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We work on 𝐿2 ≡ 𝐿2(R;C) with the two (unbounded essentially) self-adjoint operators

𝑋 : 𝐿2 −→ 𝐿2

𝑓 ↦−→ 𝑥 𝑓,
𝑃 : 𝐿2 −→ 𝐿2

𝑓 ↦−→ −𝑖𝜕𝑥𝑓.

1. Compute the commutator [𝑋, 𝑃 ].

[𝑋, 𝑃 ] =

2. Recall (in terms of 𝑋 and 𝑃 ) the definition of the Weyl quantization of 𝑥2𝑝.

𝑄𝑊 𝑒𝑦𝑙(𝑥2𝑝) =

3. Express the above expression only in terms of 𝑋𝑃𝑋.

𝑄𝑊 𝑒𝑦𝑙(𝑥2𝑝) =

4. Let 𝑓(𝑥, 𝑝) be a function in the Schwartz space, that is in 𝒮(R𝑛 × R𝑛;C). We denote
by 𝑓(𝑎, 𝑏) its Fourier transform (in both variables 𝑥 and 𝑝).

4.1. Complete the two formulas below for the Weyl quantization of the symbol 𝑓 :

𝑄𝑊 𝑒𝑦𝑙(𝑓) = (2𝜋)−𝑛
∫︁ ∫︁

𝑓(𝑎, 𝑏) 𝑑𝑎𝑑𝑏

= (2𝜋~)−𝑛
∫︁ ∫︁

𝑒−𝑖 ·𝜉/~ 𝑓
(︁

, 𝜉
)︁

𝑑𝑦𝑑𝜉.

4.2. What can be said about the action on 𝐿2(R𝑛 × R𝑛) of 𝑄𝑊 𝑒𝑦𝑙 ?

T.S.V.P. =⇒



4.3. Complete the following formula : 𝑄𝑊 𝑒𝑦𝑙(𝑓)* = 𝑄𝑊 𝑒𝑦𝑙( ).

5. We recall that the Wick-ordered quantization 𝑄𝑊 𝑖𝑐𝑘 of a polynomial in 𝑧 = 𝑥 − 𝑖𝑝
and 𝑧 = 𝑥 + 𝑖𝑝 is obtained by putting all operators (coming from 𝑧) to the right (acting
first) and all operators (coming from 𝑧) to the left (acting second).

5.1. What is the value of 𝑄𝑊 𝑖𝑐𝑘(𝑧)(𝑒−𝑥2/2) and the name of the operator 𝑄𝑊 𝑖𝑐𝑘(𝑧) ?

𝑄𝑊 𝑖𝑐𝑘(𝑧)(𝑒−𝑥2/2) = Name :

5.2. Compute

𝑄𝑊 𝑖𝑐𝑘(𝑧𝑧3 + 𝑧)(𝑒−𝑥2/2) =

6. Compute 𝑄𝑊 𝑖𝑐𝑘(𝑥2) in terms of 𝑋2 and 𝐼𝑑.

𝑄𝑊 𝑖𝑐𝑘(𝑥2) =


