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Microlocal Analysis

Correction of the CC3

We consider on the Hilbert space ℋ := 𝐿2([−1, 1]) the position operator 𝐴 and the
momentum operator 𝐵 defined by

𝐴𝜓(𝑥) = 𝑥𝜓(𝑥) , 𝐵𝜓(𝑥) = −𝑖~𝜓′(𝑥) = −𝑖~ 𝑑𝜓
𝑑𝑥

(𝑥) .

1.1. Prove that 𝐴 is a bounded operator and compute its operator norm |||𝐴|||.

Since the multiplicative factor |𝑥| is bounded by 1 on [−1, 1], we have

‖ 𝐴𝜓 ‖2=
∫︁ 1

−1
𝑥2 |𝜓(𝑥)|2 𝑑𝑥 ≤

∫︁ 1

−1
|𝜓(𝑥)|2 𝑑𝑥 =‖ 𝜓 ‖2 .

This means that |||𝐴||| ≤ 1. Let 𝜀 ∈ [0, 1] and let 𝜓 ∈ ℋ of norm 1 whose support is
contained in [1 − 𝜀, 1]. Then

‖ 𝐴𝜓 ‖2=
∫︁ 1

1−𝜀
𝑥2 |𝜓(𝑥)|2 𝑑𝑥 ≥ (1 − 𝜀)2

∫︁ 1

1−𝜀
|𝜓(𝑥)|2 𝑑𝑥 = (1 − 𝜀)2 ‖ 𝜓 ‖2 .

Since 𝜀 can be taken arbitrarily small, this implies that |||𝐴||| = 1.

1.2. We look at 𝐵 as an unbounded operator with domain

Dom(𝐵) :=
{︀
𝜓 ∈ 𝐶1([−1, 1]) ; 𝜓(−1) = 𝜓(1)

}︀
.

Check that 𝐵 is symmetric.

We have to show that

∀(𝜑, 𝜓) ∈ Dom(𝐵)2 , ⟨𝜑,𝐵𝜓⟩ = ⟨𝐵𝜑,𝜓⟩ .

We compute by integration by parts

⟨𝜑,𝐵𝜓⟩ =
∫︁ 1

−1
𝜑(𝑥) ×

(︀
−𝑖~𝜓′(𝑥)

)︀
𝑑𝑥

= −𝑖~
[︀
(𝜑𝜓)(1) − (𝜑𝜓)(−1)

]︀
+ 𝑖~

∫︁ 1

−1
𝜑′(𝑥) × 𝜓(𝑥) 𝑑𝑥

= 0 + 𝑖~
∫︁ 1

−1
−𝑖~𝜑′(𝑥) × 𝜓(𝑥) 𝑑𝑥 = ⟨𝐵𝜑,𝜓⟩ ,

where we have exploited the boundary conditions.

1.3. For 𝑛 ∈ Z, define 𝜓𝑛(𝑥) := 𝑒𝜋𝑖𝑛𝑥/
√

2. Show that 𝜓𝑛 is in Dom(𝐵), and that (𝜓𝑛)𝑛∈Z
constitutes an orthonormal basis of eigenvectors for 𝐵 with real eigenvalues.



The function 𝜓𝑛 is smooth (of class 𝐶∞) and it satisfies

𝜓𝑛(1) = 𝑒𝜋𝑖𝑛/
√

2 = (−1)𝑛/
√

2 = 𝜓𝑛(−1) .

It is therefore in Dom(𝐵). We have clearly

𝐵𝜓𝑛 = −𝑖~ (𝜋𝑖𝑛) 𝑒𝜋𝑖𝑛𝑥/
√

2 = ~𝜋𝑛𝜓𝑛 ,

which indicates that 𝜓𝑛 is an eigenvector for 𝐵 with eigenvalue ~𝜋𝑛 ∈ R. The sequence
of functions 𝜓𝑛 forms clearly an orthonormal basis of ℋ. To show that it is a basis,
it suffices to remark that the vector space spanned by the 𝜓𝑛 is dense in ℋ (because a
function in 𝐿2 whose all Fourier coefficients are zero is simply zero).

1.4. Let 𝜓 ∈ Dom(𝐴𝐵) ∩ Dom(𝐵𝐴). Complete the following formula

𝐴𝐵𝜓 −𝐵𝐴𝜓 = 𝑥×
(︀
−𝑖~𝜓′(𝑥)

)︀
+ 𝑖~

(︀
𝑥𝜓(𝑥)

)︀′ = 𝑖~𝜓(𝑥) .

1.5. Given a self-adjoint operator 𝐴 on ℋ and a unit vector 𝜓 ∈ ℋ, recall that the
uncertainty of 𝐴 in the state 𝜓 is defined by

Δ𝜓𝐴 :=
√︁

⟨𝐴2⟩𝜓 − ⟨𝐴⟩2
𝜓 , ⟨𝐴⟩𝜓 := ⟨𝜓,𝐴𝜓⟩ .

Explain why Δ𝜓𝑛𝐴 and Δ𝜓𝑛𝐵 are both unambiguously defined, and compute Δ𝜓𝑛𝐵.

Since 𝐴 is bounded, we can define 𝐴𝜓𝑛 ∈ ℋ as well as 𝐴2𝜓𝑛 ∈ ℋ, and therefore Δ𝜓𝑛𝐴.
On the other hand 𝐵𝜓𝑛 = ~𝜋𝑛𝜓𝑛 ∈ ℋ so that

⟨𝐵⟩𝜓𝑛 = ~𝜋𝑛 , ⟨𝐵2⟩𝜓𝑛 = (~𝜋𝑛)2 ,

implying that Δ𝜓𝑛𝐵 = 0.

1.6. Recall precisely the content of the uncertainty principle. Is it verified in the case of
the above data 𝐴, 𝐵 and 𝜓 ? If not, could you explain why.

Theorem (uncertainty principle). Under the preceding assumptions, for all unit vector
𝜓 such that 𝜓 ∈ Dom(𝐴𝐵) ∩ Dom(𝐵𝐴), we have Δ𝜓𝐴× Δ𝜓𝐵 ≥ ~/2 > 0. �

Now, from the above computations, we get Δ𝜓𝑛𝐴×Δ𝜓𝑛𝐵 = 0. This is not a contradiction
because 𝜓𝑛 ̸∈ Dom(𝐵𝐴). Indeed

(𝐴𝜓𝑛)(1) = 𝑒𝜋𝑖𝑛 , (𝐴𝜓𝑛)(−1) = −𝑒−𝜋𝑖𝑛 , (𝐴𝜓𝑛)(1) ̸= (𝐴𝜓𝑛)(−1) .


