CHARACTERS OF ALGEBRAIC GROUPS OVER NUMBER
FIELDS

BACHIR BEKKA AND CAMILLE FRANCINI

ABSTRACT. Let k be a number field, G an algebraic group defined over
k, and G(k) the group of k-rational points in G. We determine the set of
functions on G(k) which are of positive type and conjugation invariant,
under the assumption that G(k) is generated by its unipotent elements.
An essential step in the proof is the classification of the G(k)-invariant
ergodic probability measures on an adelic solenoid naturally associated
to G(k). This last result is deduced from Ratner’s measure rigidity the-
orem for homogeneous spaces of S-adic Lie groups; this appears to be
the first application of Ratner’s theorems in the context of operator
algebras.

1. INTRODUCTION

Let k be a field and G an algebraic group defined over k. When k& is a local
field (that is, a non discrete locally compact field), the group G = G(k) of
k-rational points in G is a locally compact group for the topology induced
by k. In this case (and when moreover k is of characteristic zero), much
is known ([21], [15]) about the unitary dual G of G, the set of equivalence
classes of irreducible unitary representations of G in Hilbert spaces. By way
of contrast, if k is a global field (that is, either a number field or a function
field in one variable over a finite field), then G is a countable infinite group
and, unless G is abelian, the classification of Gisa hopeless task, as follows
from work of Glimm and Thoma ([20],[39]). In this case, a sensible substitute
for G is the set of characters of G we are going to define.

Let G be a group. Recall that a function ¢ : G — C is of positive type
if the complex-valued matrix (cp(g; 1gi))1§i7]’§n is positive semi-definite for
any gi,...,gn in G.

A function of positive type ¢ on G which is central (that is, constant on
conjugacy classes) and normalized (that is, p(e) = 1) will be called a trace
on G. The set Tr(G) of traces on G is a convex subset of the unit ball
of £*°(@) which is compact in the topology of pointwise convergence. The
extreme points of Tr(G) are called the characters of G and the set they
constitute will be denoted by Char(G).
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Recherche) through the projects Labex Lebesgue (ANR-11-LABX-0020-01) and GAMME
(ANR-14-CE25-0004).
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Besides providing an alternative dual space of a group G, characters and
traces appear in various situations. Traces of G are tightly connected to
representations of G in the unitary group of tracial von Neumann algebras
(see below and Subsection[2.2). The space Tr(G) of traces on G encompasses
the lattice of all normal subgroups of G, since the characteristic function of
every normal subgroup is a trace on G. More generally, every measure pre-
serving action of G on a probability space gives rise to an invariant random
subgroup (IRS) on G and therefore to a trace on G (see [18, §9]).

The study of characters on infinite discrete groups was initiated by Thoma
([39],[40]) and the space Char(G) was determined for various groups G (see
4], (24, 39, B8], [0}, [0, (14, B2, B1), ().

Observe that our traces are often called characters in the literature (see
for instance [14], [31]).

Let k be a number field (that is, a finite extension of Q) and G a connected
linear algebraic group defined over k. In this paper, we will give a complete
description of Char(G) for G = G(k), under the assumption that G is
generated by its unipotent one-parameter subgroups. A unipotent one-
parameter subgroup of G is a subgroup of the form {u(t) | t € k}, where
u : G, — G is a nontrivial k-rational homomorphism from the additive
group G, of dimension 1 to G.

The case where G is quasi-simple over k was treated in [2] and the result
is that

Char(G) = {X | x € Z} U{ls}

where Z is the (finite) center of G and X : G — C is defined by ¥ = x on Z
and Y =0 on G\ Z. When G is semi-simple, the computation Char(G) can
easily be reduced to the quasi-simple case (see |2, Proposition 5.1]; see also

Corollary below).

We now turn to a general connected linear algebraic group G over k. The
unipotent radical U of G is defined over k£ and there exists a connected
reductive k-subgroup L, called a Levi subgroup, such that G = LU (see
[28]). Set U :== UNG and L := LN G. Then, we have a corresponding
semi-direct decomposition G = LU, called the Levi decomposition of G
(see [25, Lemma 2.2]).

Recall that L = TL' is an almost direct product (see Subsection for
this notion) of a central k-torus T and the derived subgroup L', which is
a semi-simple k-group. Assume that G is generated by its unipotent one-
parameter subgroups. Then the same holds for L. Since every unipotent
one-parameter subgroup of L is contained in L/, it follows that G = L/(k)U,
that is, the Levi subgroup L is semi-simple.

We will describe Char(G) in terms of data attached to L and the action
of L on the Lie algebra Lie(U) of U.

The set u of k-points of Lie(U) is a Lie algebra over k£ and the exponential
map exp : u — U is a bijective map. For every g in G, the automorphism of
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U given by conjugation with g induces an automorphism Ad(g) of the Lie
algebra u (see Subsection [3.2)).

Let u be the Pontrjagin dual of u, that is, the group of unitary characters
of the additive group of u. We associate to every A € u the following subsets
€\,p) of uand Ly of L:

e ) is the set of elements X € u such that
AMAd(g)(tX)) =1 forall geG,tek;
e p) is the set of elements X € u such that
AMAd(g)(tX)) = A\(tX) forall geG,tek;

e L, is the set of g € L such that Ad(¢)(X) € X + ¢, for every X € u.

Then ¢, and p) are L-invariant ideals of u and L) is the kernel of the quotient
adjoint representation of L on u/¢,.

The set K := exp(ty) is the largest Zariski-connected normal subgroup of
G contained in Ker(\). Moreover, Py := exp(p,) is the inverse image in U of
the elements in U/K), contained in the center of G/K) (see Proposition 3.5).
The map

xa:Py— St exp(X) = A(X)
is a G-invariant unitary character of Py, which is trivial on K.

Let Ad* denote the coadjoint action (that is, the dual action) of G on u.
We say that A1, Ao € U have the same quasi-orbit under G if the closures
of Ad*(G)\; and Ad*(G)\z in the compact group u coincide.

We can now state our main result.

Theorem A. Let G = G(k) be the group of k-rational points of a connected
linear algebraic group G over a number field k. Assume that G is gener-
ated by its unipotent one-parameter subgroups and let G = LU be a Levi
decomposition of G. For A € i and ¢ € Char(Ly), define ®(y ,) : G — C by

B3 (g) = ¢(g1)xx(u) if g = gru for g1 € Ly, u € Py
(A) 0 otherwise.

(i) We have
Char(G) = {®(\ ) | A €U, € Char(Ly)} .

(ii) Let A\, Ag € u and Y1 € Char(LM), P2 € Char(LAz). Then (I)()\1,§01) =
P (r,p2) U and only if A1 and Ay have the same quasi-orbit under the
coadjoint action Ad* and o1 = ps.

A few words about the proof of Theorem[A]are in order. The essential step
consists in the analysis of the restriction ¢|y to U of a given character ¢ €
Char(G). A first crucial fact is that ) = |y o exp is a G-invariant function
of positive type on u (for the underlying abelian group structure) and is
extremal under such functions (see Proposition and Theorem ; the
Fourier transform of 1 is a G-invariant ergodic probability measure on u,
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which can be identified with an adelic solenoid X = A%/Q?, where A is the
ring of adeles (see Subsection [4.2).

Using Ratner’s measure rigidity results for homogeneous spaces of S-adic
Lie groups (see [35], [26]), we classify all G-invariant probability measures
on X; a corresponding description, based on Ratner’s topological rigidity
results, is given for the G-orbit closures in X. The results, which are of in-
dependent interest, are summarized as follows; for more precise statements,

see Theorems and below.

Theorem B. Let G be a connected algebraic subgroup of GLy defined over
Q. Assume that G = G(Q) is generated by unipotent one-parameter sub-
groups and consider the natural action of G on the adelic solenoid X =
Al/Q.

(i) Every ergodic G-invariant probability measure on X is of the form
Loty for a point x in X and a G-invariant subsolenoid (that is, a
closed and connected subgroup) Y of X, where j,1y is the normal-
1zed Haar measure on x +Y.

(ii) For every x € X, the closure of the G-orbit of x in X coincides with
x +Y for a G-invariant subsolenoid Y of X.

As far as we know, our work constitues the first application of Ratner’s
rigidity results in the context of operator algebras.

Remark 1.1. (i) For every X € u, the group L) as defined above is the set
of k-points of a normal subgroup Ly of L defined over k; indeed, L) is the
the kernel of the k-rational representation of L on the k-vector space u/t).
(Observe that Ly may be non connected.) The set Char(Ly) can easily be
described by the results in [2] mentioned above (see Proposition [6.3| below).
(ii) Theorem [A] allows a full classification of Char(G) for any group G as
above, through the following procedure:

e determine the L-invariant ideals of u;

e fix an L-invariant ideal ¢ of u; determine the space p of L-fixed el-
ements in the center of u/¢ and let p be its the inverse image in
uj

e determine the subgroup L(, p) of L of all elements which act trivially
on p/¢; determine Char(L(¢,p));

e let \ € u with €y = € then p) = p and for ¢ € Char(L(t,p)), write
(I)()\,go) S Char(G)

See Section [7] for some examples.

(iii) The assumption that G is generated by its unipotent one-parameter
subgroups is equivalent to the assumption that the Levi component L of G
is semi-simple and that L™ = L, where LT is the subgroup of L defined as
in 9, §6]. A necessary condition for the equality L™ = L to hold is that
every non-trivial simple algebraic normal subgroup of L is k-isotropic (that
is, k — rank(L) > 1). It is known that L™ = L when L is simply-connected
and split or quasi-split over k (see [38, Lemma 64]).
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(iv) A general result about Char(G) cannot be expected when the condition
L = L™ is dropped; indeed, not even the normal subgroup structure of L is
known is general when L is k-anisotopic (see |34, Chap. 9])

(iv) We do not know whether an appropriate version of Theorem |A|is valid
when k is of positive characteristic (say, when k = F'(X) for a finite field F).
A first obstacle to overcome is that a Levi subgroup of G does not necessarily
exist; a second one is the less tight relationship between unipotent groups
and their Lie algebras; finally, Ratner’s measure rigidity theorem is not
known in full generality (see [16] for a partial result).

(vi) In the case where G is unipotent, that is, G = U, we obtain a “Kir-
illov type” description of Char(U): the map ® : u — Char(U), defined by
O(N)(u) = xa(u) for u € Py and ®(\)(u) = 0 otherwise, factorizes to a bijec-
tion between the space of quasi-orbits in 4 under Ad* and Char(U). The set
Char(U) was determined in |10, Theorem 4.2] and [37] and also implicitly
in |33, Proposition 2.7].

We now rephrase Theorem [A] in terms of factor representations of G.
Recall that a factor representation of a group G is a unitary representa-
tion 7 of G on a Hilbert space H such the von Neumann subalgebra 7(G)”
of L(H) is a factor (see also Subsection . Two such representations
w1 and 7o are said to be quasi-equivalent if their exists an isomorphism
@ : (@) — m(G)" such that ®(mi(g)) = m2(g) for every g € G. A factor
representation 7 of G is said to be of finite type if 7(G)” is a finite factor,
that is, if 7(G)” admits a trace 7; in this case, 7 o7 belongs to Char(G) and
the map m — 7 o 7w factorizes to a bijection between the quasi-equivalence
classes of factor representations of finite type of G and Char(G); for all this,
see |12, Chap.6, Chap. 17].

The following result follows immediately from Theorem [A] in combination
with Proposition below and [12, Corollary 6.8.10].

Let I' = L x N be a semi-direct product of a subgroup L and an abelian
normal subgroup N. Let o be a unitary representation of L on a Hilbert
space H and let x € N be such that x9 = x for every g € L. It is straight-
forward to check that yo defined by xo(g,n) = x(n)o(g) for (g,n) € T is a
unitary representation of I' on H

Theorem C. Let G = LU be as in Theorem [4l

(i) For every X\ € u and every factor representation o of finite type of
Ly, the representation m(y ,) = IndgpA XA0 induced by x o 1S a
factor representation of finite type of G; moreover, every factor rep-
resentation of finite type of G is quasi-equivalent to a representation
of the form m(y o) as above.

(i) Let A1, A2 € u and let o1, 09 be factor representations of finite type of
Ly, Ly,, respectively. Then m(y, o) and m(y, ,) are quasi-equivalent
if and only if A1 and Ao have the same quasi-orbit under the coadjoint
action Ad* and o1 and o9 are quasi-equivalent.
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This paper is organized as follows. In Section [2| we establish with some
detail general facts about functions of positive type on a group I' which are
invariant under a group of automorphisms of I'; in particular, we give for two
basic results (Theorems and new short proofs of an operator alge-
braic flavor. Section [3| deals with the crucial relationship (Proposition
between traces on an unipotent algebraic groups and invariant traces on the
associated Lie algebra. In Section [4] we show how the study of characters
on an algebraic group over Q leads to the study of invariant probability
measures on adelic solenoids. Such measures as well as orbits closures are
classified in Section [f] providing the proof of Theorem [B] The proof of The-
orem [A]is completed in Section [6] In Section [7, we compute Char(G) for a
few specific examples of algebraic groups G.

2. INVARIANT TRACES AND VON NEUMANN ALGEBRAS

We consider functions of positive type on a group I' which are invariant
under a group G of automorphisms of I', which may be larger than the group
of inner automorphisms of I'. A systematic treatment of such functions is
missing in the literature, although they have already been considered in [39]
and [40]. In view of their importance in this article and for the convenience of
the reader as well, we establish with more detail than necessary some general
facts about them; in particular, we give new and more transparent proofs
for two crucial and non obvious properties of these functions (Theorems m
and , based on the consideration of associated von Neumann algebras.

2.1. Some general facts on invariant traces. Let I', G be discrete groups
and assume that G acts by automorphisms on I'.

Definition 2.1. (i) A function ¢: I' — C is called a G-invariant trace on
I if
e o is of positive type, that is, forall A,..., A\, € Cand all yq,...,v, €
I', we have

n
> el ) = 0,
ij=1
o ©(g(v)) =p(y) forally € I" and g € G, and
e ¢ is normalized, that is, p(e) = 1.
We denote by Tr(I', G) the set of G-invariant traces on I'. In the case where
G =T and I acts on itself by conjugation, we write Tr(I") instead of Tr(T",I").
(ii) The set Tr(I',G) is a compact convex set in the unit ball of ¢>°(T")
endowed with the weak® topology. Let Char(I',G) be the set of extremal
points in Tr(I", G).
In case G =T, we write as above, Char(I") instead of Char(I',T").
(iii) Functions ¢ € Char(I',G) will be called G-invariant characters on
I' and are characterized by the following property: if ¢ is a G-invariant
function of positive type on I' which is dominated by ¢ (that is, ¢ — ¢ is a
function of positive type), then ¢ = \p for some A > 0.
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Remark 2.2. Assume that T' is countable. Then Tr(I', G) is metrizable
and Char(T', G) is a Borel subset of Tr(I',G). By Choquet’s theory, every
¢ € Tr(I', G) can be written as integral

— d
@ /T o Y (1))

for a probability measure p, on Tr(I', G) with p,(Char(I',G)) = 1. When G
contains the group of inner automorphisms of I', the measure p, is unique,
as Tr(I", G) is a Choquet simplex in this case ([39]).

The proof of the following proposition is straightforward. Observe that,
if N is a G-invariant normal subgroup of I', then G acts by automorphisms
on the quotient group I'/N.

Proposition 2.3. Let N be a G-invariant normal subgroup of I' and let
p: T — T'/N be the canonical projection.

(i) For every ¢ € Tr(I'/N, G), we have p op € Tr(T', G).

(ii) The image of the map

Tr(I'/N,T) — Tr(L, G), @ pop

18 {1ﬁ S TI“(F,G) | 1/)‘]\7 = 1N}'
(iv) We have ¢ € Char(T'/N,G) if and only ¢ o p € Char(T', G).

Let ¢ be a normalized function of positive type on I". Recall (see [4,
Theorem C.4.10]) that there is a so-called GNS-triple (7, H, &) associated
to , consisting of a cyclic unitary representation of I" on a Hilbert space H
with cyclic unit vector £ such that

o(y) = (n(7)E,€) forall ~el.

The triple (7, H,£) is unique in the following sense: if (7', H’,£’) is another
GNS triple associated to ¢, then there is a unique isomorphism U : H — H’
of Hilbert spaces such that

Ur(y)U ' =x'(y) forall ye€l  and UE=¢.

As the next proposition shows, invariant traces on a subgroup of I' can
be induced to invariant traces on I'.

For a function ¢ : ¥ — C defined on a subset Y of a set X, we denote by
1:/; the trivial extension of ¢ to X, that is, the function ¢ : X — C given
by

~ o JyY(x) ifreY
w(x){o ifzgy.

Proposition 2.4. Let H be a G-invariant subgroup of T and 1) € Tr(H, G).
Then vy € Tr(T, G). Moreover, if o is a GNS representation of H associated

to ¢, then the GNS representation of I' associated to i is equivalent to the
induced representation Indy o.
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Proof. Set ¢ := 1. It is obvious that ¢ is G-invariant. The fact that ¢ is a
function of positive type can be checked directly from the definition of such
a function (see [23} 32.43]). As we need to identify the GNS representation
associated to ¢, we sketch another well-known proof for this fact.

Let (0, K,n) be a GNS triple associated to . Let m = Ind; o be realized
on H = (*(T'/H,K), as in [17, Remark 2, §6.1]. Let £ € H be defined by

§(H) =nand {(vH) =01if v ¢ H. Then ¢(v) = (7(7)¢,§) for every v € T
and ¢ is a cylic vector for 7. So, (w,H,&) is a GNS triple for ¢. O

Attached to a given invariant trace on I', there are two invariant subgroups
of I' which will play an important role in the sequel.

Proposition 2.5. Let ¢ € Tr(I', G). Define
Ke={yel|e(v) =1} and  Po={yel|lp(y)|=1}

(i) K, and P, are G-invariant closed subgroups of I' with K, C P,.
(ii) For x € P, and v € I, we have p(xy) = ¢(x)p(y); in particular,
the restriction of ¢ to P, is a G-invariant unitary character of P,.
(iii) For x € P, and g € G, we have g(z)x™! € K.

Proof. Let (m,H,&) be GNS-triple associated to ¢. Using the equality case
of Cauchy-Schwarz inequality, it is clear that

Ky,={z el |n(x)=¢} and P,={z el |n(x)¢ = p(x)}.
Claims (i), (ii) and (iii) follow from this.

We will later need the following elementary lemma.

Lemma 2.6. Let ¢ € Tr(I',G) and v € I'. Assume that there exists a
sequence (gn)n>1 1 G such that

P(gn(Ngm(1) ™) =0 for all n#m.
Then () = 0.
Proof. Let (7, H,&) be a GNS triple for ¢. We have
(7 (gm (V) Em(gn(7)"E) = (m(gn(7)gm(1)1E, &)
= @(gn(Ngm(y) ") = 0.

for all m,n with m # n. Therefore, (7(gn(7)"1)€)n>1 is an orthonormal
sequence in H and so converges weakly to 0. The claim follows, since ¢(y) =
o(y~1) and, for all n,

(v = 0gn (1)) = (m(gn (7)1, €).



CHARACTERS OF ALGEBRAIC GROUPS 9

2.2. Invariant traces and von Neumann algebras. We relate traces on
groups to traces on appropriate von Neumann algebras.

Let I', G be discrete groups and assume that G acts by automorphisms
on I'. The uniqueness of the GNS construction for functions of positive type
has the following consequence for G-invariant traces on I'.

Proposition 2.7. Let ¢ € Tr(I',G) and let (7, H,&) be a GNS-triple asso-
ciated to . There exists a unique unitary representation g — Uy of G on H
such that

Ug7r(7)Ug_1 =7(g(v)) forall geG,veT and Uy =¢.

Proof. Let g € G. Consider the unitary representation w9 of I' on ‘H given by
() = m(g(v)) for v € I'. Since ¢ is invariant under g, the triple (79, #, ¢)
is another GNS-triple associated to . Hence, there is a unique unitary
operator U, : H — H such that

Urn(NUy ' =79(y) forall yeI'  and U =¢.

Using the uniqueness of Uy, one checks that g — U, is a representation of

G. 0

We now give a necessary and sufficient condition for a G-invariant trace
on I' to be a character.

Let (7, H,&) be GNS-triple associated to ¢ and g — U, the unitary rep-
resentation of G on H as in Let M, the von Neumann subalgebra of
L(H) generated by the set of operators 7(I') U {U, | g € G}, that is,

My = {r(7),Uy |y €T, g€ G}".

Proposition 2.8. Let p € Tr(T', G) with associated GNS-triple (7, H,&) and
M, the von Neumann subalgebra of L(H) as above. For every T € L(H)
with 0 < T < I, let pr be defined by pr(y) = (7(y)TE,TE) for v € T.
Then T +— o1 is a bijection between {T € M:D | 0 < T < I} and the set
of G-invariant functions of positive type on I which are dominated by . In
particular, we have ¢ € Char(T', G) if and only if /\/l;7 =CI.

Proof. The map T +— o7 is known to be a bijection between the set {T" €
m(T) |0 < T < I} and the set of functions of positive type on I' which are
dominated by ¢ (apply [12, Proposition 2.5.1] to the x-algebra C[I'], with
the convolution product and the involution given by f*(v) = f(y~!) for
fecr)).

Therefore, it suffices to check that, for T € m(T") with 0 < T < I, the
function ¢ is G-invariant if and only if T € {Uy | g € G}'.

Let T € M:O with 0 < T < I. For every g € G, we have

er(9(7)) = (m(g()TE, TE) = (Ugn(7)Uy1 T, T)
= (1(NTUg=1§, TUy-1€) = (w(7)T€, T€)
= ¢r(7),

for all v € T'; so, @7 is G-invariant.
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Conversely, let T € 7(T")" with 0 < T < I be such that ¢ is G-invariant.
Let g € G. For every v € I', we have

PU,-1TU, (7) = (m(NUg1TUGE, U1 TUE)
= (m()Ug1TE Uy TS)
= (Ugn(7)Uy1TE, TE)
= (m(g(1)T¢, TE)
=or(9(7)) = or(7).

Since 0 < Uy-1TU, < I, it follows that U,-1TU, = T, by uniqueness of T}
so, T € M, O

Let Z(I') be the center of I'. We call the subgroup
Z(D)Y :={z€ Z(I') | g(z) = z for all g € G}

the G-center of I'. We draw a first consequence on the values taken by a
G-invariant character on Z(I")%.

Corollary 2.9. Let ¢ € Char(I',G). The G-center Z(T')¢ of T is contained
in Py,.

Proof. Let (m,H,&) be a GNS-triple associated to . For every z € Z(T")%,
the operator m(z) commutes with 7(y) and Uy for every v € I' and every
g € G. It follows from Proposition that 7(z) is a scalar multiple of Iy
and hence that z € P,. O

We will be mostly interested in the case where G contains the group of
all inner automorphisms of I'. Upon replacing G by the semi-direct group
G x T, we may assume without loss of generality that I" is a normal subgroup
of G.

Let G be a discrete group and N a normal subgroup of G. Then Tr(N, G) C
Tr(N) denotes the convex set of G-invariant traces on N and Char(N, G)
the set of extreme points in Tr(N, G). We first draw a consequence of Propo-
sitions 2.7 and 2.8 in the case N = G.

Recall that a (finite) trace on a von Neumann algebra M C L(H) is a
positive linear functional 7 on M such that

T(TS)=7(ST) forall S,T¢ec M.

Such a trace 7 is faithful if 7(T*T) > 0 for every T # 0 and normal if 7
is continuous on the unit ball of M for the weak operator topology. A von
Neumann algebra M which has a normal faithful trace is said to be a finite
von Neumann algebra.

Let 7 be a normal faithful trace on M and let T be in the center M N M’
of M with 0 <T < I. Then 7 : M — C, defined by

r(S) =7(ST) forall §SeM,

is a normal trace on M which is dominated by 7 (that is, 7p(S) < 7(S5)
for every S € M with S > 0). The map T + 7 is a bijection between
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{TeMnNM' |0<T <I} and the set of normal traces on M which are
dominated by 7 (see Theorem 3 in Chap. I, §6 of [13]).

Recall that a von Neumann subalgebra M of L(H) is a factor if its center
M N M’ consists only of multiples of the identity operator I.

Corollary 2.10. Let ¢ € Tr(G) and let (w,H,&) be GNS-triple associated
to p.
(i) The linear functional T : T w— (T&, &) is a normal faithful trace on
(G)".
(ii) The commutant M, of M, coincides with the center of the von Neu-

mann algebra ©(Q)" generated by w(G). In particular, ¢ € Char(G)
if and only if 7(G)" is a factor.

Proof. (i) One checks immediately that 7, as defined above, is a trace on
7m(G)". Tt is clear that 7 is normal. Let T' € 7(G)"” be such that 7(T*T) = 0.
Then

1T (9)¢|l* = 7 (w(¢g~ )T T (g)) = 7(T"T) =0,
that is, Tw(g)§ = 0 for all g € G; hence, T' = 0 since £ is a cyclic vector for
7. So, 7 is faithful.
(ii) Observe first that, for every g € G, we have

Uym(z)U,

1 =n(grg V) = w(g)n(x)n(g7t) forall z€G,

where g — U, is the representation of G as in Proposition It follows
that UyTU,-1 = m(g)Tw(g~") for every T € n(G)". Hence, 7(G)" Nw(G) is
contained in M.

Conversely, let T € pr with 0 < T < I. By Proposition Pri/2
is a G-invariant function of positive type dominated by ¢. The canonical
extension of @12 to m(G)” is a normal trace 7’ on 7(G)”. Hence, by the
result recalled above, 7/ = 7g for a unique S € 7(G)'N7(G)” with0 < S < I.
This shows that @12 = @gi/2. Since T and S belong both to #(G)', it
follows that 7' = S. So, T' € n(G)' N 7(G)". Therefore, M, is contained in

7(G) Na(G)". O

The following result, which will be crucial in the sequel, appears in [39,
Lemma 14]; the proof we give here for it is shorter and more transparent
than the original one.

Theorem 2.11. Let G be a discrete group, N a normal subgroup of G and
¢ € Char(G). Then ¢|y € Char(N,G).

Proof. Let (7, H,{) be GNS-triple associated to 1. Set ¢ := 1|y and let K
be the closed linear span of {m(z)¢ | € N}. Then (7|n, K, ) is a GNS-triple
associated to ¢.

Let g — U, be the representation of G on H associated to 1) as in
Proposition The subspace K is invariant under U, for g € G, since
Ugw(x)Ug_l = m(gzg~!) and Uyé = £. So, the representation of G on K
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associated to ¢ is g — Ugy|x. Let /\/l;7 be the von Neumann subalgebra of
L(K) generated by
{r(@)lc |z € N}U{Uglx | g € G}
In view of Proposition it suffices to show that ./\/lfp =Cl. LetT € M:@
with 0 < T < I. Consider the linear functional 7’ on 7(G)” given by
'(S) = (STE, TE) forall Sen(G).
We claim that 7/ is a normal trace on 7(G)". Indeed, it is clear that 7 is
normal; moreover, for g,h € G, we have
7' (ghg™") = (r(ghg™")T€, TE) = (Uyn(R)Uy1 TE, TE)
— {n(W)TU, €, U, T€) = (x(h)TE. T)
= 7'(h).
Let 7”7 := 7 + 7/, where 7 is the faithful trace on 7(G)"” defined by ¢, as
in Corollary Then 7”7 is a normal faithful trace on n(G)” and 7"
dominates 7 and 7’. Since 7(G)" is a factor, it follows that 7 and 7/ are both
proportional to 7. Hence, there exists A > 0 such that 7 = A7. So,
(m(x)TE,TE) = (m(x)VAE, VAE) forall z e N.
Since T € {n(z)|x | * € N} and 0 < T < I, it follows that T = v/ AIx.
([

As we now show, the set of characters of a product group admits a simple
description; again, this is a result due to Thoma ([40, Satz 4]) for which we
provide a short proof.

For sets X1,...,X, and functions ¢; : X; — C,i € {1,...,r}, we denote
by ¢1 ® - -+ ® ¢, the function on X x --- x X, given by

¥1 ®"'®§DT($1>'-'7$T) 2901($1)--'g0r(1‘7«),
for all (z1,...,2,) € X1 X -+ X X,.

Theorem 2.12. Let Gy, G2 be discrete groups. Then
Char(G1 x G2) = {¢1 ® p2 | ¢1 € Char(G1), p2 € Char(G2)} .

Proof. Set G := G1 x Gs.
For i = 1,2, let ¢; € Char(G;). We claim that

© 1= @1 ® p2 € Char(G).

Indeed, let (m;, H;, &) be a GNS triple associated to ;. Then (m,H, &) is
a GNS triple associated to ¢, where 7 is the tensor product representation
T Q@ mo on H :=Hi1 ® He and £ := & ® &. In view of Proposition [2.10] we
have to show that m(G)” is a factor. For this, it suffices to show that the
von Neumann algebra M generated by 7(G)” Un(G)" coincides with L(H).

On the one hand, 7(G)"” contains 71(G1)”" ® I and I ® m2(G2)”, and 7(G)’
contains 71 (G1)'®T and I @7 (G2)'; hence, M contains M; ® Ma, where M;
is the von Neumann algebra generated by m;(G;)” U m;(G;). On the other
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hand, since ¢; € Char(G;), we have M; = L(H,;). So, M contains the von
Neumann algebra generated by {1} @ Ty | Th € L(H1), T2 € L(Hz2)}, which
is L(H).

Conversely, let ¢ € Char(G). Let (m,H, &) be a GNS triple associated to
. By Proposition M :=7(G)" is a factor.

For i = 1,2, set M; := 7(G;)”, where we identify G; with the subgroup
G; x {e} of G. We claim that M; and My are factors. Indeed, since M; C
M., the center M; N M) of My is contained in M) N M. As M; UM,y
generate M, it follows that M; N M is contained in M’ and so in MNM’.
Hence, M; N M) = CI, since M is a factor. So, M; and, similarly, My are
factors.

Next, recall (Corollary that M has a normal faithful trace 7 given
by 7(T) = (T¢,€) for T € M. The restriction 7(!) of 7 to M is a normal
faithful trace on Mj.

Let T € Mgy with 0 < Ty < I and 15 # 0. Define a positive and normal

linear functional T%) on M by
T:(F?(S) =7(STy) forall S e M;.
For 5,7 € My, we have
T0(ST) = 1(STT) = 7(ST>T) = 7((STe)T) = 7(T(STy)) = 74 (TS).
So, Trg) is a normal trace on Mj. Clearly, T:(F? is dominated by 7(1). Since
M is a factor, it follows from the result quoted before Corollary that
there exists a scalar A\(T2) > 0 such that 7',1(1? = \(Tp)7, that is,

T(Tng) = )\(TQ)T(Tl) for all 17 € M.
Taking T1 = I, we see that \(T3) = 7(T3). It follows that
T(1Ty) = 7(Th)71(Ty) forall T € My, Ty € Msy

and in particular ¢ = 1 ® pa, for v; = ¢|g,-
O

The following result is an immediate consequence of Proposition 2.12]
Recall (see Proposition that, when N is a normal subgroup of a group
G, we can identify Char(G/N) with the subset {¢ € Char(G) | ¢|ny = 1} of
Char(G).
Corollary 2.13. For discrete groups G,G1,...,G,, let
p:Gyx---xGr =G
be a surjective homomorphism. Then
Char(G) ={p=p1®--- @ ¢, | p|nv =1l andyp; € Char(G;),i =1,...,r},
where N is the kernel of p. In particular, for ¢ € Char(G), we have
p(g1---gn) = (g1) - (gn)
for all g; € p({e} x -+ x G; x -+, x{e}).
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3. TRACES ON UNIPOTENT GROUPS

In this section, we will show that traces on a unipotent algebraic group
U are in a one-to-one correspondence with Ad(U)-invariant positive definite
functions on the Lie algebra of U.

3.1. Invariant traces on abelian groups. Let A be a discrete abelian
group and A the Pontrjagin dual of A, which is a compact abelian group.
Then Tr(A) is the set of normalized functions of positive type on A and

Char(A) = A

-~

Let Prob(A) denote the set of regular probability measures on the Borel
subsets of A. For i € Prob(A), the Fourier-Stieltjes transform F(u) : A —
C of u is given by

Flu)a) = /Ex(a)du(x) for all x € A

By Bochner’s theorem (see e.g. [23, §33]), the map F : u — F(u) is a

i~

bijection between Prob(A) and Tr(A).

Let G be a group acting by automorphisms on A. Then G acts by con-
tinuous automorphisms on Tr(A) and on A = Char(A), via the dual action
given by

©I(a) = o(g " (a)) forall ¢ecTr(A), g€, ac A

Let (g, 1) — g«(p) be the induced action of G on Prob(A); so, g«(u) is the

-~

image of y € Prob(A) under the map x — x9.

o~

Let Prob(A)% be the subset of Prob(A) consisting of G-invariant proba-

-~

bility measures and denote by Prob(A)frg the measures in Prob(g)a which
are ergodic.

Proposition 3.1. Let A be a discrete abelian group and G a group act-
ing by automorphisms on A. The Fourier-Stieltjes transform F restricts to
bijections

F : Prob(A)Y = Tr(A,G) and F :Prob(A)S

erg

— Char(4, G).

-~

Proof. The claims follow from the fact that F : Prob(4) — Tr(A) is an

~

affine G-equivariant map and that Prob(A)G is the set of extreme points

erg

in the convex compact set Prob(g)c. O

3.2. Invariant traces on unipotent groups. Let k be a field of character-
istic 0. Let U, be the group of upper triangular unipotent n xn matrices over
k, for n > 1. Then U, is the group of k-points of an algebraic group over k
and its Lie algebra is the Lie algebra u,, of the strictly upper triangular matri-
ces. The exponential map exp : u, — U, is a bijection and, by the Campbell-
Hausdorff formula, there exists a polynomial map P : u, x u, — u, with
coefficients in k such that exp(X)exp(Y) = exp(P(X,Y)) for all X, Y € u,,.
Denote by log : U, — u,, the inverse map of exp.
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Let u be a nilpotent Lie algebra over k. Then, by the theorems of Ado
and Engel, u can be viewed as Lie subalgebra of u, for some n > 1 and
exp(u) is an algebraic subgroup of U,,.

Let U be the group of k-points of a unipotent algebraic group over k,
that is, an algebraic subgroup of U, for some n > 1. Then u = log(U) is
a Lie subalgebra of u, and exp : u — U is a bijection (for all this, see
[27, Chap.14]).

For every uw € U, the automorphism of U given by conjugation with u
induces an automorphism Ad(u) of the Lie algebra u determined by the
property

exp(Ad(u)(X)) = uexp(X)u™t forall X €u.
Observe that a function ¢ on U is central (that is, constant on the U con-
jugacy classes) if and only if the corresponding function ¢ o exp on u is
Ad(U)-invariant.
The following proposition will be a crucial tool in our proof of Theorem [A]

Proposition 3.2. Let U be the group of k-points of a unipotent algebraic
group over a field k of characteristic zero. Let ¢ : U — C. Then ¢ € Tr(U)
if and only if poexp € Tr(u, Ad(U)). So, the map ¢ — poexp is a bijection
between Tr(U) and Tr(u, Ad(U)).

Proof. Set ¢’ := poexp. Since ¢ and ¢’ are invariant, we have to show that
© is of positive type on U if and only ¢’ is of positive type on u.

Let Z(U) be the center of U and j the center of u. Set x := |z and
X' = ¢l;.

e First step. Assume that ¢ is of positive type on U or that ¢’ is of
positive type on u. Then x is of positive type on Z(U) and X’ is of positive
type on 3.

Indeed, this follows from the fact that exp : 3 — Z is a group isomorphism.

We will reduce the proof of Proposition to the case where ¢ has the
following multiplicativity property

(*) ©lg2) = p(g)x(z) forall geUze Z(U).
Observe that property (x) is equivalent to

(x) Y (X+2)=¢(X)X'(Z2) forall X eu Zes,
since exp(X + Z) = exp(X) exp(Z) for X € u and Z € ;.

e Second step. To prove Proposition we may assume that ¢ has
property (x).

Indeed, since Tr(U) is the closed convex hull of Char(U) and Tr(u,U) is
the closed convex hull of Char(u, U), it suffices to prove that if ¢ € Char(U)
then ¢’ is of positive type on u and that if ¢/ € Char(u,U) then ¢ is of
positive type on U. Moreover, by Corollary and Proposition ¢ has
property (%) if ¢ € Char(U) and ¢’ has property (x)" if ¢’ € Char(u,U).
This proves the claim.
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In view of the second step, we may and will assume in the sequel that
¢ : U — C is a central function, normalized by ¢(e) = 1, with property
(x). If, moreover, either ¢ is of positive type or ¢’ is of positive type, then
X € Z(U) and X’ € u, by the first step.

e Third step. Assume that either ¢ is of positive type or that ¢ is of
positive type. Assume also that ker /' contains no non-zero linear subspace.
We claim that both ¢ and ¢ are of positive type.

To show this, it suffices to prove that ¢’ = x’ (that is, ¢’ = 0 on u'\ 3).
Indeed, since this last statement is equivalent to ¢ = Y and since y € Z/(\U)
and x’ € 3, Proposition [2.4] will imply that ¢ and ¢’ are of positive type.

Let (3%)1<i<r be the ascending central series of u; so, 31 = 3, 3'™! is the
inverse image in u of the center of u/3* under the canonical map u — u/3’
for every i, and 3" = u.

Let (Z4(U))1<i<r be the corresponding ascending central series of U given
by Z{(U) = exp3".

We show by induction on i that ¢’ =0 on 3\ 3 for every i € {2,...,7}.

Indeed, let X € 32\ 3. There exists Y € u with [V, X] # 0. Since [Y, X] € 3
and since ker x’ contains no non-zero linear subspace, there exists ¢ € k such
that x/(t[Y, X]) = xX/([tY, X]) # 1. Upon replacing Y by tY, we can assume
that x/([Y, X]) # 1. Since ¢’ is Ad(U)-invariant, it follows from property
(*) that

¢'(X) = ¢(Ad(expY)(X)) = ¢'(X + [V, X]) = " (X)X/([Y, X]).

As X/([Y, X)] # 1, we have ¢/(X) = 0; so, the case i = 2 is settled.

Assume now ¢’ = 0 on ;'\ 3 for some i € {2,...,7}. Let X € 371\ 3%
Then there exists Y € u such that [Y, X] & 3*~1. Let (¢,),>1 be a sequence
of pairwise distinct elements in k. Set y, = exp(t,Y) € U. Denoting by
pi—1:u— u/3*"! the canonical projection, we have

pi—1(Ad(yn) X — X) = pi_1(—ta[Y, X]),
since [u, [u, X]] € 3*7 1. As (t, — t,)[Y, X] ¢ 3'1, it follows that
(Ad(yn)X — X) — (Ad(ym)X — X) ¢ 3 forall n+#m.

Since Ad(y,)X — X € 3’ and ¢/ = 0 on '\ 3 by the induction hypothesis,
we have therefore

(xx)" @' (Ad(yn)X — Ad(y,)X) =0 forall n=#m.

We also have, by the Campbell-Hausdorff formula,

pi—1(log([yn, exp(X)])) = pi—1 (log(exp(—tnY) exp(X) exp(tnY) exp(—X)))
= pi-1(=[tnY, X]),

where [u,v] = vou~lv™! is the commutator of u,v € U. As [t,Y, X] com-
mutes with [t,,,Y, X], it follows that

(Y €xp(X)][ym, exp(X)] 7t ¢ Z(U) for all n #m.
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Since [y,,exp(X)] € ZY(U) and ¢ = 0 on Z*(U) \ Z(U) by the induction
hypothesis, we have therefore

() @([Yn, exp(X)][ym, exp(X)]"1) =0 forall n #m.

If ¢ is of positive type, it follows from Lemma and from (xx)" that
@' (X) = 0. If ¢ is of positive type, then Lemma and (%) imply that
p(exp X) =0, that is, ¢/'(X) = 0.

As a result, ¢’ = 0 on 3'\ 3 for every i € {2,...,7}. Since 3" = u, the
claim is proved.

e Fourth step. Assume that either ¢ is of positive type or that ¢’ is of
positive type. Then both ¢ and ¢’ are of positive type.

We proceed by induction on dimg u. The case dimy u = 0 being obvious,
assume that the claim is true for every unipotent algebraic group with a Lie
algebra of dimension strictly smaller than dimy u.

In view of the third step, we may assume that there exists a subspace £ of
3 with dimy € > 0 contained in ker x’. Then ¢’ can be viewed as a function
on the nilpotent Lie algebra u/¢ and ¢ as a function of positive type on the
corresponding unipotent algebraic group U/ exp(). Since dimy u /¢ is strictly
smaller than dimy u, the claim follows from the induction hypothesis.

O

Remark 3.3. Using induction on dimy u as well as the arguments used in
the third step of the proof of Proposition one can easily obtain the
description of Char(U) given in Theorem |A for the special case G = U.

Let G be a group acting by automorphisms on U. Every g € G induces
an automorphism X +— ¢g(X) of u determined by the property

exp(g(X)) = glexp(X)) forall X €u.

Let u be the Pontrjagin dual of the additive group u. Then G acts by
automorphisms u, induced by the dual action.

Since the map ¢ — v o log from the space of functions on u to the space
of functions on U is tautologically G-equivariant, the following result is an
immediate consequence of Propositions and

Corollary 3.4. Let U be as in Proposition[3.4 and let G be a group acting
as automorphisms of U. Assume that the image of G in Aut(u) contains
Ad(UD).
(i) The map
Char(u, G) — Char(U,G) — P+ 1 olog
18 a bijection.
(ii) The map
Prob()%, — Char(U, G), i F(p)olog

erg

s a bijection.
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Let G be a group of automorphisms of U containing Ad(U). Let A € wu.
Recall (see Section [1)) that we associated to A the following two G-invariant
ideals of u

by ={X cu| MNAd(g9)(tX))=1 forall geG,tek}
and
pr={X €u| ANAd(g)(tX)) = Ad(g)(tX) forall g¢geG,teck}.
Proposition 3.5. Let A € U, p:u— u/€\, and P\ = expp,.
(i) We have
pr=p"" (Z(w/8)),

where Z(u/8\)Y is the central ideal of G-fized elements in u/€y.
(ii) The map

X Py — St exp(X) = AMX)
is a G-invariant unitary character of Py.
Proof. (i) Let X € u. We have

p(X) € Z(u/t))¥ <= Ad(g)X — X €ty forall geG
< Ad(g)(tX)—tX ety forall geG,tck
< AMAd(g)(tX)) = A\(tX) forall geG,tek
<— X €p).

(ii) is a special case of Proposition O

We will later need the following elementary lemma.

Lemma 3.6. Let U be as in Proposition and g € Aut(U). Let N be a
normal subgroup of U. For X € u, the set

A:={tek|exp(—tX)exp(g(tX)) e N}

is a subgroup of the additive group of the field k.
Proof. Observe first that 0 € A. Let t,s € A. Then

exp(—(t — s)X) exp(g((t — 5)X))

= exp(sX) exp(—tX) exp(g(tX)) exp(g(—sX)

(sX)(exp(—tX) exp(g(tX)) exp(g(—sX) exp(s X)) exp(—sX)

(5X) (exp(—tX) exp(g(tX))(exp(—sX) exp(g(sX))) ') exp(—sX).
Since N is a normal subgroup of U, it follows that t — s € A. O

exp

exp

4. CHARACTERS AND INVARIANT PROBABILITY MEASURES

In this section, we show how a character on an algebraic group over Q
gives rise to an invariant ergodic probability measure on an appropriate
adelic solenoid.
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4.1. Reduction to the case k = Q. Let k be a number field and G = G(k)
be the group of k-rational points of a connected linear algebraic group G over
k. By Weil’s restriction of scalars (see [45, Proposition 6.1.3], |8, 6.17-6.21]),
there is an algebraic group G’ over Q such that G is naturally isomorphic to
the group G = G/(Q) of Q-points of G’. If G = LU is a Levi decomposition
of G over k, then G’ = L'U’ is a Levi decomposition of G’ over Q, where L’
and U’ are the images of L and U under the isomorphism G — G’. Moreover,
G’ is generated by its unipotent one-parameter subgroups, if G is generated
by unipotent one-parameter subgroups. These remarks show that it suffices
to prove Theorem [A]in the case k = Q.

4.2. Restriction to the unipotent radical. Let G be the group of Q-
rational points of a connected linear algebraic group over Q and let G = LU
be a Levi decomposition of G.

Let ¢ € Char(G). Set ¢ := 1|y. By Theorem[2.11] we have ¢ € Char(U, G).
So, by Corollary ¢ = F(u) olog for a unique p € Prob(ﬁ)gg, where u is
the Lie algebra of U.

We want to determine the set Prob(ﬁ)gg. In the following discussion, the
Lie algebra structure of u will play no role, only its linear structure being
relevant. So, we let F be a finite dimensional vector space over Q and recall
how the Pontrjagin dual E can be described in terms of adeles.

Let P be the set of primes of N. Recall that, for every p € P, the additive
group of the field Q, of p-adic numbers is a locally compact group containing
the subring Z, of p-adic integers as compact open subgroup. The ring A of
adeles of Q is the restricted product A = R x [[,cp(Qp, Zp) relative to the
subgroups Z,; thus,

A = { (a0, a2,a3,---) € R X H Q, | ap € Z,, for almost every p € P
peEP

The field Q can be viewed as discrete and cocompact subring of the locally
compact ring A via the diagonal embedding

Q— A, q— (q,q,...).

Let b1,...bq be a basis of ¥ over Q. Fix a nontrivial unitary character e
of A which is trivial on Q. For every a = (a1,...,aq) € A% let A\, € E be
defined by

d

d
Aa(2) = e(z a;q;) forall z= Z%’bz‘ <D
i=1 i=1

The map a — A, factorizes to an isomorphism of topological groups

AYQY S E, a+Qte A,
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(see Theorem 3 in Chap.IV, §3 of [43]). So, E can be identified with the
adelic solenoid A?/Q?. We examine now how this identification behaves
under the action of GL(E) on E.

Set Qe = R. Then GL4(Q) C GL4(Qp) acts on Qg for every p € PU{o0}
in the usual way; the induced diagonal action of GLg(Q) on A? preserves
the lattice Q?, giving rise to a (left) action of GLz(Q) on A?/Q¢.

Let # € GL(F) and let A € GL,(Q) its matrix with respect to the basis
bi,...,bq. One checks that

Aa 00 =g, forall ae A4
We summarize the previous discussion as follows.

Proposition 4.1. Let E be a finite dimensional vector space over Q of
dimension d. The choice of a basis of E defines an isomorphism of topological
groups AY/Q¢ — E, which is equivariant for the action of GLq(Q) given
by inverse matriz transpose on A%/Q? and the dual action of GL(E) on E.
This isomorphism induces a bijection

Prob(A?/QHS . — Prob(E)S

erg erg’

for every subgroup G of GL(E) = GL4(Q).

5. INVARIANT PROBABILITY MEASURES AND ORBIT CLOSURES ON
SOLENOIDS

For an algebraic Q-subgroup of GLg which is generated by unipotent sub-
groups, we will determine in this section the invariant probability measures
as well as the orbits closures on the adelic solenoid A?/Q¢. We have first to
treat the case of S-adic solenoids.

5.1. Invariant probability measures and orbit closures on S-adic
solenoids. Let G be an algebraic subgroup of GLg4 defined over Q. For
every subring R of an overfield of Q, we denote by G(R) the group of
elements of G with coefficients in R and determinant invertible in R. In
particular, G(Q) = G N GLy(Q).

Fix an integer d > 1 and let S be a finite subset of P U {oco} with oo € S.

Set
Q¢ :=]]Qs
pES
and let Z[1/S] denote the subring of Q generated by 1 and (1/p)pesnp-
Then Z[1/5]% embeds diagonally as a cocompact discrete subring of Qg.
The product group

G(Qs) == [[ G(Q))

peES

is a locally compact group and acts on Q‘fg in the obvious way. The group
G(Z[1/5]) embeds diagonally as discrete subgroup of G(Qg). As G(Z[1/5])
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preserves Z[1/5]%, this gives rise to an action of G(Z[1/S5]) on the S-adic
solenoid

Xs:=Q%/Z[1/5]",
which is a compact connected abelian group.

A unipotent one-parameter subgroup of G(Qg) is a subgroup of
G(Qg) of the form {(up(tp))pes | tp € Qp,p € S} for Q-rational homo-
morphisms u, : G, — G from the additive group G, of dimension 1 to
G.

We aim to describe the G(Z[1/S])-invariant probability measures on Xg
as well as orbit closures of points in Xg. Our results will be deduced from
Ratner’s measure rigidity and topological rigidity theorems in the S-adic
setting (see [35] and [26]); actually, we will need the more precise version of
Ratner’s results in the S-arithmetic case from [42].

5.1.1. Invariant probability measures. For a closed subgroup Y of Xg and
for x € X, we denote by u,1y € Prob(Xg) the image of the normalized
Haar py under the map Xg — Xg given by translation by z.

Let V be a linear subspace of Q%. Denote by V(Qp) the linear span
of V in Qg for p € S. Then V(Qs) = [[,csV(Qp) is a subring of
Q¢ and V(Z[1/S]) := V N Z[1/S]¢ is a cocompact lattice in V(Qg). So,
V(Qs)/V(Z[1/S]) is a subsolenoid of Xg, that is, a closed and connected
subgroup of Xg.

Proposition 5.1. Assume that G(Qg) is generated by unipotent one-parameter
subgroups. Let p be an ergodic G(Z[1/S])-invariant probability measure on
the Borel subsets of Xg. There exists a pair (a,V) consisting of a point

a € Q‘é and a G(Q)-invariant linear subspace V of Q* with the following
properties:

(i) g(a) € a+V(Qs) for every g € G(Qs);
(ii) p = pgyy, where x and Y are the images of a and V(Qg) in Xg.

Proof. We consider the semi-direct product
G = G(Qs) x QS

given by the natural action of G(Qg) on Q‘é. Then G is a locally compact
group containing
T := G(2[1/9]) x Z[1/S]

as discrete subgroup. Since G(Qg) is generated by unipotent one-parameter
subgroups, there is no non-trivial morphism G — GL; defined over Q. It
follows (see |7, Theorem 5.6]) that I' :== G(Z[1/S]) has finite covolume in
G(Qg) and so ' is an S-arithmetic lattice in G.

We now use the “suspension technique” from [44] to obtain an ergodic
G(Qg)-invariant probability measure g on G / I. Specifically, we embed Xg
as subset of G/T in the obvious way. Observe that the action of G(Z[1/5])
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by automorphisms on Xg becomes the action of G(Z[1/S]) by translations
on G/T under this embedding.

View p as a G(Z[1/5]))-invariant probability measure on G/I" which is
supported on the image of Xg. Let p be the probability measure on G /f

defined by
= / tg(p)dv(gl),
G(Qs)/T

where v be the unique G(Qg)-invariant probability measure on G(Qg)/I’
and t4(p) denotes the image of p under the translation by g. Then g is
G(Qg)-invariant and is ergodic under this action.

By the refinement |42, Theorem 2] of Ratner’s theorem, there exists a
Q-algebraic subgroup L of G, an L(Q)-invariant vector subspace V of Q¢,
a finite index subgroup H of L(Qs) x V(Qg), and an element g € G with
the following properties:

* G(Qs) C HI:=gHg™ !

e HNT is a lattice in H;

e /i is the unique HY-invariant probability measure on G / r supported

on gHT /T = H9gTT.

Since G = G(Qg) x Q4, there exists ¢’ € G(Qg) such that a := ¢’g belongs
to Q4. Then G(Qg) C H® and, since i is G(Qg)-invariant, /i coincides with
the H%invariant probability measure supported on H*aI'/T. As a result,
we may assume above that g =a € QdS.

The image t,-1 () of i under the translation by a~
unique H-invariant probability measure on G /f supported on H f/f Ob-
serve that G(Qg) C H® implies that

g(a) —a €V (Qg) forevery ge G(Qs),

where we write g(a) for gag—!.

Let

L coincides with the

p:G/T = G(Qg)/T
be the natural G(Qg)-equivariant map. We have

(+) @ = [ tars (ty(p) dv(aT)
G(Qs)/T

and t,-1(tg(p)) (p~1(gT'/T)) = 1 for every g € G(Qs). So, the formula (x)
provides a decomposition of ¢,-1(j1) as integral over G(Qg)/G(Z[1/S]) of
probability measures supported on the fibers of p.

Now, knowing that t,-1(z) is the H-invariant probability measure sup-
ported on H f/ f, we can perform a second such decomposition of t,-1 (1)
over G(Qg)/T". The measures supported on the fibers of p in this last de-
composition are translates of the normalized Haar measure py of the image
Y of HN Qfé in Xg & Q%P/F. By uniqueness, it follows that t,-1(n) = py,
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that is, y = gy, where a is the image of x in Xg (for more details, see the
proof of Corollary 5.8 in [44]).

To finish the proof, observe that, since V(Qg) is divisible, it has no proper
subgroup of finite index and so H N Q% = HNV(Qs) = V(Qs). O

The pairs (z,Y") as in Proposition for which p,y is ergodic are char-
acterized by the following general result.

For a compact group X, we denote by Aut(X) the group of continuous
automorphisms of X and by Aff(X) = Aut(X) x X the group of affine
transformations of X.

Proposition 5.2. Let G be a countable group, X be a compact abelian group
and a : G — Aut(X) an action of G by automorphisms of X. Let o € X
and let Y be a connected closed subgroup of X such xo +Y is G-invariant.
Then'Y is G-invariant and ogy(xo) —x¢ € Y for every g € G. Moreover, the
following properties are equivalent:

(1) pzg+y is not ergodic under the restriction of the G-action to xo+Y';
(ii) there exists a proper closed connected subgroup Z of Y and a finite
indez subgroup H of G such that ap(x) —x € Z for every x € z9+Y
and h € H;
(iii) for every x € zo+Y, the set {ayz(x) —x | g € G} is not dense in Y;
(iv) there exists a subset A of xo +Y with pg,+y(A) > 0 such that
{og(z) —x | g € G} is not dense in'Y for every x € A.

Proof. The fact that Y is G-invariant and that oy(z) — 2 € Y for every
g € G is obvious.

The homeomorphism ¢ : zg + Y — Y given by the translation by —xg
intertwines the action o of G on z¢ + Y with the action 5 : G — Aff(Y') by
affine transformations of Y, given by

Bq(y) = ay(y) + ag(zg) —x9 forall ge G,yeY.

Moreover, the image of pi;,+y under ¢ is the Haar measure py on Y.

Assume that the action £ is not ergodic. Then there exists a proper closed
connected subgroup Z of Y which invariant under the action « of G and
a finite index subgroup H of G such that the image of H in Aff(Y/Z), for
the action induced by £, is trivial (see [3, Proposition 1]). This means that
ap(x) —x € Z for every x € z9 + Y and h € H. So, (i) implies (ii).

Assume that (ii) holds and let z € zg + Y. Then the image of the set
{ag(x) —x | g € G} in Y/Z is finite. However, since Y is connected, Y/Z is
infinite and {ay(x) — 2 | g € G} is therefore not dense in Y. So, (ii) implies
(ii).

The fact that (iii) implies (iv) is obvious. Assume that [ is ergodic. Since
the support of py is Y, for py-almost every y € Y, the S(G)-orbit of y is
dense in Y, that is, {ay(z) —2 | g € G} is dense in Y for p,y-almost every
x € o+ Y. So, (iv) implies (i). O
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We will need a description of the G(Z[1/S])-invariant (not necessarily
ergodic) probability measures on Xg. For this, we adapt for our situation
some ideas from |29} §2], where such description was given in the context of
real Lie groups.

Let ¢ : Q4 — Xg = Q%/Z[1/S]? denote the canonical projection. Ob-
serve that, if V is a G(Q)-invariant linear subspace of Q? and if a € Qg{ is
such that g(a) € a + V(Qg) for all g € G(Z[1/S5]), then p(a + V(Qg)) is a
closed and G(Z[1/S])-invariant subset of Xg

Denote by H the set of G(Q)-invariant linear subspaces of Q?. For V € H,
define NV'(V,S) C Q% to be the set of a € Q% with the following properties:

e g(a) € a+V(Qg) for every g € G(Z[1/S5]) and
e v({g(a) —alge G(Z[1/5])}) is dense in p(V(Qs))-

Lemma 5.3. For V,W € H, we have p(N(V,S)) N (N (W,S)) # 0 if and
only if V.=W.

Proof. Assume that o(N(V,S)) NN (W,S)) # 0. So, there exist a €
N(V,S) and b € Z[1/S5]? such that a+b € N (W, S). It follows that ¢({g(a)—
a|ge G(Z[1/S])}) is a dense subset of p(V(Qs)) and of (W (Qs)). Hence,
©(V(Qs)) = ¢(W(Qs)). This implies that the R-vector space V(R) is
contained in W(R) + Z[1/5]? and so in W(R), by connectedness. Hence,
V C W. Similarly, we have W C V. ([l

We can now give a description of the finite G(Z[1/S])-invariant measures
on Xg.

Proposition 5.4. Assume that G(Qg) is generated by unipotent one-parameter
subgroups and let u € Prob(Xg) be a G(Z[1/S])-invariant probability mea-
sure on Xg. For V € H, denote by uy the restriction of u to (N (V,S)).

(i) We have

i ( U e, S>>) 1

VeH
moreover, uy (p(N(V',S)) =0 for all V,V' € H with V # V'; so,

we have a decomposition

p=Ep uv.

VeH
(ii) Let V. € H be such that py # 0. Then py is G(Z[1/S])-invariant.
Moreover, if
py = / vy wdw
Q

is a decomposition of py into ergodic G(Z[1/S])-invariant compo-
nents vy, then, for every w € Q, we have vy, = pg,+vy, where

Y = p(V(Qs)) and x, = ¢(a,,) for some a, € N(V,S).
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W= / Vydw
Q

be a decomposition of u into G(Z[1/S])-invariant ergodic probability mea-
sures v, on Xg.

Fix w € ). By Proposition there exists a,, € Q% and V,, € ‘H such
that g(ay) € ay, + V,(Qg) for every g € G(Qg) and vy, = pg,+v,, where
Y, = ¢(Vu(Qs)) and z, = ¢(ay). Since p, 1y, is ergodic, there exists a
subset A, of x, + Y, with p,_+v, (As) = 1 such that the G(Z[1/S])-orbit
of x is dense in z,, + Y, for every z € A, (see Proposition . It is clear
that z € (N (V,,,5)) for every x € A,,. It follows that v,(p(N(V,,S)) =1
for every w € € and hence pu(Uy ey ¢(NV(V,S)) = 1. Since the measurable
subsets p(N(V,5)) of Xg are mutually disjoint (Lemmal5.3) and since H is

countable, we have a direct sum decomposition
W= @ / Vydw

and py = fw:Vw:V vydw with v, = pg 1y, where Y = V(Qg) and z, =
¢(ay,) for some a, € N(V,5).

Proof. Let

O

We will later need to know that the linear subspace of points in Qg
satisfying the first condition defining a set N (V,S) as above is rational.

Lemma 5.5. Let V be a G(Q)-invariant linear subspace of QY and S a
finite subset of P U {oc}. There exists exists a linear subspace W° of Q%
containing V' such that

{aeQdlgle) ea+V(Qs) foral geG(Z1/S])}=W5(Qs).

Proof. Choose a linear complement V; of V in Q% and let mo : Q¢ — Vj be
the corresponding projection. Let p € P U {oc}. Then

QZ = V(Qp) D VO(Qp)
and the linear extension of 7y, again denoted by mg, is the corresponding
projection Qg — Vo(Qyp).
Let g € GLq(Q). Denote by W, C Q¢ the kernel of m o (g — Iqa). For
a € Qg, we have

g(a) € a+V(Qp) < a € ker (770 o(g— IQg)> .
So, ker(mp o (g — IQg)) = W,4(Qp) and the linear subspace
W= () W,
9€G(Z[1/S])

of Q% has the required property. ([l
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5.1.2. Orbit closures. We now turn to the description of orbit closures of
points in Xg. Recall that ¢ : Q‘fg — Xg denotes the canonical projection.

Proposition 5.6. Assume that G(Qg) is generated by unipotent one-parameter
subgroups. Let a € Q% and x = ¢(a) € Xg. There exists a G(Q)-invariant
linear subspace V of Q% with the following properties:
(i) g9(a) € a +V(Qs) for every g € G(Qs);
(i) the closure of the G(Z[1/S])-orbit of x in Xg coincides with = +
e(V(Qs)).

Proof. As in the proof of Proposition we consider the semi-direct prod-
uct G = G(Qg) x Q% and embed Xg as closed subset of G/T, where
T = G(Z[1/9]) x Z[1/S5]“.

By the refinement |42, Theorem 1] of Ratner’s theorem about orbit clo-
sures, there exists a Q-algebraic subgroup L of G, an L(Q)-invariant vector
subspace V of Q? and a finite index subgroup H of L(Qgs) x V(Qg) with
the following properties:

e G(Qs) C H* :=aHa™1;
e HNT is a lattice in H;
e the closure G(Qg)z of the G(Qg)-orbit of z is H%z, that is, a HT/T.

We claim that

G(Z[1/5])x = G(Qs)z N Xs.

We only have to show that G(Qg)z N Xg is contained in G(Z[1/S])x, the
reverse inclusion being obvious.

Set I' = G(Z[1/S]) and A = Z[1/S]¢. Choose a fundamental domain
Q C G(Qs) for G(Qg)/T" which is a neighbouhood of e and a compact
fundamental domain K C ng for QdS /A

Let y € G(Qg)x N Xg. Then there exists a sequence g, € G(Qg) such
that lim,(g,,e)x = y. Write g, = wpy, for w, € Q and 7, € T' and
Yn(a) = kn + A\, for k, € K and A, € A. Then

y = lim(gy, e)z = lim(wp, €) (7, €)(e, @)l = lim(wy, €)(Vn, 1 (a))T
= lim(wp, €) (€, kn)T = lim(wp, wy, (kn )T

On the one hand, it follows that lim,, w,d,, = e for some 9,, € I'. So, for large
n, we have w,d, €  and, since w,, € 2, we have §,, = e, that is, lim,, w,, = e.
On the other hand, as K is compact, we can assume that lim, k, = k € K
exists. Therefore, we have lim,, (wy,,w,(k,)) = (e, k) and so y = k + A and

y = lim(k, + A) = lim(y,(a) + A),

that is, y € G(Z[1/S])x. So, the claim is proved.
We have

(aHf/f) NXs = p(a+ HNV(Qg))
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and, since (as in the proof of Proposition HNV(Qs) =V(Qgs), this
finishes the proof.
U

5.2. Invariant probability measures and orbit closures on adelic
solenoids. Let G be an algebraic subgroup of GL4 defined over Q. We are
now ready to deal with the description of the G(Q)-invariant probability
measures and the orbit closures for the adelic solenoid

X :=A%/Q4

Denote by S the set of finite subsets S of P U {oco} with co € S.
Let S € S. It is well-known (see [43]) that

Al=Qix ][zl | +Q
p¢P
and that

Qi x [[zs | nQ* =12[1/9)".
p¢P

This gives rise to a well defined projection

s X = Xg = Q%/Z[1/8)"
given by
TS ((ag, (ap)pgs) + Qd) =ag+Z[1/S8]? for all ag e Q, (ap)pgs € H Zz.

p¢P

So, the fiber of 75 over a point ag + Z[1/5]¢ € Xg is

75t (as + Z[1/S]%) = {(as, (ap)pgs) + Q%|a, € Zg for all p ¢ S}.

Observe that mg is GL4(Z[1/5])-equivariant.
Let §" € § with S € S’. Then

AL =1Qéx [ z¢) +z)1/9",
peS\S

Qéx [ z¢|nzn/s) =zi/s?,
peS\S
and we have a similarly defined GL4(Z[1/S])-equivariant projection 7g g :
Xg — Xg. Observe that mg = mgr g o mgr.
Let V be a linear subspace of Q%. For p € P, we write V(Zy) for the
Z,-span of V(Z) in V(Q,); the adele space corresponding to V' is

via) = [v@s) x [[V(Z)

Ses péS
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We denote by ¢ the canonical projection A? — X. The image of p(V (A))
in X can be written as

p(V(A) =¢ | V(R) x [] V(Z)
peEP

and is a closed and connected subgroup of X. Conversely, every closed and
connected subgroup of X is of the form ¢(V(A)) for a unique linear subspace
V of Q% (see Lemma (6.1 below).

The following simple fact will be useful.

Lemma 5.7. Let V be a linear subspace of Q®. Set

Q:=e|VR) x [[V(Z) x [TZ¢] c x.
S

peS ¢S

where S runs over the finite subsets of P. Then
Q=p(V(A)).

Proof. Tt is clear that ¢(V (A)) is contained in §2. Conversely, let z € Q. Then
there exists a = (ap)pepufoc} € A? with ¢(a) = = such that as, € V(R) and
ap € Z2 for all p € P. We claim that a, € V(Z,) for all p € P.

Indeed, let pg € P. Since p(a) € Q, there exists ¢ € Q? such that
(ap+q)pepuioc) € R? x [Ler Zg with as +¢ € V(R) and ap, +q € V(Zy,).
For every p € P, we have ¢ = (ap +q) —a, € Zg and hence ¢ € Z¢.
Since ax € V(R), we also have ¢ = (a0 + q) — oo € V(R). Hence,
q € V(Z) C V(Z,,) and therefore a,, = (ap, +q) — q € V(Zy,).

([

5.2.1. Invariant probability measures. We will denote by ¢ the canonical
projection A? — X and by ¢g the projection Qfé — Xg for aset S €8S.

Theorem 5.8. Let G be a connected algebraic subgroup of GLg4 defined over
Q. Assume that G(Q) is generated by unipotent one-parameter subgroups.
Let p be an ergodic G(Q)-invariant probability measure on the Borel subsets
of X = A4/Q%. There exists a pair (a,Vy) consisting of a point a € A% and
a G(Q)-invariant linear subspace Vi of Q% such that

H = Hz+Y,

forz = p(a) and Y = ¢(Vu(Q)). Moreover, a can be chosen so that the set
{9(a) —a|ge G(Q)} is dense in Vh(A).

Proof. For S € S, let ug be the image of y under the projection

WS:X—)XS.
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Then pg is a G(Z[1/S]-invariant probability measure on Xg and, by Propo-
sition we have a decomposition

Hns = @ Hns,v

Ver
with mutually singular measures 51 on Xg such that

ps,v(Xs \ ¢s(N(V,S)) = 0.
Fix Sp € § and Vy € H with pg,,1, # 0 and such that
dim Vp = max{dim V' | pgy # 0 for some S € S}.

Write
P U {OO} = Unzosn
for an increasing sequence of subsets S, € S. Denote by u, instead of ug,
the image of p under the projection 7g, : X — Xg, . Set

¢ = po(ps, (N (Vo, So)) > 0.

o First step. We claim that
pn(@s, N (Vo,Sp)) > ¢ forall n>1.
Indeed, let V' € H be such that ug, v # 0. Recall that
TS, S0 @ X8, — Xg,
is the natural G(Z[1/Sp])-equivariant projection. Let
z € 15! 5, (95, (N (Vo, 50))) Mo, (N (V, S).

Then, on the one hand, zg := 7g, s,(z) € ¢s,(N(Vo, So)) and hence the set
{g(z0) —x0 | g € G(Z[1/Sp])} is dense in g, (Vo(Qs,))- On the other hand,
since = € ¢g, (N(V,S,)) and since G(Z[1/Sp]) is contained in G(Z[1/S,]),
the set {g(x) — x| g € G(Z[1/Sp])} is contained in ¢g, (V(Qg,)). As

75,50 (95, (V(Qs,)) = ©5,(V(Qs,))

and as 7g,, s, is G(Z[1/Sp])-equivariant and continuous, it follows that

05,(Vo(Qsy)) C s5,(V(Qsp))-

This implies that Vj C V (see the proof of Lemma . It follows that
V = Vp, by maximality of the dimension of V{. This shows that

tin (75250 (95 (N (Ve, $0))) 005, (N (V, 80)) ) =0 for every  V # Vg
and hence that
pn (75 5 (250 (N (Vo 50))) ) < 05, (N (Vo S)-
Since pg = jus, is the image of p,, under 7g, g,, we have
tin (752 50 (P50 N (V0. 80))) ) = po(ps (N (Ve S0),

and the claim is proved.
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For every n > 0, let W™ = W5 be the linear subspace of Q% defined by
Vo as in Lemmalp.5] It is clear that the family (W™),>¢ of finite dimensional
linear subspaces is decreasing. So, there exists N > 0 such that W = W
for all n > N. Set W := W¥. Recall that V; ¢ W™ for every n > 0 and
hence V, C W.

e Second step. We claim that p(p(W(A)) # 0.
Indeed, since N (Vp, Sp) € W™(Qg,, ), it follows from the first step that

tin (05, (W(Qs,))) = tn(es, (W"(Qs,))) = ¢
for every n > N. Setting

Q= | W(Qs) X H W(Zy) x H Zg ’

PESy ,pFoo PESn

this means that
w(Qy) >c forall n>N,

since p, is the image of p under 7g,,.
As (25)n>nN is a decreasing sequence, it follows that

w ﬂQn >c>0.
n>N

On the other hand, we have (see Lemma [5.7)
[ Q0 =w(W(A))

n>N
and the claim is proved.
Set Y := ¢(Vh(A)).

o Third step. We claim that there exists x € (W (A)) such that p(z +
V) =1

Indeed, (W (A)) is G(Q)-invariant, since W is G(Q)-invariant. By the
ergodicity of p, it follows from the second step that u(p(W(A)) = 1; so, we
may view p as probability measure on (W (A)).

Let Z C ¢(W(A)) be the support of u. Again by ergodicity of p, there
exists a point a € W(A) such that x = p(a) € Z and such that the G(Q)-
orbit of z is dense in Z. Since g(a) € a+ Vy(A) for all g € G(Q), this means
that +Y = Z and so pu(z +Y) = 1.

o Fourth step. We claim that y is invariant under translations by elements
from Y. Once proved, it will follow that p = p;+y, by the uniqueness of the
Haar measure on the closed subgroup Y of X.

Indeed, the topological space (W (A)) C X is the projective limit of
the sequence (p(W(Qs,,)))n>0 of the topological spaces ¢(W(Qg,)) C Xs,,,
with respect to the canonical maps p(W(Qs,)) = ¢(W(Qs,,)) for n > m.
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So, the sets of the form (B x [] 45, W(Zp)), where B runs over the Borel
subsets of W(Qg,, ), generate the Borel structure of (W (A)).

For every n > 0, the image p, of p in Xg, is the Haar measure on the
coset g, (z +Y) of the subgroup ¢g, (V(Qs,)). So, y, is invariant under
translations by elements from ¢g, (V(Qg,)). This means that, for every
Borel subset B of W(Qg, ), we have

plz+e|Bx [[WZ) | | =nule|Bx [[ W@ ] ],
pESn pé¢Sn
for every z € Y. This proves the claim. ([

5.2.2. Orbit closures. We now deduce the description of orbit closures of
points in X from the corresponding description in the S-adic case.
Recall that Xg = Q%¢/Z[1/S]? for S € S and that ¢ : AT — X, pg :

Qfé — Xg , and g : X — Xg denote the canonical projections.

Theorem 5.9. Let G be a connected algebraic subgroup of GLg4 defined over
Q. Assume that G(Q) is generated by unipotent one-parameter subgroups.
Let a € A% and x = ¢(a) € X. There exists a G(Q)-invariant linear sub-
space Vg of Q? such that the closure of the G(Q)-orbit of x in X coincides
with x + o(Vo(A)).

Proof. For S € S, set g := mg(x) € Xg. By Proposition there exists a
unique G(Q)-invariant linear subspace Vg of Q¢ such that

G(Z[1/S))zs = x5 + v5(Vs(Qs)).

Fix Sy € S such that Vj := Vg, has maximal dimension among all the
subspaces Vg for S € S.
We claim that the closure of the G(Q)-orbit of z in X coincides with

z+p(Vo(A)).

Indeed, let P U {oo} = U,>0S, for an increasing sequence of subsets
Sp € S. Let n > 1 and write V,, for Vg, .

Since {g(zs,) — xs, | g € G(Z[1/Sp])} is dense in pg5(V5(Qs,)) and since

9(rs,) — s, € vs,(Va(Qs,)) forall ge G(Z[1/S0]),

it follows that Vy C V,, (see the first step in the proof of Theorem [5.8|) and
hence V,, = Vj, by maximality of the dimension of V. Therefore, we have

G(Z[1/S.))xs, = xs, + s, (Vo(Qs,)) forall n>0.

Let n > 0 and g € G(Z[1/S,]). For every m > n, we have g(zg,,)—zs,, €
vs,, (Vo(Qs,,)) and hence

glz)—zcp | V@) x [ W) x ] Zi
PESm,pF£00 PESm
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It follows (see Lemmal[5.7) that g(z)—z € ¢(Vy(A)) for every g € G(Z[1/S,]).
Therefore, z + p(Vp(A)) is G(Q)-invariant. Since x + ¢(Vp(A)) is closed in
X, this implies that

G(Q)z C z + ¢(Vo(A)).
Conversely, let y € p(Vo(A)). Then y = p(v) for v = (Vp)pepuicc) IN
Vo(A) with v, € Vo(Z,) for all p € P. Let U be a neighbourhood of y in
X. Then U contains a set of the form ¢ (On X Hpgésn Zg) for some n > 0,

where O, is a neighbourhood of (vp)pes, in R x [Les,\{oo} zZ!
Since G(Z[1/Sy))zs, — s, is dense in ¢g, (V5(Qs,)), there exists g €
G(Z[1/S,]) such that g(zs,) — xg, € ¢s,(On). As g(Z) C Z for every

p ¢ Sp, it follows that

gx) —x €| Oy X H Zg cU.
pESn

This shows that z + y € G(Q)z.

6. PROOF OF THEOREM [A]
In this section, we will give the proof of Theorem [A]

6.1. Invariant characters on Q? Let G be a connected algebraic sub-
group of G Ly defined over Q. Using Fourier transform, we establish the dual
versions of Theorems and in terms of G(Q)-invariant characters on

Q.

Recall (see Subsection that, after the choice of nontrivial unitary
character e of A which is trivial on Q, we can identify Q¢ with X = A?/Q?
by means of the GL4(Q)-equivariant map

X5 QL a+Ql A,
where
Aa(q) = e({a, q)) for all ¢ = (qu,...,qq) € Q%,
and (a,q) = 25:1 a;iq; for a = (ay,...,aq) € A%
By Pontrjagin duality, the map

g (a+ Q%= X(q)

is a G Lq(Q)-equivariant isomorphism between Q? and the dual group X of
X. The annihilator of a subset Y of X in Q% = X is

YL:{qudMa(q):l for all a+QdeY}.
If Y is a closed subgroup of X, the map
g+Y1t = (a+Ql— N(q)

is an isomorphism between Q?/Y ' and Y.
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We will need the following characterization of subsolenoids of X. Recall
that ¢ is the canonical projection A4 — X.

Lemma 6.1. Let Y(X) be the set of connected and closed subgroups of X
and Gr(Q?) the set of linear subspaces of Q.

(i) The map Y — Y+ is a GL4(Q)-equivariant bijection between Y (X)
and Gr(QY).
(i) For V € Gr(Q%), we have o(V(A)) € Y(X); moreover, we have

p(V(A) Np(W(A)) = o(VNIW)(A))

for every V,W € Gr(Q?).
(iii) The map V- — o(V(A)) is a GL4(Q)-equivariant bijection between
Gr(Q%) and Y(X).
In particular, for every P € Gr(QY), there exists a unique V € Gr(Q?)
such that P = o(V(A))*.

Proof. (i) Let Y be a closed subgroup of X. Then Y is connected if and only
Y is torsion-free (see Corollary (24.19) in[22]), that is, if and only if Q?/Y~+
is torsion-free. It follows that Y is connected if and only if Y* is a linear
subspace of Q¢.

(ii) Let V € Gr(QY). Since the canonical embedding of R is dense in
A /Q, the subgroup ¢(V(R)) is dense in ¢(V(A)) and therefore ¢(V(A))
is connected. Moreover, ¢(V(A)) is closed as it is the continuous image of
the compact solenoid V(A)/V(Q).

Let V,W € Gr(Q%). Tt is clear that o((V N W)(A)) is contained in
©(V(A))Np(W(A)). Let a € V(A) be such that p(a) € (W (A)). Writing
a = (ap)pepuoc}, We may assume that a, € V(Z,) for every p € P. So,
there exists ¢ € Q7 such that as, +¢ € W(R) and a, + q € W(Z,) for
every p € P. It follows that ¢ € Z%. Hence, we have as, € W(R) + Z%.
Observe that ta € V(A) for every t € Q; it follows by the same resoning
that tas, € W(R) 4+ Z? for every t € Q and hence for every t € R, since
W (R)+Zis closed in R%. By connectedness, this implies that a,, € W (R).
Since aso+¢q € W(R), we have ¢ € W(Z) and so a, € W(Z,) for every p € P.
Since V(A)NW(A) = (VN W)(A), this shows that a € (V NW)(A).

(iii) As already mentioned (see the proof of Lemmal[5.3)), we have p(V(A)) #
©(W(A)) for every V,W € Gr(QY) with V # W.
Let Y € Y(X). Then Y+ € Gr(Q%), by (i). Consider the linear subspace

Vi={ae€ Q% | (a,q) =0 for all qEYl}.

of Q. We claim that Y = ¢o(V(A)).

Indeed, let q1,...,qs be a basis of Y. Foreveryi € {1,...,s} and t € Q,
let V; = {a € Q| (a,q;) = 0} and choose a;; € Q¢ such that (a;,q) = t.
Then

{a€ A?[(a,q) =t} = Vi(A) + as.
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We have
Y=(YHt={a+Q'c X | X(q)=1 forall geY'}
={a+Qle X | M(tq) =1 forall geY* teQ}
={a+Q%e X |e(tla,q)) =1 forall geY*' teQ}
={a+Q%c X |(a,q;) €Q forevery i=1,--- s}
U $ViA) + i) = ) 2(Vi(A)
i=1teQ i=1
Using (ii), it follows that Y = ¢ (N, Vi)(A)) = ¢(V(A)). O

Let G be a connected algebraic subgroup of GL,; defined over Q. Fix
z = ¢(a) € X for some a € A?. Let P, be the Q-linear span of {\;,)A—q |
g€ G(Q)}* in Q% so,

Py = ﬂ {q € Qd ‘ )‘g(a) (tQ) = )‘a(tQ)}
9€G(Q),teQ

= N {2€Q?{9(0) — a.q) € Q}

9€G(Q)

g(a

and P, is a G(Q)-invariant linear subspace of Q¢. Define y, : Q? — C by

(q) = Aalq) fq€ Py
X=\d) = 0 otherwise.

Observe that x, is G(Q)-invariant and is of positive type (see Proposi-

tion , that is, x» € Tr(Q% G(Q)).
Recall that two points z,y € X belong to the same G(Q)-quasi-orbit if
their G(Q)-orbits have the same closure in X.

Theorem 6.2. Let G be a connected algebraic subgroup of GLg defined over
Q. Assume that G(Q) is generated by unipotent one-parameter subgroups.
The map

X 5 THQLGQ), o e
has Char(Q%, G(Q)) as image and factorizes to a bijection

X/~ — Char(Q”, G(Q)),
where X/~ is the space of G(Q)-quasi-orbits in X = A?/QY.
Proof. Identifying Q% with X , the Fourier transform on X is the map
F : Prob(X) — Tr(Q?)
given by

fWMﬁ=L)AWMW+QW for all € Prob(X),q € Q.
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Recall (see Proposition [3.1)) that F restricts to a bijection
F : Prob(X)8Q — Char(Q?, G(Q)).

erg

Let = ¢(a) € X for a € A% By Lemma there exists a G(Q)-
invariant linear subspace V' of Q? such that P, = Y+ for Y = p(V(A)).

e First step. We claim that F(uz4+y) = Xa-
Indeed, for every ¢ € Q¢, we have

Fllosy)(q) = /Y Nass(@)dpiy (b + Q)

= Aa(Q)/ Xo(q)dpy (b + QY.

Now, [ Ao(q)dpy (b + Q%) = 0, whenever b+ Q% — Xy(g) is a non-trivial
character of Y, by the orthogonality relations. This proves the claim.

e Second step. We claim that x, € Char(Q%, G(Q)). In view of the first
step, it suffices to show that p, 1y is ergodic

Assume, by contradiction, that p,4y is not ergodic. Observe that G(Q) is
connected (in the Zariski topology of GL;(Q)) and has hence no proper finite
index subgroup. Therefore, by Proposition there exists a proper closed
connected subgroup Z of Y such that g(x+y) € x+y+Z for every g € G(Q)
and y € Y. By Lemmal6.1], we can write Z = o(W(A)) for a G(Q)-invariant
proper Q-linear subspace W of V. So, we have g(z)—z € (W (A)) for every
g € G(Q). In view of the definition of P,, this implies that

Pp(W(A)): =P, =Y" =p(V(A)),
which is a contradiction, since W # V.

e Third step. We claim that the closure of the G(Q)-orbit of z coincides
with x + Y.

Indeed, by Theorem there exists a G(Q)-invariant linear subspace
W of Q? such that the closure of the G(Q)-orbit of  in X coincides with
x + (W (A)), that is, g(xz) —z € p(W(A)) for every g € G(Q). As in the
second step, this implies that W = V.

e Fourth step. We claim that Char(Q% G(Q)) = {xz | z € X}. Indeed,
this follows from Theorem and the first two steps.

e Fifth step. Fori = 1,2, let a; € A% and z; = ¢(a;). We claim that
Xz, = Xz, if and only if z; and x5 belong to the same G(Q)-quasi-orbit.

Indeed, observe that Py,) = P, and x,4) = xa for every z € X and
g € G(Q) It follows that x,, = Xz, if 1 and z2 belong to the same quasi-
orbit.

Conversely, assume that x;, = Xz,. Then P,, = P,, and A\, = A\, on

P,,. So, Y1 = Yo, where Y; = PL for i = 1,2, and 1 — 22 € Yj. Hence,
r1+ Y1 = 29 + Yo and so, by the thlrd step, 1 and xo belong to the same
quasi-orbit.
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O

6.2. Conclusion of the proof of Theorem Let G = G(Q) be as in
the statement of Theorem[A] G = LU a Levi decomposition of G, and u the
Lie algebra of U.

Let ¢ € Char(G).

o [lirst step. Set ¢ := |y oexp. There exists A € u such that ¢ coincides
with the trivial extension to u of the restriction of A to py, where p, is the
G-invariant linear subspace of u given by

pr = {X €u| MAd(g)(tX)) = A\(tX) forall geG.te Q).

Indeed, as discussed in Subsection[d.2] ¢ € Char(u, G). Identifying u with
Q¢, we can view ¢ as an element in Char(Q? G). By Theorem [6.2, there
exists x € X such that ¢ is the trivial extension to u of the restriction to
P, of the unitary character A of u defined by z € X. As P, = pj, the claim
follows.

e Second step. We claim that
P(exp(X)g) = P(exp(X))y(g) forall ge G, X €py.
Indeed, since
[1h(exp(X))] = [p(X)| = [A(X)[ =1
for every X € p,, the claim follows from Proposition [2.5ii.
o Third step. For every g € G and X € u, we have
¥(g) = ¢ (exp(—X) exp(Ad(g)(X))g) -
This is indeed the case, since
¥(g) = ¢(exp(—X)gexp(X))
= P(exp(—X) exp(Ad(g)(X))g).
Recall that
th={Xcu|AAd(g)(tX)) =1 forall geG,teQ};
observe that K := exp(£)) is in general strictly contained in K, NU, where
Ky :={g9€G|[(g) =1}
Let
Gy={9geG|Ad(9)(X)e X +¢, forall X cu}.

Assume that G # G. Observe that this implies that A # 1,. Let g €
G\ G and fix X € u such that Ad(g)(X) — X ¢ &). Let

Ay x ={t € Q|exp(—tX)exp(Ad(g)(tX) € Ky}.

By Lemma Ag x is a subgroup of Q.
e Fourth step. We claim that A, x # Q.
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Indeed, assume, by contradiction, that A, x = Q, that is,
exp(—tX)exp(Ad(g)(tX) € Ky forall te Q.
By the Campbell-Hausdorff formula, there exists Y7, Yo, ...,Y, € usuch that

exp(—tX)exp(Ad(g)(tX)) = exp <Z thk> for all teQ,
k=1

where Y7 = Ad(g)(X) — X. We have then

AD Vi) =1 forall teQ.
k=1

Identifying u with Q¢ via a basis {X1,... X4}, the character A of u is
given by some a = (a1, ...,aq) € A? via the formula

d d
)\(Z qiX;) = e(z aiq;)) forall (qi,...,qq) € Q%
i=1 i=1

for a nontrivial unitary character e of A which is trivial on Q (see Subsec-
tion [4.2)). It follows that

r d
e (Z t* (Z aiqk’z)) =1 forall te€Q,
k=1 i=1

where (qm)f:l are the coordinates of Yy in {X1,... Xy} This implies that
Zle a;qr; € Q for every k = 1,...,r. Indeed, otherwise the image of the

set 4
{Ztk (Zai(ﬂm) |te Q}
k=1 i=1

would be dense in A/Q (see |11, Theorem 2] or [5, Theorem 5.2]) and this
would contradicts the non-triviality of e.

In particular, we have Z?:l a;q1,; € Q and, since Y7 = Ad(g)X — X, we
obtain A(Ad(g)(tX) —tX) =1 for all t € Q. So, Ad(g)X — X belongs to £,
and this is a contradiction to the choice of X.

e Fifth step. Let g € G\ Gx. We claim that ¢(g) = 0.
Indeed, let X € u with Ad(g)(X)—X ¢ £, and let A; x C Q be as in the
fourth step. Set

By x = {t € Q| exp(—tX)exp(Ad(g)(tX) € Py}.

Then Ay x C By x and, by Lemma [3.6|again, By x is a subgroup of Q. Two
cases may Occur.
~First case: Ay x # By x. So, there exists ¢ € Q such that

exp(—tX)exp(Ad(g)(tX) € Py \ Ky.
Then, using the third and second steps, we have

¥(g) = Y(exp(=X) exp(Ad(g)(X))¢(9)
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and hence 1(g) = 0, since ¥ ((exp(—X) exp(Ad(g)(X)) # 1.

—Second case: Ay x = By x. Then By x is a proper subgroup of Q, by
the the fourth step. So, By x has infinite index in Q and so we can find an
infinite sequence (t,)n>1 in Q such that t,, — t,, ¢ By x for all n # m.

Set

Up, := exp(—t, X) exp(Ad(g)(t,X)) forall n>1.
For n # m, we have
unu;nl = eXp(_tnX) eXp(g(tn - tm)X)) eXp(th)
= exp(—th) (exp(_(tn - tm)X) eXp(Ad(g)(tn - tm)X)) eXp(th);

since exp(—(t, —tm)X) exp(Ad(g)(t, —tm)X ¢ Py and since Py is a normal
subgroup of U, we have therefore u,u,,! ¢ P, and hence

Y(upu,) =0 for all n #m,

by the first step.
As u,, coincides with the commutator [exp(t,X), ¢g] in G, it follows from

Lemma [2.6] that 1(g) = 0.

It remains to determine the restriction of ¢ to Gj.

Since ¢|k, = 1k,, we may view ¢ as character of G/K), which is the
group of Q-points of an algebraic group, and we can therefore assume that
Ky, = {e}. Then G, is the centralizer of U in G and is the group of Q-
points of an algebraic normal subgroup of G. Let Gy = L1U; be a Levi
decomposition of G. Since U is a unipotent characteristic subgroup of Gy,
we have U; C U. Moreover, Ly is the group of Q-points of an algebraic
subgroup L; of G and so L; is contained in a Levi subgroup of G. As two
Levi subgroups of G are conjugate by an element of U (see [|28]), we can
assume that Ly C L, that is, L1 = Ly and so, Gy = LyZ(U).

e Sizth step. We claim that there exists ¢; € Char(L)) such that

Y(gu) = ¢1(9)p(u) forall ge Ly,uel.
Indeed, we can find a normal subgroup H of L which centralizes L such

that Ly N H is finite and such that L = LyH (see Proposition below).
Then G = LyHU and HU centralizes Ly. So, the claim follows from Propo-

sition (see also Corollary [2.13]).

e Seventh step. Let A € U, € Char(Ly), and let ®(, .y : G — C be
defined as in Theorem [A] We claim that ¢ := &, ) € Char(G).
Indeed, it is clear (see Proposition that ¢ € Tr(G). Write

wzémww

as an integral over a probability space (2, ) with 1), € Char(G) for every

w (see Remark [2.2)).

Then ¢ := 9|y oexp coincides with the trivial extension to u of the restric-
tion of A to py, where py is defined as above. It follows from Theorem [6.2]
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that ¢ € Char(u, G). This implies that the restriction of 1, to U coincides
with 9|y for (v-almost) every w.

Let w € Q. The fifth step, applied to 1, € Char(G), shows that 1, = 0
on G\ Gy, where G is defined as above. By the sixth step, also applied to
., there exists ¢ € Char(Ly) such that

P(gu) = 5 (g)Y(u) forall ge Ly,uel.

As a result, we have
o1 = [ Hiv).
Q

Since 1 € Char(L)), it follows that ¢4 = ¢; and hence that ¢ = ¢, for
(v-almost) every w. This shows that ¢ € Char(G).

e Eighth step. Let A1, A2 € U and ¢ € Char(Ly,), g2 € Char(L),). We
claim that ®(y, ;) = @ y if and only if A; and A have the same G-orbit
closure and 1 = @s.

Indeed, set 1; = ®(\;, ;) for i = 1,2. It follows from Theorem that
Y1|lu = Yeo|u if and only if the closures of the G-orbits of A\; and Ag coincide.
If this is the case, then €\, = £,, and hence G, = G,. The claim follows
from this facts.

2,2

6.3. Characters of semi-simple algebraic groups. The following propo-
sition, in combination with |2] and Corollary shows how the characters
of the groups L) appearing in Theorem [A] can be described.

A group L is the almost direct product of subgroups Hy,...,H, of L
if the product map Hy X --- x H, — L is a surjective homomorphism with
finite kernel.

Proposition 6.3. Let G be a connected semi-simple algebraic group de-
fined over a field k. Assume that G(k) is generated by its unipotent one-
parameter subgroups. Let L be a (non necessarily connected) algebraic nor-
mal k-subgroup of G. Then there exist connected almost k-simple normal
k-subgroups Gq, ..., G, of G, a subgroup F of L(k) contained in the (finite)
center of G, and a connected normal k-subgroup H of G with the following
properties:

(i) G(k) is the almost direct product of L(k) and H(k);
(ii) L(k) is the almost direct product of F,Gy(k),...,G.(k);
(iii) every G;(k) is generated by its unipotent one parameter subgroups.

Proof. Let Ly be the connected component of L. Let Gq,...,G, be the
connected almost k-simple normal k-subgroups of G contained in L. Then
Ly is the almost direct product of the G;’s and there exists a connected
normal k-subgroup H of G such that G is the almost direct product of Lg
and H (see |8, 2.15]). It follows that L is the almost direct product of Ly
and L N H and hence that L N H is finite, since Ly has finite index in L.
This implies that LNH is contained in the center of G, as LNH is a normal
subgroup of G.
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Since G(k) is generated by its unipotent one parameter subgroups, the
same is true for G;(k) for every i, for Lo(k), and for H(k). Hence, Lo(k)
is the almost direct product of Gi(k),...,G,(k), and G(k) is the almost
direct product of Lo(k) and H(k) (see [9, Proposition 6.2]). It follows that
L(k) is the almost direct product of Lo(k) and F' := L(k) N H(k). From
what we have seen above, F' C L N H is a subgroup of the center of G. [

7. A FEW EXAMPLES

7.1. Abelian unipotent radical. Let L be a quasi-simple algebraic group
defined over Q. Assume that L = L(Q) is generated by its unipotent one-
parameter subgroups. Let L — GL(V) be a finite dimensional representa-
tion defined over Q of dimension at least 2; assume that L — GL(V(Q)) is
irreducible. Set G = L x V(Q). Then G is the group of Q-rational points of
the algebraic group L x V. Denote by F the kernel of L — GL(V(Q)) and
observe that F' is a subgroup of the finite center of L. We claim that

Char(G) = Char(L) U{Xx | x € Char(L)}.

Indeed, let A € V(Q). The sets K and Py as in Theorem |A|are L-invariant
linear subspaces of V(Q) and so are equal either to V(Q) or to {0}, by
irreducibility of the representation of L on V(Q).

e Assume that K, = V(Q); then A = 1y(q) and Ly = L. So, the
characters of G associated to A are the characters of L lifted to G.

e Assume that K = {0}. Then Py = {0} (see Proposition [3.5)). So,
Ly = F and every element of Char(G) associated to A is of the form
X for some y € Char(F').

For instance, for every faithful Q-irreducible rational representation SLy —
GL(V), we have

Char(SL2(Q) x V(Q)) = {16, ¢,0c},
where ¢ is defined by ¢(I,v) =1, e(—1,v) = —1, and (g, v) = 0 otherwise.

7.2. The Heisenberg group as unipotent radical. For an integer n > 1,
consider the symplectic form 3 on C?" given by

B((z,y), (@, y)) = (z,y) J(2,y) forall (x,y),(z',y) € C*,

where J is the (2n x 2n)-matrix

The symplectic group
Span = {9 € GL2a(C) | 'gJg = J}

is an algebraic which is a quasi-simple and defined over Q.
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The (2n 4 1)-dimensional Heisenberg group is the unipotent algebraic
group Hy, 41 defined over Q, with underlying set C?" x C and product

(@@t = (@4 2y s 4 3. ().

for (z,y), (2',y') € C*", s,t € C.
The group Spo, acts by rational automorphisms of Hay,y1, given by

9((z,y),t) = (9(z,y),t) forall g€ Spay, (z,y) € C*, te C.

Let
G = szn(Q) X H2n+1(Q)

be the group of Q-points of the algebraic group Spa, X Haopy1 defined over
Q. Since Spa, is Q-split, G is generated by its unipotent one-parameter
subgroups. We claim that

Char(G) = {1g¢, 1H2n+1(Q)a€} U{X|xe€ 2}

where Z = {((0,0),s) : s € Q} is the center of Ha,4+1(Q) and ¢ is the
character of G defined by

e(I,h)=1,e(—I,h) =—1, and e(g,h) =0

for g € Sp2n(Q) \ {£I} and h € Ho,11(Q).
Indeed, the Lie algebra of Ha,11(Q) is the 2n + 1-dimensional nilpotent
Lie algebra h over Q with underlying set Q2" x Q and Lie bracket

[(z,y),5), (", 9),1] = (0, B((z,9), (=", ¥))) ,

for (z,y), (z',y') € Q*, s,t € Q. The action of Sps,(Q) on b is given by
the same formula as for the action on Ha,11(Q).

The Sp2,(Q)-invariant ideals € of h are {0}, h, and the center 3 of h. The
corresponding ideals p, which are inverse images in b of the G-fixed elements
in h/¢, are respectively 3, b and 3.

Let A\ € E

e Assume that €5, = {0}. Then p) = 3. Since no element in Sps,(Q) \
{e} acts trivially on h/3 = Q?", we have Ly = {e}. So, the only
character of G associated to A is . (Observe that x # 1z, since
&y ={0}.)

e Assume that €, = b; then A = 1y and Ly = Sp2,(Q). So, the
characters of G associated to A are the characters of Spo,(Q) lifted
to G, that is, 1, 1g,,,,(qQ), and &.

e Assume that €5 = 3. Then p) = 3 and Ly = {e}. So, 17 is the only
character of G associated to A.
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7.3. Free nilpotent groups as unipotent radical. Let u = u, > be the
free 2-step nilpotent Lie algebra on n > 2 generators over Q; as is well-
known (see [19]), u can be realized as follows. Let V' be an n-dimensional
vector space over Q and set u := V ® A2V, where A2V is the second exterior
power of V. The Lie bracket on u =V ® A%V is defined by

v1, W1 ), (vo, ws)| = (0,v1 A vg for all wv1,v9 € V,wy,ws € A2V
[( ), ( )] = (

The center of u is AV and the associated unipotent group U is V & A%V
with the product

1
(v1,w1)(v2, w2) = (v + vo, w1 + wo + 51)1 A vg)

so that the exponential mapping exp : u — U is the identity. The group
GL, acts naturally on V as well as on A’V and these actions induce an
action of GL, by automorphisms on U given by

g(v,w) = (gv,gw) for all g€ GL,(Q),v € V,w e A?V.

Since U coincides with the Heisenberg group H3(Q) when n = 2, we may
assume that n > 3. Let L be the group of Q-points of an algebraic subgroup
of GL,, defined and quasi-simple over Q. Assume that the representations of
L on V and on A%V are faithful and irreducible over Q and that, moreover, L
is generated by its unipotent one-parameter subgroups (an example of such
a group is L = SL,(Q)). The group G = L x U is the group of Q-points
of an algebraic group defined over Q and G is generated by its unipotent
one-parameter subgroups.

We claim that

Char(G) = {1lg}U{Xxop|x € Z(L)} U{de} U{ln2v},
where p : G — L is the canonical epimorphism and Z(L) the center of L.
Indeed, the L-invariant ideals € of u are {0}, u, and the center 3 = A2?V.
By irreducibility of the L-action on L on V and A%V, the corresponding
ideals p, which are inverse images in u of the G-fixed elements in u/¢, are
respectively {0}, u and 3.
Let A € u.
e Assume that €y, = {0}. Then p) = {0} and L) = {e}. So, the only
character of G associated to A is de.
e Assume that £, = u. Then the characters of G associated to Me
the characters of L lifted to G, that is, {1} and xop for x € Z(L).
e Assume that €5 = 3. Then p) = 3 and Ly = {e}. So, 1,2y is the
only character of G associated to A.
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