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Let m € R. We consider a symbol a € C*°(R" x R™; C) which is in the class 5™ = ST
of symbols of order m.

1. Recall the definition of the symbol class S™.

S ={ae€ C®R"xR"C); V(v,B)eN'"xN" 3IC,5€Ry; V(z, ) eR"xR",

020 alw, €)| < Cap (14 | € )™}
2. We assume that we can find m < m and R € R’ which are such that
V(a,8) € N"xN", 3Cap€Ry; R<| €| = [0807a(z,&)] < Cap(1+ | €)™ 7.
Prove that a is in S™.
It suffices to obtain the bound for |{| < R. We already know that
V(a,8) €N xN", 3Cap€Ry; |0597a(x, &) < Cop (14 | & [y 1FHm—m
which implies that
€< R = 1020/ a(2,6)| < Cap (1+ R (14 | € )17

This yields the expected bound with Cy g = Cp (1 + R)™ .

3. We assume in this question that m < —n.

3.1 Show that we can find some K € L>®(R™ x R™) such that

1
(2m)"

VueSEY),  oplau(@) = oo [ Ca(w () ds = [ K(oy)uly)dy.

By construction, we have




Since n +m — 1 < —1, this yields

1 C
K )| < o [ ot )1d < o [ lelym e
< (g;(;,)on /0+oo(1 + )"l dr < 4oo. .

3.2. Let o € N™. Prove that (x —y)* K(z,y) € L*(R").

Using integration by parts in &, we get

(i) i(z—1))" @Y€ g =
oy o i) T a(e € e =

Ne’

eaT ML IO T

(z—y)* K(z,y) =

Since Og‘a e Sm=lel ¢ 8™ with m < —n, the same argument as above yields the expected
bound.

3.3. Show that, for all p € N*, the map op(a) : LP(R"™) — LP(R") is a bounded operator.
From question 3.2, we can infer that
VNEN, [K(z,y)|<CyA+]z—y)™.

This guarantees that
lop(a)u(z)] < Cn (14 |2)~ * Jul.

For N > n, the function (14 |z|)~" belongs to L'. By Young’s inequality (L' x LP C LP),
we get the result.

4. Let A, B and C # 0 three self-adjoint operators on a Hilbert space H. We assume
that [A, B] = iId and [A, C] = 0. Can we assert that [B,C] # 0 7 Justify the answer.

The reply is NO. Just take

H = L*(R?), A =0y, B =X, C = i0y,.



