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Let 𝑛 ∈ N as well as 𝑚 and 𝑚′ in R ∪ {−∞}. Given two symbols 𝑎 ∈ 𝑆𝑚 ≡ 𝑆𝑚
1,0(R𝑛)

and 𝑏 ∈ 𝑆𝑚′ , we admit that the composition of 𝑂𝑝(𝑎) with 𝑂𝑝(𝑏) is a pseudo-differential
operator whose symbol is in 𝑆𝑚+𝑚′ . More precisely

𝑂𝑝(𝑎)𝑂𝑝(𝑏) = 𝑂𝑝(𝑎#𝑏), 𝑎#𝑏 = 𝑎𝑏 + 𝑟, 𝑎𝑏 ∈ 𝑆𝑚+𝑚′
, 𝑟 ∈ 𝑆𝑚+𝑚′−1.

1. Take 𝑛 = 1, 𝑎 = 𝑖𝜉 and 𝑏 = 𝑥. What is 𝑟 ?

𝑟(𝑥, 𝜉) = 1.

We have 𝑂𝑝(𝑎) = 𝜕𝑥 and 𝑂𝑝(𝑏) = 𝑥× so that 𝑂𝑝(𝑎)𝑂𝑝(𝑏) = 𝜕𝑥(𝑥 × ·) = 𝑥𝜕𝑥 + 𝐼𝑑 whose
corresponding symbol is 𝑖𝑥𝜉 + 1. Note that 𝑎 ∈ 𝑆1, 𝑏 ∈ 𝑆0 while 𝑎𝑏 = 𝑖𝑥𝜉 ∈ 𝑆1. As
expected, we find that 𝑟 ∈ 𝑆1+0−1 ≡ 𝑆0. This is in accordance with the formula provided
by the symbolic calculus since

𝑎#𝑏(𝑥, 𝜉) =
∑︁
𝛼∈N

1
𝑖𝛼𝛼! 𝜕𝛼

𝜉 𝑎(𝑥, 𝜉) 𝜕𝛼
𝑥 𝑏(𝑥, 𝜉) = (𝑎𝑏)(𝑥, 𝜉) + 1

𝑖
𝜕𝜉𝑎(𝑥, 𝜉) 𝜕𝑥𝑏(𝑥, 𝜉)

= 𝑖𝑥𝜉 + 1
𝑖

𝑖 × 1 = 𝑖𝑥𝜉 + 1.

2. Take 𝑛 = 1, 𝑎 = 𝑖𝜉 and 𝑏 = 𝑥. What is the symbol of the adjoint of 𝑂𝑝(𝑎)𝑂𝑝(𝑏) ?

(𝑎#𝑏)*(𝑥, 𝜉) = −𝑖𝑥𝜉.

From 𝑂𝑝(𝑎#𝑏) = 𝜕𝑥(𝑥 × ·), an integration by parts furnishes 𝑂𝑝(𝑎#𝑏)* = −𝑥𝜕𝑥 whose
corresponding symbol is as indicated above. Note that we have

(𝑎#𝑏)*(𝑥, 𝜉) =
∑︁
𝛼∈N

1
𝑖𝛼𝛼! 𝜕𝛼

𝜉 𝜕𝛼
𝑥 𝑎#𝑏(𝑥, 𝜉) = 𝑎#𝑏(𝑥, 𝜉) + 1

𝑖
𝜕2

𝑥𝜉𝑎#𝑏(𝑥, 𝜉)

= (−𝑖𝑥𝜉 + 1) + 1
𝑖

(−𝑖) = −𝑖𝑥𝜉.

3. Let 𝑎 ∈ 𝑆𝑚. We assume here that we can find some 𝑏 ∈ 𝑆−𝑚 which is such that 𝑎#𝑏−1
is in the class 𝑆−∞.



3.1. Prove that : ∃ 𝑅 ∈ R*
+; |𝜉| ≥ 𝑅 =⇒ |(𝑎𝑏)(𝑥, 𝜉)| ≥ 1/2.

By construction, we have

𝑎𝑏 − 1 = (𝑎#𝑏 − 1) − 𝑟 ∈ 𝑆−∞ + 𝑆−1 ⊂ 𝑆−1

and therefore
|(𝑎𝑏)(𝑥, 𝜉) − 1| ≤ 𝐶 (1+ ‖ 𝜉 ‖)−1 .

In particular, for 𝑅 ≤‖ 𝜉 ‖ with 𝑅 large enough, we have

|(𝑎𝑏)(𝑥, 𝜉) − 1| ≤ 1
2 =⇒ 1

2 ≤ |𝑎(𝑥, 𝜉)| |𝑏(𝑥, 𝜉)|.

3.2. Prove that :

∃(𝑅, 𝑐) ∈ R*
+ × R*

+; |𝜉| ≥ 𝑅 =⇒ 𝑐 (1+ ‖ 𝜉 ‖)𝑚 ≤ |𝑎(𝑥, 𝜉)|. (1)

For 𝑅 ≤‖ 𝜉 ‖, the value of 𝑏(𝑥, 𝜉) is not zero and, since 𝑏 ∈ 𝑆−𝑚, we can find some
𝐶 ∈ R*

+ such that

|𝑏(𝑥, 𝜉)| ≤ 𝐶 (1+ ‖ 𝜉 ‖)−𝑚 =⇒ 1
𝐶

(1+ ‖ 𝜉 ‖)𝑚 ≤ 1
|𝑏(𝑥, 𝜉)| ,

and therefore we have (1) with 𝑐 = 1/(2𝐶).

4. Let 𝑎 ∈ 𝑆𝑚. We assume here that we have the property (1) for some 𝑅 ∈ R*
+.

4.1. Find 𝑏0 ∈ 𝑆−𝑚 which is such that 𝑂𝑝(𝑎) 𝑂𝑝(𝑏0) = 𝐼𝑑 + ℛ0 with ℛ0 ∈ 𝑂𝑝(𝑆−1).

Let 𝜒 ∈ 𝐶∞
0 (R𝑛) with 𝜒 ≡ 1 in the ball 𝐵(0, 1]. Consider

𝑏0(𝑥, 𝜉) =
(︀
1 − 𝜒(𝜉/𝑅)

)︀
/𝑎(𝑥, 𝜉).

With (1), it is easy to infer that 𝑏0 ∈ 𝑆−𝑚. On the other hand

𝑂𝑝(𝑎) 𝑂𝑝(𝑏0) = 𝑂𝑝(𝑎#𝑏0) = 𝑂𝑝(𝑎𝑏0 + 𝑟0) = 𝐼𝑑 − 𝑂𝑝 𝜒(𝜉/𝑅) + 𝑂𝑝(𝑟0), 𝑟0 ∈ 𝑆−1.

Just remark that

ℛ0 := −𝑂𝑝 𝜒(𝜉/𝑅) + 𝑂𝑝(𝑟0) ∈ 𝑂𝑝(𝑆−∞) + 𝑂𝑝(𝑆−1) ⊂ 𝑂𝑝(𝑆−1).

4.2. Find 𝑏1 ∈ 𝑆−𝑚−1 which is such that 𝑂𝑝(𝑎) 𝑂𝑝(𝑏0+𝑏1) = 𝐼𝑑+ℛ1 with ℛ1 ∈ 𝑂𝑝(𝑆−2).

With 𝑏0 as above, we have to seek 𝑏1 in such a way that

𝑂𝑝(𝑎) 𝑂𝑝(𝑏0 + 𝑏1) = 𝑂𝑝(𝑎) 𝑂𝑝(𝑏0) + 𝑂𝑝(𝑎) 𝑂𝑝(𝑏1) = 𝐼𝑑 + ℛ1, ℛ1 ∈ 𝑂𝑝(𝑆−2).

Interpreted in terms of symbols, this means that

𝑎𝑏0 + 𝑟0 + 𝑎𝑏1 + 𝑟1 = 1 + 𝑟1, 𝑟0 ∈ 𝑆−1, 𝑟1 ∈ 𝑆𝑚−𝑚−1−1 = 𝑆−2, 𝑟1 ∈ 𝑆−2.

It suffices to adjust 𝑏1 in such a way that 𝑎𝑏0 + 𝑟0 + 𝑎𝑏1 = 1, that is

𝑏1 := (1 − 𝜒)(𝜉/𝑅)
[︀
(1/𝑎) − 𝑏0 − (𝑟0/𝑎)

]︀
= (1 − 𝜒)(𝜉/𝑅)

[︀(︀
𝜒(𝜉/𝑅) − 𝑟0

)︀
/𝑎

]︀
∈ 𝑆−𝑚−1.

Then, the computation of 𝑎#𝑏1 yields some 𝑟1 ≡ 𝑟1 ∈ 𝑆−2.


