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Let n € N as well as m and m' in RU {—oo}. Given two symbols a € ™ = ST}, (R")

and b € S™ | we admit that the composition of Op(a) with Op(b) is a pseudo-differential
operator whose symbol is in ™1™, More precisely

Op(a)Op(b) = Op(a#b),  a#b=ab+r,  abe S™™,  regmtm-1
1. Take n =1, a =i and b = x. What is r 7
r(xz, &) = 1.

We have Op(a) = 0, and Op(b) = xx so that Op(a)Op(b) = O(z X -) = xd, + Id whose
corresponding symbol is ixé + 1. Note that a € S*, b € S° while ab = iz € S'. As
expected, we find that r € S110=1 = SO, This is in accordance with the formula provided
by the symbolic calculus since

A, ) = 3 oo Ol ) 05b(z,€) = (ab)(,€) + - Dealr, ) Dub(, €)

aeN 1
—iag+-ix 1= g+ 1.
2. Take n =1, a = i€ and b = x. What is the symbol of the adjoint of Op(a)Op(b) ?

(a#b)"(x,§) = —ixg.

From Op(a#b) = 0,(x X -), an integration by parts furnishes Op(a#tb)* = —xd, whose
corresponding symbol is as indicated above. Note that we have

() (2,6) = 3 o EOS b, €) = b, €) + + OBgadbb(z, )

a€eN 1
= (—ixl+ 1)+ 7 (—i) = —iz€.

3. Let a € ™. We assume here that we can find some b € S~ which is such that a#b—1
is in the class S~°°.



3.1. Prove that : 3R e RY; [{| > R = [(ab)(x,§)| > 1/2.
By construction, we have

ab—1=(a#b—1)—reS > +851cs!
and therefore
[(ab)(2,€) =1 < C A+ [ €N
In particular, for R <|| £ || with R large enough, we have

(@) ~1/< 5 = o <lae,&)] b )|

3.2. Prove that :
IR,c)eRy xRy [fl2R = c(1+ [ &)™ < la(z,§)]. (1)
For R <|| £ ||, the value of b(x,£) is not zero and, since b € S™™, we can find some

C € R such that

b, Ol <CO+ )™ = FO+[E)™ <

Ql -

bz, §)|”
and therefore we have (1) with ¢ = 1/(2C).

4. Let a € S™. We assume here that we have the property (1) for some R € R.
4.1. Find by € S~™ which is such that Op(a) Op(by) = Id + Ro with Ry € Op(S~1).
Let x € C°(R™) with x =1 in the ball B(0,1]. Consider
bo(z,€) = (1 = x(§/R))/a(,§).
With (1), it is easy to infer that by € S™™. On the other hand
Op(a) Op(by) = Op(a#by) = Op(aby + o) = Id — Op x(&{/R) + Op(ro), ro € S7L.
Just remark that

Ro := —Op x(¢/R) + Op(ro) € Op(S™>) + Op(S™") C Op(S™1).

4.2. Find by € S~™~! which is such that Op(a) Op(bg+b1) = Id+R with Ry € Op(S~2).
With bg as above, we have to seek by in such a way that
Op(a) Op(bg + b1) = Op(a) Op(by) + Op(a) Op(by) = Id + R4, Ry € Op(S™2).
Interpreted in terms of symbols, this means that
abg +rg+aby +71 =1+, roe S, FesmmTitl—g72 4 e 572
It suffices to adjust by in such a way that aby + ro + aby = 1, that is
b= (1= 0)(E/R) [(1/a) — bo — (ro/a)] = (1 = X)(&/R) [(x(&/R) — o) /a] € S,

Then, the computation of a#tby yields some 71 =1 € S™2.



