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We work on R𝑛. We consider the Laplace operator Δ :=
𝑛∑︁

𝑗=1

𝜕2

𝜕2
𝑥𝑖

.

1.1. What is the symbol 𝑎(𝑥, 𝜉) that is associated to the action of the operator 1 − Δ
through the relation 1 − Δ = 𝑜𝑝(𝑎) = 𝑎(𝑥,𝐷).

𝑎(𝑥, 𝜉) =

1.2. Determine the symbol 𝑏(𝑥, 𝜉) of the pseudo-differential operator allowing to satisfy
the relation 𝑏(𝑥,𝐷) 𝑎(𝑥,𝐷) = 𝐼𝑑. The operator 𝑏(𝑥,𝐷) is denoted by (1 − Δ)−1. Indicate
on the right its symbol class.

𝑏(𝑥, 𝜉) = 𝑏(𝑥,𝐷) ∈ 𝑆

1.3. Determine the symbol 𝑐(𝑥, 𝜉) of the pseudo-differential operator 1 − (1 − Δ)−1.
Indicate on the right its symbol class.

𝑐(𝑥, 𝜉) = 𝑐(𝑥,𝐷) ∈ 𝑆

1.4. Let Ω be a relatively compact open subset of R𝑛. Fix 𝑠 ∈ R and 𝑓 ∈ 𝐻𝑠(Ω). Given
some 𝑠0 < 𝑠, we consider a distribution 𝑢 ∈ 𝐻𝑠0(Ω) which is such that Δ𝑢 = 𝑓 .

1.4.1. We recall Peetre’s inequality :

⟨𝜉′⟩𝑠 ⟨𝜉⟩−𝑠 ≤ 2|𝑠| ⟨𝜉 − 𝜉′⟩|𝑠| , ∀ (𝑠, 𝜉, 𝜉′) ∈ R × R𝑛 × R𝑛.

We select a cutoff function 𝜒 ∈ 𝐶∞
𝑐 (Ω). Show that 𝜒Δ𝑢 ∈ 𝐻𝑠(R𝑛).

1.4.2. Show that 𝑔 := (1 − Δ)−1 𝜒Δ𝑢 ∈ 𝐻𝑠+2(R𝑛).

=⇒ T.S.V.P.



1.5. Prove that 𝑔 = (1 − Δ)−1 [𝜒,Δ]𝑢−
(︀
1 − (1 − Δ)−1)︀

𝜒𝑢.

1.6. Explain why 𝑅 := [𝜒,Δ] is a first-order differential operator.

1.7. Let 𝜓 ∈ 𝐶∞
𝑐 (Ω) be a non negative function which is equal to 1 on the ball {𝜉; |𝜉| ≤ 1}

and equal to 0 out of the ball {𝜉; |𝜉| ≤ 2}. Prove that the pseudo-differential operator
𝑒(𝑥,𝐷) := 𝜓(𝐷) + 𝑐(𝑥,𝐷) (where 𝑐 is as in question 1.2) is an isomorphism of 𝐻𝑠(R𝑛)
for all 𝑠 ∈ R.

1.8. Show that 𝜒𝑢 = 𝑒(𝑥,𝐷)−1 [︀
(1 − Δ)−1)︀

𝑅𝑢− 𝑔 + 𝜓(𝐷) (𝜒𝑢)
]︀
, and deduce from this

relation that 𝜒𝑢 is in 𝐻𝑠0+1(R𝑛).


