
M2 - Mathématiques 2021–2022

Microlocal Analysis

CC2 on the inversion of elliptic operators, the 12/11/2021 (30mn)

Documents are not allowed

Surname : First name :

Let 𝑛 ∈ N as well as 𝑚 and 𝑚′ in R ∪ {−∞}. Given two symbols 𝑎 ∈ 𝑆𝑚 ≡ 𝑆𝑚
1,0(R𝑛)

and 𝑏 ∈ 𝑆𝑚′ , we admit that the composition of 𝑂𝑝(𝑎) with 𝑂𝑝(𝑏) is a pseudo-differential
operator whose symbol is in 𝑆𝑚+𝑚′ . More precisely

𝑂𝑝(𝑎)𝑂𝑝(𝑏) = 𝑂𝑝(𝑎#𝑏), 𝑎#𝑏 = 𝑎𝑏 + 𝑟, 𝑎𝑏 ∈ 𝑆𝑚+𝑚′
, 𝑟 ∈ 𝑆𝑚+𝑚′−1.

1. Take 𝑛 = 1, 𝑎 = 𝑖𝜉 and 𝑏 = 𝑥. What is 𝑟 ?

𝑟(𝑥, 𝜉) =

2. Take 𝑛 = 1, 𝑎 = 𝑖𝜉 and 𝑏 = 𝑥. What is the symbol of the adjoint of 𝑂𝑝(𝑎)𝑂𝑝(𝑏) ?

(𝑎#𝑏)*(𝑥, 𝜉) =

3. Let 𝑎 ∈ 𝑆𝑚. We assume here that we can find some 𝑏 ∈ 𝑆−𝑚 which is such that 𝑎#𝑏−1
is in the class 𝑆−∞.

3.1. Prove that : ∃ 𝑅 ∈ R*
+; |𝜉| ≥ 𝑅 =⇒ |(𝑎𝑏)(𝑥, 𝜉)| ≥ 1/2.

T.S.V.P. =⇒



3.2. Prove that :

∃(𝑅, 𝑐) ∈ R*
+ × R*

+; |𝜉| ≥ 𝑅 =⇒ 𝑐 (1+ ‖ 𝜉 ‖)𝑚 ≤ |𝑎(𝑥, 𝜉)|. (1)

4. Let 𝑎 ∈ 𝑆𝑚. We assume that we have the property (??) for some 𝑅 ∈ R*
+.

4.1. Find 𝑏0 ∈ 𝑆−𝑚 which is such that 𝑂𝑝(𝑎) 𝑂𝑝(𝑏0) = 𝐼𝑑 + ℛ0 with ℛ0 ∈ 𝑂𝑝(𝑆−1).
Justify the answer.

4.2. Find 𝑏1 ∈ 𝑆−𝑚−1 which is such that 𝑂𝑝(𝑎) 𝑂𝑝(𝑏0+𝑏1) = 𝐼𝑑+ℛ1 with ℛ1 ∈ 𝑂𝑝(𝑆−2).


