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Abstract

In this paper, we study the robustness of backward stochastic differential equations (BSDEs
for short) w.r.t. the Brownian motion; more precisely, we will show that if W" is a martingale
approximation of a Brownian motion /¥ then the solution to the BSDE driven by the martingale
W" converges to the solution of the classical BSDE, namely the BSDE driven by W. The
particular case of the scaled random walks has been studied in Briand et al. (Electron. Comm.
Probab. 6 (2001) 1). Here, we deal with a more general situation and we will not assume that
the W" has the predictable representation property: this yields an orthogonal martingale in the
BSDE driven by W". As a byproduct of our result, we obtain the convergence of the “Euler
scheme” for BSDEs corresponding to the case where W" is a time discretization of . (©) 2002
Published by Elsevier Science B.V.
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1. Introduction

We consider in this paper the following backward stochastic differential equation
(BSDE for short in the remaining of the paper) driven by a Brownian motion
W={Wto<i<r

T T
Y,:g+/ f(r,Y,,z,)dr—/ Z.dw,, 0<t<T. (1)
t t

The solution of such an equation is a process {(Y:,Z;)}o<s<r which has to be pro-
gressively measurable w.r.t. {Z;}o</<r (the filtration generated by W) even though
the condition Y7 =¢ is imposed at the terminal time 7. The terminal condition & is
an % r-measurable random variable and the random function f is such that, for all
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(»,z), the process {f(t, y,z)}o<i<r is progressively measurable. It is by now well
known that the BSDE (1) has a unique square integrable solution providing that
& {f(£,0,0)}o<,<r are also square integrable and that f is Lipschitz w.r.t. both y
and z (see Section 3 for precise assumptions); we refer to the original work of Par-
doux and Peng (1990) or to the survey paper by El Karoui et al. (1997).

One of the interesting features of BSDEs are the “a priori” estimates which give the
stability of solutions to BSDEs w.r.t. the data (¢, f); for instance, in El Karoui et al.
(1997), the authors used such estimates to get the classical existence and uniqueness
result. In this work, we are also interested in some kind of robustness properties of
solutions to BSDEs but w.r.t. ¥ instead of (&, ). To be more precise, we will consider
the solution {(Y;",Z")}o<:<r to the BSDE (1) but with W replaced by W" where the
martingale {W/}o<:<r converges to W uniformly on [0,7] in probability (ucp for
short) as well as in L2 and we will prove that the corresponding solution (¥Y”,Z")
converges to (Y,Z). We should point out that we will not assume that the martingale
W" has the predictable representation property (for this notion, we refer to Jacod, 1979,
Chapter XI; Protter, 1990, Chapter 4; or to Revuz and Yor, 1991, Chapter V in the
continuous case) so that we will have to find a triple {(Y,Z",N/)}o<s<r such that

T T
Y,"=é"+/ f”(r,KfL,Z;’)d<W">r—/ 2w~ (NE-NP)., 0<(<T;
t t
@)

in this equation, {N/'}o<;<7 is a martingale which is orthogonal to W", " is an
Z'h-measurable random variable where {#/"}o<,<r is the filtration generated by W”,
{/"(t, y,2)}o<i<1 is progressively measurable w.r.t. {#}o<,<r for each (y,z) and
{{(W");}o<i<r denotes the predictable quadratic variation of W". BSDEs driven by
martingales are also considered in El Karoui and Huang (1997) but in the case where
the quadratic variation is continuous; other generalizations of BSDEs can be found in
Barles et al. (1997), Pardoux et al. (1997) and Pardoux and Zhang (1998).

The main issue of this paper is to show in Section 4 that if (&", /", W") converges
to (&, f, W), we have the convergence of the solution to the BSDE (2) (Y",Z") toward
the solution to the BSDE (1) (Y,Z). This generalizes the result in Briand et al. (2001)
where the case of W” being the scaled simple random walks were considered.

To motivate this study, let us consider a time discretization of the BSDE (1) in
the spirit of the Euler scheme for SDEs. The objective is to solve backwards in time,
noting / for T/n, the equation

Yy =Yiewm + 1S ((k+ Dh Y5, Zi) — Zig (Wit — Wia)s

where Y7 =¢" is given and under the constraint that the unknown (Y}, Z}},) depends
only on Wp,..., Wiy — Wi—1y,. This constraint is due to the fact that the solution to the
BSDE (1) has to be adapted to the filtration generated by the Brownian motion W. If
we consider the case where f = 0, we see that the previous equation cannot be solved
since the discretization of the Brownian motion has not the predictable representation
property. To overcome this difficulty we add an orthogonal martingale term to the
equation which becomes

Y = Yom + hf((k + DA, Y Z5) — Zi (W n — Wia) + (Niein — New)-
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This backward equation corresponds to the case where W" is the time discretization
of the Brownian motion # and will be studied in Section 5.1, Proposition 13.

Let us point out that the standard computation of |Y/"—Y,;|> with It6’s formula, which
is usually the starting point of proofs of stability results, is not so powerful here: this
is mainly due to the fact that W” and W are not necessarily martingales with respect
to a common filtration. As in Briand et al. (2001) the notion of “weak convergence
of filtrations” will be very useful to handle this problem and it appears that the case
where f and f” are identically O is a key point.

The rest of the paper is organized as follows: in Section 2, after some notations we
deal with the case where f and f” are 0 which is the simplest case and the most
important. Section 3 contains all the assumptions and is mainly devoted to the study
of BSDEs driven by W". In Section 4 we prove our main result and finally in the last
section we give some examples and illustrations.

Finally, let us precise that we will use during the paper the classical notations of
stochastic calculus that appear for instance in Dellacherie and Meyer (1975) and Revuz
and Yor (1991).

2. The martingale context

Let (Q, 7 ,P) be a complete probability space carrying a standard real valued Brow-
nian motion W ={W,}o<;<r; we will denote {Z;}o<,<r the right continuous and
complete filtration generated by . On this space, we consider a sequence of cadlag
(right continuous with left limits) square integrable {Z/'}o<,<r-martingales W" =
{W}"}o<st<r, Where, for each n, {F/'}o<;<r is right continuous and complete.

We will say that a cadlag process X = {X;}o<,;<7, with values in R?, belongs to the
space SP(R?) or simply &7 where 1 < p < oo, if

X

5,=E [ sup |X,|p] < oo.
(€[0,7]

In this section, we will treat the simplest linear case namely f=0 and f”=0.
This result together with the Picard procedure and Proposition 11 will allow us to
deal with the general case. We start with a result concerning the convergence of
the predictable quadratic covariation of martingales. Firstly, we give a theorem con-
cerning the “continuity” of the predictable compensator also called dual predictable
projection. The proof of this result is given in the appendix at the end of the

paper.

Theorem 1. Let {X/'}o<i<r be a sequence of cadlag {F!}o<i<r-integrable
processes with finite variation and X§ =0 which converges in ¥'(R) to the continuous
{F:}o<i<r- adapted process {X;}o<i<r. In addition, we assume that {)?f}0<t<r,
X} =Var(X"), = [, |dX?|, is C-tight, and the variables Xy are uniformly integrable.

Then, the predictable compensator {P!}o<i<r of {X'}o<i<r converges to
{Xi}o<i<r in SN (R).
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As a byproduct, we can obtain a result about the convergence of the predictable
covariation of martingales.

Proposition 2. Let {M]}o<i<r and {N!}o<i<r be two sequences of cadlag
{FI}o<i<r-Square integrable martingales which are bounded in $*(R). We
assume that {M]'}o<;<1 converges in #*(R) to the continuous {F,}o<<r-martingale
{M;}o<i<r and that {N]'}o<:<1 converges to the martingale {N;}o<:<r in probability
for the Skorokhod topology.

Then {{M",N"), }o<,<7 converges to {{M,N)}o</<r in L (R).

Proof. Under the assumptions, the sequence (M”,N") satisfies the uniform tightness
(UT) condition; cf Proposition 1.5 (b) of Mémin and Stominski (1991) (for an English
reference, see Section 7 of Kurtz and Protter, 1996). This implies, by Corollary 1.9
of Mémin and Stominski (1991), that the sequence of processes with finite variation
paths ([M",N"])n converge in ucp to the cross variation of M and N, [M,N] which
is a continuous process with finite variation paths. We want to apply Theorem 1 to
[M",N"] since (M",N") is the predictable compensator of [M", N"].
Let us pick 0 < s <t < T; we have:

[M",N"], — [M",N"],| < Var(IM",N"]);s.
< (M, — [M"])"A(IN™, — [N"])V2.

Since M" converges to M in *(R), [M"] converges to [M] in ucp (the UT condition
is satisfied) and Scheffé’s lemma implies that [M"]; converges in L' to [M];; thus
the convergence of [M"] to [M] holds in #'(R). The previous estimate, for t =T and
s=0, yields
sup |[M",N"]| < Var([M".N"])r < (IM"];)"2(IN"17)"?
te[0,7]
and thus gives, since [N"]; isboundedin L', the uniform integrability of Var([M",N"])r
and also the convergence of [M",N"] to [M,N] in &'(R). It remains to check the
C-tightness of Var([M",N"]),. But, we have,
1/2
E| sup Var([M",N"])[s,t]} < E[[N"],]"E [ sup [M"],o— [M"),] .
0<t—s<0 t€[0.7]
and thus the left hand side tends to 0 with 6 — 0 since [M"] converges to the continuous
process [M] in #!(R). This implies the C-tightness.
By Theorem 1, we obtain the convergence of (M",N") to [M,N]= (M,N) in ! (R).
J

Before going further, let us precise the assumptions we will work with in the
following:
(H1) (i) W" is a square integrable martingale which converges to W in .¥?(R);
(ii) there exist p: R, — R, with p(0T)=0 and a deterministic sequence
(a,)n with lim,_ o @, =0 such that, P-a.s.,

VO<Ss<t<T, (W) —(W"s<p(t—s)+ay
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(H2) & is # 1 measurable and, for all n, &" is #7 measurable such that " converges
to & in L2,

Before stating an important result of this paper, let us recall the notion of “weak
convergence of filtrations” which has been studied in Coquet et al. (2001): we say
that {Z}o<,<r converges weakly to {Z;}o<,<r, if, for each set 4 € Fr, the cadlag
martingale M} :=E(1,| /") converges in ucp to the martingale M, :=E(1,|Z,).

If (Y",Z",N") denotes the solution to the BSDE (2) and (Y, Z) the solution to the
BSDE (1), we want to prove the convergence of (Y”,Z",N") to (¥,Z,0) and for the
first component i.e. the ¥’s we would like to get at least the convergence in ucp. But
when f" and f are identically 0, we have Y'=FE("|Z)") and Y, =E(¢| ;). Since
& is assumed to converge in L? to & we get the convergence of Y” to Y in ucp
if and only if E(¢|Z)") converges to E(¢| %) in ucp. Thus, the weak convergence
of filtrations {Z#/}o<i<7 to {ZF }o<r<r is a necessary condition in order to get the
convergence of Y” to Y in ucp.

This comment leads to the following question: under the assumption (H1), do we
have the weak convergence of filtrations {F}o<:<r t0o {Z:}o<r<r? The following
proposition, which will be proved in the appendix, gives a positive answer to this
question.

Proposition 3. Let us consider, on the same probability space (Q, 7 ,P), a standard
Brownian motion {W;}o<;<r with its natural filtration {F }o<,<7, a sequence of
filtrations {7 Yo<i<r and a sequence {W]'}o<i<r of square integrable {F'}o<i<r1-
martingales. We suppose that W" converges to W in S*(R).

Then {F["}o<i<T weakly converges to {F;}o<i<7-

Remark 4. It is worth noting that the previous result is not true if W” is not a mar-
tingale. To see this, let us choose 7=1 and W/ equal to W; + %le we have the
convergence of W" to W in SP(R) (for all real p = 1), but {F}o<,<r is not weakly
convergent to {ZF, }o<;<7. Indeed, for each 1 €[0,1], #'=a(W,, s <t, W;) and thus
E(W, | #]")= W, which does not converge to E(W, | %;)= W, in ucp.

With this proposition in hands, we can state one of the main results of this paper.
It concerns the robustness of the orthogonal decomposition of &” w.r.t. W”. A similar
study is considered in Jacod et al. (2000).

Theorem 5. Let the assumptions (H1) and (H2) hold. We consider the orthogonal

decomposition w.r.t. W" of &, ie. Z" is a predictable process and N" a cadlag
martingale (with N} =0) which is orthogonal to W" and

t
M =E" | F)=M] +/ ZMAW! + N, 0<t<T
0
and the representation of & as a stochastic integral

t
M,:[E(é|%):M0+/ZrdWr, 0<t<T
0
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Then, we have

<M”,/ Z:’dW,”,N") — (M,/ Z,dW,,O) , as n— oo
0 0

in #*(R?) and

</0'Zr"d<W”>r,/0. |Zf|2d<W”>,,> — </0.Z,dr,/0. |zr2dr)

in S*(R) x SYR), as n tends to cc.

Proof. Since &" converges to ¢ in L%, we can assume without loss of generality that
each ¢" is bounded by the same constant say k. As a byproduct of this remark, we
need only to prove the convergence in probability under the additional assumption that
M" is uniformly bounded by £ which implies that

sup E l(/oT IZf|2d<W”>r>p + <N">?]

is finite for all real p > 1. Indeed, we have sup, E[sup, |M;'|?] < k? and then by BDG
inequality sup, E{[M"]% / 2} < 00. Moreover, since (M") is the predictable compen-
sator of [M"], we have, see e.g. (Dellacheric and Meyer, 1980, Eq. (100.2) p. 183),
E{(M")2*} < (p/2)PPE{[M"]?*}, as soon as p > 2. Thus, since N" and W" are
orthogonal, we get, for each ¢ € [0, T],

(M), = / ZIR A, + (N,

from which the result follows.

Since we have the weak convergence of the filtration { %" }o<,<1 t0 {Z:}o<i<1, WE
can apply the second point of Remark 1 in Coquet et al. (2001) to get the convergence
of M" to M in the sense of Skorokhod-topology on D. But Brownian martingales
are continuous so that the previous convergence holds also in ucp and in all &”
spaces. Hence we can apply Proposition 2 to (W”,M") to obtain the ucp convergence
of (M",W") and (M") towards (M, W) and (M), respectively. Namely, taking into
account the fact that /7" and N” are mutually orthogonal,

<M”,/0.Z,?d(W”),,/O.(Z;’)Zd(W@ (N ) ( /z dr/(Z) dr>

It remains only to prove that (N”) tends actually to 0. For this, let us first remark that,
since (M")—(N") is an increasing process, the increments of (N”) are bounded by those
of (M"). Thus (N") is C-tight. By Theorem 4.13 of Chapter 6 in Jacod and Shiryaev
(1987), the tightness in C of (N”") implies the tightness in D of the sequence of
martingales N”. Let N be a limit point of N". Using Skorokhod representation theorem,
we assume that we are on the same space and that the convergence of N” to N holds in
probability for the Skorokhod topology. Moreover, the sequence (W",N", M") satisfies
the uniform tightness condition since it is bounded in L. Thus [#”,N"] converges to
[W,N] in ucp the limit being obviously continuous and with finite variation paths.

On the other hand, " and N” are orthogonal so that [W", N"] is a martingale. Using
the fact that [NV ”]IT/ % is bounded in L2 and the fact that [W"]; is uniformly integrable
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by Scheff¢’s lemma, we deduce that [W",N"], is uniformly integrable and thus that
[W,N] is a continuous martingale with finite variation paths. Thus [W,N]=0.

Moreover, M is a Brownian martingale which implies that [M,N]=0. Taking into
account that M" converges to M in ucp and is bounded and that N is bounded in L2,
Proposition 2 shows that (M",N") converges to (M,N) in #!(R) (we work with the
filtration of the past of (W,N)). But (M,N)=[M,N]=0. Since (M",N")=(N",N"),
we deduce that N converges to 0 in .. This concludes the proof. [J

3. BSDEs driven by 7"

In this section, we will give some results concerning BSDEs driven by the martingale
W". One of the goals of this technical part is to get results that are in some sense
uniform in n. Firstly, we will give an additional assumption.

Let us recall that we are working on a complete probability space (£, 7,P) carry-
ing a standard real valued Brownian motion W = {W,}o<;<r. On this space, we con-
sider a sequence of cadlag square integrable { /" }¢<<r-martingales W" ={W/}o</<1;
{F}o<i<r is right continuous and complete and {Z; }o<,<r stands for the right con-
tinuous and complete filtration generated by W.

Let f and f” be random functions, defined on [0,7] x Q x R x R with values in
R, such that, for each (y,z), the process {f"(¢, y,z)}o<i<7 (resp. {f(t, y,2)}o<i<T) IS
progressively measurable w.r.t. {7 }o<;<r (resp. {F }to<i<r)-

We will assume that:

(H3) (i) there exists K > 0 such that, P-a.s., for each n and each ¢ €[0, T,

V(3.2),(y.Z)ER®, | f(ty.2)— 'Y 2) <K(ly—V|+|z—Z])

and f is also K-Lipschitz;
(i) for all (y,z), {f"(t,»,2)}o<i<r has cadlag paths and converges to
{f(t,y.2)}o<i<r in SA(R).

This section is devoted to the study of the BSDE (2) under the assumptions described
above which cover the case of the scaled simple random walks studied in Briand et al.
(2001). These assumptions are rather strong in order to get existence and uniqueness
of a solution. However, in preparation to further results, we need some uniform (in »)
estimates.

Firstly, let us recall that a solution of the BSDE (2) is a triple {(¥",Z",N/)}o<i<T
progressively measurable w.r.t. {#/ }o<;<r such that Y" has cadlag paths, Z" is pre-
dictable and N” is a cadlag martingale, orthogonal to W" and such that N =0. We
will use a standard fixed point argument to study such BSDEs as in El Karoui et al.
(1997).

92 and ./ (a subscript n is omitted) denotes the set of progressively measurable
respectively predictable processes w.r.t. {Z/}o<;<r such that

T
[E[ sup Yt|2] < + o0, respectively, E [/ |Z,|? d(W”)r} < + oo.
0

0<t<T
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A? (n is still omitted) is the Hilbert space of square integrable cadlag martingales
wrt. {F/'}o<i<r endowed with the scalar product (M,N)=E[MrNr] and %% the
closed subspace of martingales M s.t. My=0.

We start with an elementary lemma:

Lemma 6. Let the assumptions (H1), (H2) and (H3) hold. Let {U,,V,}o<,<7 in &> x
M*. Then the BSDE

T T T
w=e [ reveam, - [ zan- [ o 3)
t t t

has a solution in the space % x M* x A3 for each n.

7N
{¥/"}o<:i<r is a cadlag process and moreover

T
v <E (é" = [ d<W">,~|%"> ,

and thus Doob’s inequality yields

T 2
[E[ - |n"|2] <4F [(é’% +/0 e Ur_,Vr>d<W">r> ] .

0<t<T

Proof. Firstly, we set,

T
Y'=E (5” +/ S U, V) d(™),
t

The right-hand side of the previous inequality is finite in view of the assumptions
noting in particular that sup, (W”)r is finite from (H1)(ii).

Now, {Z]',N}o<:<r is given by the orthogonal decomposition w.r.t. W"—see e.g.
(Jacod, 1979, Theorem 4.27 p. 126)—of the martingale

T t
E (5” +/ £ U, V,)d(W”>,|97,”) =Y +/ Z'dW'+ N, 0<t<T.
0 0

In addition, we have, since N" and W”" are orthogonal

T T 2
E [ | izrag, + <N">T} <10E l(m [, V,>d<W”>,.) ] ,
0 0

which is finite as already mentioned. It is plain to check that the triple (Y”,Z",N")
solves the BSDE (3) to conclude the proof. [

We keep on the study by giving an easy a priori estimate.

Proposition 7. Let (Y",Z",N") (resp. (Y"",Z"",N"")) be the solution to the BSDE (3)
associated to (E",U,V)ELX(F1) x 2 x M* (resp. (E",U",V")).
Under the assumptions of the previous lemma, we have, for each 0 < o <1 < T,

E [ sup 077+ [ 10272 ("), + (o). - <5N">o]

o<I<T

<4 [E[5Yé’2]+C(f—a,an)[E[ sup [0 + | |5V,|2d<W">,],

O<I<T
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where C(r,a,)=42K>max{(p(r) + a,)?, p(r) + a,} and 8Y" stands for Y" — Y and
s0 on.

Proof. The starting point is the equation

oY = 8Y! + / (/" Uy V) = [ UL VD) A,
t

7/ 6Z,”dW,”f/ dON", 0<i<rt.
t t
Since (" is K-Lipschitz, we have
oY < E (|5Y:'| & [ou-+ |5V,~|)d<W">r%")
t

and then, Doob’s inequality gives

T 2
| sup |6Y,|2] <4t l(wm K [ ou |+ |5V,ﬂ|>d<W">,-) ] | )

lo<Ii<T
2]

Moreover, we have, since W” and oN" are orthogonal,

/ 52! AW + SN — SN

LS O

and

T
/ 5Z" AW + ON” — ON”
g

=/ (" U V) — (UL VYA, + SY — 5.

Using the fact that f” is K-Lipschitz, we obtain

/ 52" dW! + SN — SN

< oY +K / (8Un_| + [V, A", + sup 577,

O<IST
From the estimate (4), we get
T
[E[ sup \5)’[’\2+/ 16Z1 2 d(W™), + (ON™), — <5N”>a]

o<I<T o

T 2
< 14F [(wm +1</ (16U, | + |6Vr|)d<W”>r> ] .
Holder’s inequality together with the assumption (H1)(ii) lead to the estimate

[E[ sup \51@”\2+/ 1022 d(W™), + (SN"), — <5N">0]

o<t<T

< A2E|6Y"1+ C(t — 0,a,) E [ sup [0U;|* + / |5V,|2d<W">,,] ,

o<t<T

with C(t — 0,a,) =42K> max{(p(t — ¢) + a,)*, p(t — 0) + a,}. O
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Let us remark that, since lim,_¢+ p(r)=0 by the assumption (H1)(ii), there ex-
ists 7€ (0,T) such that 42K%max(p(r), p(r)*) <% as soon as r <rg. Let us fix
m=[T/ro] + 1 and consider the regular partition of [0,7] into m intervals. We set,
for 0<k<m—1, I =[kT/m,(k + 1)T/m] and we introduce the following norm on
S2 X M x HE:

m—1
oz N =35 x4 e sl + [ izepage, + [ aov,).
—o 1€l I I
This norm is equivalent to the classical one since we have

1Y, Z" N> < [(Y", 2", N")||7 < m(5 x 42)" 1 |(Y", Z",N")||>.

The estimate of Proposition 7 and a straightforward computation show that, if
(Y",Z",N") and (Y'",Z"",N'") are the solutions to the BSDEs (3) with (&",U, V) and
(&, U', V"), we have, setting as usual 0Y" =YY" — ¥’ and so on,

1(8Y", 82", 6N™)|12 < (1/5)[|(8Y™, 02", 3N™)||2 + C(T/m,a,) ||(3U, 5V, 0)|2.

It is really worth noting that, since @, — 0 as n — oo, there exists ng such that,
for all n = ny, for all r < ry, C(r,a,) < %; in particular, C(T/m,a,) < é as soon as
n = ng. Thus, for each n > ng, we have

I(3Y", 62", oNM[[3 < (1/4) [[(8U, 67, 0). (5)

The previous estimate leads immediately to the following

Remark 8. There exists a unique solution, in the space 2 x .#* x #°3, to the BSDE
(3) where (U, V)€ %2 x ?, as soon as n = ny.

With the help of this result, we can obtain an existence and uniqueness result for
the BSDE (2).

Theorem 9. Under the assumptions (H1), (H2) and (H3), the BSDE (2) has a unique
solution (Y",Z",N") in the space 9% x M* x A3, for n large enough.

Proof. We will use a fixed point argument. Let us consider the application ¥” from
S22 x M*x A into itself which is defined by setting ¥"(U, V,L)=(Y",Z",N") where
(Y",Z",N") is the solution to the BSDE (3). Notice that L does not appear and that
P" is well defined by Lemma 6 and the remark above. For n large enough (larger
than the ny constructed before), the estimate (5) says that ¥, is a contraction with
constant 1/2 if we use the equivalent norm || - ||; instead of || - || on the Banach space
SEx M x H3. O

We finish this section by an easy consequence of the estimate (5) which will be very
useful in the sequel. For each p, we consider the approximation of (Y”,Z", N") by the
Picard procedure on the interval [0, 7] i.e. (Y™°,Z2"%)=(0,0) and, for 0 <t < T,

T T T
e [ peanznawn, - [ zeetany - [ avee
t

t t
We have the following result:
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Corollary 10. Let the assumptions of Theorem 9 hold. There exists a constant C
such that

T
sup E | sup,cgo.ry Y7 — ¥/ + / 20— ZPPP AT, + [NE— NP

n=ngp

< C47°P,

Proof. It is a direct consequence of the fact that the application ¥” is a contraction
with constant 1/2 for n = ny and for the norm || - ||;. Indeed, we have, for n = ny,
ICY", Z", N") = (Y2, 2P N™P)|2 < [[(Y", 2", N") = (Y™ P, 2" N™ )3
<4 7Pm(5 x 42" (vt zmt N |12

To conclude, let us notice that a standard computation leads to the inequality

(Y™ z" N2 < 28E |[E"* + (p(T) + ay)* sup |f"(£,0,0)]],

0<t<T

from which we deduce, in view of the assumptions, that sup,., [[(Y™!,Z"!, N"1)|?
is finite. The proof is complete. [J

4. Stability of BSDEs
4.1. A technical result

We begin this section by a technical result which will be useful for proving the
convergence of the second term of the right-hand side of (2).

Proposition 11. Let (u,)n be a sequence of non-negative measures on 1 =[0,T] and
(Up)n a sequence of measurable functions on I; we assume that for some non-negative
finite measure u and some measurable function U:

sup — 0, k£=0,1,2.

te[0,7]

/ Un(s) tn(ds) — / Us) u(ds)
0 0

Then for any sequence of functions F,(s,u), ladlag w.r.t. s, such that for some C,
and any t,u,v,

|Fu(t,u) — Fp(t,v)| < Clu —v|, (6)
converging uniformly in s to some ladlag function F i.e.

sup \Fn(s,u) - F(S,u)‘ - 0’ (7)
s€[0,7]

one has

t

/ Fo(s. Un(s))pin(ds) — / F(s, U(s))u(ds)
0 0

sup — 0.

t<T




240 P. Briand et al. | Stochastic Processes and their Applications 97 (2002) 229-253

Proof. For any step function ¢(¢) and £ =0,1,2, one has

/ AU il dt) — / oY u(dr)
0 0

sup
(<T

—0. ®)

This extends to bounded ladlag functions (uniform limit of a sequence of step func-
tions). Consider now a continuous function U(s) such that

T
/ (U(s) — U(s))*u(ds) < 2.
0

We can write
t

/ Fo(s. Un(s))pin(ds) — / F(s, U(s))u(ds)
0 0
_ /0 (Fas, Un(s)) — Fols, U(s))pun(ds) + /0 (Fo(s. U(s)) — F(s, U(s))pun(ds)

t t
+ [ P06 ~ uds) + [ (F606) - Fs. Ul utds)
0 0
The last term is smaller than Ce/u(Z). The third one tends to zero because of Eq. (8)
with £ =0. For the second one, notice first that condition (6) implies that convergence

(7) is uniform w.r.t. # in a compact set, and since {17 (s), s€[0,T]} is compact, this
term tends to zero. For the first one, notice that:

t 2
( /0 (Fu(Un(s)) — Fn(U(s»)un(ds))
< () /O (Fa(Un(s)) — Fa(0(5))) 11n(dls)
T ~
< Cul) / (Unls) — O(s)Y1a(ds)
0

T
= C () /0 (Un(s) + U(s)? = 20()0(s)) in(ds).

Hence, thanks to (8), we get

t 2
lim sup sup ( /O (Fu(s Un(s)) = Fo(s, U(S)))un(dS))

T ~
< Cull) / (U(s) — O(s)Yu(ds)
0

< CPu)e,

which gives the result. [
4.2. Main result

We now state and prove our main result.
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Theorem 12. Let the assumptions (H1), (H2) and (H3) hold. Let (Y",Z",N") be the
solution of the BSDE (2) and (Y,Z) the solution of the BSDE (1); then we have

<Y”,/ Zde,f’,N") — (Y/ Z,.dVV,-,0>,
0 0

as n tends to infinity in S*(R*) and

(/O‘Zr"d<W">r,/0. |Zf|2d<Wn>,) — (/O.Z,ﬁdr,/oi Z,|2dr>,

in 2(R) x #(R).

Proof. The method of the proof is the same as in Briand et al. (2001) and it is
based on the approximation of the solutions by the Picard method. Let us recall the
notations. (Y0, 7"% N"9)=(0,0,0), (Y>>0, 2>0)=(0,0) and we define recursively
for all peN,

T
e [z ane),
t

T T
—/ z;“’“dW,"—/ dAN®PHL 0<t<T
t t
and, similarly,

T T
) Aac el :5+/ 1, Y,,"O’P,Z,Oo’f’)dr—/ z72oPdw,, 0<t<T.
t t

Since, by Corollary 10, (Y™?, [ Z"7” dW},N™P) converges to (Y", [, Z'dW!,N")
as p — oo in ¥?(R?) uniformly in #, it is enough to check that for each integer p,
(ymr,ZmP N™P) converges to (Y°>?,Z°7 0) in the sense described in the statement
of the result.

The proof will be done by induction. For sake of clarity, we drop the superscript p,
so that the previous equations become

T T T
y;n:gu/ f”(r,Yf_,Zf)d(W”},f/ Zr’”dW,"f/ AN, 0<t<T,
t t

t

T T
Y,’:é+/ f(r,y,,z,)dr—/ Z'dw,, 0<t<T
t t
The assumption is that {¥/", Z"" }o<: <7 converges to {¥;,Z; }o<:<r in the sense of Theo-
rem 12 (without the N term) and we have to prove that {¥;", Z/", N/"}o<;<r converges
to {Y/,Z!,0}o<s<r in the same sense.
The process, defined by

t
Mr=Y" +/ Y Zd(wr,, 0<t<T, 9)
0
satisfies
t
M =M +/ Z"dW" + N/, (10)
0
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Hence M" is an {Z]'}o<,;<r-martingale and, since Y} =¢",
T
My =EOG | 7). Mp=Yy e [z, ()
0

If we want to apply Theorem 5, we have to prove the L? convergence of M. We know
that Y7 =¢&" converges to Yr=¢ so that it remains to prove that fOT S Y, Znhd
(W™, converges to fOT f(r,Y.,Z.)dr in L2. To do this we will apply Proposition 11.
Indeed, from Proposition 2, we know that ("), converges to ¢ in ucp and in all
SP(R). Moreover, the induction assumption gives the convergence in #*(R) x &!(R)

(/O-Z,’?d(W”»,/O‘ |z;7|2d<W">,> = (/O-Z,dr,/o- |z,2dr).

Since {f"}, is an equi-Lipschitz family, it remains only to prove that, for each u,

sup ‘fn(ta Ytn—au) - f(t> Ytau)|
t€[0,T]

goes to 0 in probability. But since f” is K-Lipschitz, we have

sup | /(LY u) — f(4, Y, u)
1€[0,7]

<K sup [V = Y|+ sup [f"(&Y,u)— f(t,Y,u)l.
1€[0,7] (€[0,7]

The first term tends to zero by the assumption of induction and the second by the
assumption (H3). Indeed let ¢ > 0 and @ > 0. We consider a finite number of points
of [ —a,al, ¥ =(yi)1<i<N(a)> such that, if |y| < a, dist(y,%) < ¢/(4K). On the set
{sup, |Y;| < a}, we have, writing 4" for /" — f,

(2, Y0)] < 2K dist(Y,, @) + max [1'(1, y,u)| < &/2 + max |K(1, y,u)]-
VEY VEY

Thus, we obtain,

P ( sup |A"(¢, Y, u)| > s) <P < sup m2g§/<|h”(t,y,u)\ > 3/2)
T ye?

0<t<T 0<r<

+P< sup |Y,|>a>,

0<r<T

from which we deduce, in view of (H3), that

limsuplP( sup |f"(¢, Y, u) — f(t, Y u)| > s) < P( sup |¥| > a).

n— oo 0<t<T 0<t<T

Sending a to infinity, we get the result since supy., <, |Y;| is square integrable.
Since f"(t,Y/",u) has cadlag paths, Proposition 4.1 implies that

/.f"(r, Yy, znhdw"), — / f(rY.,Z)dr
0 0
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as n — oo in ucp and in ¥*(R) since

/0 f"(r,Y,"_,Z;’)d<W">,-’

sup
0<t<T

T
< c( sup (1714 100,000+ [ |z;1|d<W">r) |

0<t<T

We set, for 0 <t < T,

T t t
M,:[E<f+/ f(r,n,zr)dr%):m/ f(r,Y,,zr)drzMw/ z.aw,
0 0 0

and we apply Theorem 5, taking into account Egs. (10) and (11), to get

(M",/ Z;’dW,.",N’") - <M/ Z,dW,,O)
0 0

in #2(R?) and

(/O‘Z;”d<W">,./ |Z/"|*d( ) (/ Z’dr/ |Z! |2dr>

as n — oo in F2(R) x 1(R).
We deduce from the previous convergence that
sup ¥/ —Y/| =0 in SA(R).
0<t<T

Since we have already proved that

/Z fn(r7 Y:—>Zf)d<Wn>r - /Z f(}’, Yr,Z,)dr
0 0

sup — 0

0<t<T

in L?. This concludes the proof. [

5. Examples
5.1. Discretization of Brownian motion

In this section, we give a special emphasis to the case of the discretization of
Brownian motion which is in fact a attempt to write down an Euler scheme for BSDEs
as mentioned in the introduction. This example can be handled by Theorem 12 as we
will see in the sequel.

Let us start with the setup: W is a Brownian motion and {Z,}o<;<r denotes its
augmented filtration. We will assume in this section that
(i) f:[0,T]x R x Rx R — R be a continuous function such that there exists K s.t.

for all ¢,

Y(x, y,2), (x', y',2"),

|f(t,x,y,z)—f(tx yZ)| K(|x_x|+|y y|+‘Z_Z‘)

(i1) & be square integrable % r-random variable.
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We denote by (E) this assumption.
We consider {(Y;,Z;)}o<:<r the solution to the BSDE

T T
=t ﬂnWﬂ%Lﬂh—/iZW%,0<t<T (12)
t t

We want to construct an approximation of this solution, say {(¥/,Z/)}o<:<r, in the

spirit of the approximation of the solution to a SDE by the Euler scheme. To do this,

let us consider (7,), a refining sequence of partitions of [0, 7] such that mesh(rx,) — 0.

By w"={w} }0<t<T we denote the discretization of W associated to m, namely, if
Tty = (tk )k:O,pn 0— =0, t;lg,, =T,

Wi=Wp, ift<t<t,, Wr=Wr,

so that W" is a cadlag martingale. {Z/}o<,;<r stands for the filtration generated
by W".

A naive idea consists in trying to solve the following equation, where we write W}
in place of W} and so on:

Yi = YI:IH + f(tlrclﬂs Wi, Y£>Z/’c1)(tl}z+1 — ) - Z,Z’(W,fH = W),
where Y[, is 7} i l—measurable The unknowns (Y},Z}) are required to be & fn
measurable. Thus 1f we want to solve the previous equation, we first set

B = B Wy — WD) ), (13)

k1

the last formula being obtained by multiplying the equation by (W', — W) and then
take the conditional expectation w.r.t # ’;/n To find Y/, we use a fixed point argument
which requires mesh(w,)K < 1 in order to solve the equation

Ve = B | 730 + (e — ) W WLV Z0). (14)
However, there is a drawback: the equation has no reason to be satisfied since the
predictable representation property does not hold for #”. Indeed, in the discrete case, a
real martingale with independent increments has the predictable representation property
if and only if the increments are supported by two points. It follows that, for the BSDE
(2), we have to add an orthogonal martingale term so that the equation we really
solve is

Y=Y + fG W Y2 — ) — ZEW — W) — (N — NY
k=0, p,— 1, (15)

with the requirement that N” is a cadlag martingale orthogonal to W" with Nj =0. Of
course, we have to specify the value of Y” at time 7. In order to cover all cases, we
choose &" to be E(¢| 7%). We can remark that if £ is given as g(#) with a smooth
g then we can take &" as g(W"). Nevertheless, our first choice of &" is not so bad.
Indeed, since Proposition 3 ensures that we have weak convergence of the filtration
{F}o<i<r 10 {F }o<i<r which implies that &" goes to & in L2. For solving Eq. (15),
we use (13) and (14) and then set N' | — N/ =Y} | — Y = Z} (W} | — W}'). If we set
moreover,
Y'=Y!, N'=N/, ifg<t<t],, Zn =27},

G
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then we obtain exactly the solution of the BSDE (2) (the support of Z" is the
point of m,).

We have (W"), =t} on [t},t] [ so that the assumption (H1) (ii) is satisfied with
p(x)=x and a, =mesh(n,). Hence the assumptions (H1), (H2) and (H3) are satisfied.

Thus we have
t t
/ zZrd(wn, —/ Z.dr
0 0

<|Yf — P
,|N;’|2>

t t
’/ |z d(w™), f/ 1Z,|>dr
0 0
If we define Z] for all € [0, T], by setting

2

>

tends to 0 as n — oo in . (RY).

Z} =0, Z'=27¢, if ff <t <t/

we deduce, from these uniform (in ¢) convergences, that

t t
sup /Z,’.’dr—/ Z.dr LO,
0<t<T 0 0
t t P
sup / 2" dr — / Z,[2dr| 20,
0<t<T 0 0

Extracting a subsequence (still indexed by n), we have for almost every o,

t t
sup /Zf(w)dr—/ Z.(w)dr| — 0,
o<e<T |Jo 0
t t
sup / |Zr"|2(a))dr—/ |Z,|*(w)dr| — 0,
o<t<T [Jo 0

which implies the convergence of Z"(w) to Z.(w) weakly in L?([0,T], ). Since we
have the uniform integrability of the sequence fOT |Z1? dr = fOT |12 d(W"),, we finally
get for this model
T
E| sup |¥/— Y, +/ 1Zz" — Z,|*dr + sup |N/')*| =0
1€[0,T] 0 1€[0,T]

as n tends to infinity i.e. the convergence of the approximation to the solution in the
classical norm used for BSDEs. Let us resume what we have proved

Proposition 13. Let the assumption (E) hold. We consider W" the discretization of
W associated to the grid n". Let (Y",Z",N") be the solution to the BSDE

T T
w=e [ rewnaznamn, - [ ziaw - op-Nn. 0<i<T,
t t
where £"=FE(¢| F%). Then we have when mesh(m,) — 0,
T
E| sup |Yt"—Y,|2+/ |Zz" — Z.]*dr + sup |[N!]*| — 0,
t€[0,T] 0 t€[0,7]

where (Y,Z) is the solution to the BSDE (12).
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5.2. The invariance principle

In Theorem 12, the BSDEs (1) and (2) were solved on the same probability space.
But, we can also consider these equations on different probability spaces and obtain
the convergence of solutions in law. As an example, we will treat the case of the
invariance principle which is a generalization of Corollary 3.3 in Briand et al. (2001).

Let us consider a standard real Brownian motion W defined on a probability space
and a sequence of independent and identically distributed real random variables {{j }r>1
defined on a possibly different probability space. We assume that {; is in L2+ for some
6 >0 with E[{;]=0 and E[|{;|*]=1. We define, for each n, the scaled random walks

B 1 [nt
Vn

We denote by D (resp. B) the space of cadlag functions from [0, 7] in R (resp. ladcag)
endowed with the topology of uniform convergence and we assume that:
(H4) There exists K > 0 such that:
(i) g:D — R is K-Lipschitz;
(i) f:[0,T] x Bx R x R — R is continuous and, for each ¢, for each X € B,
f(t,X, y,z) depends on X only up to time ¢, and moreover

]
S[n (e, 0<t<LT.
1

70X = F0X ] <K (s X=X+ Ly =z =)
0<s<t
for all (X,X')€B, for all (y,z), ()/,2).
Let {(Y:,Z;)}o</<r be the solution to the BSDE

T T
erg(W)-i-/ S WY, Z,)dr — / Z,dW,, 0<t<T,

t t
and let {(Y",Z",N/)}o<:<r be the solution to the discrete BSDE

T T T
Y =g(S") +/ S8, Y, ZN)d(S™), — / Z"ds” — / dnN!, 0<t<T.
t t t
We work with the natural filtrations of S” and W. Let us mention that, in this context,
N" =0 if and only if the real random variable {; takes only two values. We have the
following result

Corollary 14. Let the assumptions (H4) hold. The sequence {(Y", [, Z!dS!,N")},
converges in law to (Y, fo Z.dW,,0) for the topology of uniform convergence on
D(R?).

Proof. Let us notice that the laws of the solutions (Y,Z) and (Y”,Z",N") to the previ-
ous BSDEs depend only on (Py,g~'(Py), f) and (Ps:,g~'(Ps»), f) where g~ (Py)
(resp. g~ '(Pyn)) is the law of g(W) (resp. g(S™)). So, as far as the convergence in
law is concerned, we can consider these equations on any probability space.

But, from Donsker’s theorem and Skorokhod representation theorem, there exists a
probability space, with a Brownian motion /' and a sequence of i.i.d. sequences ({"),
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such that the processes
1 [n]

.G 0<i<T,
k=1

W =—
t \/ﬁ —

satisfy

sup |W!—W;| — 0, asn— oo,
0<I<T
in probability as well as in L? since { is in L2,

It remains to solve the BSDEs on this space with respect to the filtrations generated
by W" and W and to apply Theorem 12 to obtain the convergence of (Y”, fo Z'dwl N"™)
to (Y, [, Z-dW,,0) in S*(R?). Indeed, (H1)(ii) is satisfied with p(x)=x and a,=1/n
since (W™"), = [nt]/n.

This convergence implies the convergence of {(Y”, fo ZMds",N")}, to (7, fo Z,
dW,,0) in law for the topology of uniform convergence on D(R?). O

5.3. Other examples

5.3.1. Approximation by diffusions

We give an example where the approximation of the Brownian motion does not
come from a discrete model. Here, we are on a fixed complete probability space. Let
us consider ¢”: R — R which is bounded by K and K-Lipschitz. We assume that
" — | uniformly on compact sets of R. W" is the solution to the SDE

t
W,”:/ " (WIdW,, t>0.
0

It follows from stability results on SDEs see e.g. (Protter, 1990, p. 207) that { W/ }o<:<r
converges to {W;}o<,<r in FP(R) for each real p > 1. The assumption (H1)(ii) is
satisfied with p(x)=Kx and a,=0.

Thus, we can apply Theorem 12 to this situation if for instance (H4) is satisfied.

5.3.2. Approximation by Poisson processes

For this last example, we consider a Poisson process {P;};>o with intensity 1 and
we define a process {W"}o<;<r as follows
1
v
The martingale {W/'}o<,<r has the predictable representation property and converges
weakly to a Brownian motion {W;}o<;<r-

Let us consider {Y;,Z}o<,<r (there is no N” here because W" has the predictable
representation property) the solution to the BSDE

w; Py —mnt), 0<t<T

T T
Yt”:g(W”)qL/ f(r,Wﬁ,Y,”_,Z;’)dr—/ Zrdwr,  0<t<T
t t

Under the assumption (H4), we can prove that the sequence {(Y7, fot ZMAWho<i<r
converges in law for the topology of uniform convergence to the solution
{(Ye. fy Z,dW,)}o<i<r to the BSDE (12) with &=g(I¥).

The method of proof is the same as in Section 5.2 since (W"), =t.
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6. Concluding remark

A possible extension of this work consists in replacing the standard Brownian motion
by a more general martingale. If this martingale is assumed to be continuous and to
have the predictable representation property, the results of the paper still hold under
the property of convergence of filtrations. However, in this context, we do not know if
the result of Proposition 3 concerning the weak convergence of filtrations still holds.
Nevertheless, this property is satisfied in many examples: see e.g. (Coquet et al., 2001,
Propositions 1-6).

The possibility of further extension lies on the corresponding extension of
Theorem 5. But this seems to be a difficult problem as pointed out in Jacod et al.
(2000).
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Appendix A. Theorem 1, Proposition 3: proofs

In this section, we give the proof of Theorem 1 and the proof of Proposition 3. Let
us first recall the statement.

Theorem 1. Let {X/"}o<:<1 be a sequence of cadlag {F] }o<:<r-integrable processes
with finite variation and X =0 which converges in SY(R) to the continuous
{Z:}Yo<i<r-adapted process {X:}o<i<1. In addition, we assume that {X:’}ogth, )?? =
Var(X"), = fot |dX?|, is C-tight, and the variables X'y are uniformly integrable.

Then the predictable compensator {P}}o<i<1 of {X/"}o<i<r converges to {X;}o<i<r
in S(R).

Proof. Firstly, let us show that the jumps of P” go to 0 in ucp. Indeed, AP” is indistin-
guishable from the predictable projection of AX” (see e.g. Jacod and Shiryaev, 1987,
p. 33); this means that, for each predictable stopping time 7, AP” =FE(AX" |ZF"_).
Let us fix ¢ > 0 and consider the following stopping time t=inf{s > 0, |AP}| = &} A
T. Since {t >0, |[AP!| > ¢} is a finite set (P" is a process with finite variation),
[7]={(®,1(w)), w e Q} is a subset of H = {(w,?), |AP}| = e}U{(w,T), w € Q}. Since
7 is the début of the predictable set H and [t] C H, t is a predictable stopping time:
see e.g. (Dellacherie and Meyer, Remark (d) after the corrections) or (Jacod, 1979,
Theorem 1.14). Thus, we have

P < sup |AP]| > 8) =P(|AP]| = &) =P{|E(AX] | 77 )| = ¢},
t€[0,7]
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this inequality yields

P| sup |AP)| =¢| <E | sup |AX/| g,
t€[0,7] t€[0.7]

which tends to 0 since X” converges in #’!(R) to the continuous process X.

To get the C-tightness of the sequence (P"), it is sufficient to prove that this sequence
is D-tight. For this, we will use Aldous’ criterion; see e.g. (Jacod and Shiryaev, 1987,
p. 320). Note first that, by construction, if we denote by P} and P” the predictable
compensators of the increasing processes (X "+ X 7)/2 and (X ' )/2, then P’ and
P are increasing and P" =Pl — P". This implies that the process V" — Var(P") is
increasing where V' = (P +P"),. Let us fix 0 > 0. If ¢ and 7 are two stopping times

N
such that 0 < o <1< 0+ 0 <T, we have, since |o, 1] is predictable and P" is cad,

E[|P! — P <E {/ 1,,<,Sdear(P”),} <E {/ 16<t<rth"] .
On the other hand, V" =Pl + P" is the predictable compensator of X" and thus
[E[|P1,,—l —P§|] < [E[XZ _)?Z]:[E [/ la<t<rthn} 5

the right-hand side tends uniformly to 0 as 0 tends to 0 since X s C-tight and
uniformly integrable. Hence P” is D-tight and thus C-tight.

Define the {Z/'}o<,<r-martingale {M }o<,<7 by setting, for 0 <t < T, M =X —
P7'. The sequence (X", P",M") is C-tight. Consider a limit point of {X”,P",M"}, say
(X, P, M) which is a continuous process in view of the C-tightness. In order to verify
that M is a martingale it is enough to check, according to Proposition 1.12 in Jacod
and Shiryaev (1987, p. 484), that sup, | M| is uniformly integrable. To see this, let us
remark first that sup, |X;| is uniformly integrable since X" converges to X in #!(R).
Moreover sup, |[P| is also uniformly integrable; indeed from Dellacherie and Meyer
(1980, remarques 100, p. 182), we have E[(V} — A)T] < [E[X'} 1y2>,]. But we know
already that X' is uniformly integrable and thus we have, since E[V}]=E[X7],

lim sup E[(V} — A)T]=0,

J—oo g
which gives the uniform integrability of V7 (Lemma 1.11 in Jacod and Shiryaev (1987,
p. 482); since, as we seen before, V} > Var(P")r = sup, |P!| we get the uniform
integrability of sup, |[P"|.

Using Skorokhod representation theorem, we may construct a probability space on
which (X " P M ") converges to (X, P, M) in ucp (the converging subsequence is still
indexed by n) where (X",P",M") (resp. (X,P,M)) and (X", P",M") (resp. (X,P,M))
have the same law. We have X =M + P and all these processes are predictable (since
continuous and adapted) w.r.t. {%,}o<,<r the filtration of the past of (X, P). Since X
and P are processes with finite variation paths, the uniqueness of the {%,}o<,<r-Doob-
Meyer decomposition leads to X =5, M =0.

It follows that M" converges in distribution to 0 for the topology of uniform con-
vergence and then that M" converges to 0 in ucp. Hence P" =X" — M" converges in
ucp to X. We get also the convergence in %!(R) since we have already proved that
sup, |P!| is uniformly integrable. [J
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Remark A.1. It is worth noticing that the continuity of the limit X is very important
in the previous result. One can construct a sequence of processes (X”) such that X”
converges to X in D, X" is bounded by 1 and for which the predictable compensator
P" does not converge. We refer to Jacod et al. (1983, Counter-example 2.9).

We proceed now to the proof of Proposition 3 that we also recall.

Proposition 3. Let us consider, on the same probability space (Q, 7 ,P), a standard
Brownian motion {W;}o<i<r with its natural filtration {F,}o<i<1, a sequence of
filtrations  {F]'}o<i<r and a sequence {W!'lo<i<T of square integrable
{F"Yo<i<r-martingales. We suppose that W" converges to W in ¥%(R).

Then {F['}o<i<T weakly converges to {F;} o<i<r-

Proof. We start the proof by showing that we can reduce to the case where supy (W")r
< M for some real M. This is done in two steps. Let us show firstly that we can assume
that sup, sup, |[AW/"| < 2. Indeed, let us denote 47y =) _, AW 1oy > and let us

consider A" its predictable compensator. We write W" as follows:
Wi'=A" — A"+ M", 0<t<T

A" — A" and M" are {#/"}o<i<r-martingales and it is not hard to check that sup, |A:4\’? |
< 1, sup, |AM!"| < 2 (see e.g. (Jacod, 1979, p. 30-31)). Since E[|4"7|*] < 4 E[|4%]?]
(see e.g. Dellacherie and Meyer, 1980, Eq. (100.1)), we have moreover

E[[4" — 4"];] < 10E [Z(AW:’)QIMWHN] < 10E[[W"]7].

s<T

Hence A" — A" and M" are square integrable martingales. Moreover, the convergence of
W to W in %?(R) together with the continuity of W imply that o <r (AW )? Laws >1
converges to 0 in probability as well as in L'; for the convergence in L', the sum is
bounded by [#"]; which converges to [W] in L! since W" converges to W in #*(R).
Thus, A" — A" converges to 0 and M" to W both of them in ¥?(R). So, we will
assume now that the jumps of W”" are bounded by 2.

Let us consider, for each n the {Z#'},cj0,r-stopping time 7, =inf{s € [0,T], (W"),
> 2T} (inf()=T). Since the jumps of W" are bounded by 2, those of [W"] are
bounded by 4 and thus the jumps of (W") are also bounded by 4. It follows that

(wnInyp = (W™, < 2T + 4.

But since (W"), — t, it is clear that P[T, < T] — 0 and that W™= converges to W
in #2(R). Thus we will assume that supy (W")r is bounded by some real M.
Using Lemma 3 from Coquet et al. (2001), it is sufficient to prove that, for £ € N*

and ()»1,...,/1k)eﬂ"\?k,
k
9"7) —E <exp {iZ)L,W,,Hg;,) in ucp.
=1

k
E (exp {iZi;th}
=1
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Since the limit process is a continuous martingale, it is enough to prove pointwise
convergence (see Aldous, 1989) that is to say, for each 7 [0, T],

(exp { Z MWx,} ") <exp { Z AW, H %) in probability.

Moreover, as we have the convergence of W” to W in ucp, we can replace W by W”
in the first conditional expectation, and finally we have to prove that, for each real A
and for each (s,7) s.t 0 <s <t < T, we have, in probability, as n — oo,

E(exp{i2(W)' — W)} |F1) — Eexp{iA(W; — Wy)} | F) = exp{—22(1 — 5)/2}.

=n

If s > 0, we can consider W Wi — W, W,= Wips—Ws, F, =F 7 and F, = Fiis,
to reduce to the case s =0. So we will assume, without loss of generality, that s=0.

To prove that, let us fix (4,¢7) and let us denote &(iAW™") the Doléans-exponential
of iAW", namely, for 0 <t < T,

Sy =exp{iaw] + 2 (W), 2} T[ (1 +12aw)e 40
O<u<t

E@{AAW™) is a square integrable complex {Z/'}¢<;<r-martingale and moreover there
exists a constant C such that

VneN, YO<t<T, E[|E@mm) A 1<C
Indeed, {EGAW™), }o<i<1 is a local martingale and we have &AW ™)y = 1. Moreover,
6@ =exp{2 (W)} [ (1 + 2AW) ) =602 W)
O<u<t

Now [W"] is an integrable semimartingale whose decomposition is [W"]=([W"] —
(W) +(W™"). 1t follows from Jacod (1979, Corollaire 6.35) that &(AZ*[W"]) has the fol-
lowing multiplicative decomposition &(A2[W"])=&(N)E(A*(W")) where N is a local
martingale (N is given explicitly by the formula N. = [[ 22(1+ 2A(W") )~ d([W"] -
(W"))s). Since (W") is an increasing process, we have &(A2(W")), < exp(A*(W"),)
< C in view of the boundedness of (W")7. Thus,

|g(MW'l)t|2 < CEW),.

Moreover, &(N) is a local martingale with &(N)o= 1. Fatou’s lemma implies that

V=0, FE[|& 1< cC
It follows that {€(IAW"),}o<:i<r is a square integrable martingale; then E(&GAW™),|
Fi=1.
Let us set

U, = exp{—22(W"°),/2} H (1 + D2AWM)~ AW,

O<u<t

and write exp{iAW/'} = £{AW™), U,. With this notation we have to prove that

E(exp{iAW'} | 75) = E(EGAW"), Uy | 75) — exp{—21/2}.
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We have
: n TG —)2t2 : n —)2t2
E[EEGAI™), Uy | 75) — e 2[] < E[EGAI™), (U, — 2]

< E[JEGAW) P PEU, — 12212,

Notice that obviously |U,| < 1. Let us prove that U, converges to exp{—A%#/2} in
probability. For this we write

Uy =exp{=22[W"1,/2} T (1 +izamy)=le#am e#Iamie,
O<u<t
Since W" converges to W in ucp, [W"] converges to ¢ in ucp and then
exp{—A*[W"],/2} — exp{—2%t/2} in probability.
It remains only to prove that, as n — oo,
H (1 +iAAW) 1AW HIAWIT2 1 i probability.
O<u<t
Let us write

[T (1 +izamy)=teram eFiamro

O<u<t

=exp{ — Y (log(1+ iAW) — AW} — 2|AW[/2)

O<u<t

Since we have, for all x € R, [log(1 + ix) — ix — x?/2| < |x|3/3, we get the inequality

> [log(1+AAW) =AW, =72 | AW */2] < C sup |AW]| > |AW,|?
0

O<u<t <u<T

O<u<T

<C sup AW [y,

0<u<T

Since W" converges to W in ucp and [W"]; converges to 7 in probability we deduce
that the last sum goes to 0 in probability. The proof of this proposition is complete.
O
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