of Algorithm 7 that nextqgk is running through the odd indices in
{0,...,n — 1}. Now the relation g[nextgk + 1] = Gnextqr+1 - ¢[nextgk| + g[nextqk — 1] implies that the
loop on line 12 is executed at mOSt Apextqr+1 times. Taking into account the first and last element in the list
L, we obtain that its cardinality is bounded by 2 + Z}Z{zJ ag;.

The second part of the statement is clear, since the while loop on line 12 build a (reverse ordered)
arithmetic sequence of common difference g[nextgk| and the last point is an immediate consequence of
(18). O

Remark 3.30. Denote by L the output of Algorithm 7. By the corollary, L is a union of arithmetic sequences
each of which can be encoded by a triple of integers giving the first term of the sequence, its common
difference and the number of terms of the sequence. Recall that x = [ag; a1, . . ., a,]. Using this encoding,
the list L can be represented (as a data structure) by O(n) bits of information. Moreover, it is easy to modify
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Algorithm 7: Reverse order list of positive best approximations

input :

e x =a/b=ag;ai,...,a,] arational number ;

o the lists of integers p[k], ¢[k] for k = 0, ..., n, such that p[k]/q[k] are the convergents associated to
[a(); az,... 70,”];
e ~ < b a positive integer.
output: L a reverse ordered list of the integers ¢ such that min™ (
approximation of x relatively to ~y

L« [b];

last < b;

t<+n;

if 4+ 1) mod 2 =0 then
‘ nextgk <t — 2;

else
L nextqgk <t —1;

x,q)/q is a positive best

N A N AW N

8 while nextqk > 0 do
9 if last — g[nextqk] > + then

10 A floor( last — g[nextqk] — ) ;
g[nextak + 1]

1 last < last — A.g[nextqk + 1] ;

12 while last — g[nextqk]| > -y do

13 last < last — g[nextqk];

14 L+ lastUL;

15 | nextgk < nextgk —2;

if L[1] > - then
17 | LeqyUL;

18 return L;

-
=)
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Algorithm 7 so that it returns the list L encoded in that way and have running time O(n). For this, we just
have to replace lines 12-14 by:

last — v
q[nextqgk] );
first < last — length - ¢[nextqk];
L + (first, ¢[nextqk], length) U L;
last < first

length < floor(

We have everything in hand in order to compute efficiently the generators of A4 = {x € S, |v,(x) >
—d/a}. Indeed, consider the line £ given by the equation y + xg = —g. Letvy = % mod «, where %
mod « is considered as a positive integer in {0, ..., « — 1}. Then —~ is the abscissa of the first point of the
line £ with integer coordinates to the left of the origin point. Denote by (g; )¢ the list of integers ¢; such
that min™ (3/a, ¢;)/q; is a positive best approximation of 3/« relatively to y. Then if we set o;; = q; — 7, it
is easily seen that the o; are precisely the same as the one defined in the Lemma 3.22.

Corollary 3.31. Let v = /a = [ap;ai,...,a,). Let & be an integer. Set N = {x € S,|v,(z) >
—6/a}. Then N is generated elements of the form (1% u®);c ; where the cardinality of J is bounded
by 2 + Z}Z{ZJ ag;. Let I = {1,...,|n/2]}. There exist two sequences (u;)icr and (X;)ier With co-
efficients respectively in Q and N such that («;)ic; = UjerL(1i, g2it1, Xi).- Moreover, the sequence
O (TP %) 0 € L (i 251102 15 also an arithmetic sequence.

By gathering all the results of this section, we obtain:

Theorem 3.32. Let v = [ag;ay,...,ay,). Let M be a sub-S,-module of Sl‘f. Then a bound on the number
of generators of Max(.A ) is d.(2 + Z[Z{ﬂ as;). These generators can be represented by d vectors of S¢
and d - |n/2| arithmetic sequences of the form L(p, q, x) where q is the denominator of a convergent of odd
index associated to [ag; a1, . . ., ay).

3.3.5 Application: scalar extension of .S, -modules

Let v/,v € Q such that v/ > v, there is a natural inclusion 6, : S, — S,/. Given a module .# over
S,,, we would like to compute the module Max(.# ®g, S,/) € Max® . If M = (my;) € Mgxx(S,) is a
matrix representing .#, it can be done by calling the algorithm MatrixReduction on the matrix (0,0 (myj)).

Nevertheless, if .# is maximal, there is another better way to carry out this computation. Assume that
A is represented by a couple (M', L’) with M’ € Myxx(S,) and L' = [aq, ..., o] is a list of integers.
Let (f1,..., fi) with f; = @® -e; fori = 1,..., k and e; € S be the basis of ®(.#) given by the column
vectors associated to the couple (M’, ') (see Remark 3.19). Then by definition .# is generated by the
sub-S,-modules F; = f;.5, N Sg. Moreover, using Algorithm 7, one can recover a family of generators
of F; which are of the form s; - e; with s; € S, and following Remark 3.30 it is possible to encode the
generators of F; by a list of arithmetic sequences. As this representation is very compact, we would like to
take advantage of it in order to compute the scalar extension. By working component by component, we
only have to consider the case of a sub-S,-module of S,, 4 = {z € S,|v,(x) > —J§/a} for § € N. Then
it has been seen in Corollary 3.31 that ./ is generated elements of the form (7% u®);c ;. More precisely,
write v = [ag; a1, ...,a,] and let I = {1,...,|n/2]}. Then, there exists three sequences (u;);cr, Where
(Ci)ier and (x;)ier with coefficients respectively in Q, N and N such that (o) jes = UierL(fi, Cis Xa)-
Let 4" = ¥ ®g, S,.. Of course, the sequence (7% .u) je has coefficients in S, and is a family of
generators of .4”'. Hence, Max(.#") corresponds to the couple (M’, L) where the unique element of L' is
given the minimum of all quantities 5; + v’ - a; when j runs over J. Now, we remark that the sequence
Bj + V' - o is arithmetic when j runs over one subset L(f1;, (;, x;). On this subset, the minimum is reached
for the first index or the last one. Thus, to compute L', it is enough to take the minimum over these particular
indices. It yields an algorithm whose complexity is O(n) — or O(nd) for the d-dimensional case — where
we recall that n is the length of the continued fraction of v (in particular n = O(1 4 min(log |a|, log |3])) if
v= %.)
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3.4 Comparing the two approaches

We have introduced two different ways to represent S, -modules and compute with them. It is important to
compare the two approaches since they are well suited for different kind of applications. We call the repre-
sentation of §3.2.1 the (M, M,,)-representation and the representation of §3.3 the (M, L)-representation.

First, we explain how to go back and forth between the two representations. Let .#Z € Maxdsy given
with the (M, L)-presentation by the couple (M, L) with M € Myx (S, ) and L is a list of integers. We can
recover a matrix M7 with coefficients in .S, whose columns vectors gives generators of .# in the canonical
basis of S¢. Then to obtain the couple (M, M,) representing .# we just have to compute the Hermite
Normal Forms of M; ®s, S, » and M1 ®g, Sy .

We explain how to compute the (M, L)-representation associated to a (M, M, )-representation in the
case that the associated module .#Z € Maxgy has full rank. Suppose we are given the couple (M., M,,)
representing .# where My = (my;;) € Maxr(Sy) and M, = (M, ;) € Maxk(Sy.). Up to
multiplying M by a certain power of 7 (which is invertible in .S, ), we can suppose that all the m, ; ; € S,.
As the coefficients of M, are defined modulo a certain power of 7 (namely the determinant of M,,),
we can also suppose, up to multiplying M, by a certain power of u®/7” (which is invertible in Svu)s
that all the coefficients of M, belongs to S,. Let D,, = det(M,) € S,. On the other side, let D, =
det(M, )/ vv(det(M=)) ¢ G’ By definition, we have v, (D,) = 0. Denote by .ZJ (resp. .4") the
sub-S; -module of (Sl’,)d generated by the column vectors of D, M. (resp. D, M,), considered as matrices
with coefficients in S!,. We can prove:

Lemma 3.33. Keeping the above notations, we have:
Max (( Ay N M) Rs, S)) = Max( A + A").

Proof. Using the formula adj(M) = det(M).M 1, it is clear that the column vectors of the matrix D, M,
(resp. D, M,) belong to the S,’/’u—module generated by the column vectors of M, (resp. the Sl’,,w—module
generated by the column vectors of M,). As a consequence, we have .#Z[ C (M, N M) ®s, S, and
MY C ( My N M) Rs, S, We deduce that A[ + A} C (M N M) ®s, S,,. Thus, we have
Max((Ay N A7) Rs, S)) D Max((A] + A) ®s, S),).

Next, suppose that © € Max((.#, N ) ®s, S.). By Proposition 3.8, it means that there exists n € N
such that 7" - @ € (M N M) ®s, S, and (u/@P)" - x € (M N Mr) ®5, S.,. Note that D, is a power
of 7, as a consequence there exists ng > n such that

T x € MTCMT + M (23)

We would like to prove that there exists n; € N such that (u/w®)" 2z € #F + 4. For this, it
suffices to prove that (u/@”)™ x mod A € M |(AMF N M) C S,/ MT. As Dy is invertible in S, ,
(remember that v, (D) = 0) there exists t € S/, and ny € N such that t.D; = (u/w?”)™* mod 70 S’,.

Denote by f1,. .., fi the vectors whose coordinates in the canonical basis of (S’,)¢ are given by the column
vectors of 2. Now, as (u/@”)" - © € .4, there exist \; € S}, ,,, fori = 1,... k, such that

k
(u/w®) "z = Z)\ifi.
i=1

But we have (u/w?)".x € M, sothat (u/w?)".z € (S!)¢ and using the triangular form of the matrix M,
(see Proposition 3.15) we have that \; € S], for i = 1,..., k. By multiplying the preceding equation by

t.D., we obtain:
k

(u/=?)" 7+ A/ )" e = 3 (LA (D fo),

i=1

for A\ € S’.. Recall that we have seen that 70 - 2 € ., thus (u/w?)"*"2 - & mod A4 € M /(MF N
). As a consequence by taking ny = n + ng, we have:

(u/@®)" -z € MT + MY (24)

By (23) and (24), there exists a m € N such that 7™ - x € AT + A and (u/’)™ - x € HT + M.
By applying Proposition 3.8, we deduce that xz € Max((.#Z] + #{') ®s, S,) and we are done. O
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Remark 3.34. In the preceding construction, we need the extension S!, of S, just to ensure that v, (D) = 0.
Thus, if v, (det(M;)) € Z, this extension is not necessary.

Now, let # € Maxgu be represented by a couple (M, M,,). As M, and M, are given in Hermite
Normal Form, we can easily compute D, and D,,. Let M} = D, M, and M| = D,M,. Lemma 3.33 tells
us that we can then obtain the (M, L)-representation of .# by calling the MatrixReduction algorithm on the
matrix (M. M)).

The main advantage of the (M, M, )-representation is that is provides unique representation of maximal
modules over S, because of the same property for Hermite Normal Forms. Thus, it allows to test equality
between modules. We have seen also that the echelon form is well suited to test whether x € S? is an
element of ./Z € Maxgy as well as to compute the intersection of two modules. On the other side the

(M, L)-representation provides an actual basis of module in Maxflgu. Moreover, the base change operation
®sg, S, only makes sense in the (M, L)-representation (and we will see in §4 an important application of this
operation). Indeed, if v/ > v, although there is a natural inclusion morphism S,, C S,, the two sub-rings of
&, Sy and S,/ ,, are not comparable by the inclusion relation.

4 Representation and precision

In the previous sections, we have presented algorithms to compute with S, -modules by using, as a black-box,
the ring operations of S,,. As elements of .S, can not be coded with a finite data structure, these procedures
are not algorithms stricto sensus since they can not be implemented on a Turing machine for instance. In
order to turn them into algorithms, we have to explain how to represent mathematical objects by finite data
structures. Much in the same way as we compute with approximations of real numbers, we can represent
power series with coefficients R by truncating them up to a certain precision. Then we have to ensure the
stability of the computations, i.e. that the result is independent of the part of the input that we ignore. In
the following, we proceed in an incremental manner. First, we explain how to represent the elements of
the coefficient ring 2R of S, by a finite structure, then we deal with elements of S, and finally with more
complex structures with coefficients in .S,, such as S, -modules.

4.1 Generality with precision

We recall from the introduction that R is a complete discrete valuation ring, and that for algorithmic
applications we are mostly interested in:

e 7, or more generally the ring a integer of a finite extension of Q,,
e the ring k[[X]] of formal power series with coefficients in a (finite) field k.

In any case, if ™ denote the uniformizer element of R and p, is a positive integer, we shall represent an
element of R by its image in the quotient R /7P~R. We suppose that there exists algorithms to compute the
arithmetic operations of the ring R /7P~R. We say that an element T € 2R/7P~ R is the data of element of
x € R up to w-adic precision p, if ¢ mod 7P~ = 7.

For the complexity analysis, we shall assume that we have efficient algorithms to perform all standard
operations in quotients R /7P~ 4R for all integers p,.. We discuss briefly the validity of this assumption for the
aforementioned classical examples of rings fR. In the case that R = k[[X]], we suppose that the operations
in the field k costs one unit of time and can be represented by one unit of memory. With that in mind, if
R = k[[X]] there exists a trivial algorithm to perform additions. It is optimal in the sense that its complexity
is equal to the size of the inputs. The same thing is true if R is the ring of integers of any finite extension
of Q,. Things are more complicated for the multiplication of two elements of R/7P~R, whose time will
be denoted by Tj(p~) in the rest of this paper. In the case R = Z,, using Strassen algorithm [12], we have
T(px) = O(p,) where the soft-O notation means that we neglect logarithmic factors. If R is the ring of
integer of a degree d finite extension of Q,, we can represent elements of 9; with a degree d — 1 polynomial

with coefficients in Z,, and using again Strassen algorithm for polynomials, we have Ty (p,) = O(d - p,). If
R = k[[X]] using again Strassen algorithm for polynomials, we have T'(p,) = O(p,) (we suppose here that
operation in k costs one unit of time). We can summarize these results by saying that with the best known

algorithms, the time Ty (p,) is quasi-linear log(|9R /7P~ R|).
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An obvious way to obtain a finite approximation of an element of 3~ a;u’/7[*1 € S, is to consider a
representative modulo a certain power p,, of u. We, thus obtain a degree p,,—1 polynomial Y * Yaui yeakd
with a; € R that we can represent by a vector of dimension p,, with coefficients in R up to precision p,. as
before. We call this representation the flat approximation of an element of S, with u-adic precision p,, and 7-
adic precision p,; or the (py, pr)-flat approximation. The data of a representative with 7-adic precision p,, and
u-adic precision p, of an element z = 3" a;u’ /71 € S, is given by a polynomial S aut/w [l such
that @; = a; mod 7P~ It should be remarked however that the flat approximation is not the only possible
procedure to truncate an element of .S, in order to obtain a finite structure. For instance, one can represent
an element of S, up to a certain u-adic precision p,, by a polynomial > 2" ! a;u’ with coefficients in R of
degree p,, — 1. Such a polynomial may itself be represented by the data of a; mod 7P~ fori =0,...,p,—1,
as before but it is also possible to represent Zf;a Ll by coefficients with different 7-adic precisions a;
mod 7P~%. Put in another way, we want to obtain a representative of Zf;o_ ! a;u’ modulo the SR-module
by Dbt / 7l®1 . 9. We call this representation the jagged approximation. We can generalize even
further the flat and jagged approximations. For instance, we remark that for f = " a;u’ € S, the flat and
jagged approximations consist in the data of f(*) (0)/i! fori =0,...,p, — 1 but we could also provide the
data of f()(x)/i! for any x € K in the disc of convergence of f.

Taking into account the previous examples, we say that a data of precision is given by any sub-J3-module
P of S,,. Most of the time, but not always, we want S,/ Z to be S3-module of finite length. Indeed, it may
happen that we compute with objects of S, that can be represented exactly with a finite structure. This is the
case for instance, if the characteristic of 2R is 0, of any element Z C fR. In this special case, it makes sense to
consider a data of precision & such that S, /&2 is not of finite length in order to take into account the fact
that we know certain elements of S, with “infinite precision”. In general, in order to represent an element of
S¢ by a finite data structure, one can consider a sub-93-module & of S¢ such that most of the time S¢/ %
has finite length.

Then, in order to compute a function f : S¢ — S9, we would like to replace it by its approximation. A
good way to construct this approximation is to write the first order Taylor development of f at the point = we
are evaluating f:

f(z+h) = f(x) + dfu(h) + O(h?).

If we neglect O(h?), we see that when z + h varies in = + £2, its image under f varies in f(x) + df,(2).
Most of the time (but not always), df,.(£?) will be the correct data of precision (see [1] for a full discussion
about this). Proceeding this way, the computation of the function f decomposes in two distincts parts: (1) the
computation of the function on the representative, i.e. the computation of f(x) and (2) the computation of
the precision of the result, i.e. the computation of df, (Z?).

A more general precision data is intuitively less convenient for computations since it involves more
complex data structures. For instance, each coefficient of a polynomial representing an element of S, with
the jagged approximation may have very unbalanced length so that it may be difficult to adapt asymptotically
fast arithmetic for such objects. On the other side, we are going to see shortly that even for a very common
operation in S, such as the computation of the Euclidean division, one may take advantage of the flexibility
of the jagged approximation. Hence, the choice of a representation to compute with elements of .S, is a non
trivial trade off between space/time complexity on the one hand and the quantity of precision we accept to
loose on the other hand.

It is convenient to represent a jagged precision by a series. For this, let P = >0 a;u’/ vl e S, In
the following, we denote by Z(P;) the sub-R-module of S, given by > ;2 a;u’/ WTWJ - R. Moreover, if
2 is sub-R-module of S, we denote by repr(Z?) : S, — S,/ the canonical projection of Si-modules.
It is clear that 2( P,;) only depends on the valuation of the coefficients a; of P, = .0 a;u’/7l") € S,
It is often convenient to consider a jagged precision which is defined by a sub-R-module & of S,, which is
also a S,,-module. For this it is enough for & to be stable by multiplication by u and u® /7®. This can be
check easily if & is given by P, € S,.

If p, is an integer, we will use the notations Z¢(py,, pr) for

pu—1 o

P( Z Wp”ui/TFUVJ + Zui/ﬂou)
i=0 Pu

which corresponds to the (p,, pr)-flat approximation. If &’ and & are two sub-R-modules of .S, such
that &/ C & then there is a canonical projection S,/ &' — S,/ &, by a slight abuse of notation, we will
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denote it also repr(Z?). If A € S,, and & is a sub-R-module of S, we denote by \.77 = {\.x,x € &}
the sub-9R-module of S,,. If X is distinguished and .S,/ has finite length then S, /(A - &?) has finite length
as well. If 22, &7’ are sub-R-modules of S,,, we denote by &2 - &2’ the submodule generated by all products
xy for (z,y) € (P x P'). Itis clear that if S,/ & and S,/ &’ have finite length then S, /(&2 - &?') also
has finite length.

Lemma 4.1. For all &, P’ sub-R-modules of S, such that S,/ and S, P’ have finite length, for all
x,y € S, we have:

1. if ' > P then repr(Z)(repr(Z)(x)) = repr(2’)(z) ;
2. 1epr(P + ) (repr(P)(2)) + repr(P + ) (repr(F')(y)) = repr(P + P)(z +1)
et Py=y P+x- P+ P P, then

repr( Py (repr(2)(z)) - repr(Py) (repr( 2’ (y)) = repr( o) (x - y);

4. if P' O P, then repr(P')(repr(P)(z)) - repr(P')(y) = repr(Z’)(z - y)

Proof. The fist claim is trivial. Then we have (z 4+ )+ (y+ P') =+ y+ (P + P ) and (z + &) - (y +
PNV=z-y+a- P +y - P+ - . The fourth claim, is an immediate consequence of 1 and 3. [

We discuss briefly the complexity of the elementary arithmetic operations in S, with the (p,,, p.)-flat
approximation. First, we remark that the size of an element of S,, with the (p,,, p.)-flat approximation is in
the order of p, - p,. As before, the time of an addition in .S,, is linear in the size of a representative of S,
since it reduces to the addition of two polynomials of degree p,, — 1 with coefficients in R /7P~ 1. We denote
by T'(pu, pr) the time cost of the multiplication of two elements of .S, with the (p,,, p. ) —flat approximation.
Again, by using a tweaked Strassen’s algorithm, we have T'(py, px) = O(py - T(px)) = O(py - px). In the
following, we study the precision of some important functions using the flat and jagged approximation.

4.2 Finite precision computation with elements of S,

Most of the time, even for very elementary function dealing with elements of S, it is not possible to
ensure the stability of the result without some extra assumption. We illustrate this fact with some important
examples.

4.2.1 Gauss valuation

First, consider the Gauss valuation function v,, : K[[u]] — Q. A natural way to define v, on a representative
modulo & (py, pr ), With p,,, pr positive integers, is to compute the valuation of the truncated representative
in S,,. For instance let z = 7+ u!?, then vy (repr(Z2;(9,2))(x)) = vo(m) = 1. We denote also this function
by v,. But then we have v (repr(Z%¢(9,2))(x)) = 1 and vg(repr(F£(10,2))(z)) = 0. From the previous
example, one can see that the Gauss valuation of an element « € .S, . can not be computed in general from
the knowledge of its approximation. Still, it is possible to obtain the Gauss valuation of an element x € S,
from the knowledge of its approximation if we are given some extra information about x. For instance, if
vy, (repr(Zf(pu, p=))(x)) = 0 and if we know furthermore that z € S, then we are sure that v, (z) = 0.
More generally, it may happen than we have a guarantee that 2 € 1/7*.S, for a A\ € Z. Then, if v is big
enough, it is possible to compute the valuation of = from the knowledge of repr(Z¢(py, px))(x).

Lemma 4.2. Let x = > a;u’ € 1/7* - S, for an nonnegative integer \. Let p,, be a positive integer and
T € Klu] be the unique representative of © mod uPv of degree < p,,.
Let v’ € Q be such that

Vv > i, (25)
Pu

then v, (x) = v,/ (T) provided that v, (x) < 0.
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Proof. Letx =Y a;u’ € 1/7* - S,. Itis enough to prove that v, (x — T) > 0 or equivalently that:
vi(a;))+v -1>0 (26)
for all ¢« > p,,. Using our assumptions, we can write for ¢ > p,,:

UK(ai)+z/-isz(ai)+V-i+(1/—1/)-z'2—/\+i-pi20. 27)

The Lemma is proved. O

This lemma, while totally elementary, shows the following very important fact: by increasing the v
parameter of the S, -module, one can obtain guarantees on the valuation of a certain x = ) a;u* € S, from

the knowledge of its representative z = f;l_l a;u’ (under some additional assumptions).

4.2.2 Inversion
We have the following Lemma:

Lemma 4.3. Let x € S, and suppose that degy, (z) = 0 and that v, (x) = 0 so that by Corollary 2.8, x is
invertible. Let p, pr be positive integers. Then repr( P (pu,p=))(x) € Su/ P (Pu, Pr) is also invertible
and we have repr(P4 (P, pa))() ) = repr( P4 (pu, pa)) (@),

Proof. Writex = Y a;u’/rl¥] 21 =Y bui/wl¥ ande = 1 = 3 ¢t /7l with¢; = ZZ;O a;-bj_;.
We have v (ag) = 0 so that we can compute ap~ mod p; = by mod p,. Then, using the formula

Jj—1

bj - 1 aibj_i
vl T oag Z aliv]lG—v]”

=0

together with the remark that 7171 /(zl#17lU=9)¥]) is equal to 1 or 7, we obtain by induction for j =
1,...,pu —1,b; mod p,. O

4.2.3 Euclidean division

Letz,y € S, and let ¢, € S,  be the quotient and remainder of the Euclidean division of y by z. We
will see that even if we are given flat approximations of x and y, the precision of ¢ and r are not well
described by a flat approximation so that we have to use a finer model of precision such as the jagged
approximation in order to study the Euclidean division. We remark also that the Euclidean division is
not stable unless we have a guarantee on d = degy, (x) since the degree of the remainder depends on d.
Let Py = > 02 au’/wl] € S, defining a jagged precision. Let x = Y o bu'/wl?) € S, and let
& = Y byu' /7L be a representative of repr(22(P,))(z). In general, we can not deduce degyy (z) from
the knowledge of degy, (&) and Py. Suppose that for i € {0,...,d}, vi(a;) > v (b;). This condition,
which can be checked by an algorithm that takes as input finite data structures representing = and P,
ensures that for i € {0,...,d}, vk (b;) = vk (b;). If moreover we are given a guarantee, provided by the
mathematical context of the computations, that for all i > d, v (b;) + vi > vk (l;d) + vd then we know that
degy () = degy (Z) and NP, (z) = NP, (Z). With these hypothesis, that we keep until the end of this
section, it makes sense to ask up to what precision it is possible to compute ¢ and r from the knowledge of
the approximations z and y of x and y.
The following lemma is a useful tool in that direction:

Lemma 4.4. Let x € S, and let n > degy, () = d. Let (qn,Tn) € Spx X (K[u] NS, ) be such
that v™ = qp - x + ry, and deg(r,) < degy (x). Denote by .7, the set of slopes of NP, (x) and let
p = —max{s € .|s+ v < 0} (see Figure 4 for an example).

We have:

NPV(TW«) - t(O,u(n—d)-‘rUu(ud)—’uu(x))(NPl/(I) ) (28)
NP, (g,) C {(z,y) € R}y > v, (u?) — v, (x) + p(n — d — )}, (29)

where t,, for v € R? is the translation by the vector v.
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Figure 4: The Newton Polygon of 77 + 74u + m2u® + mu'® + 72u2° € Sy where u = 1/11.

Proof. We remark that we can suppose in the statement of the lemma that x is a degree d polynomial such
that degyy, (x) = d. Indeed, using the Weierstrass preparation Theorem 2.11, we can write = ha’ with
h € S, invertible and 2’ € Klu]. Let .7, be the set of slopes of NP, (z’). As h is invertible, we get that
NP, (z) = NP, (2’) (recall that the slopes of the Newton polygon are the opposites of the valuations of the
roots of the corresponding series). As u” = xq,, + ry,, we have u” = a'(hq,,) + r,. Again, as h is invertible,
NP, (g.) = NP, (hg,). As moreover, 2’ is a degree d polynomial with deg(z) = d, we have proved our
claim.

From now on, we suppose that x is a degree d polynomial. We prove the lemma by induction on n. If
n = d then we have g € R with v (qq) = v, (u?) — v, () (recall that deg(x) = d) and rq = u? — qqz. It
is clear that (28) and (29) are verified.

For n € N, we write u" = ¢, - © + 75, with g, and r,, verifying the hypothesis of the lemma. Let
A = v, (u?) — v, (x). We have u™ ! = ug,, - = + ur,. If deg(ur,) < d then g, 11 = ugq, and 7,11 = ur,
so that, by the induction hypothesis, NP, (rn+1) C t(1 3+ pu(n—a)) NPy (2)) N {(z,y) e R}z <d -1} C
Hor (st (NPu(2) and NP, (gui1) © 100 ({(2:9) € B2y = A+ p(n — d — 0)}) = {(2,y) €
R%ly > A+ p(n+1—d— x)}. If deg(ur,) = d, there exists € an invertible element of R such that
ury, = emN z + Typ1 With X > v, (ury,) — v, (x) and deg(ry,+1) < d. Then we have ¢,11 = u(g, + e7r)")
and 7,1 = ur, — en™ x and it is clear again that (28) and (29) are verified. O

Letz,y € S, andlet (¢,r) € Sy = X (K[u]| NS, ) be such that y = ¢ - z + r and deg(r) < degy, (z).
We suppose that x and y are known up to a certain precision and we would like to know up to what precision
can we compute g and . Let Py, = 00 a; ,u’ /7% and P, = 3°°° a; ,ut /7] defining two (a
priori different) jagged precision. Let x1, z2 be two representatives of repr(Z?(Pr ,;))(x) and let y1, yo be
two representatives of repr(Z(Pr ,))(y). Fori = 1,2, let (¢;,7;) € S, » X (K[u] N S, =) be such that
deg(r;) < degyy (z) and y; = q;-x;+r;. Write X = 20 — 21,y = Y2 —y1,q = @2 —qr and 1t = 75 — 1. We
would like to write q and r as a function of X, y. From 31 = q121 +71 and y; +y = (g1 +q) (21 +X) +7r1 +dr,
we deduce that ' ' ’

T2q+1r =Y = q1X, (30)

with deg(r) < degyy (z1). The space where y — ¢1x may vary is repr( 2 (Pr ,))(y) + qirepr(Z(Pr z))(z)
and we can approximate it from above by

Yy—qr+ @(Z a;u’ [x1™))

i=0

where a; is an element having Gauss valuation max(vg (i y, Vr (i, + v, () — v, (y)). (Note that the Gauss
valuation of ¢; is known to be at least v, () — v, (y).) Therefore, we have found a formula for the precision
of y — ¢1x. Now, remark that Equation (30) defines q and r as respectively the quotient and remainder of the
Euclidean division of y — ¢1x by 2. Hence, we can apply Lemma 4.4 in order to deduce the precisions of q
and r respectively as a union of areas of the form (28) and (29). '

As a conclusion, a possible method to perform the Euclidean division of by y (which are elements of
S, known up to some precision denoted by & (P; ;) and & (P, ,) respectively) goes as follows:

34



1. as explained above, we first compute the spaces where may vary q and r, which are the precisions
attached to the quotient and the remainder respectively,

2. we then forget about precision: we choose any representative Z (resp. §) of z (resp. y) inrepr(Z(Pr ,.))(x)
(resp. repr(Z(Pr y))(y)) — typically we pick polynomials # and § — and we compute the Euclidean
division of z by y

3. we put together the precision obtained in the first step and the values obtained in the second step,
obtaining this way the answer.

Here is then a perfect concrete example where the computation of the precision on the one hand and the
computation of the actual answer on the other hand are entirely separated.

This approach has another very interesting feature, which we describe now. The starting remark is that, if
we choose 2 and § to be polynomials, we are reduced to compute Euclidean divisions between elements
of .S, that turn out to be polynomials. The point we want to discuss is that it is possible to design specific
algorithms — essentially based on Newton iteration — to take advantage of this extra assumption and
compute Euclidean divisions the complexity of which is not linear but logarithmic in the precision.

In order to describe this algorithm, we first notice that we can reduce the computation of the Euclidean
division of = by g to the computation of the Weierstrass preparation form of  and an Euclidean division
between elements of K[u] N S,. Indeed, write § = hy’ where h is an invertible element of S, and
g € Klu] NS, with deg(y') = degy, (7). If ¢ and 7 denotes the quotient and the remainder of the
Euclidean division of Z by ¢/, we have the identity y = ¢’x’ + 7’ from which we deduce y = ¢’h ™'z + r'.
Therefore, ¢ = ¢’h~! and v’ = r are the quotient and the remainder of the Euclidean division of Z by .
Moreover, h~! can be computed from the knowlege of h with Algorithm 2 and ¢’ and ' can be computed
using the usual Euclidean division algorithm for actual polynomials.

It remains to explain how one can compute efficiently the Weierstrass decomposition (in S,) of a
polynomial gy. We first notice that, by our initial assumptions, we know that the Newton polygons of y
and § agree. Hence, using it, we can decompose I as a product hy’ corresponding respectively to the part
of slope > v and the part of slope < v. The key observation is that the writing = hg’ is precisely the
Weierstass decomposition of ; indeed,  is apparently a polynomial of degree degw (Z) and ¢’ is invertible
in S, since all the slopes of its Newton polygon are < v. Finally, note that the writing § = hg’ can be
computed efficiently by Algorithm 8 — which is a slight variation of usual Newton iteration — presented
below.

Algorithm 8: Weierstrass preparation

input : P € K[u] N S, (known up to some precision), d = degy (P)
output: A € K[u] N S, such that P = AB for a certain B € S, is a Weierstrass decomposition of P

A+ P mod udtl;

B+ 1,V+ 1, X+ P mod A4;

while rrue do

A"+~ VX mod A;

if A’ = 0 (according to the precision) then break;
A— A+ A,

B, X + quorem(P, A);

B+ B mod A;

V =[V(2—- BV)] mod A;

return A;

e 0 NN NN R W N

—
>

4.3 Finite precision computation with modules with coefficients in S,

Let .#, and .#5 be two maximal sub-S,,-modules of S,(f. In this section, we are interested in the computation
of the maximal sum .#] +yax Ao of 41 and .#>. We would like to carry out computations with finite
precision and have a guarantee on the precision of the results.
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4.3.1 A quick word about Greatest Common Divisor

The case of one-dimensional modules reduces to the computations of Greatest Common Divisors (gcd). In the
first small subsection, we illustrate with vary basic examples that, even inithis case, the situation is far from
being simple. Suppose that R = Zs, v = 0 so that S, = Zs[[u]]. Let P; = repr(Z;(00,2))(u — 1) and

Py = repr(%(00,2))(u — 2). Then it s clear that for all P, P, € S, such that P, = P; mod % (00, 2)
and P, = P, mod Zf(c0,?2) then ged(Py, P,) = 1. This can be seen by using the Euclidean algorithm to
compute the extended ged of Py and P, in S,/ 2 (00, 2) which obviously returns 1. In this case, it is safe
to claim that gcd(P;, Py) = 1.

Next, consider P3 = repr(Z;(00,2))(u — 1) and P, = repr(Z;(o0,2))(u — 1). In this case, it is
very easy to find different representatives of P; and P, having different gcd. For instance, we can take
P; = Py = u — 1 in this case ged(Ps, Py) = u — 1 on the one hand and P; =« — 1 and Py = u — 6 then
ged(Ps, Py) = 1 on the other hand. If we compute the ged of Ps;and Py using the Euclidean algorithm, we
obtain u — 1 and we do not have enough precision on the next remainder to decide whether it vanishes or not.
This example shows that, in the case that the gcd of the representatives is not surely 1 it is not even clear
how to define it since the result may change depending on the representatives in .S, that we use in order to
compute it.

4.3.2 Taking guarantees

As illustrated before (with the one-dimensional case), it is utopic to obtain a stable algorithm computing the
“free sum”. Actually, as before (see for instance §4.2.1), we need some extra information, that we can get from
the mathematical context of our computation, in order to guarantee the precision of the output. A very natural
extra information that can arise in practise is the following: let .#; and .#5 be two sub-S,-modules of S,‘f’,r
and we know that there exists a positive integer ¢ such that .#5 C 1/7°.#. We recognize a generalisation of
the hypothesis of Lemma 4.2 where we have shown in the case that d = 1 that we can obtain a guarantee on
the valuation v, of approximations of elements of K [[u]] for well chosen v. This situation is also crucial in
the paper [4] in the particular case where .#> = S, t where t is a generator of .#>. We are going to see that,
although we don’t know how to compute an approximation of .#; +max -#2, we can describe an algorithm
which outputs an approximation of (.#; ®g, Sy') +max (#2 ®s, S,+) for a well chosen v/ > v.

T
Du U
Y= —vxT
Yy = —VT —C
Figure 5: The computation of v/ from p,, and v.
Let t € .45 be a generator and let (eq, . .., e, ) be a family of generators of .#;. By our hypothesis, we

know that there exists \; € 1/7¢-S,, such thatt = > \;e;. We remark thatif all the \; arein S, thent € .7,
so that .#; + S, -t = .#1 and there is nothing to do. Write \; = Zj>0 aju’ with vK(a}) +v-j> —c. Let
W iyt e S

> P a;u € opr.

For this it is enough to take v’ > v + ¢/p,. Lett' = 3", Me; with X, = Z;’;gl abul and t” = Y7, Ne;

Dy, @ positive integer, we are going to choose 1/, as it is explained in figure 5, such that >

with A} = 3¢ a’u/. Using the same remark as above, we have:

(%1 ®SV Su’) +max (t . Sl/’) = (%1 ®SU Sl//) +max (t/ . Su’) +max (t// . Su’) = (%1 ®Su Su’) +max (t/ . Su’):

since t” - S,» € .#,. Now, as )\g is a polynomial in u, we can obtain its valuation, greatest common divisor
and all the operations that we need in order to compute (#1 ®s, Su/) +max (t - Su7).
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We recall that we write v = 3/« with «, (3 relatively prime numbers and let w in an algebraic closure of
K, be such that w® = 7. Let R’ = R[w] and S, = S, @ R'. The algorithm AddVector is an adaptation
of the algorithm MatrixReduction.

Algorithm 9: AddVector
input :

o M € Maxn(S,), a matrix whose column vectors C' (i) fori = 1, ..., h give generators of ./, in the

canonical basis of S ;

e alist A[1],..., A[h] such that > A\,C;(M) =t, A[i] € 1/7¢- S, N Ku] and deg A[{] < p,, — 1 for
i=1,...,k
output: M € My, (S,) and a list L a matrix such that the column vectors wlll. C; (M) give
generators of .#1 +p.x t in the canonical basis of S’Vd
1 L+ [0,...,0[;

2 while 3j € {1,..., h} such that v, (\[j]) — 22 < 0 do
3 while Cond(\, L) is satisfied do

4 Pick up jo,j1 € {1,...,h} such that A[jo] - A[j1] # 0, v, (A[jo]) — % <wu,(Al1]) — %
and degy, (A[jo]) < degy (A[1]);

5 if v, (A[jo]) > v, (Aj1]) then

6 do < [vu(Aljo]) — vu (A[]) ]

7 Aljo] = % A[jol;

8 L[jo] <= L[jo] — - o3

9 (q,r) + EuclideanDivision(A[Jo], A[71]);

10 Alj1] < Alji] = g [dols

1 L le(M) <_Cjo( )+C]Cj1( )

12 | Let jo such that v, (A[jo]) — 2220 = min;_;_,(A\[5]) — Zby;

] (
13 Let j; such that v, (A[j1]) — jl] —mmﬁem( ) - T)’
14 | Lljo] = Lljo] + avy(Ajo]) — Lljo] — avy (Alj1]) + Llj1l;

15 return M, L;

In the preceding algorithm, Cond(\, L) returns true if there exists jo, j1 € {1,...,h} such that A[jo] -
Alja] # 0. v (Aljo]) — #220 < 0, (Alja]) — #5* and degyy (Aljo]) < degyy (Alja])

We want to give a consequence of this algorlthm We first need a definition.
Definition 4.5. Let .4 be a sub-S,-module of S%. Let & be a sub-R-module of S,,. We say that a matrix
M" = (m};) € Maxa(S,/P) is an P-approximation of M is there exists a matrix M = (m;;) €
Mgxq(S,) whose columns are the coordinates of generators of . in the canonical basis of S? and such
that mj; = repr(Z)(mi;).

Theorem 4.6. Let ./, and .M = S,.t for t € S% be two finitely generated sub-S,-modules of S¢ such
that My C 1/7°A for a positive integer c. Let My = (mj;) and My = (m;) be the matrices with
coefficients in S, of generators of ./ and > in the canonical basis of S2. Let p,,, p be positive integers
and suppose that we are given M{ = (repr(Po(pu, px))(mi;)) and M5 = (repr(Po(pu, px))(m3;)). Let
V' = v+c/py, then there exists a polynomial time algorithm in the length of the representation of M7 and M
to compute a matrix M5 = (M 137) with coefficients in S, | Po(Du, Pr) which is a Po(pu, pr )-approximation
of
(%1 ®SV SV’) +max (%2 ®S,, SV’)'

Remark 4.7. We insist on the fact that in Theorem 4.6 the modules #5 is supposed to be generated by
one unique element (hence, the matrix My is a column matrix). Of course, if M5 is generated by a family
(t1,...,tn), one can apply the algorithm AddVector successively with the vectors ti, . . ., ty. However, we
emphasize that procedding this way we do not get

<%1 ®S,, SV' +max %2 ®SV SV’
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for a big slope V' but something which can be a little bit bigger since the change of slopes occurs at each
iteration and not only once at the end. Nevertheless for many applications (see for instance [4]), the
algorithm AddVector would be enough.
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