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We consider on the Hilbert space ℋ := 𝐿2([−1, 1]) the position operator 𝐴 and the
momentum operator 𝐵 defined by

𝐴𝜓(𝑥) = 𝑥𝜓(𝑥) , 𝐵𝜓(𝑥) = −𝑖~𝜓′(𝑥) = −𝑖~ 𝑑𝜓
𝑑𝑥

(𝑥) .

1.1. Prove that 𝐴 is a bounded operator and compute its operator norm |||𝐴|||.

1.2. We look at 𝐵 as an unbounded operator with domain

Dom(𝐵) :=
{︀
𝜓 ∈ 𝐶1([−1, 1]) ; 𝜓(−1) = 𝜓(1)

}︀
.

Check that 𝐵 is symmetric.

1.3. For 𝑛 ∈ Z, define 𝜓𝑛(𝑥) := 𝑒𝜋𝑖𝑛𝑥/
√

2. Show that 𝜓𝑛 is in Dom(𝐵), and that (𝜓𝑛)𝑛∈Z
constitutes an orthonormal basis of eigenvectors for 𝐵 with real eigenvalues.

=⇒ T.S.V.P.



1.4. Let 𝜓 ∈ Dom(𝐴𝐵) ∩ Dom(𝐵𝐴). Complete the following formula

𝐴𝐵𝜓 −𝐵𝐴𝜓 =

1.5. Given a self-adjoint operator 𝐴 on ℋ and a unit vector 𝜓 ∈ ℋ, recall that the
uncertainty of 𝐴 in the state 𝜓 is defined by

Δ𝜓𝐴 :=
√︁

⟨𝐴2⟩𝜓 − ⟨𝐴⟩2
𝜓 , ⟨𝐴⟩𝜓 := ⟨𝜓,𝐴𝜓⟩ .

Explain why Δ𝜓𝑛𝐴 and Δ𝜓𝑛𝐵 are both unambiguously defined, and compute Δ𝜓𝑛𝐵.

1.6. Recall the content of the uncertainty principle in the case of (𝐴,𝐵,𝜓).

1.7. Explain why the uncertainty principle is not verified when dealing with (𝐴,𝐵,𝜓𝑛).


