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Irreducible affine isometric actions on
Hilbert spaces

Bachir Bekka, Thibault Pillon*, and Alain Valette

Abstract. Let G be locally compact group. We undertake a systematic study of irreducible
affine isometric actions of G on Hilbert spaces. It turns out that, while that are a few parallels
of this study to the by now classical theory of irreducible unitary representations, these
two theories differ in several aspects (for instance, the direct sum of two irreducible affine
actions can still be irreducible). One of the main tools we use is an affine version of Schur’s
lemma characterizing the irreducibility of an affine isometric action of G. This enables us to
describe for instance the irreducible affine isometric actions of nilpotent groups. As another
application, a short proof is provided for the following result of Neretin: the restriction
to a cocompact lattice of an irreducible affine action of G remains irreducible. We give a
necessary and sufficient condition for a fixed unitary representation 7 to be the linear part of
an irreducible affine action. In particular, when 7 is a multiple of the regular representation
of a discrete group I', we show how this question is related to the L2-Betti number ,8(12)(F).
After giving a necessary and sufficient condition for a direct sum of irreducible affine actions
to be irreducible, we show the following super-rigidity result: if G is product of two or more
locally compact groups and I' an irreducible co-compact lattice in G, then any irreducible
affine action « of " extends to an affine action of G, provided the linear part of o does not
weakly con

1. INTRODUCTION

The theory of unitary representations of locally compact groups is by now
a central and classical part of representation theory. Very quickly, the theory
centers on the study of unitary irreducible representations which, for suitable
classes of groups (e.g. compact Lie groups, nilpotent Lie groups, semi-simple
Lie groups, to name just a few), has reached a very satisfactory state.

The theory of affine isometric actions on Hilbert spaces is, comparatively, a
much more recent subject, that developed through connections with property
(T), the Haagerup property, or operator algebras (see e.g. [3]). To the best
of our knowledge, irreducible affine isometric actions were first considered by
Neretin [23], who also provides many examples. So let a be an affine isometric
action of the group G on the complex or real Hilbert space H, i.e. a group
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homomorphism « : G — Isom(H) from G to the group of affine isometries of

H.

Definition 1.1. The action « is irreducible if H has no non-empty, closed and
proper a(G)-invariant affine subspace.

In the sequel, our Hilbert spaces will often, but not always (as in Section 4.24
and Proposition 5.4), be indifferently complex or real; following common ter-
minology, a representation of G by linear isometries on a such a Hilbert space
‘H is called a unitary representation if H is complex and an orthogonal repre-
sentation if H is real.

The following two classes of examples of irreducible affine isometric actions
should be kept in mind.

Example 1.2. Let b: G — H be a homomorphism to the additive group of H.
It gives rise to an affine action of G by translations on H, which is irreducible
if and only if the linear span of b(G) is dense in H.

Example 1.3. Let m be an irreducible unitary or orthogonal representation
of G on H, such that H'(G, ) # 0. Choose a 1-cocycle b € Z1(G, ) which is
not a 1-coboundary. Then the affine action o of G on H, defined

alg)v :=n(g)v+0blg) for geG,veH,

is irreducible. Indeed, assume by contradiction that K is a non-empty, closed,
proper, «(G)-invariant affine subspace. Then its linear part Ko, is a proper
and closed 7(G)-invariant linear subspace; by irreducibility of =, it follows
that Ko = {0}. So « has a fixed point, contradicting the fact that b is not a
coboundary.

In this paper, we undertake a systematic study of irreducible affine isomet-
ric actions of the locally compact group G on Hilbert spaces. The theory of
irreducible affine isometric actions has some parallels with the theory of irre-
ducible unitary representations, but to a limited extent. To illustrate this, we
contrast the classical case and the affine case in two columns, where the left
column is about a unitary representation 7, the right column is about an affine
isometric action o on a complex or real Hilbert space H with linear part 7 and
translation part b.

(1) Characterization

7 is irreducible if and | « is irreducible if and only if, for ev-
only 7(G)¢ is total for ev- | ery vector v, the cocycle g — b(g) +
ery non-zero vector ¢ if | m(g)v — v has total image; if and
and only if every positive- | only if b(G) is total and, for every
definite function g + | decomposition [|b(g)||*> = to(g) +
(m(g)€|¢) lies on an ex- | ¥1(g), With 10,41 functions condi-
tremal ray in the cone of | tionally of negative type with g #
positive-definite functions | 0, the function 1) is unbounded (see
on G. Proposition 2.3).
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(2) Existence (G locally compact)

For G compactly generated, G ad-
mits an irreducible affine action if
Irreducible unitary repre- | and only if G doesn’t have property
sentations of G separate | (T), as follows from Theorem 0.2 in
points (Gelfand-Raikov). | [31]. Even then, irreducible affine
actions do not separate points in
general (see Corollary 4.21 below).
(3) Commutants
a(G) is the commutant of «(G)
in the monoid of continuous affine
maps on H. The affine map Av :=
Tv+tisin o(G) if and only if T €
7(G)" and (T —1)b(g) = n(g)t—1 for
all g € G (see Lemma 3.3).

7(G)" is the commutant of
7(G) in B(H) (it is a von
Neumann algebra).

(4) Schur’s lemma
a is irreducible if and only if a(G)’
w is irreducible if and only | consists of translations (in this case,
if 7(G)' = C.1. exactly the set of translations along
H™(S); see Proposition 3.6).

(5) Abelian groups
Every irreducible action is given by
some homomorphism b : G — H
with b(G) having dense linear span
(see Proposition 4.11).

Every irreducible uni-
tary representation is
one-dimensional.

(6) Nilpotent groups
Usually, the irreducible
unitary representations of
G are infinite dimensional
(think of Kirillov’s orbit
method).

Apart from allowing us to determine the irreducible affine actions of abelian
or nilpotent groups, our affine Schur lemma has several other applications:

Same as for abelian groups, see
Corollary 4.21.

e We give in Theorem 4.2 a short proof of Neretin’s result [23] that, upon
restricting to a co-compact lattice in a locally compact group, an irreducible
affine action remains irreducible’.

e We are able to study the question: “when is a given unitary representation
7 the linear part of an irreducible affine action?” In particular, taking for
7 a multiple of the regular representation of a non-amenable, ICC discrete
group I', we get a new definition of the first L2-Betti number 5(12) (T);

namely 5(12) (T) is the supremum of all non-negative ¢’s such that the unique

11t is well-known that, in general, restricting a unitary irreducible representation to a
co-compact lattice, does not yield an irreducible representation.
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module over the von Neumann algebra L(I") of I" with L(I")-dimension ¢ is
the linear part of some irreducible affine action (see Corollary 4.28).

e The definition of L?-Betti numbers ﬁ&) has been extended from discrete
to locally compact unimodular groups, in two papers by Petersen [26] and
Kyed-Petersen-Vaes [16]. We prove in Theorem 7.2 that, if G is a locally
compact group containing a co-compact lattice, then

(1) Bly(G) > > dydime H' (G, o)

oeéd

where Gy is the discrete series of G (i.e. the set of square-integrable unitary
irreducible representations of G, up to unitary equivalence), and d, > 0
is the formal dimension of 0. The proof depends crucially on irreducible
affine actions, even if the inequality involves no such actions .

Here is a short summary of the paper. We give in Section 2 a number of charac-
terizations of irreducible affine actions. Commutants are introduced in Section
3, where the affine Schur lemma is also proved. Section 4 contains several
applications of the affine Schur lemma: to the restriction of affine actions to
lattices, to the behavior of an irreducible affine action on the center of a group,
to abelian and nilpotent groups, and to the regular representation of a discrete
group. Observing that (unlike what happens for unitary representations!), the
direct sum of two irreducible affine actions can still be irreducible, we give in
Section 5 a necessary and sufficient condition for this to happen. In Section
6, we combine this with a super-rigidity result of Shalom [31] and show that,
if I' is an irreducible co-compact lattice in a product of two or more locally
compact groups, any irreducible affine action of I' extends to an affine action
of the ambient group, provided the linear part of o does not weakly contain
the trivial representation. Section 7 is devoted to the proof of inequality (1)
mentioned above. Finally, in Section 8 we compare our notion of irreducibility
for affine actions with other possible definitions, already introduced in [8].

2. CHARACTERIZATIONS OF IRREDUCIBLE AFFINE ACTIONS

2.1. Notations. Let G be a topological group with identity element e; a con-
tinuous function ¢ : G — R is conditionally of negative type (CNT) if ¢(e) = 0,
P(g~t) = 1(g) for every g € G, and

n

> Nid(g ) <0,

i,j=1
for every n > 1, g1,...,9n, € G, and A\1,..., A\, € R with > | A\; = 0. Equiv-
alently, by the GNS construction, there exists a real (or complex) Hilbert
space Hy and a (continuous) affine isometric action ay, of G on H,, such that
¥(g) = |lay(g)(0)||* for every g € G (see [3], Theorem C.2.3 and Proposition
2.10.2; observe that although the result there is stated for a real Hilbert space
H., the proof produces an isometric action on the complexification of H,).
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Let C be the cone of CNT functions on G. It is known (see [32], or Théoréme
1 in [17] ?) that a non-zero ¢ € C lies on an extremal ray, if and only if the
linear part my of the isometric action ay on the associated real Hilbert is an
irreducible orthogonal representation of GG. Define two sub-cones C} and C:
the cone (4 is the set of bounded functions in C, and the cone C, is the set
of unbounded functions in C, together with 0. Clearly C = C, U C,, and
CyNC, = {0}, and C} is a face in C. For G locally compact o-compact group,
Cy = {0} if and only if G has Kazhdan’s property (T): this is a re-phrasing of
the Delorme-Guichardet theorem (see [3], Theorem 2.12.4).

Let (m,H) be a unitary or orthogonal representation of G on a complex
or real Hilbert space H; we denote by Z1(G, ) (resp. B(G,r)) the space
of 1-cocycles (resp. 1-coboundaries) associated with w. The 1-cohomology
HY(G, ) is the quotient Z1(G,n)/BY (G, 7).

Let b € Z1(G, ) be a 1-cocycle. We denote by a; the associated affine
isometric action of G on H associated to b, defined by ax»(g)v = 7(g)v + b(g)
for g € G and v € H. When 7 and b are clear, we will write o for ay p.

For v € H, we shall denote by J, the 1-coboundary 9,(-) := m(-)v — v; this
is the 1-cocycle associated with the affine isometric action ¢, ! o 7 o t,, where
t, is the translation of vector v in H, so this affine action has a fixed point and
it is reducible.

Let w9 be a sub-representation of m, on a closed subspace Vy C H. Let
us denote by bo(g) the orthogonal projection of b(g) on Vy. It is immediate
to check that g — bg(g) is a cocycle with respect to mp, so that ag(g)v =
mo(g)v + bo(g) defines an affine isometric action of G on Vh: we call it the
projected action on Vj.

Recall that a subset of H is total if it generates a dense linear subspace of H.
Throughout this paper, all affine subspaces will be assumed to be non-empty.

2.2. Characterizations of irreducibility. Let (7, H) be a unitary or orthog-
onal representation of G on a complex or real Hilbert space H and b € Z!(G, )
a 1-cocycle. Recall that b is bounded if and only if b is a coboundary (see Propo-
sition 2.2.9 in [3]). In this case, the corresponding affine action « is reducible.
Thus, we assume from now on that b is not a I1-coboundary.

Proposition 2.3. Keep notations as in subsection 2.1. The following proper-
ties are equivalent:

(A1) The affine isometric action « is irreducible.

(A2) For every v € H, the 1-cocycle b+ 0, has total image in H.

(A3) For every direct sum decomposition m1 = mo & m with w9 # 0, in the
corresponding decomposition b = by @ by, the I-cocycle by is unbounded.

2Note that the assumption b # 0 is missing in the statement of this result in [17]; also, it
should have been said in the proof that the linear subspace spanned by b(G) is 7 (G)-invariant
(as follows easily from the 1-cocycle relation), hence by irreducibility it is dense in H.
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(A4) b(G) is total and, for every decomposition b = g + 11, with o, Yn
functions conditionally of negative type with g # 0, the function g is
unbounded.

(A5) b(Q) is total and ¢ belongs to a common face of C' and C,,.

(A6) For every non-zero sub-representation mo of m, the projected action aq is
irreductble.

Proof. We follow the schemes (Al) = (A6) = (A3) = (A2) = (Al) and
(Al) = (A4) & (Ab) = (43)

(A1) = (A6): Assume that there is a closed, 7(G)-invariant subspace V C
‘H such that the projected action «q is reducible. So there exists a proper
closed, ap(G)-invariant affine subspace W C Vj. Let V- denote the orthogonal
complement of V5. Then W @ V5= is a proper closed, a(G)-invariant affine
subspace of H, so that « is reducible.

(A6) = (A3) is clear, as boundedness of by implies reducibility of ay.

(A3) = (A2): Assume that, for some v € H, the set (b + 0,)(G) is not
total. Let W7 be the closed linear subspace it generates. It follows from the 1-
cocycle relation for b+ 9, that Wi is 7(G)-invariant. Let W be the orthogonal
complement of W7, and let

T=mog D7, b=by Dby, and v =1v9 B v

be the corresponding decompositions of 7, b, and v. As v + Wy is a(G)-
invariant, it follows that the affine action g obtained by projecting to Wy has
v as a fixed point, i.e. by is bounded.

(A2) = (Al): Assume by contraposition that « has a non-empty, closed
invariant affine subspace W # H; let Wy = W — W be the corresponding
linear subspace, so that Wy # H. Then for v € W we have a(g)v —v € W for
every g € G, i.e. b(g) + m(g)v —v € Wy, showing that (b+ 9,)(G) is not total.

(A1) = (A4): We proceed by contraposition. If b(G) is not total, then «
is reducible. So, we may assume that b(G) is total and that there exists a
decomposition 1 = 1y + 11 where 1)y is non-zero and bounded. By the GNS
construction, there exist a unitary or orthogonal representation my of G on a
Hilbert space Ho and a 1-cocycle by € Z1(G,my) with total image such that
Po(-) = ||b(-)||? (see [3], Theorem C.2.3 and Proposition 2.10.2). The associated
affine isometric action ag = aur, b, has a fixed point w, as 1o is bounded. Now,
by the proof of Theorem 1 in [17] (see in particular pp. 245-246), the map
> aib(gi) = >, aibo(gs), from the span of b(G) to the span of by(G) , extends
linearly and continuously to a bounded linear map T : H — Hg, which is onto
and intertwines o and «g. Hence Tofl(w) is a proper, closed, affine subspace
of H which is a(G)-invariant, so « is reducible.

(A4) = (A5): Set
F = {4y € C'| there exists 1 € C such that 1y +1; € RT9}.

This is clearly the smallest face of C' containing 1. The assumption implies
that F C C,, so F' is a common face of C and C,,.
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(A5) = (A4) is obvious.
(A4) = (A3): Set ¥;(-) = ||b;(-)||? (i = 0,1) and notice that the assumption
that b(G) is total implies that by # 0. O

Example 2.4. If « is irreducible then by (Al) = (A2) the set b(G) is total
in H. The converse is false: the reason is that condition (A2) is translation-
invariant, while b(G) being total is not. Concretely, let G = Z act isometrically
on the Euclidean space R? by

an)(z,y) = (x+n,(-1)"y+1—(=1)") forall ncZ, (z,y) € R
Geometrically, this is the action by powers of the glide symmetry with axis the

horizontal line y = 1, and translation by +1 to the right. Then all orbits are
total, in particular a(G)(0) = b(G), but « is reducible as the axis is invariant.

3. USE OF COMMUTANTS

3.1. The commutant of an affine action. Let a be an affine isometric
action of a group G on a complex or real Hilbert space H, with linear part .
We recall that the commutant of 7 is the subalgebra

n(G) ={T € B(H) | Tn(9) = w(g)T forall g€ G}
of B(H). If b is a cocycle for m and T' € w(G)’, we observe that T is still a

cocycle for 7, so that 7(G)’ acts on the space Z'(G, ) of 1-cocycles, and this
action descends to the first cohomology space H'(G, ).

Definition 3.2. The commutant of « is the set of (continuous) affine trans-
formations A on H such that Ao a(g) = a(g) o A for every g € G.

Write an affine transformation A on ‘H as Av = Twv +t for v € H, where
T € B(H) is the linear part. It is easy to see that A is in the commutant of «
if and only if T € (@)’ and (T — 1)b(g) = dy(g) for every g € G. From this
the following lemma is immediate:

Lemma 3.3. For T € w(G)’, the following properties are equivalent:

1) There exists t € H such that the affine transformation Av :=Tv +t is in
the commutant of «.
it) There exists t € H such that (T — 1)b(g) = 0:(g) for every g € G.
i) (T — 1)[b] = 0, where [b] denotes the class of b in HY(G, ).

Remark 3.4. We observe that, if Av = Tv 4+t is in the commutant of an
affine action o = o, without fixed point, then 1 is a spectral value of T', as
the operator T'— 1 maps the unbounded set b(G) to the bounded set 9;(G).

3.5. A Schur-type lemma. Let o be an affine isometric action of a group
G on a complex or real Hilbert space H, with linear part m and associated
1-cocycle b. We denote by H™(&) the space of 7(G)-fixed vectors in H.

Proposition 3.6. The following properties are equivalent.
i) The affine isometric action « is irreducible.
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ii) The commutant of o is the set of translations along H™().
iii) The commutant of « consists of translations.

Proof. (i) = (ii) Let Av = Tv + ¢t be an affine transformation of #, in the
commutant of «. Then T € 7(G)’ and

(2) (T —1)b(g) =7(g)t —t forevery ge€QG.
So it is enough to show that T = 1. For this, consider the positive operator
S=TT-T-T*4+2=(T-1D)"(T-1)+1;

if we show S =1, then T'= 1. As S is self-adjoint, it is enough to show that
the spectrum of S is {1}. Indeed, this fact, which is well-known when H is
a complex Hilbert space, is an easy consequence of the functional calculus for
the self-adjoint operator S. However, the functional calculus is still valid for
a self-adjoint operator S on a real Hilbert space H and a real Borel function
f on R; to see this, one can extend S to a self-adjoint operator Sc on the
complexification Hc and one checks that f(Sc) maps H to H.

Assume by contradiction that there some spectral value s # 1 of S. Let [a, b]
be a closed interval of R containing s in its interior, and not containing 1. Let
E = 1(,)(S) be the spectral projector of S associated with [a,b]. Then E # 0
and E € 7(G)’. Denote by p the sub-representation of = on Im(F). Apply
(T — 1)* to Equation 2:

(S =1)b(g) = (x(g) — 1)(T™ — 1)t.
Then apply F and restrict to Im(E):

(S —1)Eb(g) = (p(g) — )ET™ - 1)t.

But S — 1 is invertible as a bounded operator on Im(E) (since 1 ¢ [a,b]);
denoting by R its inverse, we obtain

Eb(g) = (p(9) — 1)RE(T™ — 1)t.
The projection Eb of b on Im(FE) is therefore bounded, contradicting condition
(A3) in Proposition 2.3.

(id) = (444) is trivial.

(791) = (i) Assume that « is reducible, and let W be a non-trivial closed,
invariant, affine subspace of H. Let E : H — W be the projection onto W
so Fv is the point of W closest to v, for every v € H. Since every a(g) is

an isometry, it follows that the affine transformation F is in the commutant
of a. 0

We already observed that the first cohomology H!(G, ) is a module over
the algebra M := m(G)’; recall that a vector £ in a module over M is separating
if S¢€ =0 implies S = 0 for every S € M.

Corollary 3.7. Let m be a unitary or orthogonal representation of G. There
exists an irreducible affine action o with linear part @ if and only if H*(G, )
admits a separating vector for w(G)'.
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Proof. According to Proposition 3.6, the existence of « is equivalent to the
existence of a 1-cocycle b such that, for every T € 7n(G)’ and t € H such that
(T'—1)b(g) = O:(g) for every g € G, we have T = 1; in turn, by Lemma 3.3, this
is equivalent to the existence of a class [b] € H'(G,7) such that (T —1)[b)] =0
for T € n(G)’, implies T' = 1; this exactly means that [b] is a separating vector
for 7(G)’'. O

4. APPLICATIONS

4.1. Restriction to lattices. We give a short proof of a result of Neretin
(Theorem 3.6 in [23]%) asserting that the restriction of an irreducible affine
action to a co-compact lattice, remains irreducible. Since we do not use induc-
tion of affine actions, we are able to remove the assumption of discreteness of
the subgroup in [23]. In order to treat non-co-compact lattices, we introduce
a definition: for H a lattice in G and b € Z1(G, ), we say that the cocycle b
is integrable on G/H if there exists a measurable fundamental domain € for
the right action of H on G, such that [, [|b(g)|| dg < +oo, where dg denotes
Haar measure on G.

Theorem 4.2. Let H be a closed subgroup of the locally compact group G, such
that G/ H carries a G-invariant probability measure p. Let a(g)v = 7(g)v+b(g)
be an affine isometric action of G on a complex or real Hilbert space. Assume
either that H is co-compact or that H is discrete and the cocycle b is integrable
on G/H. If « is irreducible, then the restriction «|y is irreducible.

Proof. Let K be a closed affine subspace of H, which is invariant under «|g,
and let F be the projection onto . We want to show that E is the identity of
‘H, or equivalently that its linear part Ej is the identity. Write Fv = Egv +t
for v € H.
Let Aff(H) be the set of continuous affine maps from H to H. Counsider the
map
G — Aff(H), g — a(g)Ea(g)™'.

This map factors through G/H, and we wish to integrate it on G/H. For this,
we compute (using b(g~1) = —7(g) " *b(g)):

a(g)Ea(g)™ v = (g)Eom(g) v+ m(g)t + [1 — m(9) Eom(g) ' ]blg).

The first two terms are bounded, and the third one is integrable on G/H under
either of our assumptions. So we may define

(3) A= a(z)Ba(z) ™! du(x)
G/H

3We seize this opportunity to correct an error in [23]: the proof of Theorem 3.6 rests
on Proposition 2.5 of the same paper, which claims that, if an affine isometric action a has
a closed, affine invariant subspace L such that «|p is irreducible, then every closed, affine
invariant subspace of « contains L: this is false, as shown by an action of Z by translations
on the plane. It can be checked however that Neretin’s proof holds for irreducible affine
actions whose linear part has no non-zero fixed vector.
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as an element of Aff(#). By G-invariance of u, we see that A belongs to the
commutant of a. By Proposition 3.6, the affine transformation A is a transla-
tion. Taking linear parts in Equation (3), we get 1 = fG/H 7(z)Eorm(z) ! du(x),
expressing the identity 1 on H as an average of operators of norm < 1. Since
1 is an extreme point in the unit ball of B(#H) (see e.g. Proposition 1.4.7 in
[24]), we deduce Fy = 1. O

Remark 4.3. Let us take a closer look at the condition of integrability of the
cocycle in the case of a non-uniform lattice I' in G. Assume that the ambient
group G is compactly generated, and denote by |g|s the word length of g € G
with respect to some compact generating set S C G. If b € Z1(G, ), it is an
easy consequence of the triangle inequality that there exists C' > 0 such that
I1b(9)]] < C|gls; so, for alattice " in G, a sufficient condition for every cocycle
to be integrable on G/T is the existence of a measurable fundamental domain
Q for the right action of I on G such that:

(4) /Q|9|Sd9<00

This is of course clear for uniform lattices. Margulis proves it for S-arithmetic
groups in [21, Prop. VIIL.1.2]. Using the Garland-Raghunathan description of
cusps [12], it can be checked that this condition is also satisfied by all lattices
in rank 1 simple Lie groups. It also holds for twin buildings lattices, see [6,
Lemma 4.2].

Remark 4.4. Integrability of cocycles does not hold in general, as counterex-
amples can be found into the automorphism group Aut(7}) of the k-regular
tree, with k& > 3. First, it is a result of Nebbia [22] that Aut(7T})) has a unique
unitary irreducible representation oy with non-zero first cohomology; moreover
H(Aut(Ty), 00) is 1-dimensional. Let b € Z1(Aut(T}), 00) defining a non-zero
class in H!. By Example 1.3, the affine isometric action ay,p is irreducible.
By compactness of vertex-stabilizers in Aut(7}), we may assume that b van-
ishes on the stabilizer of some vertex xy. By Theorem 1.1 in [14], there exist
constants A, B > 0 such that, for g € Aut(T}),

Ib(9)II* = Ad(gzo, wo) — B + B(k — 1)~ 500,

The following example of a non-uniform lattice for which b fails to be inte-
grable was shown to us by T.Gelander. Consider the graph of groups based
on the infinite ray with vertices xg, 1, 2, .... Denote by I';, the vertex group
at z,,, and H, the edge group at the edge [z, Zn+1] for n > 0. Assume that
indices satisfy

[Th: Hooa] + [T : Hy) =k,
so that the fundamental group I" of the graph of groups (in the sense of Bass-
Serre [30]) acts on Ty. Assume now that the I',’s are finite groups, whose

orders satisfy
T

n=0

=1
—— < 400 but
2T
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The former condition ensures that I' sits in Aut(7}) as a non-uniform lattice
(see [30], Section 1.5 in Chapter IT), while the latter condition implies the non-
existence of a fundamental domain @ C Aut(7}) on which b is integrable (this
follows from the explicit form for ||b(g)||?> given above). The construction of
the I',,’s requires some care, due to the constraints on the indices of H,, and
H,4+1. For example, assuming that & is even, one can define a sequence (a;);>0
of positive integers in a recursive way, by requiring

(k—1)

a =0 and a;—ai1 =[5,

choose H,, with |H,| = (k — 1) for a;_1 < n < a;, and then choose |I'o| =
k(k—1), and |I',| = &|H,—1| = £|H,| for a;—1 < n < a;, and [y, = H,, for
i > 0. All this can be realized with finite cyclic groups.

We do not know whether the restriction of ay, 1 to the lattice I' is irreducible
or not.

Remark 4.5. Let I' be a co-compact lattice in the locally compact group G.
Given an action « of I' by affine isometries on a complex or real Hilbert space
‘H, it is possible to define an induced affine action Ind?a of G, as discussed
in [31, Section II]. Let us briefly review the construction. Let = be the linear
part of a and b € Z(T', w) the corresponding 1-cocycle. Let Q be a compact
fundamental domain for the right action of I' on G and ¢ : G x Q — T the
associated cocycle defined by ¢(g,z) = « if and only if gzy € Q. The induced
unitary or orthogonal representation IndS 7 of G can be realized on L2(Q, H)
by means of the formula

(IndFm)(9)f(z) = w(e(g™ ' 2))f(g'a) feL*(QH), g€C,ze
The map b : G — L2(Q, ), defined by
b(g)(x) =blc(g™" ) gEeG ze,

belongs to Z*(G, Ind?w); observe that, since €2 is compact, b takes indeed its
values in L2(Q,H). The induced affine action IndSa of G is the action with
linear part Ind? 7w and translation part given by b.

One may ask whether Ind?a is irreducible when « is irreducible. This is not
the case, even when I' has finite index in G, as the following simple example
shows. Let G = Cy x Z be the direct product of the cyclic group of order two
and the group of integers and let I' = Z. Let a be the affine isometric action
of I' on R defined by

anly=y+n, neZ,ycR.

So, the linear part of « is the identity and the injection Z — R is the corre-
sponding cocycle. The induced affine action Ind? «a of G is easily seen to be
defined on R? by

(IndSa)(a,n)(z) = (z,y+n) neZ, (z,y) € R

Clearly, Indlga is not irreducible.
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4.6. Center and FC-center. We denote by Z(G) the center of the topolog-
ical group G.

Proposition 4.7. In an irreducible affine action o of G on a complex or real
Hilbert space H, the center Z(G) acts by translations in the direction of H™(&),

Proof. This follows immediately from Proposition 3.6. U

Corollary 4.8. Assume that Hom(G,R) = 0. Then every irreducible affine
action « of G on a complex or real Hilbert space H factors through G/Z(G).

Proof. Let b be the cocycle defining o, and let by be its projection on H™ (%) so
that by is a continuous homomorphism from G to the additive group of H™(&),
hence by ~ 0 by our assumption. This forces H™(¢) = 0 (otherwise we would
contradict condition (A3) in Proposition 2.3). By Proposition 4.7, the center
Z(@G) acts by the identity. O

As a consequence, we get a very short proof of a result of J.-P. Serre (see
Theorem 1.7.11 in [3]).

Corollary 4.9. Let G be a compactly generated, locally compact group. As-
sume that the separated abelianization G/|G, G| is compact. Let Z be a closed
central subgroup of G. If G/Z has property (T), then so does G.

Proof. Our assumption implies that Hom(G,R) = 0. Assume by contrapo-
sition that G does not have property (T). Since G is compactly generated,
the group G admits an irreducible affine action «, by Shalom’s theorem ([31,
Theorem 0.2]). By Corollary 4.8, this action « is actually an irreducible affine
action of G/Z, which therefore does not have property (T). O

The FC-center of G, denoted FC(G), is the set of elements in G with finite
conjugacy class. Observe that the conjugacy class of an element ~ is finite
if and only its centralizer C in G has finite index in G. The FC-center is a
subgroup of G which is of course characteristic.

Observe that the FC-center of any group I' is amenable. Indeed, every
finitely generated subgroup of FC(T") has a center of finite index and is hence
amenable; it follows that FC(T") is a union of amenable groups and is therefore
amenable.

Proposition 4.10. Let « be an irreducible affine action of the topological
group G on a complex or real Hilbert space H. The linear part of « is trivial
on the FC-center FC(G) of G; more precisely, every v € FC(G) acts as a
translation in the direction of H™(C).

Proof. Let v € FC(G). Since C, is a closed subgroup with finite index, by
Theorem 4.2, the restriction of « to Cy is irreducible. Hence, by Proposition
3.6, a(7) is a translation by a vector in H™(¢). O

A group G is called an FC-group if G = FC(G). The following result is an
immediate consequence of Proposition 4.10.
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Proposition 4.11. Let G be an FC-group. Fvery irreducible affine action of
G on H is given by a homomorphism b : G — H such that span(b(G)) is dense.

We now show that a result similar to Corollary 4.9 holds for discrete groups
satisfying the following property introduced in [18].

Definition 4.12. A discrete group I" has property (FAbD) if, for every subgroup
H of finite index of T', we have Hom(H,R) = 0.

It is shown in [18, Proposition 1.30] that I" has property (FAb) if and only
if HY(I',7r) = 0 for every complex representation 7 of I' with finite image.

Corollary 4.13. Let T be a group with property (FAb). Then every irreducible
affine action « of T factors through T /FC(T).

Proof. The proof is similar to the proof of Corollary 4.8. O

We obtain from the previous result the following extension of Serre’s result
from Corollary 4.9, with a similar proof.

Corollary 4.14. Let T’ be countable discrete group with property (FAb). If
T'/FC(T') has property (T), then so does T'.

4.15. Abelian groups. In this section, A will denote a topological abelian
group, written additively. Since A is an FC-group, we have from Proposition
4.11, that every irreducible affine action of A on a Hilbert space H is given by
a continuous homomorphism b : A — H such that span(b(A)) is dense.

Definition 4.16. (see [10]) A continuous function @ : A — R* is a non-
negative quadratic form if Q(x 4+ y) + Q(x —y) = 2(Q(x) + Q(y)) for every
z,y € A.

Lemma 4.17. A continuous, non-negative function Q on A is a quadratic
form if and only if there exists a complex or real Hilbert space K and a contin-
uous homomorphism : A — K such that Q(z) = ||3(z)||? for every xz € A.

Proof. It is immediate to check that, if Q(z) = ||3(x)||?, then Q is a quadratic
form. Conversely, start from a quadratic form @, and observe that Q(z) =
Q(—x) and Q(nz) = n?Q(x) for n € N (the latter equality being proved by
induction over n). Set

V:i=A®zK and Qz®\) = |\*Q(z),

where K = C or K = R, then Q is a well-defined non-negative quadratic form
on the complex or real vector space V', so we may define K as the separation-
completion of V' and

B: A=V, re—rl
does the job. Since the topology of K is determined by ) which is continuous,
the homomorphism S is continuous by construction. O

Proposition 4.18. Let o = arp be an affine action of A on a complex or
real Hilbert space H, with b(A) total in H. Let ¥(-) = ||b(-)||?>. The following
properties are equivalent:
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i) a is irreducible;
ii) v is a quadratic form.

Proof. (i) = (i) follows immediately from Proposition 4.11 and lemma 4.17.
For (ii) = (i), write ¥(z) = ||8(z)|?, with 8 : A — K a continuous homo-
morphism in a complex or real Hilbert space K (depending on whether H is
complex or real), as in Lemma 4.17. Clearly we may assume that S(A) is total
in K. The actions a and 3 (viewed as actions by translations) both have total
cocycles and define the same function conditionally of negative type, so they
are conjugate by an A-equivariant affine isometry (see Proposition 2.10.2 in
3])- 0

Remark 4.19. When A is locally compact abelian, it is possible to give a proof
of the implication (i) = (4¢) in Proposition 4.18, not depending on Proposition
4.11 (so that, together with Lemma 4.17, we get a direct proof of Proposition
4.11 in the case of an abelian group). Indeed, by the Levy-Khintchine formula
(see Theorem 8 in [10]), ¥ can be written as:

ww:@m+/' (1 - Rex()) du(x)

A\{1a}

where Q is a quadratic form, A is the Pontryagin dual of A, and x is a non-
negative measure on A\{l A} that gives finite measure to the complement of
any neighborhood of the unit 14 of A. If 9 is not a quadratic form, then u# 0.
In this case, choose a point x in the support of p and a neighborhood V' of x
which is disjoint from some neighborhood of 14. Set then

%mzﬁuammwm,mwzmmj\ (1-Rex(2)) du(x).

A\({1a}UV)
Then ¢ = 1y + 91, the functions ¥, ¥ are conditionally of negative type, 1
is bounded, and 1 # 0 (because u(V') > 0). By condition (A4) in Proposition
2.3, the action « is reducible.

4.20. Nilpotent groups and FC-nilpotent groups. The following result
generalizes Corollary 5 in [15], stating that for a nilpotent locally compact
group, any non-trivial unitary irreducible representation has zero 1-cohomology.

Corollary 4.21. Let G be a nilpotent group. Any irreducible affine action « of
G on a complex or real Hilbert space H is given by a continuous homomorphism
b: G — H such that span(b(G)) is dense.

Proof. We proceed by induction on the nilpotency rank r of G, the case r = 1
being Proposition 4.11. For the general case, let o be an irreducible affine
action of G, it is enough to show that 7 is the trivial representation, i.e.
H7™(E) = H. Assume it is not the case, and let ag be the projected action
on the orthogonal complement of #™(“). By condition (A6) in Proposition
2.3, the action «q is irreducible. Since its linear part my has no non-zero fixed
vector, by Proposition 4.7 the center Z(G) acts trivially in «yp, i.e. «g factors
through G/Z(G). By induction hypothesis «q is an action by translations,
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meaning that my is the trivial representation of G/Z(G). This contradiction
ends the proof. O

Denote by Q the convex cone of functions on G of the form z ~— ||b(x)]|?,
where b is a continuous homomorphism from G to the additive group of a
Hilbert space (for G abelian, this is the cone of quadratic forms).

Corollary 4.22. Let G be a nilpotent group. Then @ is the unique mazimal
face shared by C' and C,.

The ascending FC-central series (G;); of a group G is defined inductively
as follows: G; = FC(G) and G4 is the inverse image of FC(G/G;) under the
canonical map G — G/G; for every i > 1. If G, = G and G,,—1 # G, then G
is said to be FC-nilpotent of rank n. Examples of FC-nilpotent groups include
nilpotent-by-finite groups and (arbitrary) direct sums of finite groups.

Corollary 4.21 cannot be extended to the class of FC-nilpotent groups. In-
deed, let G be the semi-direct product Z x Cs, where the cyclic group Cy =
{#£1} of order 2 acts on Z in the non trivial way. The group G is FC-nilpotent
of rank 2; the affine action a of G on C, defined by a(—1,m)z = —x + m
for m € Z,x € C, is clearly irreducible and not given by a homomorphism
G — C. Observe that the linear part of a factors though the finite quotient
Cs. The next proposition is the proper generalization of this fact.

Corollary 4.23. Let G be an FC-nilpotent and o an irreducible affine action
of G on a complex or real Hilbert space H, with linear part m. Then 7 can be
decomposed as a direct sum ™ = @, w, where each m; is a unitary or orthogonal
representation of G which factors through a finite quotient of G.

Proof. We proceed by induction on the FC-nilpotency rank r of G. When
r = 1, the group G is an FC-group and the claim follows from Proposition 4.11.

Let r > 2. Denote by K be the closed linear space of H generated by all
subrepresentations of m which factor through a finite quotient. It is clear that
the restriction of 7 to IC can be decomposed as a direct sum €, m, where each
m; is a subrepresentation of 7 which factors through a finite quotient of G.

The claim will be proved if we can show that K = H. Assume, by contradic-
tion, that this is not the case. Let ag be the projected action on the orthogonal
complement Hy of K. By condition (A6) in Proposition2.3, the action «yq is
irreducible. Denote by 7 the subrepresentation of 7 defined by Hy. Observe
that my does not factor through a finite quotient of G.

Let v € FC(G). By Proposition 4.10, ag(7) is a translation in the direction

of ’Hg(c”). Let N, be a normal subgroup of finite index of G contained in
C,. Then H,; M) g a 7(G)-invariant subspace of Ho and the corresponding
subrepresentation of my factors through the finite quotient G/N,. It follows
that HJ ") = {0} and hence 1] “ = {0}. So, ag(7) is the identity. We have
therefore proved that ag factors through G/FC(G).
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Observe that G/FC(G) is FC-nilpotent of rank r — 1. By induction hy-
pothesis, 7y is a direct sum of subrepresentations which factor though finite
quotients; hence, Ho = {0} and this is a contradiction. O

4.24. The left regular representation of a discrete group. In this sub-
section, all Hilbert spaces are over C.

For a discrete group I', we will be interested in the question of the exis-
tence of an irreducible affine isometric action with linear part the left regular
representation Ar. More generally, we will consider the same question for a
closed T-invariant subspace H of a countably many copies of ¢?(T'); thus, H
is a closed subspace of @, en/l?(I') which is invariant under the representation
@SneNAr. Observe that such a space H is a Hilbert module over the left group
von Neumann algebra L(I") and every Hilbert module over L(T") is of this form
(see below).

Let M be finite von Neumann algebra, that is, M is a von Neumann algebra
equipped with a faithful normal finite trace 7 : M — C. Let L%(M) be the
Hilbert space obtained from 7 by the GNS construction. We identify M with
the subalgebra of B(L?(M)) of operators given by left multiplication with
elements from M. The commutant of M in B(L?(M)) is M’ = JM.J, where
J : L*(M) — L*(M) is the conjugate linear isometry which extends the
mapping M — M,z — z*. The trace on M’, again denoted by 7, is defined
by JxJ — 7(z) for x € M.

Let H be a Hilbert M-module, that is, a separable complex Hilbert space
with a unital normal homomorphism M — B(H). Then H can be identified as
M-module to a submodule of L?(M)® K for an infinite dimensional separable
Hilbert space K, where M acts on L?(M) ® K by

E@n—TERn, TeMEcL*(M),nck.

Let P : L?(M) ® K — H be the orthogonal projection. Then P belongs to
the commutant of M in B(L?(M)® K), which is M’ ® B(K), where M’ is the
commutant of M in B(L?(M)).

Let {en}n be a Hilbert space basis of K. Let (P;;);; be the matrix of P
with respect to the decomposition L?(M)® K = @;(L?(M)® Ce;). Then each
P;; belongs to M’. The von Neumann dimension of the M-module #, which
takes values in [0, +oco[U{+0o0}, is defined by

When M is a factor, H is characterized as M-module by its von Neumann
dimension, up to unitary equivalence (see e.g. Proposition 3.2.5 in [13]).

Let I" be a discrete countable group and Ar the left regular representation
of I on the complex Hilbert space ¢2(I"). Denote by L(I') the left regular von
Neumann algebra of I'. Recall that L(I') is the closure of the linear span of
{Ar(y) : v €T} in the weak (or strong) operator topology. The commutant
L(T)" of L(T) in B(¢?(T")) is the right group von Neumann algebra R(T), the
von Neumann algebra generated by the right regular representation of I'. The
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algebras L(I') and R(I") are finite von Neumann algebras: a faithful normal
trace 7 on L(T') or R(T") is given by

7(T) = (Td¢|dc), for al T € L(T') or T € R(T).

Assume now that I' is non amenable and finitely generated. By [4], there
exists a R(T")-equivariant isomorphism between the first cohomology H* (T, Ar)
and the first L?-cohomology H (12) (I'); it follows that H'(T'; A\r) has a Hilbert

space structure. The first L?-Betti number of T is
Blay(T) = dimp(ry Hiyy(T).

Recall that L(I") or R(I") is a factor (that is, their common center consists
only of the scalar multiples of the identity) if and only if I" is ICC, i.e. every
non-trivial conjugacy class in I' is infinite; otherwise said, FC(T') is trivial.

The following result was initially obtained in the special case of the L(T')-
module £2(T") under the additional assumption that I' is an ICC group; we
thank S. Vaes for suggesting to jack it up to arbitrary L(T')-modules.

Theorem 4.25. Let I' be a non-amenable, finitely generated group, and let H
be a non zero Hilbert L(T')-module with finite von Neumann dimension. De-
note by A the corresponding unitary representation of I in H. The following
properties are equivalent:

i) there exists an irreducible affine isometric action of T' with linear part \t;
ii) FC(T') is finite, FC(T") acts trivially on H, and
Blay(T/FC(T)) > dimp,r/pcry) H-

Proof. First step: we assume that I' is an ICC group, so that L(T") is a factor.

Since dim,ryH is finite, we can find an integer k such that H is a submodule
of /2(I') ® CF.

Let P : ¢*(T) ® C* — H be the corresponding orthogonal projection with
range H. Set M = L(T')® Icx = L(T'). The commutant of M in B(¢%(T") ® C*)
is

M’ = R(T) ® B(CF) = My,(R(T)).
So, we can write

P = (P;j)i<ij<k € R(I') ® B(C*) = My(R(I))

and
k
=1

The subalgebras MP and PM’P of B(H) are finite factors and we have
PM'P = (MP)’; thus, the commutant of \*(I") is PM'P.
Next, since I is not amenable, the 1-cohomology group H* (T, ®*_, Ar) coin-

cides with the reduced cohomology group iZh (T, EBf:l)\p), that is, the quotient
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of Z! by the closure of B!, for the topology of pointwise convergence of I' ([15,
Corollairel]); moreover, we have

—1 -1
H (D, -y Ar) = @i H (I, Ar) = Hi)(I) @ CF,

which is a module over M’. It follows that the 1-cohomology of A is given by

the PM'P-module P(H/y (') ® CH).

By Corollary 3.7, there exists an irreducible affine isometric action of I" with
linear part A" if an only if P(H (12)(I‘) ® CF) admits a separating vector for

PM'P. Now, dimpM/pP(H(lg) (I') ® C*) is the coupling constant for PM’'P

acting on P(H(12) (T') ® C*); see [13, Proposition 3.2.5]. Hence P(H(lg)(f‘) ® CF)
admits a separating vector for PM’'P if only if
dimp g p P(H{y (F) ® C*) > 1

(see [9, Chap. III, §6, Proposition 3]).
On the other hand, by [9, Chap. III, §6, Proposition 2] or [13, Proposition
3.2.5], we have

dimp pP(Hyy () ® C¥)dpr (P) = dimpg (Hyy () © CF),

where dprq is the canonical normalized trace on M’ = M (R(T)). We have,
for every T' = (Tij)lgi,jgk € M (R(F)),

and hence

Moreover

dika(R(F))(H(lg) (F) ® Ck) - =
We have therefore

As a consequence,

dimp g p P(H{y (F) ® C*) > 1
if and only if 6(12) (T') > dimp,ryH.

Second step: we assume that FC(I") is non trivial. Observe that I'/FC(T")
is not amenable, since FC(I") is amenable and I" is not amenable.

Assume first that there exists an irreducible affine isometric action a of I'
with linear part A™. By Proposition 4.10, A\* is trivial on FC(I"). Since A\* is
a subrepresentation of a multiple of the regular representation Ar, it follows
that FC(T) is finite. As a consequence, ¢?(I'/FC(T')) can be identified as L(I)-
module (or as R(I')-module) with the closed subspace £2(I')*r(FCI) of ¢2(T).
So, the Hilbert module H over L(T"), on which FC(T') acts trivially, can be
identified with a Hilbert module over L(I'/FC(T")).
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Since FC(I") is finite, it is straightforward to check that I'/FC(T') is ICC.
By the first step, it follows that

Bay(T/FC(T)) > dimprwery -
Conversely, assume that FC(I') is finite, that FC(I") acts trivially on H, and
that
Blay(T/FC(T))) > dimp(r/rory)H-
It follows by the first step that there exists an irreducible affine isometric action
of I'/FC(T) with linear part given by A*. This concludes the proof. O

As a corollary, we obtain a necessary condition for the existence an irre-
ducible affine isometric action of I with linear part A7, in terms of 6(12) (T") and
dimp,ryH.

Corollary 4.26. Let T', H and \* be as in Theorem 4.25. If there exists an
irreducible affine isometric action of I' with linear part A, then

6(12) () > dimL(F)H.
Proof. By Theorem 4.25, the cardinality N of FC(I") is finite. It is easily
checked that dimpr/roryH = NdimpryH; similarly, since H(lg)(I‘/FC(I‘))
can be identified with the R(T")-submodule of H(12) (T") on which FC(T") acts
trivially, we have
NB5)(T) > B (T /FC(T))
and hence, using Theorem 4.25, we obtain

6(12) () > dimL(F)H.

The following corollaries are immediate consequences of Theorem 4.25.

Corollary 4.27. Let I" be a non-amenable, finitely generated group such that
FC(T) is infinite. No non-zero L(T)-module H has an irreducible affine iso-
metric action with linear part A

Corollary 4.28. For T a non-amenable, finitely generated ICC group, we have
5%2)(1") = sup{t > 0| t.Ar is the linear part of an irreducible affine action},

where t.Ar is the underlying T-representation of the unique L(T")-module of von
Neumann dimension t.

Example 4.29.

(i) The group PSLy(Z) is ICC and satisfies 5(12) (PSLy(Z)) = % (sce Section
4 in [7]), so there exists no irreducible affine action with linear part the
left regular representation.

(ii) Let G be the universal cover of the Lie group G = SLy(R) and let T’ be
the inverse image in G of SLy(Z) under the covering map G — G. Then,
since FC(T") is infinite, no non-zero L(I')-module # has an irreducible
affine isometric action with linear A\*.
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(iii) Let G a unimodular locally compact group and (w,H) be a square-
integrable irreducible unitary representation of G (see the beginning of
Section 7). Let T be a lattice in G and assume that T is an ICC group.
Then H is a Hilbert module over the von Neumann algebra L(T") with
von Neumann dimension given by dimpqyH = d.covol(I'), where d is
the formal dimension of 7w (see e.g. Theorem 3.3.2 in [13]). If I' is non
amenable (that is, if G is non amenable) and finitely generated, it follows
from Theorem 4.25 that w|p is the linear part of an irreducible affine
action of I if and only if

d.covol(T") < 6(12) (T).

For instance, let G = PSLy(R) and, for k > 2, let (7, Hy) be the
discrete series representation of G as in §17 of [29]. For g > 2, let I'y
be the fundamental group of a closed surface of genus g, viewed as a
co-compact lattice in G. Then

dimp,r,) Hi = dg.covol(l'y) = (k — 1)(g — 1).

Since the first L2-Betti number of I'y is 2g—2, we see that 7| is the linear
part of an irreducible affine action if and only if (k—1)(g—1) < 2g—2, that
is, if and only if k¥ < 3 (note that this does not depend on g). This implies
that H'(I'y, m2|p,) and H*(T'y, 73|p,) are non trivial; by way of contrast,
it is known that H!(G,m2) is one-dimensional, while H!(G, 73) = 0.

For the free group F,, on n generators (2 < n < +00), we have 5(12)(Fn) =
n—1 (see [7]) and it is possible to construct explicit irreducible affine isometric
actions with linear part A, . Indeed, let (a;)i1<i<n be a free generating family
of F,,. Set b(a1) = d1 (the characteristic function of the identity of F,,), and
b(a;) = 0 for ¢ > 2. Since F,, is free, we may extend uniquely b to a 1-cocycle
be ZYF,, \r,). It is easily seen that, for k > 0, we have b(a¥) = Zi:ol Sat s
so that b is unbounded.

Proposition 4.30. Forb as above, the affine isometric action of F,, on ¢? (F.)
giwen by a(g)v = Ar, (9)v + b(g), is irreducible.

Proof. Let Av = Tv+t be an affine transformation of £2(F,,) in the commutant
of a. Then T' € R(F,,) and (T — 1)b(g) = Ar,, (g)t —t for every g € F,,. For
g = a2, we get A, (a2)t = t, hence t = 0 since ay has infinite order. So
(T'—1)b(g) = 0 for every g. For g = ay, this gives (T' — 1)d; = 0, hence
T = 1 since 07 is separating for R(F,). By Proposition 3.6, the action « is
irreducible. O

The situation is completely different for the regular representation of amenable
groups. Indeed we have the following result due to A.Thom, who kindly gave
us permission to include it here.

Theorem 4.31. Let I' be a discrete, amenable group. Let o be an affine
isometric action of T, with linear part A\p. For every € > 0, the action «
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admits a closed, affine invariant subspace H. such that the linear part H°
satisfies dimp,(r) HY < e. In particular, there is no irreducible affine action of
T with linear part Ar.

Observe that, by a result of Guichardet [15, Corollairel], we have H*(T, Ap) #
0 for every countable amenable group I', so there is indeed something to be
proved.

Proof. Let b € Z1(I', A\r) be the 1-cocycle defining a. We will need the ring
U(T) of operators affiliated to the von Neumann algebra R(I') = Ap(T"), as
introduced e.g. in [19, Chap.8]. We recall that, as I'-modules, we have the
chain of inclusions R(I') C ¢*(I') C U(T). Now we appeal to a special case
of Theorem 2.2 in [28]: if a group A has vanishing first L2-Betti number,
then H'(A,U(A)) = 0. This applies to I', by the Cheeger-Gromov vanishing
theorem for amenable groups (Theorem 0.2 in [7]). This means that, viewing
our cocycle b € Z1(T', £2(T")) as a cocycle in Z(I',U(T")), we may trivialize it
and find some f € U(G) such that b(g) = Ar(g)f — f for every g € T. We
now proceed as is the proof of Corollary 2.4 in [28]: given ¢ > 0, we find a
projector @ € R(T') such that Qf € ¢*(I') and dimpr)(1 — Q)(*(T)) < e. It
is then easy to check (as in the proof of our Proposition 2.3) that the closed
affine subspace

He:=—Qf +(1-Q)(*())

is o(T")-invariant. O

5. DIRECT SUMS OF IRREDUCIBLE ACTIONS

For affine isometric actions aj,as of a group G, we may consider in an
obvious way the direct sum oy @ ay. Unlike the direct sum of unitary repre-
sentations, which is always reducible, it may happen that the direct sum of
two affine isometric actions is irreducible. For instance, if 51, 32 are linearly
independent homomorphisms G — C, then 51 ® (2 defines an irreducible affine
isometric action of G on C2. On the other hand, if « is any affine isometric
action of G, then a @ « is not irreducible (look at the diagonal). We shall
give a sufficient and necessary condition for the direct sum of two irreducible
actions to be irreducible.

In order to state the main result of this section (Theorem 5.2 below) we
need to clarify the notion of equivalence between affine isometric actions.

Definition 5.1. Let a3 and as be two affine isometric actions of a group G
on complex (or real) Hilbert spaces H; and Ho. We say that oy and ag are
equivalent if they are intertwined by an invertible continuous affine mapping,
that is, if there exists an invertible continuous affine mapping A : Hy — Ho
satisfying:

Aai(g) = az(g)A forall g € G.
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If we write A(-) = T'(-)+t and a;(g)(-) = mi(g)()+bi(g), the above definition
boils down to

Tmi(g9) = ma(g)T and Tbi(g) = ba(g) + m2(g)t —t forall g € G.

Since the actions are by isometries, it may seem more natural to require the
intertwining in the definition of equivalence to be given by an isometric oper-
ator, in which case we would say that the actions are isometrically equivalent.
To motivate our definition, one should be reminded of the similar definition
for unitary representations. It is well-known that, in this case, an equivalence
can always be implemented via a unitary intertwiner. This is a consequence
of the fact that every invertible intertwiner can be “straightened” by replacing
it with its unitary part (see e.g. [3, Appendix A.1]). However, this fails for
affine isometric actions: equivalent affine actions by isometries need not be
isometrically equivalent .

Theorem 5.2. Let a1, as be irreducible affine isometric actions of a group G
on complex (or real) Hilbert spaces H1 and Ha. The following properties are
equivalent:

i) aqn @ aq is reducible.

ii) aq and as admit equivalent projected actions.

Before proving this theorem, we pinpoint two specific cases, important
enough to be considered on their own.

Recall that two unitary or orthogonal representations (mw, H,) and (o, H,)
of G are said to be disjoint if Homg(H~, Ho) = {0}, where Homg(H, Ho) is
the space of all bounded linear operators H, — H, intertwining 7 and o.

Proposition 5.3. Let a1, ..., ar be irreducible affine actions of G on complex
(or real) Hilbert spaces H, ..., Hy, with linear parts 7, ..., 7. Assume that
the m;’s are pairwise disjoint. Then the direct sum o := a1 @ -+ B g 1S
irreducible.

Proof. Let b = (by,...,bx) be the 1-cocycle defining «. Let Av = Tv +t be
a continuous affine mapping in the commutant of a. Write T as a k X k-
matrix (T5;)1<i j<k where T;; is a bounded operator H,; — H;; similarly, write
t = (t1,...,tx). Since T belongs to the commutant of m @ - -- ® 7y, we have
T;; € Homg(H;,H;) and hence T;; = 0 for ¢ # j. The relation (T' — 1)b(g) =
0¢(g) then gives
(Tii —1)bi(g) = 0, (g) for1<i<k andgeG.
This means that the affine map
H; = Hiy, vi=>Tuv+t;

is in the commutant of «;. Since the latter is irreducible, we get T;; = 1 by
Proposition 3.6; hence T'=1 and « is irreducible.

4As an example, consider two actions of Z on R, the first one by integer translations, the
second one by even translations. These actions are equivalent in our sense, but clearly they
are not isometrically equivalent.
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O

For 7 a unitary or orthogonal representation of G and k € N, we denote by
k - 7 the representation 7 @ - - - @ w (k times).

Proposition 5.4. Let m be an irreducible unitary representation of G on a
complex Hilbert space H. Let by, ..., by be elements in Z'(G, ) whose classes
[b1],...,[bk] are linearly independent in H*(G, ). Then the affine isometric
action o = @le O b, 15 trreducible.

Proof. Let Av = Tv + t be a continuous affine mapping in the commutant of
«. In view of Proposition 3.6, we have to show that A is a translation, that is,
T = 1. We know that T is in the commutant of k - 7 and that (T — 1)b = 0Ot
where b = ®F_b;.

Write T as a k x k-matrix (Tj;)1<i <k, where T;; is a bounded operator
H — H. Then every T;; intertwines 7 with itself and hence Tj; = A;;1 for
some \;; € C, by Schur’s lemma (here, we use the fact that H is complex).
On the other hand, since

HY G, k-7)=HYG,n)®--- & HY(G,n),

k times
we have
[b1]
T-101 + [=0
[bx]
since the [b;]’s are linearly independent, we deduce that T = 1.
O

Remark 5.5. Proposition 5.4 does not hold for orthogonal representations.
This was pointed out to us by Y. de Cornulier who provided the following
counterexample.

Let 7 be an irreducible orthogonal representation of a group G on a real
Hilbert space H such that 7(G)’ = C and such that H'(G,n) is non trivial.
Fix an unbounded 1-cocycle b € Z1(G, 7). Let J € m(G)’ with J?> = —I. Then
Jb € ZY(G,7) and [b] and [Jb] are linearly independent in the real vector space
HY(G, ), since otherwise J would have a real spectral value. However, the
affine action a := arp ® ax gy is reducible. Indeed, the closed proper linear
subspace {(v, JJv) | v € H} is a(G)-invariant.

As a concrete example, we may take as G the semi-direct product Z x Z?2
given by action (n,m) +— i"m of Z on Z2 where Z? is viewed as subgroup of
C. The orthogonal representation of G on C, viewed as the real Hilbert space
R?, defined by

m(n,m)z =i"z forall (n,m)eG,zeC
is irreducible. Morever, H'(G,7) is non trivial. Indeed, the map b : G — C

given by b(n,m) = m is an unbounded 1-cocycle for .
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Proof of Theorem 5.2. Denote by m,b; and 7, bo the linear and translation
parts of the actions o1 and as.

(14) = (¢) There exist non zero (71 ®m2)(G)-invariant closed linear subspaces
K1 and Ky of H1 and Ho such that the projected actions of a; and as on Ky
and Ko are equivalent. Let A : K1 — K3 be a continuous affine, invertible
map implementing the equivalence. Then the graph of A is a proper closed,
invariant, affine subspace of the projected action of a; & ag onto K1 & KCs.
Hence, a1 @ ay is reducible, by (A6) from Proposition 2.3.

(1) = (i) Since a1 @ ap is reducible, we can find, by (A3) from Proposi-
tion 2.3, a non-zero closed linear subspace K of H; @ Ho which is invariant
under (1 ®m2)(G) and such that the projection of b = b1 ®bs on K is bounded.
Upon conjugating o = a3 & as by a translation, we may assume that the pro-
jection of b on I is 0.

Denote by P; : K — H,; the orthogonal projection of K onto H;. We may
also assume that P;(K) is dense in #H; for ¢ = 1,2; indeed, otherwise we can
replace a by its projected action on P;(K) & P»(K).

Next, observe that I is transverse to the H;’s. Indeed, if the intersection
K NH,; were non-zero, the projection of b; on NH; being bounded, this would
contradict the irreducibility of ;. So, P; and P» are injective. We can therefore
consider the densely defined, unbounded, invertible closed operator S = PgPl_l
(for background about unbounded operators, see e.g. [25, Chap. 5]). Note that
K being (w1 @ m2)(G)-invariant, it is immediate that the domain D(S) of S is
71(G)-invariant, that its range is mo(G)-invariant and that S intertwines the
corresponding two subrepresentations of ; and 7 (on non-closed subspaces!).
Now, recall that, for every g € G, the vector b(g) = b1(g) @ b2(g) is orthogonal
to IC; hence, we have

(b1(g),v) + (b2(g), Svy =0 for all v € D(S).
This relation implies that

[(b2(g), Sv)| = [(b1(g), v})| < [[br(g)[l|v]];

hence bz(g) belongs to the domain of S* and b1(g) = —S*ba2(g) for all g € G.
This shows that —S™* intertwines aw, projected on the domain of S*, and .
The closed operator —S* has a polar decomposition —S* = UT, where T is
a positive self-adjoint unbounded operator on Hy and U is a linear isometry
between Hs and H;. Let B be a bounded Borel subset of the spectrum of T’
with positive measure, and denote by Pp the corresponding spectral projector.
Then —S*Pp is a bounded operator and provides an equivalence between as
projected on Im(Pg) and «; projected on Im(S*Pg). This concludes the proof.

d

6. PRODUCTS AND LATTICES IN PRODUCTS

6.1. Product groups. The following result about irreducible affine actions
of product groups is a consequence of a result of Shalom from [31] combined
with Proposition 5.3.
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Proposition 6.2. Let G = G1 X --- X G, be the product of non-trivial, com-
pactly generated, locally compact groups. Let m be a unitary representation of
G, not weakly containing the trivial representation, and let a be an affine iso-
metric action of G with linear part w. The following properties are equivalent:

1) « is irreducible.
i) a~a; @ ® ay, where oy is an irreducible affine action of G factoring
through G; for everyi=1,...n.

PT’OOf. (Z) = (ZZ) Set H; = G1 X -+ x Gj_1 X {1} X Gi+1 X +++ X Gy. Let
b € ZY(G,n) be the cocycle defining a. We appeal to a result of Shalom
([31], Theorem 3.1; this uses the assumption that 7 does not weakly contain
the trivial representation): b is cohomologous to a sum by + - -+ + b, where
b; is a cocycle factoring through G; and taking values in the space H™:) of
m(H;)-fixed vectors. Upon conjugating « by a translation, we may assume
that b = by + - - - + b,. Denote by m; the subrepresentation of 7 defined by the
7(G)-invariant space H™ (), Since m; factors through Gj, the only possible
common sub-representation of m; and m; for ¢ # j is the trivial representation,
which is ruled out by the fact that m has no non-zero fixed vector. Hence, the
spaces H™(H:) are pairwise orthogonal, so b = by @ --- @ b,. By irreducibility
of a, we have H = H™H) @ ... @ H7Hn),

Define o; as the projected action of o on H™:). By construction, o =
a1 @@ a, and «; factors through G; finally «; is irreducible, by (A6) from
Proposition 2.3.

(#9) = (i) Let m; be the linear part of a;. As above, the m;’s are pairwise
disjoint representations of G, since m; factors through G;. So Proposition 5.3
applies, and « is irreducible. O

Corollary 6.3. Keep notations as in Proposition 6.2. Let m be an irreducible

unitary representation of G, not weakly containing the trivial representation.
If HY(G, ) # 0, then 7 factors through G; for somei=1,...,n.

Proof. Let b € Z'(G,7) be a cocycle which is not a coboundary. By Example
1.3, the affine action a,p is irreducible. By Proposition 6.2, we can write
a=a; P D ay, where o; factors through G;. Let m; be the linear part of
«;, so that m = m & --- & m,. By irreducibility of 7, only one of the 7;’s can
be a non-zero representation. O

We note that the assumption that 7= does not weakly contain the trivial
representation is necessary in Proposition 6.2 and Corollary 6.3. To see it, let
us introduce, for a discrete group I', the “left-right” representation ¥ of I' x I"
on (2(T"), defined by:

(09, h)€)(x) =&(g™ ah), €€ (T),g,hxeT.

We thank N. Monod for suggesting to look for irreducible affine actions of I' x I"
with linear part 1.
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Proposition 6.4. Let I' be an infinite, countable, amenable ICC group. Then
¥ is the linear part of some irreducible affine action of I' x I, which can be
chosen to have almost fized points.

Proof. Since I' is amenable and infinite, the representation ¢ almost has in-
variant vectors but no non-zero fixed vector. Hence the space BY(I' x T',9)
is not closed in Z1(I' x T',4), by [15, Corollairel] (note that countability is
used here). Choose a cocycle b in the closure of B! but not in B!. Then the
corresponding affine action oy, almost has fixed points. Finally, note that ¥
is an irreducible representation of I' x I', as I' is ICC. So a3 is irreducible, by
Example 1.3. U

This must be contrasted with Theorem 4.31 above, which deals with the
left regular representation of an amenable group.

6.5. A super-rigidity result. We now reach a super-rigidity result for lat-
tices in a product of locally compact groups.

Theorem 6.6. Let G = G X - -- X G, be the product of non-trivial, compactly
generated, locally compact groups, and let " be a lattice in G, projecting densely
to all factors. Assume that either I' is co-compact, or that every G; is the
group of K;-points of an almost K;-simple, K;-isotropic linear algebraic group
over some local field K;. Let w be a unitary representation of I', not weakly
containing the trivial representation, and let « be an affine isometric action of
' with linear part w. The following properties are equivalent:

i) « is irreducible.
ii) For every i = 1,...,n, there exists an irreducible affine action «; of G,
with «; factoring through G;, such that o ~ (@?:1 a;)|r-

Proof. (ii) = (i) follows by induction over n, combining Proposition 6.2 with
Theorem 4.2 (and appealing to Remark 4.3 in the non-co-compact case).

(i) = (ii) Let b € ZY(T', ) be the cocycle defining a. By a result of Shalom
([31], Corollary 4.2, using the assumption that m does not weakly contain the
trivial representation): b is cohomologous to a sum by + --- + b, where b;
takes values in a 7(T')-invariant subspace H; C H; moreover, denoting by o;
the restriction of m to H;, the affine action ay, 3, extends continuously to an
affine action «; of G that factors through an action of G;.

As in the proof of Proposition 6.2, conjugating « by a translation we may
assume b = by + - -+ + by, from which we deduce o = (a1 @ - -+ ® )| Since
0, b, 1S & projected action of «, it is an irreducible action of I'. Finally, since
o;|r = ag, b, and the projection of I' to G; is dense, o is an irreducible action
of G. a

Corollary 6.7. Keep notations as in Theorem 6.6. Let w be a unitary irre-
ducible representation of I', not containing weakly the trivial representation.
If HX(T',7) # 0, then for some i = 1,...,n the representation 7 extends to a
unitary irreducible representation o; of G factoring through G;. Moreover the
restriction map H'(G,0;) — HY(T, ) is an isomorphism.
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Proof. The first statement is obtained from Theorem 6.6 exactly as the same
way as Corollary 6.3 was obtained from Proposition 6.2. It also shows surjec-
tivity of the restriction map H'(G,0;) — HY(T, 7). Injectivity follows imme-
diately from density of the projection of I' in Gj;. O

Example 6.8.

i) Let p be a prime number. The group PSL2(Q,) has a unique unitary ir-
reducible representation o with non-vanishing H* (it is the representation
on the first L?-cohomology of the Bruhat-Tits tree); similarly PSL2(R)
has two unitary irreducible representations 7, ,7_ with non-vanishing H!
(these are the representations on square-integrable holomorphic and anti-
holomorphic 1-forms on the Poincaré disk); for all this, see [5]. Viewing
T, := PSLy(Z[1]) as a lattice in PSLy(Q,) x PSL2(R), we sce from
Corollary 6.7 that I',, has exactly three irreducible unitary representations,
not weakly containing the trivial representation, with non-vanishing H?!,
namely the restrictions of o, 74, 7_ to I'p.

Similarly, viewing A, := PSLy(Z[\/p]) as a lattice in PSLy(R) X
PSLy(R), we see that A, has exactly four unitary irreducible representa-
tions, not weakly containing the trivial representation, with non-vanishing
H': namely, 74|z, 7_|a,, T4 0T, T o T, where 7 : a + b\/p — a — b\/p
is the non-trivial element of the Galois group Gal(Q(,/p)/Q).

ii) Consider the quadratic form @Q in 5 variables, defined over Q(v/2):

Q(z) = 23 + a3 + 2} + V2a] — 2.

Set I' = SOy(Q)(Z[v2]), and view it as a lattice in G = SOy(Q)(R) x
SO0 (7Q)(R), where as above T denotes the non-trivial element of the Ga-
lois group Gal(Q(v/2)/Q). As a Lie group G is isomorphic to SOp(4, 1) x
S00(3,2), the latter factor having property (T), the former not. Actu-
ally it is known (see [5]) that SOg(4,1) has a unique irreducible unitary
representation 7 with non-zero H'. By Corollary 6.7, the group I' has a
unique irreducible unitary representation, not weakly containing the triv-
ial representation, with non-zero H': it is 7|r.

7. ON THE FIRST L2-BETTI NUMBER OF A LOCALLY COMPACT GROUP

Let G be a unimodular, locally compact group with Haar measure dg. Recall
that a unitary irreducible representation (o, H, ) of G is square-integrable if

/| 9)€1€)|?dg < oo for all £ € H,.

This is the case if and only if ¢ is a subrepresentation of the left regular
representation (Ag, L?(G)) of G. Indeed, there exists a constant d, > 0, called
the formal dimension of o, such that the orthogonality relations hold

/G (o(9)ElnY o @ETTdg = d5 (€[¢") (T for all €, €', m, 1 € H,
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For every unit vector & € H,, the G-equivariant map L : H, — L*(G) given
by Ln(g) = Vd,(7(g71)n|&), is isometric and identifies H, with a Ag(G)-
invariant closed subspace of L?(G).

We denote by Gq the discrete series of G, i.e. the set of equivalence classes
of square-integrable representations. Let I' be a lattice in G.

Fix o € éd with Hilbert space H,. The restriction of o to I' extends to
L(T') so that H, is a Hilbert module over L(I'). As such, H, has a von Neu-
mann dimension dimp,ryHs (see Subsection 4.24). This dimension is given by
Atiyah-Schmid’s formula from [1] (see also [13, Theorem 3.3.2]):

dimp,ry Ho = dgcovol(T).
As in Subsection 4.24, set
ﬁ(lg)a‘) = dimR(F)H(lz) (),

Theorem 7.1. Let G be separable, compactly generated, locally compact group
containing a finitely generated lattice I' satisfying condition (4) from Remark 4.3
(e.g., T' co-compact). Assume that G is not amenable. Then

Bl (L) > covol(l') > dy - dime H' (G, 0).
oeéd

Proof. Tt is enough to prove that, for every finite subset F' of Gy and integers
ko with k, < dimc H'(G, o) for o € F, we have

5(12)( ) > covol(T' Z kods.

cEF

Choose 1-cocycles b, ..., by, such that the classes [b1],...,[bk,] are linearly
independent in H'(G, o) and form the affine isometric action

o= @(@f&ao,bi);
oeF
Propositions 5.4 and 5.3 implies that the affine action « is irreducible.
By Theorem 4.2, the restriction a|r is irreducible. Moreover, I' is non
amenable as G is non amenable. Hence, by Corollary 4.26 combined with the
Atiyah-Schmid formula from above, we have

(5) 5(2) Z kodimp,ryHs = covol(T') Z kod,. O

ceF o€eF

Let G be a second countable, locally compact unimodular group with Haar
measure dg. Denote by L(G) the group von Neumann algebra of G; it car-
ries a semi-finite trace ¢ defined on the positive cone of L(G) by ¢(z*x) =
fG |f(g)|? dg, where z is left convolution by f € L?(G); note that ¢ depends
on the choice of the Haar measure on G.

In two papers [26, 16], Petersen and Kyed-Petersen-Vaes extended the clas-
sical definition of L2-Betti numbers for discrete groups [7] to that more general
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framework, by setting
B&) (G) = dlm(L(G),w) HH(G, )\G)

where Ag denotes the left regular representation on L*(G), and dim(r(g),y)
denotes the von Neumann dimension of L(G)-modules with respect to the semi-
finite trace ¥. They established a number of important results; in particular
5(12)((?) < 00 as soon as G is compactly generated, and

B(6) = 2C)
@) ~ covol(T)
for every lattice I' in G.
Recall that a locally compact group which contains a lattice is unimodular.

Theorem 7.2. Let G be a second countable, compactly generated, locally com-
pact group. Assume that G contains a finitely generated lattice satisfying con-
dition (4) from Remark 4.3 (e.g. a co-compact lattice). Then

Biy(G) = > dy - dimec H'(G, 0).
oeéd
Proof. When G is not amenable, the inequality is a direct consequence of
Theorem 7.1 and the formula linking 8, (G) and () (I') from [26, 16].
So we may assume that G is amenable. We claim that both sides of the
equality are zero. The vanishing of 5(12)(6') follows from Theorem C in [16].

Now we check that H!(G, o) = 0 for every o € G. By (2.10) in [16], the van-
ishing of 5(12)(G) implies that the reduced first cohomology group Fl(G, Aa)

is trivial. Since o is a subrepresentation of Ag, we get Fl(G, o) =0.

Assume first that o is not the trivial representation 1g. Since o is square-
integrable, it defines a closed point in the dual G. So, o does not weakly
contain 1g and hence BY(G, o) is closed in Z1(G, o), by [15, Théoreme 1];
therefore H(G, o) = 0.

On the other hand, if o is the trivial representation 1g, then G must be
compact and therefore H'(G,1¢) = Hom(G, C) = 0. O

Remark 7.3. The proof of Theorem 7.2 shows that the conclusion of Theo-
rem 7.1 holds also in the case where G is amenable.

Corollary 7.4. Keep the assumptions of Theorem 7.2. If 5(12)(6') =0, then
HY(G,0) =0 for all o € Gy.

Corollary 7.5. Let Xy be the (k,0)-bireqular tree (k = { being allowed).
Let G be a closed non-compact subgroup of Aut(Xye), acting transitively on
the boundary 0Xy ¢ and with two orbits on vertices of Xy . Normalize Haar
measure on G so that edge stabilizers have measure 1. Let og be the unique

irreducible, square-integrable representation of G with non-vanishing H' (see
[22]). Then1— § — 3 > do,.
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Proof. First, G contains a co-compact lattice (by Theorem 3.10 in [2]), so we
may apply Theorem 7.2:

ﬁ(12) (G) > doo dimg Hl(G, 0'0).

Second, 5(12)((?) = 1—+—1 by Corollary 5.18 in [26]. Third, dimc H'(G, 0¢) =
1 by the main Theorem in [22]. O

Remark 7.6. Theorem 7.2 served as motivation for the main result in [27):
for G a type I, unimodular, separable, locally compact group:

5y(C) = Y d-dime H'(Go)+ [ dimoT"(Gow) dulw),
aeéd G\Gd
where 1 is the Plancherel measure on the dual G of G, and H" denotes reduced
n-cohomology. The proof, of operator-algebraic nature, is completely different.
Observe the different sets of assumptions: type I in [27], existence of a suitable
lattice in Theorem 7.2 above.

For infinite discrete groups, Theorem 7.2 just gives 6(12)(G) > 0, since Gy
is empty in this case. On the other hand, the computations in [27] show that
equality may occur either in Theorem 7.2 or in Corollary 7.5, with the right
hand side being non-zero: this is the case for PSLy(R), PSL2(Q,) and for
Aut(Xy ). Actually it follows from [27] that equality holds in Corollary 7.5,
under the extra assumption that G is type L. It is an open question whether a
group satisfying the assumptions of Corollary 7.5 must be type 1.

8. COMPARISON WITH OTHER FORMS OF IRREDUCIBILITY

In [8], the authors study orbits of affine isometric actions, and make the
following definitions.

Definition 8.1.

i) An affine isometric action « of a group G on a complex or real Hilbert
space ‘H has enveloping orbits if the closed convex hull of every orbit is
equal to H.

ii) A unitary or orthogonal representation 7 of G is strongly cohomological
if H1(G, o) # 0 for every non-zero sub-representation o of 7.

It is observed in Lemma 4.3 of [8] that the linear part of an action with
enveloping orbits is strongly cohomological. We notice that irreducibility lies
in between having enveloping orbits and having a strongly cohomological linear
part.

Proposition 8.2. Let w be a unitary or orthogonal representation of G. Every
of following properties implies the next one:
(i) There exists an affine isometric action with linear part m and with en-
veloping orbits.
(i) There exists an irreducible affine isometric action with linear part .
(iii) 7 is strongly cohomological.
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Proof. (i) = (ii) follows from the definitions that, if an affine isometric action
has enveloping orbits, then it is irreducible.
(73) = (#i1) follows from (A1) = (A3) in Proposition 2.3. O

Let us check that none of the converse implications in Proposition 8.2 holds.

Example 8.3. Let F' = F5 be the free group on 2 generators. As observed in
Remark 3.5 of [8], every representation of G is strongly cohomological. Now
let m be the trivial representation of G on a Hilbert space with dimension > 2.
There is no irreducible affine isometric action with linear part .

The following example, suggested by Y. Cornulier, shows that the converse
of (i) = (%) in Proposition 8.2 does not hold in infinite dimension. We denote
by Sym(N) the full symmetric group of N (viewed as a discrete group), and by
CQ(N) the direct sum of countably many copies of the cyclic group Cs of order

2. Note that Sym(IN) acts on CéN) by permutation of the indices.

Proposition 8.4. Let G be the semi-direct product CéN) x Sym(N). Then
G admits an irreducible orthogonal representation (7, H) and an unbounded 1-
cocycle b € ZY(G, ) such that, for a dense set of vectors w € H, the function
g — (b(g)|w) is bounded on G (so that conv(b(G)) # H).

Proof. We identify Cy with the multiplicative group {£1}, and CéN) with the
group of finitely supported functions N — {£1}. Let F be the space of all
real-valued sequences on N, and H = ¢? be the subspace of square-summable
sequences. Then CéN) acts on F by pointwise multiplication, and Sym(N)
acts on F by permutation of the indices. Let o be the corresponding linear
representation of G on F. The subspace H is invariant, and we denote by 7
the restriction of o to H. The proof of the proposition will be carried out in
four steps.

(i) Clearly, the only o(G)-fixed vector in F is 0.

(ii) The representation 7 is irreducible. Actually 7|sym(ny is already ir-
reducible. Indeed, by transitivity of the action of Sym(N) on N, we
can identify (in a Sym(N)-equivariant way) N with Sym(N)/Sym(N)o,
where Sym(IN)o is the stabilizer of 0 in Sym(IN). So 7 is equivalent
to the quasi-regular representation on ¢?(Sym(N)/Sym(N)p). Now ob-
serve that Sym(N)y is equal to its commensurator in Sym(N); indeed,
for ¢ € Sym(IN)\Sym(N)g, the subgroup Sym(N)y N gSym(N)og~! is
the stabilizer of g(0) in Sym(IN)p, so it has infinite index as Sym(N)g
acts transitively on N\{0}. Irreducibility then follows from Mackey’s
classical criterion for irreducibility of induced representations from self-
commensurating subgroups [20].

(iii) Let v = (1,1,1,...) be a constant sequence in F. Form the affine action
ty, oo ot_,. The associated 1-cocycle is b(g) = v — o(g)v, which is 0 if
g € Sym(N) and has finite support if g € CéN). In particular, this affine
action preserves H and induces on it an affine action a. Since v is the
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only fixed point of t, o 0 o t_,, (as seen above) and v ¢ H, we see that «
has no fixed point, i.e. b is unbounded as a map G — H. Note also that
« is irreducible, since 7 is.

(iv) Observe that b(G) is the set of sequences consisting of 0’s and 2’s, with
finitely many 2’s. View ¢! as a dense subspace of ¢2. For w € ¢! and
g € G, we have [(b(g)|w)| = | 32720 b(g)nwn| < 2[Jw]|1. 0

It turns out that, in Proposition 8.2, the converse of (ii) = (i) holds in
finite dimension.

Proposition 8.5. Let a be an affine isometric action of a group G on R™. If
« s irreducible, then o has enveloping orbits.

Proof. We first observe that the result trivially holds for n = 1, since by
irreducibility a(G) must contain a non-zero translation. Now, proceeding by
contradiction, let n be the smallest integer such that there exists an irreducible
affine isometric action o on R™, with the property that for some orbit a(G)zo,
the closed convex set C' := conv(a(G)zg) is not equal to R™. Then C is
contained in some closed affine half-space {x € R" : (x|w) < a}, for some unit
vector w € R™ and some a € R. As C' is unbounded, it contains some half-line
D = zo + R*.vg, where v is some unit vector, such that (wlvg) < 0. Since
a(g)D C C for every g € G, we have similarly (w|r(g)vg) < 0 for every g € G.
Now two cases may occur:

o (w|m(g)ve) < O for some g € G. Let K be the closure of n(G) in the
orthogonal group O(n). So K is a compact group, with normalized Haar
measure dk. Set v = [, k.vg dk: then v # 0 since (wlv) = [, (w|k.vo) dk <
0 (as the integrand is < 0 on a neighborhood of 7(g)). So v is a non-zero
m(G)-fixed vector. Let then g be the projected action on the 1-dimensional
subspace V' = R.v; the action «q is irreducible by Proposition 2.3. On
the other hand, the projection of a(G)z is contained in a half-line of V/,
contradicting the result for n = 1.

o (w|m(g)vo) = 0forevery g € G. Let then Vj be the 7(G)-invariant subspace
spanned by the 7(g)vo’s, let V1 be the orthogonal of Vj, and let 71 be the
restriction of 7 to V. Let a1 be the projected action on V3. By Proposition
2.3, aq is irreducible, so it has enveloping orbits by minimality of n. On
the other hand the projection of a(G)xog on Vi is contained in a closed
affine half-space, a contradiction. O
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