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Abstract

Let N be a connected and simply connected nilpotent Lie group, A
a lattice in N, and A\N the corresponding nilmanifold. Let Aff(A\N)
be the group of affine transformations of A\N.

We characterize the countable subgroups H of Aff(A\N) for which
the action of H on A\N has a spectral gap, that is, such that the
associated unitary representation U? of H on the space of functions
from L?(A\N) with zero mean does not weakly contain the trivial
representation. Denote by T the maximal torus factor associated to
A\N. We show that the action of H on A\N has a spectral gap if and
only if there exists no proper H-invariant subtorus S of 7" such that
the projection of H on Aut(7/S) has an abelian subgroup of finite
index.

We first establish the result in the case where A\N is a torus. In
the case of a general nilmanifold, we study the asymptotic behaviour
of matrix coefficients of U using decay properties of metaplectic rep-
resentations of symplectic groups. The result shows that the existence
of a spectral gap for subgroups of Aff(A\N) is equivalent to strong
ergodicity in the sense of K. Schmidt. Moreover, we show that the
action of H on A\N is ergodic (or strongly mixing) if and only if the
corresponding action of H on T is ergodic (or strongly mixing).

1 Introduction

Let H be a countable group acting measurably on a probability space (X, v)
by measure preserving transformations. Let U : h + U(h) denote the corre-
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sponding Koopman representation of H on L?(X,v). We say that the action
of H on X has a spectral gap if the restriction U° of U to the H-invariant
subspace

Li(X,v)={¢ € [*(X,v) : /Xg(x)dy(x) =0}

does not have almost invariant vectors, that is, there is no sequence of unit
vectors &, in LZ(X,v) such that lim, ||[U°(h)¢, — &,|| = 0 for all h € H. A
useful equivalent condition for the existence of a spectral gap is as follows.
Let u be a probability measure on H such that the support of i generates
H. Let U°(u) be the convolution operator defined on L2(X,v) by

(e = u(U°(h)E, € € L§(X,v).

heH

Observe that we have ||[U°(u)|] < 1 and hence r(U%(u)) < 1 for the spectral
radius r(U%(u)) of U%(u). Assume that p is aperiodic, (that is, if supp(u) is
not contained in the coset of a proper subgroup of H). Then the action of
H on X has a spectral gap if and only if 7(U%(u)) < 1 and this is equivalent
to |U°(w)]| < 1.

Ergodic theoretic applications of the existence of a spectral gap (or of the
stable spectral gap; see below for the definition) to random walks (such as
the rate of L2-convergence in the random ergodic theorem, pointwise ergodic
theorem, analogues of the law of large numbers and of the central limit theo-
rem, etc) are given in [CoGull], [CoLell], [FuSh99], [GoNel0] and [Guiv05].
Another application of the spectral gap property is the uniqueness of v as
H-invariant mean on L (X, v); for this as well as for further applications,
see [BeHV08|, [Lubo94], [Popal8], [Sarn90].

Recall that a factor (Y, m, H) of the system (X,v, H) is a probability
space (Y, m) equipped with an H-action by measure preserving transforma-
tions together with a H-equivariant mesurable mapping ¢ : X — Y with
®.(rv) = m. Observe that L*(Y,m) can be identified with a H-invariant
closed subspace of L?(X, v).

By a result proved in [JuRo79, Theorem 2.4}, no action of a countable
amenable group by measure preserving transformations on a non-atomic
probability space has a spectral gap. As a consequence, if there exists a
non-atomic factor (Y, m, H) of the system (X, v, H) such that H acts as an
amenable group on Y, then the action of H on X has no spectral gap. Our
main result (Theorem [I]) shows in particular that this is the only obstruction



for the existence of a spectral gap when H is a countable group of affine
transformations of a compact nilmanifold X.

Let N be a connected and simply connected nilpotent Lie group. Let A
be a lattice in N; the associated nilmanifold A\N is known to be compact.
The group N acts by right translations on A\N : every n € N defines a
transformation p(n) on A\N given by Az +— Azn. Denote by Aut(N) the
group of continuous automorphisms of N and by Aut(A\NV) the subgroup of
continuous automorphisms ¢ of N such that ¢(A) = A. The group Aut(N) is
a linear algebraic group defined over Q and Aut(A\N) is a discrete subgroup
of Aut(N). An affine transformation of A\ is a mapping A\N — A\N of
the form ¢ o p(n) for some ¢ € Aut(A\N) and n € N. The group Aff(A\N)
of affine transformations of A\N is the semi-direct product Aut(A\N) x N.

Every g € Aff(A\N) preserves the translation invariant probability mea-
sure vp\n induced by a Haar measure on N. The action of Aff(A\N) on
A\N is a natural generalization of the action of SL,(Z) x T" on the torus
T" = R"/Z". In fact, let T' = A[N, N]\N be the maximal torus factor of
A\N. Then the nilsystem (A\N, H) can be viewed as the result, starting with
T, of a finite sequence of extensions by tori, with induced actions of H on
every stage.

Actions of of higher rank lattices by affine transformations on nilmani-
folds arise in Zimmer’s programme as one of the standard actions for such
groups (see the survey [Fish]). The action of a single affine transforma-
tion (or a flow of such transformations) on a nilmanifold have been stud-
ied by W. Parry from the ergodic, spectral or topological point of view (see
[Parr69],[Parr70-al, [Parr70-bl; see also [AuGHG3] for the case of translations).

Let V be a finite dimensional real vector space and A a lattice in V. As is
well-known, 7" = V/A is a torus and A defines a rational structure on V. Let
W be a rational linear subspace of V. Then S = W/(WNA) is a subtorus of
T and we have a torus factor T = T/S. Let H be a subgroup of Aff(T) and
assume that W is invariant under p,(H ), where p, : Aff(A\N) — Aut(A\N)
is the canonical projection. Then H leaves S invariant and the induced
action of H on T is a factor of the action of H on T. We will say that T is
an H-invariant factor torus of 7. Here is our main result.

Theorem 1 Let A\N be a compact nilmanifold with associated mazimal
torus factor T. Let H be a countable subgroup Aff(A\N). The following
properties are equivalent:

(i) The action of H on A\N has a spectral gap.
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(i) The action of H on T has a spectral gap.

(iii) There exists no non-trivial H-invariant factor torus T of T' such that
the projection of p,(H) on Aut(T) is a virtually abelian group (that is,
it contains an abelian subgroup of finite index).

To give an an example, let T = R%/Z? be the d-dimensional torus. Ob-
serve that Aut(7") can be identified with GL4(Z). Let H be a subgroup
of Aff(T) = GL4(Z) x T. Assume that p,(H) is not virtually abelian and
that p,(H) acts Q-irreducibly on R? (that is, there is no non-trivial p,(H)-
invariant rational subspace of R%). Then the action of H on T has a spectral
gap. For more details, see Corollary [6] and Example [7] below.

The result above is new even in the case where A\N is a torus; see
however [FuSh99, Theorem 6.5.ii] for a sufficient condition for the existence
of a spectral gap for groups of torus automorphisms. Our results shows, in
particular, that the spectral gap property for a countable subgroup H of
Aff(A\N) is equivalent to the spectral gap property for its automorphism
part p,(H).

The proof of Theorem [I] breaks into two parts. We first establish the
result in the case where A\N is a torus (see Theorem [ below ). Our proof
is based here on the existence of appropriate invariant means on finite di-
mensional vector spaces. A crucial tool will be (a version of) Furstenberg’s
result on stabilizers of probability measures on projective spaces over local
fields. In the case of a general nilmanifold A\/N with associated maximal
torus factor T, we show that (ii) implies (i) by studying the asymptotic
behaviour of matrix coefficients of the Koopman representation U of H re-
stricted to the orthogonal complement of L*(T') in L2(A\N); for this, we will
use decay properties of the metaplectic representation of symplectic groups
due to R. Howe and C. C.Moore [HoMoT79]. The equivalence of (i) and (ii)
was proved in [BeHel()] in the special case of a group of automorphisms of
Heisenberg nilmanifolds.

Actions of countable amenable groups on a non-atomic probability space
fail to have a property which is weaker than the spectral gap property. Re-
call that the action of a countable group H by measure preserving trans-
formations on a probability space (X,v) is said to be strongly ergodic in
Schmidt’s sense (see [Schm80], [Schm8&1]) if every sequence (A, ),, of measur-

able subsets of X which is asymptotically invariant (that is, which is such that
lim, v(gA,AA,) = 0forall g € H) is trivial (that is, lim,, v(A4,)(1-v(4,)) =



0). It is easy to see that if the action of H on X has a spectral gap, then the
action is strongly ergodic (see, for instance, [BeHV08, Proposition 6.3.2]).
The converse does not hold in general (see Example (2.7) in [Schm81]). As
shown in [Schm&]1], no action of a countable amenable group by measure pre-
serving transformations on a non-atomic, probability space can be strongly
ergodic.

An interesting feature of strong ergodicity (as opposed to the spectral
gap property) is that this notion only depends on the equivalence relation
on X defined by the partition of X into H-orbits. Our result shows that the
existence of a spectral gap for subgroups of Aff(A\N) is equivalent to strong
ergodicity.

Corollary 2 The action of a countable subgroup of Aff(A\N) on a compact
nilmanifold A\N has a spectral gap if and only if it is strongly ergodic.

We suspect that the previous corollary is true for every countable group
of affine transformations of the quotient of a Lie group by a lattice. In fact,
the following stronger statement could be true. Let G be a connected Lie
group and I' a lattice of G. Let H be a countable subgroup of Aff(I'\G).
Assume that the action of H on I'\G does not have a spectral gap. Is it true
that there exists a non-trivial H-invariant factor T\G of I'\G such that the
closure of the projection of H on Aff(T\G) is an amenable group?

As our result shows, this is indeed the case if G is a nilpotent Lie group; it
is also the case if G is a simple non-compact Lie group with finite centre (see
Theorem 6.10 in [FuSh99]). It is worth mentioning that the corresponding
statement in the framework of countable standard equivalence relations has
been proved in [JoSc87].

Let again H be a countable group acting by measure preserving transfor-
mations on a probability space (X, v). The following useful strengthening of
the spectral gap property has been considered by several authors ([Bekk90],
[BeGu06], [FuSh99], [Popa08]). Following [Popal8], let us say that the action
of H has a stable spectral gap if the diagonal action of H on (X x X, v®v) has
a spectral gap (see Lemma 3.2 in [Popa08] for the rationale of this terminol-
ogy). The following result is an immediate consequence of Theorem [Il above
and of the corresponding result for groups of torus automorphisms obtained
in [FuSh99, Theorem 6.4].

Corollary 3 If the action of a countable subgroup of Aff(A\N) on a compact
nilmanifold A\N has a spectral gap, then it is has stable spectral gap.
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Next, we turn to the question of the ergodicity or mixing of the action of
a (not necessarily countable) subgroup H of Aff(A\N) on A\N. As a con-
sequence of our methods, we will see that this reduces to the same question
for the action of H on the associated torus.

Recall that an action of a group H on a probability space (X, v) is weakly
mixing if the Koopman representation U of H on L?(X,v) has no finite
dimensional subrepresentation, and that the action of of a countable group
H is strongly mixing if the matrix coefficients g — (U(g)&,n) vanish at
infinity for all £,n € LE(X,v).

Theorem 4 Let H be a group of affine transformations of the compact nil-
manilfold A\N. Let T be the mazximal T torus factor associated to A\N.

(i) If the action of H on T is ergodic (or weakly mizing), then its action
on A\N is ergodic (or weakly mizing).

(i1) Assume that H is as subgroup of Aut(A\N). If the action of H on T
is strongly mizing, then its action on A\N is strongly mixing.

Part (i) of the previous theorem has been independently established in
[CoGull]) with a different method of proof. In the case of a single affine
transformation (that is, in the case of H = Z), the result is due to W.Parry
(see [Parr69], [Parr70-a]). Also, [CoGull] gives an example of a group of
automorphisms H acting ergodically on a nilmanilfold A\N for which no
single automorphism from H acts ergodically on A\N, showing that the
previous theorem does not follow from Parry’s result.

Sections 1-7 are devoted to the proof our main result Theorem [I] in the
case where A\ N is a torus. The proof of the extension to general nilmanifold
is given in Sections 8-14. Theorem [ is treated in Section 15.

Acknowlegments We are grateful to J-P. Conze, A. Furman, and A. Gam-
burd for useful discussions.

2 Spectral gap property for groups of affine
transformations of a torus: statement of
the main result

Let V be a finite dimensional real vector space of dimension d > 1 and
let A be a lattice in V. Let T" be the torus 7" = V/A. The group of affine
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transformations of 7" is the semi-direct product Aff(7") = Aut(7T) x 7.
The aim of this section is to state the following result, which will be proved

in the next two sections. Recall that p, denotes the canonical homomorphism
Aff(T) — Aut(T).

Theorem 5 Let H be a countable subgroup of Aff(T). The following prop-
erties are equivalent. The following properties are equivalent:

(i) The action of H on T does not have a spectral gap.

(ii) There exists a non-trivial H-invariant factor torus T such that the
projection of p,(H) on Aut(T) is amenable.

(iii) There exists a non-trivial H-invariant factor torus Ty such that the
projection of p.(H) on Aut(Ty) is virtually abelian.

The following corollary is an immediate consequence of the implication (i) =
(i) in the previous theorem.

Corollary 6 Let T'= V/A be a torus. Let H be a countable subgroup of
AfH(T) such that p,(H) C Aut(T) is not virtually abelian. Assume that the
action of H on V' is Q-irreducible for the rational structure on V' defined by
A. Then the action of H on T has a spectral gap.

This last result was proved in [FuSh99, Theorem 6.5.ii] for a subgroup H
of Aut(T") under the stronger assumption that the action of H on V is R-
irreducible. We give an example of a subgroup H of automorphisms of a 6-
dimensional torus 7' = V/A which acts Q-irreducibly but not R-irreducibly
on V and which has a spectral gap on 7.

Example 7 Let ¢ be the quadratic form on R? given by
q(z) = o} + 23 — V222,
and let SO(q,R) C GL3(R) be the orthogonal group of ¢. Set
H = SLy(Z]V2] N SO(¢,R).

Let ¢ be the non-trivial automorphism of the field Q[v/2]. For every g €
SO(q,R), the matrix g7, obtained by conjugating each entry of g, preserves
the conjugate form ¢° of ¢ under o. The mapping

Q[v2] - R xR, r— (z,0(x))



induces an isomorphism between Z[v/2]® and a lattice A in R3xR3. It induces
also an isomophism v +— (7,77) between H and a lattice I' in SO(q,R) X
SO(q°,R). Moreover, H leaves Z[v/2]® invariant and I' leaves A invariant.
We obtain in this way an action of H on the torus T'= R5/A.

Since SO(¢°,R) = SO(3) is compact, H is a lattice in SO(q,R). This
implies (Borel density theorem) that the Zariski closure of H in SL3(R) is
the simple Lie group SO(q, R), so that the action of H on R? is R-irreducible
and hence Q-irreducible for the usual rational structure on R?. It follows that
the action of H on R® is Q-irreducible for the rational structure defined by
the lattice A of RS. Observe that the action of H on R is not R-irreducible
since I leaves invariant each copy of R? in R® = R*@®R3. Moreover, H is not
virtually abelian as it is a lattice in SO(q,R) = SO(2,1). As a consequence
of the previous corollary, the action of H on T has a spectral gap.

Concerning the proof of Theorem Bl we will first treat the case of groups
of toral automorphisms.

Choosing a basis for the Z-module A, we identify V with R% and A
with Z¢. By means of the standard scalar product on R?, we identify the
dual group V of V' (that is, the group of unitary characters of V') with
V. The dual action of an element g € GL(V) on V corresponds to the
action of (¢7!) on V. Since T = V/A, the dual group 7' can be identified
with A. Let W be a rational linear subspace of V. The dual group of the
quotient V/W corresponds to the orthogonal complement W+ of W, which
is also a rational linear subspace of V. The dual group of the torus factor
T = (V/W)/((W + A)/A) corresponds to W+ N A,

The discussion above shows that Theorem [Bl in the case of a group of
toral automorphisms is equivalent to the following theorem.

Theorem 8 Let H be a subgroup of GL4(Z). The following properties are
equivalent.

(i) The action of H on T = R?/Z< does not have a spectral gap.

(i) There exists a non-trivial rational subspace W of R which is invariant
under the subgroup H' of GL4(Z) and such that the image of H' in
GL(W) is an amenable group.

(iii) There exists a non-trivial rational subspace W of R® which is invariant
under H' and such that the the image of H' in GL(W) is a virtually
abelian group.



Observe that the implication (iii) = (i) is obvious and that the impli-
cation (i) = (i) follows from the result in [JuR079] quoted in the introduc-
tion. Therefore, it remains to show that (i) implies (ii) and that (ii) implies

(ii).

3 A canonical amenable group associated to
a linear group

Let V' be a finite-dimensional real vector space. (Although we will consider
only real vector spaces, the results in this section are valid for vector spaces
over any local field.) Let g € GL(V) and W a g-invariant linear subspace of V.
We denote by gy € GL(W) the automorphism of W given by the restriction
of g to W. If W’ is another g-invariant subspace contained in W, we will
denote by gw/w € GL(W/W’) the automorphism of W/W' induced by g.
Also, if H is a subgroup of GL(V') and W/ C W are H-invariant subspaces of
V, we will denote by Hy and Hyy - the corresponding subgroups of GL(W)
and GL(W/W'), respectively.

For a subgroup H of GL(V), we denote by H its closure for the usual
locally compact topology on GL(V'). The aim of this section is to prove the
following result.

Proposition 9 Let H be a subgroup of GL(V'). There exists a largest H-
invariant linear subspace V(H) of V' such that the group Hy (my is amenable.
More precisely, let V(H) be the subspace of V' generated by the union of the
H -invariant subspaces W C V' for which Hy, is amenable. Then Hy gy is
amenable.

A more explicit description of V(H) will be given later (Proposition [15]).
For the proof of the proposition above, we will need the following elementary
lemma.

Lemma 10 Let H be a closed subgroup of GL(V) and W an H-invariant
subspace of V. Then H is amenable if and only if Hy and Hy w are amenable.

Proof Since Hy and Hy,w are closures of quotients of H, both are
amenable if H is amenable.



Assume that Hy, and Hyy are amenable. Let L be the closed subgroup
consisting of the elements g € GL(V') leaving W invariant and for which gy
belongs to Hyy and gv/w belongs to Hy y . The mapping

¢: L — Hwy X Hyw, g (9w, gv/w)

is a continuous homomorphism. It is clear that ¢ is surjective. Moreover,
U = Ker(p) is a unipotent closed subgroup of L. Since Hy, x Hyw and
U are amenable, L is amenable. The closed subgroup H of L is therefore
amenable.ll

Proof of Proposition 9] We can write V(H) = >"'_, W; as a sum of finitely

many [-invariant subspaces Wy, ..., W, of V such that Hyy, is amenable for
every 1 <1 <.
We show by induction on s € {1,...,r} that Hys is amenable, where

Ws = Zle W;. The case s = 1 being obvious, assume that Hyys is amenable
for some s € {1,...,r —1}. The group

GLW*/W*) = GL(W* + W) /W)

is canonically isomorphic to GL(Wyi1/(W*® N Wiy1) and Hyyst1jys corre-
sponds to Hy,, , /wsrw,,,) under this isomorphism. Now, Hy,_ /wsnw,,,) is

amenable since Hyy,,, is amenable. Hence, Hyys+1 s is amenable. Moreover,

Hyys is amenable by the induction hypothesis. The previous lemma implies
that Hyys+1 is amenable.

4 Invariant means supported by rational sub-
spaces

Let GG be a locally compact group. There is a well-known relationship between
weak containment properties of the trivial representation 15 and existence
on invariant means on appropriate spaces (see below). We will need to make
this relationship more precise in the case where H is a subgroup of toral
automorphisms.

By a unitary representation (7, H) of G, we will always mean a strongly
continuous homomorphism 7 : G — U(#H) from G to the unitary group of a
complex Hilbert space H.
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Recall that, for every finite measure u of G, the operator m(u) € B(H) is
defined by the integral

w06 = [ rlo)giute)  forall g

Assume that G is a discrete group and 7 and p are unitary representations of
G; then 7 is weakly contained in p if and only if ||7(u)|| < ||p(w)|| for every
finite measure p on G (see Section 18 in [Dixm69]). Recall also that, given a
probability measure p on GG which is aperiodic, the trivial representation 14
is weakly contained in a unitary representation = if and only if ||7(u)|| = 1
(see [BeHVO0S, G.4.2]).

Let X be a topological space and C®(X) the Banach space of all bounded
continuous functions on X equipped with the supremum norm. Recall that a
mean on X is a linear functional m on C®(X) such that m(1x) = 1 and such
that m(p) > 0 for every ¢ € C°(X) with ¢ > 0. A mean is automatically
continuous. We will often write m(A) instead of m(14) for a subset A of X.

Observe that the means on a compact space X are the probability mea-
sures on X.

Let H be a group acting on X by homeomorphisms. Then H acts nat-
urally on C®(X). A mean m on X is H-invariant if m(h.¢) = m(yp) for all
€ C’X)and h € H.

Let Y be another topological space and f : X — Y a continuous mapping.
For every mean m on X, the push-forward f.(m) of m is the mean on Y
defined by ¢ — m(p o f) for ¢ € C*(Y).

We will consider invariant means on two kinds of topological spaces:

e X is a set with the discrete topology and endowed with an action of a group
H. It is well-known (see Théoreme on p. 44 in [Eyma72|) that there exists
an H-invariant mean on X if and only if the natural unitary representation
U of H on (*(X) almost has invariant vectors (that is, if and only if U weakly
contains the trivial representation 1y of H).

e X =V \ {0}, where V is a finite dimensional real vector space. Let H be
a subgroup of GL(V). If m is an H-invariant mean on V' \ {0}, then 7, (m)
is an H-invariant probability measure on the projective space P(V'), where
m:V\ {0} = P(V) is the canonical projection.

The following result is a version of Furstenberg’s celebrated lemma (see
[Furs76] or [Zimm84l, Corollary 3.2.2]) on stabilizers of probability measures
on projective spaces. We will need later (in Section [B]) the more precise form
we give for this lemma (see also the proof of Theorem 6.5 (ii) in [FuSh99]).
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For a subgroup H of GL(V'), we denote by Zc(H) the closure of H in the
Zariski topology and by Zc(H)° the connected component of Zc(H) in the
Zariski topology. As is well-known, Zc(H)° has finite index in Zc(H).

Lemma 11 Let H be a closed subgroup of GL(V'). Assume that H stabilizes
a probability measure v on P(V') which is not supported on a proper projec-
tive subspace. Then the commutator subgroup [HY, H°] of H° is relatively
compact, where H® is the normal subgroup of finite index H N Zc(H)® of H.
In particular, H is amenable.

Proof We can find finitely many positive measures (;)1<;<, on P(V') with
V =Y icic, Vi such that v(V; NV;) = 0 for i # j and such that supp(y;) C
7(V;) for every i € {1,...,r}, where V; is a linear subspace of V of minimal
dimension with v;(7(V;)) > 0. The H-orbit of V; and hence the H-orbit
of v; is finite (see Proof of Corollary 3.2.2 in [Zimm&84]). Since stabilizers of
probability measures on P (V') are algebraic (see Theorem 3.2.4 in [Zimm84]),
it follows that H° stabilizes each V; and each v;. Now v;, viewed as measure
on P(V}), is zero on every proper projective subspace of P(V;). Hence (see
Corollary 3.2.2 in [Zimm®&4]), the image of the restriction HY of H® to V;
is a relatively compact subgroup of PGL(V;), for every ¢ € {1,...,r}. Since

[HY, HY] is contained in SL(V;), it follows that [H?, H?] is compact in GL(V;).

This implies that [H9, HO] is compact. As H°/[H, H] is abelian, it follows
that H° (and hence H) is amenable.l

Remark 12 The conclusion of the previous lemma does not hold in general
if we replace H° by an arbitrary subgroup of finite index of H. For example,
let V= Re; @ Rey and let H C GLy(R) be the stabilizer of the measure
V = (Ox(er) + On(es))/2 on P(V). Then [H, H] = H is not bounded; however,
H? is the subgroup of index two consisting of the diagonal matrices in H and
[HY, H] is trivial.

Proposition 13 Let H be a subgroup of GL(V') and V(H) the largest H -

invariant susbpace of V' such that Hy gy is amenable.

(i) Assume H stabilizes a mean m on V' \ {0}. Then V(H) # {0}.

(11) Let A be a lattice in V' and m a mean on A\ {0}. Assume H leaves A
invariant and stabilizes m. Then m(V (H) N A) = 1. In particular, the
R-linear span of V(H) N A is a non-trivial rational subspace of V' (for
the rational structure defined by A ).
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Proof (i) Let 7 : V '\ {0} — P(V) be the canonical projection and v =
m«(m). Then v is an H-invariant probability measure on P(V'). Let W the
linear span of 7~ (supp(v)). Then W is non-trivial and v is not supported on
a proper projective subspace of m(W). It follows from Lemma [I1] applied to
the closed subgroup Hy of GL(W) that Hy, is amenable. Hence, V(H) #
{0}, by the definition of V(H).

(ii) Set V = V/V(H). Since V(H) is H-invariant, we have an induced
action of H on V. Denote by p : V' — V the canonical projection. We
consider the mean 7 = (p|a).(m) on the set A := p(A) equipped with the
discrete topology. Observe that 7 is H-invariant, since H stabilizes m.

Assume, by contradiction, that m(V(H) N A) < 1. Then m({0}) =
m(V(H) N A) < 1. Setting o« = m(V(H) N A), we define an H-invariant
mean 7y on A\ {0} by

1
11—«

m(p) for all o € (A \ {0}).

Let i,(77) be the mean on V \ {0} induced by the canonical injection i :
A\ {0} — V' \ {0}. Observe that i,(m7) is H-invariant. Hence, by (i), we
have V(H) # {0}. This implies that V (H) is a proper subspace of the vector
space W := p~1(V(H)). On the other hand, Hy is amenable, by Lemma [0l
This contradicts the definition of V/(H). B

At this point, we can give the proof of the fact that (i) implies (ii) in
Theorem [l (or, equivalently, in Theorem [§]) in the case of group of automor-
phisms.

Proof of (i) = (ii) in Theorem [§]

Let H be a countable subgroup of GL4(Z). Assume that the action of H
on T = R?/Z% does not have a spectral gap. Then the unitary representation
of the transposed subgroup H* on (?(Z¢\ {0}) weakly contains the trivial
representation 1g¢. Hence, there exists an H'-invariant mean on Z?\ {0}.
By Proposition [I3] the linear span W of V(H") N Z% is a non-trivial rational
subspace of R?%. Morever, HY;, = H};, is amenable. H

5 Proof of (ii) = (¢ii) in Theorem [§

For the proof of (ii) = (447) in Theorem 8, we will need a precise description
of the subspace V (H) associated to a subgroup H of GL(V') and introduced
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in Proposition [l For this, we will use the following result which appears as
Lemma 1 and Lemma 2 in [CoGu74]. Since the arguments in [CoGuT74] are
slightly incomplete, we give the proof of this lemma.

Lemma 14 Let V be finite-dimensional real vector space and let H be a
subgroup of GL(V') such that the action of H on 'V is completely reducible.

(i) Assume that the eigenvalues of every element in H all have modulus 1.
Then H is relatively compact.

(11) Assume that there exists an integer N > 1 such that the eigenvalues of
every element in H are all N-th roots of unity. Then H 1is finite.

Proof By hypothesis, we can decompose V' into a direct sum V' = ®1<;<, Vi
of irreducible H-invariant subspaces V;. Let V€ = V ®g C be the complex-
ification of V. The action of H on each V; extends to a representation of
H on V€ which either is irreducible or decomposes as a direct sum of two
irreducible (mutually conjugate) representations of H. It suffices therefore to
prove the following

Claim: Let H be a subgroup of G L4(C) acting irreducibly on C%. Then the
conclusion (i) and (ii) hold.

For every h € H, we consider the linear functional ¢, on the algebra
M4(C) of complex (d x d)-matrices defined by ¢,(x) = Tr(hz). Since H
acts irreducibly, it follows from Burnside theorem that the algebra generated
by H coincides with My(C). Hence, there exists a basis {hq, ..., hq} of the
vector space My(C) contained in H. Then {¢p,,..., ¥ ,} is a basis of the
dual space of My(C).

Assume that the eigenvalues of every element in H all have modulus 1.
Then the ¢,,’s are bounded on H by d. It follows that the matrix coefficients
of the elements in H are bounded. Hence, H is relatively compact subset of
My(C).

Assume that, for a fixed N > 1, the eigenvalues of every element in H
are N-th roots of unity.. Then the ¢;,’s take only a finite set of values on H.
It follows that H is finite subset of My(C).1

Proposition 15 Let V' be a finite-dimensional real vector space and H a sub-
group H of GL(V'). Set H® = HNZc(H)°. Let V! be the largest H-invariant
linear subspace of V' such that, for every h € [HY, H], the eigenvalues of the
restriction of h to V' all have modulus 1. Then V(H) = V1.
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Proof Let us first show that V(H) C V. Since Hy (g is amenable, there
exists an H-invariant probability measure v on P(V(H)) C P(V). Let W
be the smallest H-invariant subspace such that v is supported on P(W). Tt
follows from Lemmal[ITlthat [H°, H°] acts isometrically on W, with respect to
an appropriate norm on W. We can apply the same argument to the group

Hy(myw acting on the quotient space V(H)/W. Hence, by induction, we
obtain a flag

{0} =WoCcW=W,CWyC---CW,=V(H)

of H-invariant subspaces such that [H°, H°| acts isometrically on each quo-
tient Wiy /W;. Tt follows from this that the eigenvalues of the restriction to
V(H) of any element h € [H°, H°] have all modulus 1. Hence, V(H) C V.
To show that V! C V(H), we have to prove that Hy1 is amenable. Recall
that that H/H" is finite and observe that H\,, /[Hy., Hy] is abelian. Hence,
it suffices to show that [HY.,, H{.] is amenable.
Let

{0y=WocWyC---CW,=V"

be a Jordan-Holder sequence for the [H{., H{.|-module V', that is, ev-
ery W; is an [HY., H{, ]-invariant subspace of V! and [H{.,, H).| acts ir-
reducibly on every quotient W;,;/W;. By Lemma [T4li, the image of [H°, H°]
in GL(W;,1/W,) is relatively compact for every i € {0,...,r — 1}.

Let N be the unipotent subgroup of GL(V') consisting of the elements
in GL(V?') which act trivially on every quotient W;,1/W;.

We can choose a scalar product on V1 such that, denoting by Wit the
orthogonal complement of W; in W, every h € [H?, H] can be written in
the form h = khg, where hg € N and where k leaves W invariant and acts
isometrically on W;* for every i € {0,...,r — 1}, This shows that [H},,, H,,]
can be embedded as a closed subgroup of K x N C GL(V!), where K is the
product of the the orthogonal groups of the W:’s. Since K x N is amenable,
the same is true for [H{,,, H).]. W

We will need need the following corollary of (the proof of) the previous
proposition .

Corollary 16 Let I' be a subgroup of GL4(Z). Assume that the eigenvalues
of every v € T' all have modulus 1. Then I' contains a unique mazximal
unipotent subgroup T'° of finite index. In particular, T'° is a characteristic
subgroup of T'.
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Proof As in the proof of the previous proposition, we consider a Jordan-
Hélder sequence for the I'-module RY

{0} =Wy cW,C---CcW,=R"

and let N be the subgroup of all ¢ € GL(V) which act trivially on every
W1 /W;. We choose a scalar product on R? such that I' embeds as a sub-
group of the semi-direct product K x N for K = Hle O(Wit), where Wit is
the orthogonal complement of W; in W, ;.

Let v € T'. For every [ > 1, the [-th powers of the eigenvalues of v are
roots of the same monic polynomial with integer coefficients and of degree
d. Since the eigenvalues of v are all of modulus 1, the coefficients of this
polynomial are bounded by a number only depending on d. By a standard
argument (see e.g. the proof of Lemma 11.6 in [StTa87]), it follows that all
the eigenvalues of v are roots of unity of a fixed order N which only depends
on d.

Let I be the projection of I' in K. The action of I is completely reducible,
since the W;-’s are irreducible, and it follows from Lemma [4lii that T is
finite. Hence, I' N N is a unipotent normal subgroup of finite index in I'.

We have therefore proved that I" contains a unipotent normal subgroup of
finite index. We claim that T := I'NZc(T")? is the unique maximal unipotent
normal subgroup of finite index in T

Indeed, let I'y be a unipotent normal subgroup of finite index in I". Set
U := Zc(I'1). Observe that the connected component of U coincides with
Zc(T), since T'; has finite index in T'. On the other hand, as is well-known,
U is connected since it is a unipotent algebraic group. (Indeed, the Zariski
closure of the subgroup generated by a unipotent element v € GL(R?) con-
tains the one-parameter subgroup through u; see e.g. 15.1. Lemma C in
[Hum81].) Tt follows that Zc(I')° = U is unipotent. Moreover, since I'y C U,
we have I'; C I'° and the claim is proved. B

We can now complete the proof of Theorem [§l
Proof of (ii) = (i7i) in Theorem [§]

Let T'=V/A be a torus and H a subgroup of Aut(7") C GL(V'). Assume
that there exists a non-trivial rational subspace W of V' which is H-invariant
and such that such that the restriction Hy of H to W is an amenable group.
In particular, we have W C V(H).

Set H® = H N Zc(H)°. By Proposition [I5] for every h € [H°, H], all the
eigenvalues of the restriction of h to W have modulus 1. Since W is rational,
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by the choice of a convenient basis of W, we can assume that I' := [H°, H"]
is a subgroup of GL4(Z), where d = dim W. It follows from Corollary
that I' contains a unipotent subgroup I'° of finite index which is moreover
characteristic. Let W, be the space of the I'’-fixed vectors in W. Then W} is
a rational and non-trivial linear subspace of W. Moreover, W is H-invariant,
since I'? is characteristic.

We claim that Hyy, is virtually abelian. For this, it suffices to show that
G = Hy, C GL(W)) is virtually abelian. Observe first that [G, G] = L'y, is
finite, since it is a quotient of the finite group I'/T". Since [Z¢(G), Ze(G)] C
Z¢([G, G]), it follows that [Zc(G), Zc(G)] is finite. On the other hand, the
group [Zc(G), Ze(G)?] is connected (see e.g. Proposition 17.2 in [Hum81]).
Hence, Zc(G)? is abelian. The subgroup G N Zc(G)° has finite index in G
and is abelian. W

6 Herz’s majoration principle for induced rep-
resentations

Unitary representations of a separable locally compact group G induced by
a closed subgroup H will appear several times in the sequel. We review
their definition when the homogeneous space H\G has G-invariant measure.
This will always be the case in the situations we will encounter. (Induced
representation are still defined in the general case, after appropriate change;
see [Mack76] or [BeHV0S].)

Let v be non-zero G-invariant measure on H\G. Let (o,K) be a unitary
representation of H. We will use the following model for the induced represen-
tation Ind%e. Choose a measurable section s : H\G — G for the canonical
projection G — H\G. Let ¢ : (H\G) x G — H be the corresponding cocycle
defined by

s(x)g = c(x, g)s(xg) forall z € H\G, g€ G.

The Hilbert space of Ind%e is the space L2(H\G, K) of all square-integrable

measurable mappings £ : H\G — K and the action of G on L?*(H\G,K) is
given by

(Indfo)(9)é(x) = o(c(x,9))é(zg), g€ G, €€ L*(H\G,K), = € G/H.
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In the sequel, we will use several times a well-known strengthening of
Herz’s majoration principle from [Herz70] concerning norms of convolution
operators under an induced representation. For an even more general version,
see [Anan03], 2.3.1]. For the convenience of the reader, we give the short proof.

Proposition 17 (Herz’s majoration principle) Let H be a closed sub-
group of G such that H\G has a G-invariant Borel measure v and let (o, K)
be a unitary representation of H. For every probability measure pu on the
Borel subsets of G, we have

[(IndZo) ()| < llpcu (Wl

where A g is the natural representation of G on L*(G/H).

Proof Let ¢ : H\G — H be the cocycle defined by a Borel section of
H\G — G.For € € L*(H\G, K, v), define ¢ in the Hilbert space L*(H\G, v),
of IndGo by ¢(x) = ||€(x)|| and observe that ||¢| = [|€]|. Using Jensen’s
inequality, we have

I(Indf0) (1é€]* = / (Ind () (x))|*dv(2)

I
H\G

_ / || / o(clz, 9))E(g)du(g)|*dv(x)
oG Ja

< / / lo(c(z, 9)& (xg) | Pdia(g)dv(x)
e Ja

_ /H . /G 1€ (29) |2 dug)dv(z)
— | (IndG 1) ()]

Since Indgl g is equivalent to Ag g, the claim follows. W
We will also need (in Section [I0]) a precise description of the kernel of an

induced representation.

Lemma 18 With the notation as in the previous proposition, let m = Indga.
Then Ker(m) = ,cq 9Ker(o)g™", that is, Ker(m) coincides the largest nor-
mal subgroup of G contained in Kero.
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Proof

Let ¢ : H\G x G — H be the cocycle corresponding to a measurable
section s : H\G — G with s(H) = e. Let a € Ker(mw). Then, for every
¢ e L*(H\G,K), we have

o(e(x,a))é(za) = &(x) for all = € H\G.

Taking for & mappings supported on a neighbourhood of Ha, we see that
a € H. Hence ¢(H,a) = a. Taking for £ continuous mappings with £(H) # 0
and evaluating at H, we obtain that a € Ker(o). Since Ker(7) is normal in
G, it follows that gag™! € Ker(o) for all g € G.

Conversely, let a € G be such that gag™' € Ker(o) for all g € G. Since

s()a = (s(z)as(x)")s(x),

we have c(z,a) = s(z)as(x)™! for all z € H\G. Hence, for every & €
L*(H\G,K) and z € H\G, we have

(m(a)§)(x) = o(c(w, a))é(va) = o(s(x)as(z)~")E(z) = £(2).
This shows that a € Ker(7) and the claim is proved. B

7 Proof of Theorem

Let T'= V/A be a torus and H a countable subgroup of Aff(T") = Aut(T")xT.
The implication (iii) = (ii) is obvious and the implication (ii) = (i)
follows from [JuRo79]. The fact that (iz) implies (i7i) has been proved in
Theorem [ Therefore, it remains to show that (i) implies (i¢). Again by
Theorem [ it suffices to show that if the action of H on T has no spectral
gap, then the same is true for the action of p,(H) on T, where p, is the
projection from Aff(7") to Aut(7"). This will be an immediate consequence of
the next proposition.

For a probability measure p on Aff(7T), we denote by p,(u) the probability
measure on Aut(7") which is the image of  under p,. Let Uy be the Koopman
representation of Aff(T) on L3(T).

Proposition 19 For every probability measure u on Aff(T'), we have

10o(i)| < [1Uo(Pap))Il-
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Proof  Set I' = Aut(7T). Let 7' 2 Z¢ be the dual group of 7. The Fourier
transform sets up a unitary equivalence between U, and the representation

V of Aff(T) on £2 (f\ {1T}) given by

(%) V(v,a)x =x(a)x”  forall yeT\{lr},v€eTl, a€T,

where y7 € T is defined by x(z) = x(77(x)).
Choose a set of representatives S for the I'-orbits in 7"\ {1r}. Then
> (f \ { 1T}> decomposes as the direct sum of Aff(7")-invariant subspaces

2T\ {1r}) = P 0y,

XES

where O, is the orbit of x € S under I'.

It follows from Formula (x) above that the restriction V, of V to £2(0,) is
equivalent to the induced representation Indll:;fKTTSZ, where Iy is the stabilizer
of x in I' and where Y is the extension of x to I', x 1" given by

X(v,a) = x(a) forall veTI'y, aeT.
The proposition will be proved if we can show that, for all y € S, we have

(%) V(I < Vi (palp) I

Now, the restriction of V) to I' is equivalent to the natural representation
of T in £%(0,), which is the induced representation Indgnglp. Observe that

Il’lszZTlp is equivalent to (Indll:xlp> op,. Hence, Inequality (xx) follows from

Herz’s majoration principle (Proposition [I7]) and the proof of Theorem [ is
complete. W

The following corollary gives a more precise information about the spec-
tral structure of the Koopman representation associated to the action on T’
of a countable subgroup of Aff(T).

Corollary 20 Let H be a a countable subgroup of Af(T) and I' = p,(H).
There exists a I'-invariant torus factor T of T such that the projection of H in
Aff(T) is an amenable group and which is the largest one with this property:
every other I'-invariant torus factor S of T for which the projection of H in
Aff(S) is amenable is a factor of T. Moreover, the torus factor T has the
following properties:
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(i) the projection of I' on Aut(T) is a virtually polycyclic group;

(ii) the restriction to L*(T)* of the Koopman representation of H does not
weakly contain the trivial representation 1g.

Proof As for the proof of Theorem Bl we proceed by duality, using Fourier
analysis and identifying V' and A with their dual groups.

Let Vit (I') be the subspace generated by the union of I-invariant rational
subspaces W of V' for which I'yy is amenable. Then V,,(I") is a [-invariant
rational subspace and, by Proposition [, I'y, , ry is amenable.

We claim that the natural unitary representation of T on £2(A\ (V4 (T') N A))
does not weakly contain 1. Indeed, assume by contradiction that this is not
the case. Then there exists a [-invariant mean m on A\ (Vo (I') N A)) . We
consider the vector space V = V/V;, (') with the lattice A = p(A), where
p: V — V is the canonical projection. Then p,(m) is a I'-invariant mean
on A\ {0}. Hence, by Proposition [[3, there exists a non-trivial I-invariant
rational W subspace of V such that the image of I in GL(W) is amenable.
Then W = p~}(W) is a I'-invariant rational subspace of V for which 'y is
amenable. This is a contradiction since Vi, (I") is a proper subspace of .

Let T = T'NZc(T)°. By Proposition [[5, the eigenvalues of the restriction
of every element in [['°,T°] to V;.(T) are all of modulus 1. Hence, by Corol-
lary [0, the image of [[°,T?] in GL(V;4(T)) is virtually nilpotent. It follows
that I'y,,, () is virtually polycyclic.l

8 Some basic facts on Kirillov’s theory and
on decay of matrix coefficients of unitary
representations

We first recall some basic facts from Kirillov’s theory of unitary representa-
tions of nilpotent Lie groups. R

For a locally compact second countable group G, the unitary dual G
of G is the set of classes (for unitary equivalence) of irreducible unitary
representations of G.

Let N be a connected and simply connected nilpotent Lie group with Lie
algebra n. Kirillov’s theory provides a parametrization of NV in terms of the
co-adjoint orbits in the dual space n* = Homg (n, R) of n. We will review the
basic features of this theory.
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Fix [ € n*. There exists a polarization m for [, that is, a Lie subalgebra m
such that [([m, m]) = 0 and which is of maximal dimension; the codimension
of m is § dim(Ad*(N)I), where Ad*(N){ is the orbit of [ under the co-adjoint
representation Ad* of N. The induced representation Ind};y; is irreducible,
where M = exp(m) and x; is the unitary character of M defined by

xi(exp X) = 2l X em.
The unitary equivalence class of Ind%xl only depends on the co-adjoint orbit
Ad*(N)I of I. We obtain in this way a mapping

n*/Ad(N) = N, O~ 7o

called the Kirillov mapping, from the orbit space n*/Ad* () of the co-adjoint
representation to the unitary dual N of N The Kirillov mapping is in fact a
bijection. For all of this, see [Kiri62] or [CoGr89).

We have to recall a few general facts about decay of matrix coefficients
of unitary group representations, following [HoMoT79] and [Howe82].

Let (m,7) be a unitary representation of the locally compact group G.
The projective kernel of 7 is the normal subgroup P, of G defined by

P, ={geG : m(g9) = A\:(g)I for some \;(g) € C}.

Observe that the mapping g — A.(g) defines a unitary character A, of P;.
Observe also that, for £, € H, the absolute value of the matrix coefficient

Céy 9= (m(9)E:m)

is constant on cosets modulo P,. For a real number p with 1 < p < 400,
the representation 7 is said to be strongly LP modulo Py, if there is dense
subspace D C H. such that, for every &, € D, the function |C’gr 77| belongs
to LP(G/Py,). Observe that then 7 is strongly L? modulo P, for any g > p,
since Cf ) is bounded.

Moreover, if 7 is strongly L? modulo P,, then 7 is contained in an infinite
multiple of Ind%r Ar (this can be shown by a straightforward adaptation of
Proposition 1.2.3 in Chapter V of [HoTa92]).

We will also use the notion of a projective representation. Recall that a
mapping 7 : G — U(H) from G to the unitary group of the Hilbert space H
is a projective representation of G if the following holds:
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o m(e)=1,

e for all g1, go € G, there exists ¢(g1, g2) € C such that
T(9192) = (g1, 92)m(91)7(92),

e the function g — (7(g)&,n) is measurable for all £, € H.

The mapping ¢ : G x G — S! is a 2-cocycle with values in the unit cercle
S!. The projective kernel of 7 is defined in the same way as for an ordinary
representation. Every projective unitary representation of GG can be lifted to
an ordinary unitary representation of a central extension of G (for all this,
see [Mack76] or [Mack58]).

9 Decay of extensions of irreducible repre-
sentations of nilpotent Lie groups

Let N be a connected and simply connected nilpotent Lie group with Lie
algebra n.

The group Aut(N) of continuous automorphisms of N can be identified
with the group Aut(n) of automorphisms of the Lie algebra n of N, by means
of the mapping ¢ — d.p, where d.p : n — n is the differential of ¢ € Aut(N)
at the group unit. In this way, Aut(N) becomes an algebraic subgroup of
GL(n). Therefore, the group Aff(N) = Aut(N) x N of affine transformations
of N is also an algebraic group over R.

Set G := Aff(N). In the following, we view N as a normal subgroup of G.
The group G acts by inner automorphisms on N and hence by automorphisms
on n,n*, and N; observe that, for ¢ € G and | € n*, we have

(Ad*(n)l)? = Ad*(gng)(19) for all n € N.

This shows that g permutes the orbits of the co-adjoint representation, map-
ping the orbit of [ onto the orbit of I9. Let # € N with corresponding co-
adjoint orbit O. The representation 79 € N, defined by 79(n) = w(gng™?),
corresponds to the orbit OY.
For a co-adjoint orbit O in n*, we denote by G the stabilizer of O in G.
Similarly,
Gr.={g€ G : 7 is equivalent to 7}
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is the stabilizer in G of 7 € N. Observe that, if 7 is the representation
corresponding to the co-adjoint orbit O in Kirillov’s picture, then G, = Gp.
Observe also that N is contained in G;.

The following elementary fact will be crucial for the sequel.

Proposition 21 Let © be an irreducible unitary representation of N. The
stabilizer G of 7 is an algebraic subgroup of G. Moreover, for every l in
the co-adjoint orbit corresponding to m, we have G, = GiN where G, is the
stabilizer of l in G

Proof The co-adjoint orbit O associated to 7 is an algebraic subvariety of
n* (see Theorem 3.1.4 in [CoGr89]). It follows that G, = G is an algebraic
subgroup of GG. Moreover, since N acts transitively on O, it is clear that
Go =GN forevery l e O. R

Let 7 be an irreducible unitary representation of N, with Hilbert space
H. It is a well-known part of Mackey’s theory of unitary representations of
group extensions that there exists a projective unitary representation 7 of
G, on H which extends 7. Indeed, for every g € G, there exists a unitary
operator 7(g) on H such that

m(g(n)) = 7(g)m(n)7(g) " for all n e N.

One can choose 7(g) such that g — 7(g) is a projective representation unitary
representation of G, which extends 7 (see Theorem 8.2 in [Mack58]).

The following proposition, which will play a central réle in our proofs, is
a consequence of arguments from [HoMo79] concerning decay properties of
unitary representations of algebraic groups.

Proposition 22 Let 7 be an irreducible unitary representation of N on H
and let T be a projective unitary representation of G, which extends w. There
exists a real number p > 1, only depending on the dimension of G, such that
7 15 strongly LP modulo its projective kernel.

Proof Since 7 is irreducible, 7(g) is uniquely determined up to a scalar
multiple of the identity operator I for every g € G,. In particular, all projec-
tive unitary representations of GG, which extend 7 have the same projective
kernel.

We will need to give an explicit construction of a projective representation
of G extending 7. This representation will lift to an ordinary representation
of a two-fold cover of G.
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We denote by O the co-adjoint orbit associated to 7 and we fix throughout
the proof a linear functional [ in O.

Set H = Aut(N) so that G = Hx N. Let H; be the stabilizer of [ in H. As
shown in Proposition 21l G; is an algebraic subgroup of G and G, = H;N. It
is clear that H; is also an algebraic subgroup of G. Let U; be the unipotent
radical of H;. Then U = U;N is the unipotent radical of G.

o First step: We claim that 7 can be extended to an ordinary unitary repre-
sentation o of U.
_ Indeed, let w; be the Lie algebra of U;. We extend [ to a linear functional
[ on the Lie algebra u = u; @ n of U by defining {(X) = 0 for all X € u,.

Let m C n be a polarization for /. We claim that m := 1; @ m is a polar-
ization for [. Indeed, we have [([m, m]) = 0 since [X,Y] € nand (exp X)l =1
for all X € u; and Y € m. Moreover, the codimension of m in u coincides
with the codimension of m in n and the dimension of the co-adjoint orbit of [
under Ad*(U) coincides with the dimension of Ad*(V)I. Since the codimen-
sion of m in n* is £ dim(Ad*(NN)I), it follows that the codimension of m in u*
is § dim(Ad*(U )1). Hence, f is a polarization for I.

Recall that 7 is unitarily equivalent to the induced representation Indjj\\g X1
where M = exp(m) and yx; is the unitary character of M defined by

xi(exp X) = ™) forall X em.

Let M be the closed subgroup of U corresponding to m. The unitary charac-
ter 7 of M given by [ coincides with x; on M. Since a fundamental domain
for M\N is also a fundamental domain for M \U, we see that IHdMXl can
be realized on the Hilbert space of Ind};x; and that o := Ind%x; extends
7 =IndYx.

eSecond step: We claim that G, = G,.

It is obvious that G, C G,. Let H, = RU; be a Levi decomposition of
H;, where R is a reductive subgroup of ;. In order to show that G, C G,
it suffices to prove that R C G, since G, = RU. Now, R leaves u; and n
invariant and fixes [. Hence, R fixes the extension [ of [ defined above and
the claim follows.

e(Coda: As a result, upon replacing N by U, we can assume that N is the
unipotent radical of G,. Since the connected component of G, has finite
index, we can also assume that G, is connected.
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As shown above, we have a Levi decomposition G, = RN with R a
reductive subgroup contained in G;. According to [HoweT73|, we can find in
N algebraic subgroups K; C P; C N; with the following properties:

e K, P, and N; are normalized by R;

e K and P; are normal in Ny and N;/K; is a Heisenberg group with
centre P;/Kj;

e there exists a unitary character A of P;/K; such that m is equivalent
to the induced representation Ind%1 7, where 7 is the lift to Ny of the
unique irreducible representation of the Heisenberg group N;/K; with
central character \.

The action of R on N; /K, defines a homomorphism from R to the symplectic
group Sp(N1/Py) of the vector space N1/ P;; as a result, we have a homomor-
phism ¢ : RNy — Sp(N1/P;) x (N1/K;). The representation m; of Ny/K;
extends to a projective representation w of Sp(Ny/P;) x (Ny/K7), called the
metaplectic (or oscillator, or Shale-Weil) representation; more precisely, there
exists a two-fold cover Sp of Sp(N1/Py) and a unitary representation w of
Sp x (Ny/K;) on the Hilbert space of m; which extends ;.

We can lift ¢ to a homomorphism @ : RNy — Sp x (Ny/K) for a two-
fold cover R of R. Then p = wo is a unitary representation of RN; on the
Hilbert space of m; which extends 7.

Set ™ = Ind;;%lp. Then 7 is a unitary representation of the two-fold

cover GG, := RN of G, = RN; moreover, 7 extends m, since 7 is equivalent
to Ind%lm, and p extends .

Observe that G, is in general not an algebraic group. Let p : G, — G, be
the covering map. Let us say that a connected subgroup H of G is reductive
if p(H) is a reductive subgroup of G,. We claim that G has no non-trivial
reductive normal subgroup. Indeed, let H be a reductive normal subgroup
of G;. Since G, = RN is a Levi decomposition of G, the normal subgroup
p(H) of G is conjugate to a subgroup of R and therefore p(H) C R. Hence,
p(H) centralizes N. It follows that p(H) is trivial since p(H) C Aut(N).

Now, the same arguments as those on pages 87-93 in [HoMo79] show
that there exists an integer k& such that the k-fold tensor power ¥ of 7 is
square integrable modulo the projective kernel P; of 7. For instance, let us
check how the first step in [HoMo79] towards this claim carries over to our
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situation. For an integer k, we are interested in the tensor power 7% In order
to apply Mackey’s tensor product theorem (see [Mack76 Theorem 3.6]), w

have to show that (RN 1)* and the diagonal subgroup AG, of Gk are regularly
related. Now, the quotient space G/ (RNl) is can be canonically identified
with G¥ /(RNy)¥, and the action of AG, on G¥ /(RN )* corresponds, via the

covering mapping p : G» — G, to the action of AG, on G* /(RNy)k. Since
AG, of G* are algebraic subgroups of G¥, the claim follows. W

Remark 23 According to [HoMo79, p.93], a crude bound for the number p
in Proposition 22 is
p < (dim(G,) + 1)2

The generalized metaplectic representation 7 which appears in the proof
above has been studied by several authors (see [Dufl72], [Howe73], [Lion79]).

10 Rational unitary representations of a nilpo-
tent Lie group

As in the previous section, let IV be a connected and simply connected nilpo-

tent Lie group and
G = Aff(N) = Aut(V) x N.

Let 7 be an irreducible unitary representation of N and G, the stabilizer
of 7 in G. Let 7 be a projective unitary representation of GG, extending 7. In
the following proposition, we describe the projective kernel P; of .

Proposition 24 Let L, be the connected component of Ker(m). Set N =
N/L, and let p : N — N be the canonical projection. For g = (h,n) € G,
with h € Aut(N) and n € N, the following are conditions are equivalent:

(7’) g e P%;'

(ii) h leaves L. invariant and the automorphism of N induced by h coin-
cides with the inner automorphism Ad(p(n)™').

Proof Assume that g = (h,n) € Pz. By definition of Pz, we have 7(h) =
Ar(g)m(nh). Tt follows that, for every z € N

m(h(z)) = 7(h)m(z)7(h) ' = a(n Hr(z)m(n) = m(n" an),
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that is,
h(z)n "tz 'n € Ker(n) forall = € N.

Since N is connected, this is equivalent to
h(z)n 'z 'n € L, forall =€ N.

As L. is normal in N, this shows that L, is invariant under h and that the
automorphism induced by h on N is Ad(p(n)™').

Conversely, suppose that L, is invariant under h and that the automo-
morphism A induced by h on N coincides with Ad(p(n)~'). Observe that
7 factorizes to a representation o of N. Let & be an extension of ¢ to the
stabilizer of o in Aut(N) x N. Then

F(h)o(p(2))5(h)~" = o(p(n)) "o (p(z))o(p(n))  forall z € N,

that is, o(p(n))a(h) commutes with o(p(z)) for all x € N. Since 7 is irre-

ducible, it follows that o(p(n))a(h) and hence 7(n)w(h) is a scalar operator.
This means that g = (h,n) € P;.1

Next, we review some well-known facts about rational structures on n
(see [CoGr89|, [RaghT2]).

Recall first that a lattice I in a locally compact group G is a discrete
subgroup such that the translation invariant measure induced by a Haar
measure on G on the homogeneous space I'\G is finite.

The Lie algebra n (or the corresponding nilpotent Lie group N = exp(n))
has a rational structure if there is a Lie algebra ng over Q such that n =
ng ®q R. If n has a rational structure given by nq, then /N contains a
cocompact lattice A such that logA C ng. Conversely, if N contains a
lattice A, then A is cocompact and n has a rational structure given by nq =
Q — span(log A).

Assume from now on that N has a rational structure ng and let A be
a lattice inducing this rational structure. We say that a R-subspace b of
n is rational if h = R — span(h N ng). All subalgebras in the ascending or
ascending series as well as the centre of n are rational. A connected closed
subgroup H of N is said to be rational if the corresponding subalgebra Lie
algebra b is rational. This is equivalent to the fact that H N A is a lattice in
H.

Let H be a rational connected normal closed subgroup of N with Lie
algebra h Then N/H has a canonical rational structure (n/h)q induced by
the lattice AH/H of N/H.
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There is a unique rational structure ng on the dual space n* defined as
follows: a functional [ € n* belongs to ng if and only if [(X) € Q for all
X e nqQ.

An important role will be played later (in Section [I2]) by irreducible uni-
tary representations of N which are rational in the sense of the following
definition.

Definition 25 An irreducible unitary representation 7 of N is rational if its
co-adjoint orbit Oy is rational, that is, if O Nng # 0.

We fix for the rest of this section a rational irreducible unitary represen-
tation m of N.
We first establish the rationality of the kernel of 7.

Proposition 26 The connected component L, of Ker(r) is a rational nor-
mal subgroup of N. As a consequence, N = AL, /L, is a lattice in N/L,.

Proof Since 7 is rational, the corresponding co-adjoint orbit in n* contains
a functional [ € ng. The representation 7 is unitarily equivalent to Ind%xl,
where m is a polarization for [, M = exp(m), and y; is the unitary character
of M corresponding to [.

Recall from Lemma [I§ that Ker(m) coincides with the largest normal
subgroup of N contained in Ker(y;). For the ideal [ corresponding to Ker(n),
we have therefore

[= () Ker(Ad*(n)l) = (] Ker(Ad"(exp X)I).

neN Xeng

Since Ker(Ad*(exp X)!) is rational for all X € nq, it follows that [ is rational.
Thus, the connected component L, of Ker(r) is rational, by definition. l

The set Aut(A\N) consisting of the automorphisms v € Aut(N) with
v(A) = A is a discrete subgroup of the algebraic group Aut(N).

Let G be the stabilizer of 7 in G and 7 a projective unitary representation
of G extending m. Set

T, = Gy N Aut(A\N).

The projective kernel P; of m was determined in Proposition 24]. We will
need to have a precise description of Pz N (I'; x N).
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As before, let L. be the connected component of Ker(r), N = N/L,,
p: N — N the canonical projection, and A = p(A). Observe that g(L,) = L,
for all g € G N Aut(N). Consider the induced continuous homomorphism

¢ G — AF(N) = Aut(N) x N.
Proposition 27 Let Norm(A) be the normalizer of A in N.
(i) We have

P:nN(Trx N)=¢ ' ({(Ad(z),z7") : = € Norm(A)}).

(i) Let A := {(Ad(z),z7'2) : 2z € N,z € Z(N)}, where Z(N) is the
centre of N. Then =Y (A) N (I x N) is a subgroup of finite index in
PN (T, x N).

Proof (i) By Proposition 24, we have
P:=p! ({(Ad(z),x_l) cx € W}) )

Let g = (v,n) € PN (I'x x N). Then o(g) = (Ad(x),z~1) for some x € N.
Since v(A) = A, we have Ad(z)(A) = A, that is, # € Norm(A). Conversely,
it is obvious that, if ¢ = (Ad(x),z7!) for some z € Norm(A), then g €
PN (T, x N).

(ii) In view of (i), it suffices to prove that the subgroup AZ(N) has finite
index in Norm(A).

To show this, recall that A is a cocompact lattice in N (Proposition 28]).
Let Norm(A)y be the connected component of Norm(A). Since Norm(A)g
normalizes A and since A is discrete, Norm(A)y lies in the centralizer of
every element of A. As A is Zariski dense in N (see e.g. Theorem 2.1 in
[Ragh72]), it follows that Norm(A)y = Z(N). Since the projection of A has

finite covolume in the discrete group Norm(A)/Norm(A)g, the claim follows.

The next proposition will allow us to deduce decay properties of repre-
sentations of G, restricted to I'; x N.

Proposition 28 The subgroup (I'y X N)Ps is closed in G.
Proof Using Proposition 24, we see that

PiN = ¢7' (Ad(N) x N)
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and hence B B
(Fr x N)Pr = 90_1 ((‘P(FW)Ad(N)) X N) .

It therefore suffices to show that ¢(I';)Ad(N) is closed in Aut(N).

Observe that, for every v € ', we have y(A) = A (since I'; C Aut(A\N))
and hence ¢(T';) C Aut(A\N).

Let (v;); and (z;); be sequences in I'; and in Ad(N) such that

lim p(y;)z; = g € Aut(N).

Since Ad(A) is a cocompact lattice in Ad(IN), there exists a compact subset
D of Ad(N) such that z; = d;d; for some &; € Ad(A) and d; € D. As D is
compact, we can assume that limd; = d € Ad(N) exists. Then lim; p(7;)d; =
gd—'. Now,

Ad(A) = p(Ad(A)) C @(I's)

and o(I';) is a subgroup of the discrete group Aut(A\N). It follows that
gd™t € o(I';), that is, g € p(I'x)Ad(N). Hence, o(I';)Ad(N) is closed in
N. 1

Corollary 29 Let A = {(Ad(x),27'2) :2 €A,z € Z(N)} and p : G, —
Aff(N) the canonical projection, where N = N/L,. The restriction of & to
[: x N is strongly LP modulo ¢~ *(A) N (T'y X N) for the real number p
appearing in Proposition [22.

Proof We know from Proposition 27 that ¢='(A) N (I'; x N) has finite
index in Pz N (I'y X V). Hence, it suffices to prove that the restriction of ™
to I'y x N is strongly LP modulo Pz N (I'; x N).

By Proposition 28 (I'; x N)P; is closed in G. Therefore, (I'; x N)Px/ P
is homeomorphic as a (I'; X N)-space to (I'y x N)/(PzN (I, x N)). It follows
from Proposition 22 (see the proof of Proposition 6.2 in [HoMo79]) that the
restriction of 7 to ['; X N is strongly L modulo Pz N (I'; x N). A

11 A general estimate for norms of convolu-
tion operators

Let G be a locally compact group. For a unitary representation (w,#H) of
G, the contragredient (or conjugate) representation 7 acts on the conjugate
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Hilbert space H. Recall that, for an integer k& > 1, the k-fold tensor product
7@ of 7 is a unitary representation of G acting on the tensor product Hilbert
space H®*.

We will need in a crucial way the following estimate which appears in the
proof of Theorem 1 in [Nevo9§].

Proposition 30 Let p be a probability measure on the Borel subsets of G.
Let (m,H) be a unitary representation of G. For every integer k > 1, we have

()| < |l (x @ 7) = ()|,
Proof Denote by fi the probability measure on G defined by ji(A) =

wu(A=1) for every Borel subset A of G.
Using Jensen’s inequality, we have for every vector £ € H,

()™ = (i x pE, €)%
/G (m(9)€. €)d(ix 1) (9)

< /G (Im(9)€, €) (i 1)(g)
=/G|<(7T®f)(g)(€®€),€®§>Ikd(ﬂ*u)(g)

2k

)% (9) (€ @ ), (€ ® )" )d(ju * 1)(g)

= [{(m @F) (i x p) (€ ® ), (€ ® )"
@) (1) (€ ® I,

[
S
3
®

and the claim follows. B

12 Analysis of the Koopman representation
of the affine group of a nilmanifold

Let N be a connected and simply connected nilpotent Lie group, A a lattice
in N. There is a unique translation invariant probability measure vy on
A\N and it is induced by a Haar measure on N. This measure is also invariant
under Aut(A\N).
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We fix throughout this section a subgroup I' of Aut(A\N). The Koopman
representation U of I x N associated to the action of I' x N on A\N is given
by

U(y,n)é(x) =&E(y(x)n) v €D, neN, e L*(A\N), =€ A\N.
In particular, we have
(1) Uy HUMU(y) =U(y(n)) forall ye€T, neN.

Recall that T = A[N, N]\N is the maximal factor torus associated to
A\N. The action of Aff(A\N) on A\N induces an action of Aff(A\N) on T.
We identify L?(T') with a closed subspace of L?(A\N).

More generally, let L be a connected closed subgroup of N which is both
rational and invariant under I'. Then ANL is a lattice in L and A = AL/L is a
lattice in N = N/L. There is an induced action of I'x N on the subnilmanifold
L/(AN L) and on the factor nilmanifold A\N. The canonical mapping p :
A\N — A\N is I' x N-equivariant and presents A\N as a fibre bundle over
A\N with fibres diffeomorphic to L/(A N L). The Hilbert space L*(A\N)
can be identified, as I' x N-representation, with the I" x N-invariant closed
subspace of L2(A\N) consisting of the square-integrable functions on A\ N
which are constant on the fibres of p.

We write

L*(A\N) = LX(T) & H,

where H is the orthogonal complement of L?*(T) on L*(A\N), and observe
that H is invariant under Aff(A\N).

We are going to show that the restriction of U to H has a canonical de-
composition into a direct sum of induced representations from the stabilizers
in ' x N of certain representations m € N; this decomposition can be viewed
as generalization of the decomposition of L?*(T') which appears in the proof
of Proposition [19]

Since A is cocompact in N, we can consider the decomposition of H into
its IN- isotypical components: we have

- @,
TED
where ¥ is a certain set of infinite-dimensional pairwise non-equivalent irre-

ducible unitary representations of N; for every m € X, the space H, is the
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union of the closed U(N)-invariant subspaces K of H for which the corre-
sponding representation of N in K is equivalent to 7. According to [Moor65),
Corollary2], every m € ¥ is rational in the sense of Section [0l Every H, is a
direct sum of finitely many irreducible unitary representations; therefore, the
restriction of U(N) to H, is unitarily equivalent to a tensor product 7 ® [
acting on K, ® L., where I is the Hilbert space of m and where L is a finite
dimensional Hilbert space. (For a precise computation of the dimension of
L, see [HoweT71] and [Rich71]; the fact that £, is finite-dimensional will not
be relevant for our arguments.)

Let v be a fixed automorphism in I'. Let U" be the conjugate represen-
tation of U by =, that is, U?(g) = U(y *(g)) for all ¢ € G. On the one
hand, for every m € X, the subspace H_,-1 is the isotypical component of
U7 |y corresponding to 7. On the other hand, relation (1) shows that U(y™!)
provides a unitary equivalence between Uy and U7|y. It follows that

UnND(Hs) =Hmpa  forall yel

In summary, we see that I' permutes the H,’s among themselves according
to its action on N.

Write ¥ = | J,.; i, where the ¥;’s are the [-orbits in 3, and set

My, = P M-

TEY,;

iel

Every Hy, is invariant under I'; x N and we have an orthogonal decomposition
H=EPHs,.
i

Fix 7 € I. Choose a representation m; in ¥; and set H; = H,. Let I'; denote
the stabilizer of m; in I'. The space H; is invariant under I'; x N. Let V; be
the corresponding representation of I'; X N on H,;.

Choose a set S; of representatives for the cosets in

/T, = (I x N)/(T; x N)

with e € S;. Then ¥; = {7} : s € 5;} and the Hilbert space Hy, is the sum
of mutually orthogonal spaces:

My, = EPH;.

SES;
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Moreover, H? is the image under U(s) of H; for every s € S;. This exactly

means that the restriction U; of U to Hy, of the Koopman representation U

of I' x N is equivalent to the induced representation Indgf;\]fv G-

As we have seen above, we can assume that H; is the tensor product
Hi=Ki®L;

of the Hilbert space IC; of m; with a finite dimensional Hilbert space £;, in
such a way that

(2) Vi(n) = mi(n) @ I, for all n e N.
Let g € I'; x N. By (1) and (2) above, we have
(3)  Vilg) (mi(n) @ Ir,) Vi(g) ™ = mi(gng™) @ Iz, forall neN.

On the other hand, let G; be the stabilizer of 7; in Aff(N); then 7; extends to
an irreducible projective representation 7; of G; (see the remark just before
Proposition 22]). Since

Ti(g)mi(n) 7i(g~") = mi(gng™") forall neN,

it follows from (3) that the operator (m;(¢7!) ® I,) Vi(g) commutes with
mi(n) ® Iz, for all n € N. Since m; is irreducible, there exists a unitary
operator W;(g) on L; such that

Vi(g) = Ti(g) ® Wi(g).

It is clear that W, is a projective unitary representation of I'; x N, since V;
is a unitary representation of I'; x N.

13 Proof of Theorem [1: first step

We summarize the discussion from the previous section. We have a first
orthogonal decomposition into Aff(A\N)-invariant subspaces

L*(A\N) = L*(T) @ H,
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where T is the maximal torus factor of A\N. Let I" be a subgroup of Aut(A\N).
There exists a sequence of I'-invariant sets (X;);c; of rational infinite dimen-
sional unitary irreducible representations of N such that we have a decom-
position into mutually orthogonal I' x N-invariant subspaces

" =P Hs,

icl
with the following property: for every i, the representation U; of I' x N
defined on Hy, is equivalent to

Ind )\l (75 @ W),

where ; is a representation from Y;, where 7; is the restriction to I'; X N of
an extension of m; to the stabilizer G; of m; in G = Aff(N), and where W; is
some finite dimensional projective unitary representation of I'; x N.

We need to recall the dAecomposition of the representation U, of I on
L%(T) from Section [l Let T = Z? be the dual group of 7" and let S be a set
of representatives for the I-orbits in 7'\ {17}. Then

(4) Utor = @ )\F/an

X€ES

where I'y is the stabilizer of x in I' and Ap;r is the natural representation
of T on (*(T'/T,).

In the following result, we establish a link between the restrictions to H
and to L3(T) of the Koopman representation of I'. This result, which is a
consequence of the discussion above and of results from Section [I0] is a major
step in our proof of Theorem [II

Recall that p, denotes the canonical projection Aff(A\N) — Aut(A\N).
For a probability measure p on Aff(A\N), let p.(1) be the probability mea-
sure on Aut(A\N) which is the image of p under p,.

Proposition 31 There exists an integer k > 1 only depending on dim N
with the following property. Let T be a subgroup of Aut(A\N) which stabil-
lizes some © € N appearing in the decomposition H = @, s, Hr of H into
1sotypical components under N. For every probability measure pn on I' X N,
we have

U (D < N Uror (pa () [V,

where U, and Uy, are the restrictions of the Koopman representation of I'x N
to H, and L3(T) respectively.
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Proof Let G, be the stabilizer of 7 in G = Aff(N). Let T a projective
representation of G extending 7.

As we have seen above, U, is equivalent to (T|pwy) ® W for some finite
dimensional projective unitary representation W of I' x N. Let P denote the
projective kernel of U,. Observe that P = P, N P,, where P; and P, are the
projective kernels of 7|,y and W.

Denote by L, the connected component of Ker(n) and N = N/L,. As in

Section [I0 let ¢ : G, — Aff(N) be the corresponding homomorphism and
A ={(Ad(z),x'2) :x €A, z€ Z(N)},
where A is the lattice AL,/L, in N and Z(N) the centre of N. Then
Q=9 (A)N(Tz x N)

is a subgroup of finite index of P; (Proposition 7). By Corollary 9] there
exists a real number p > 1 only depending on the dimension of Aut(N) x N
such that 7r .y is strongly L modulo Q.

We claim that @) is contained in P. Indeed, for g € ), we have

o(9) = (Ad(z), 27 '2)

for some # € A and z € Z(N). Hence ¢(g) acts as the right translation by
z on L?(A\N). Observe that H, is contained in L>(A\N) and that g acts as
©(g) on H,. Since N acts as a multiple of the irreducible representation m
on H,, it follows that g € P and the claim is proved

As a consequence, we see that () is a subgroup of finite index in P.
Observe that @ is also contained in Ps. It follows that U, = (7|rxn) @ W is
strongly I” modulo ) and hence U, is strongly LP modulo P.

Let k be an integer with k& > p/4. Then the tensor power (U7r ® U,
Rk .
is

)®k

is strongly L? modulo P. Hence, as discussed in Section [, (Uﬂ ® m)
contained in an infinite multiple of the induced representation Ind]FfN Ay, for
the associated unitary character A\, of P. It follows that, for every probability
measure g on I' X N, we have

R ®k X
| (Ur @ Tz) " ()] < I (Indp"YAx) ()]
and hence, using Proposition 30,
U= ()]l < | (Indp ™ Ax) ()[[***.
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On the other hand, observe that PN = p;!(p,(P)) is closed in Aff(A\N),
as Aut(A\N) is discrete. Since, by induction by stages,

Indp" VA, = Indpy" (IndpVAs)
we have, using by Herz’s majoration principle (Proposition [I7]),

| (Indz" ¥ Ax) ()] < Ay e (10)]]-

Now, Arwn)/py = (Ar/pa(p)) © Pa and hence

Ay e (] = IAr/pa 2y (Pa (1)

As a consequence, the proposition will be proved if we establish the following
inequality

(5) [Ar/pa () (Pa()) | < (| Utor (pa (1))

To show this, recall (see (4) above) that Uy, is equivalent to the direct sum
@D, cs Arjr,, where S is set of representatives for the [-orbits in 7'\ {17}. As
a consequence, Inequality (5) will be proved if we can show that there exists

X € f\ {17} such that

AL /pa ) (Pa ()| < A0/ () ]

By Herz’s majoration principle again, it suffices to show that exists y € T
with x # 17 such that p,(P) C I'y. For this, recall that, for every g € P C P,
there exists z € N such that v = p,(g) acts as Ad(x) on N (Proposition 7).
For every unitary character y of N, we have

X)) = x(zyz™") =x(y)  forall yeN.

Thus, p,(P) fixes every unitary character of N.

Observe that N is non-trivial, since 7 # 1. Choose a non-trivial unitary
character of N which is constant on the cosets of A and denote again by x
its lift to N. Then x € T'\ {17} and y is fixed by p.(P). B

Remark 32 With Remark 23] we see that a rough estimate for the integer
k appearing in the statement of Proposition [3]] is

k< = (dim (Aut(N) x N) +1)*4+1 < i((dim(N))?’ +1)% + 1.

=~ =
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Example 33 Let N = Hy,,1(R) be the (2n + 1)-dimensional Heisenberg
group (over R) and let A be a lattice in N. Then Aut(A\N) contains a sub-
group of finite index I' consisting of automorphisms which fix every infinite
dimensional representation 7 € N (see [Foll89]). Let H be a countable sub-
group of Aff(A\N). Assume that the action of H on A\N does not have a
spectral gap. It follows from Proposition [31] that there is a subgroup H; of
finite index in H, such that the action of p,(H;) on T' does not have a spectral
gap. Therefore, using Theorem [l the action of H; and hence of the action
of H on T does not have a spectral gap. This result generalizes Theorem 3
in [BeHel(] to groups of affine transformations of Heisenberg nilmanifolds.

14 Proof of Theorem [1I: completion of the
proof

We are now in position to give the proof of Theorem[Il In view of Theorem [3],
we only need show that (ii) implies (i).

Let H be a countable subgroup of Aff(A\N). Assume, by contraposition,
that the action of H on A\N does not have a spectral gap. We have to prove
that the action of H on T does not have a spectral gap.

Set I' = p,(H). By Theorem [5 it suffices to prove that the action on 7" of
some subgroup of finite index in I" does not have a spectral gap. Let U™ be
the representation of Aff(A\N) on the orthogonal complement H of L?(T) in
L*(A\N) and U, the representation on LZ(T'). Our theorem will be proved
if we can show the following

Claim: Let p be an aperiodic measure on H. Assume that [|[U%(p)| =
1. Then there exists a subgroup A of finite index in I' and an aperiodic
probability measure v on A such that ||Ui(pa(v))]| = 1.

To prove this claim, we proceed by induction on the dimension of the
Zariski closure Zc(T') of T in Aut(N).

If dim Z¢(I') = 0, then I' is finite and there is nothing to prove.

Assume that dimZc(I') > 1 and that the claim above is proved for
every countable subgroup of H; of Aff(A\N) for which dim Zc(p,(Hy)) <
dim Zc(I).

Recall from Sections and [I3 that, as I' x N-representation, U™ is
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equivalent to a direct sum

B mdr: v,

iel

where I'; is the stabilizer in I' of a rational representation m; € N and V. is a
unitary representation of I'; x N.

Let I, C I be the set of all # € I such that I'; has finite index in I" and
set Ino = I\ I, Let

=P mdiN Vi and Uy = P ndi NV

€160 i€l

and denote by Hg, and H., the corresponding subspaces of H defined re-

spectively by Ug, and U,,. Since ||[U™(u)|| = 1, two cases can occur.
e First case: we have ||Ux(1)|| = 1. By Herz’s majoration principle, we have
1(Indei V) (W] < [Aasmmaxm ()

for every i € Ig,. Since Arwn)/(r;xN) = Ar/r; © Pa, it follows that

B o () ' .
i€l

Let € > 0. We can choose 7 € I, such that

(6). [Ar/r (pa(p)]| = 1 —¢

We claim that dim Zc(I';) < dimZc(I'). Indeed, otherwise Zc(I';) and
Zc(T) would have the same connected component C°, since Zc(T';) C Ze(T).
As the stabilizer of 7; in Aut(N) is Zariski closed (Proposition 21I), C° would
stabilize 7;. Therefore, I'NC° would be contained in I';. But I'NC? has finite
index in I'. Hence, I'; would have a finite index in I" and this would be a
contradiction, since i € I.

Let p; be a probability measure with support equal to (I'; x N)N H. Then
(i + p)/2 is an aperiodic probability measure on H. Since ||[U%(u)|| = 1,
we also have [|[U™((u; + p)/2)|] = 1. Therefore, ||UM(w;)|| = 1. Since

dim Zc(I';) < dim Zc(I), it follows from the induction hypothesis that ||Uso(14:)|| =

1. Then, by Theorem [B we also have ||Uyo(pa(i))]| = 1.
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On the other hand, recall from (4) that, replacing I' by I';, the T';-
representation U, decomposes into a direct sum

Utor = @ AL, /(T NTy)-

XES

As a consequence, we have

@(Ari/(l“xﬂl“i))(pa(ﬂi)) H =1

XES

Observe that p,(p;) is an aperiodic probability measure on I'; (in fact, the
support of p,(p;) is I';). It follows that the I';-representation @Xe § ADy /(0T
weakly contains the trivial representation 1r,. Since

Indp, 1r, = Ar/r, and  Indp Ar, /r ors) = Aryreary)

it follows, by continuity of induction (see Proposition F.3.5 in [BeHV0S]),
that the I'-representation @xe s Ar/(rynry) Weakly contains Ar/r,. As a con-
sequence, we have

[Ar/r; (Pa ()] <

@(AF/(FxﬂFi))(pa(/Jz)) H .

XES

Observe that, by Herz’s majoration principle again, we have

Ar/ e, Pa ()< ([ Ar/ry (pa(p) I

Hence

[Ar/r, (Pa ()l <

@ Ar/r,, (Pa(p)) H

XES

= [[Usor (pa(p)) I

Using Inequality (6), it follows that

| Utor (pa(p))[] > 1 — €.

Since this is true for every € > 0, we obtain that || Ui (pa(p))]| = 1.
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e Second case: we have |Ugs,(p)|| = 1. By the Noetherian property of the
Zariski topology on Aut(N), we can find finitely many indices iy, ..., in
T4, such that
Ze(Tiy) NN Ze(Ty) = () Ze(Ty).
i€lgn

Since stabilizers of irreducible representations of N are algebraic (Proposi-
tion 21]), the subgroup A := T';, N--- N T stabilizes m; for every i € Ig,.
Moreover, A has finite index in I', since every I'; has finite index in I'.

From Sections 2] and [I3, we have a decomposition of Hg, into A x N-

invariant subspaces
Hen = @ Hi,

ieIﬁn

where H; is the isotypical component corresponding to 7; under the action of
N. Let v be a probability measure with support equal to (A x N) N H. Con-
sidering as above the aperiodic measure (1 +v)/2 on H, we have ||Us,(v))|| =
1, since || Ugn(p0)]| = 1.

On the other hand, by Proposition [31] there exists an integer £ > 1,
which is independent of ¢, such that

1T < [Uior(pa() IV for all i € I
where U; is the representation of A x N on H;. As a consequence, we have

1Usa W) < [|Usor (pa(v))]| /%

and it follows that ||Uier(pa(v))|| = 1. Since the support of p,(v) is the sub-
group A of finite index in I', this completes the proof of Theorem [I. W

Remark 34 The proof of Theorem [Il we gave above is not effective: it does
not give, for a probability measure p on Aut(A\N), a bound for the norm
of u under U* in terms of the norm of y under Uy, and/or other "known”
representations of the group generated by u, such as the regular representa-
tion. In the following example, such an explicit bound is given. The crucial
tool we use is Mackey’s tensor product theorem This approach succeeds here
because of the special features of the example and we could not use it to get
explicit bounds in the most general case.
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Example 35 Let n = n3y be the free 2-step nilpotent Lie algebra on 3
generators and let N = N3, be the corresponding connected and simply-
connected nilpotent Lie group. As is well-known, n is a 6-dimensional Lie
algebra which can be realized as follows. Set V; = V5, = R? and define a Lie
bracket on the vector space n =V, & V; by

[(Xla}/l)a (X27}/2)] = (072(X1 A XZ)) fOI' all X1>X2>)/1>)6 S Rga

where X A X, denotes the usual cross-product on R3. (The factor 2 appears
here just for computational ease.) The centre of n is V5 and the Lie group N
is V1 @ V5 with the product

(w1, 91) (22, y2) = (21 + 22, Y1 + Yo + 21 A 22) for all 1, 22,y1,y2 € R,

so that the exponential mapping exp : n — N is the identity.
Observe that, for a matrix A € GL3(R), we have

AX AY) = (det A)(A)HX AY) forall X,Y € R

The automorphism group Aut(N) of N is the subgroup of G Lg(R) of matrices
ga.p of the form

(A 0
IAE=\ B (det A)(A)!
with A € GL3(R) and B € M3(R), so that Aut(N) is isomorphic to the
semi-direct product GL3s(R) x M;3(R) for the action of GL3(R) by left mul-
tiplication on the vector space M3(R) of 3 x 3-real matrices.

We will identify n with n* by means of the standard scalar product
(X,Y) = (X|Y) on RS. For (z,y) and (Xo,Yp) in Vi @ Vi, we compute
that Ad*(z,y)(Xo, Yy) = (Xo+ 2 AYy, Yy). It follows that the coadjoint orbit
of (Xo,0) is {(Xo,0)} and, for Yy # 0, we have

Ad*(N)(Xo,Yp) = {(Xo+ 2 A Y5, Yp) : = € R}
={(Xo+Y.Yp) : Y € (RYy)"}
= {(MYo+Y,Yp) ¢ ¥V € (RY)L).

for Ao = (Xo|Ys)/||Yo||>. The orbits which are not reduced to singletons are
therefore the two-dimensional affine planes

Orvo = {(MYo +Y,Yp) : Y € (RY)"},
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parametrized by (A, Yp) € R x (R3\ {0}).

The subgroup A = Z* & Z3 is a lattice in N. The group Aut(A\N) is
the subgroup of Aut(N) of automorphisms g4 g as above given by matrices
A € GL3(Z) and B € M;3(Z).

Fix (Ao, Yp) € Rx (R3\{0}). The irreducible unitary representation 7y, y,
of N corresponding to the coadjoint orbit O, y, appears in the decomposition
of L*(A\N) into N-isotypical components if and only if Oy, v, (Z*DZ?) # 0.
This is the case if and only if Yy € Z*\ {0} and Ay € [|Yy]|"?Ay,, where
Ay, is the subgroup of Z consisting of the integers m for which mY, €
(RYp)™* + [|Yo|[*Z°.

Let I' be a subgroup of Aut(A\N). For simplicity, we assume that I’
consists only of automorphisms g4 with A € SL3(Z). We identify I" with a
subgroup of SL3(Z). For A € SL3(Z), we have

A(Ory) = Opoan-rvey - Tor By = Aol YolI*/1(A) 7 (Yo) 1.
The stabilizer Iy, y, of Oy, v, (which is the stabilizer of 7y, y, ) in I is therefore
Ty, = {A€T : AV, =Y},

and is isomorphic to a subgroup of the semi-direct product SLy(Z) x Z2.

Let Hy,.y, be the isotypical component of L?(A\N) associated to 7, .y,
and Uy, y, the corresponding representation of I' (see Section [I2)); we know
that Uy, y, is equivalent to Indll:AOy0 Vio.v, for a representation V), y, of I'y, v;
which is strongly L” modulo its projective kernel Py, y, for some real number
p=1

The projective kernel Py, y;, of V), y, coincides with the subgroup of I' of all
automorphisms which fixes every point (X,Y) € O,,.y,; hence, Py, vy, = {I}
if \g =0 and

Pyy,={A€l : A%, =Y, and AY =Y forall Y € (RYy)"}

if A\g # 0.

Every 7y,.y, factorizes to a representation of a quotient of N of dimension
3 or 4, which is isomorphic to the Heisenberg group Hs or to the direct
product H; @ R. It follows that the representation V), y, of I'y, y; is strongly
L5 modulo Py, y, for every & > 0 (see [BeHel(] and [HoMoT79]).

Set To =Txyvp, V = Vive, and U = Uy, y,. We claim that U®* is weakly
contained in the regular representation Ar of T on ¢*(T).
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Indeed, by Mackey’s tensor product theorem, U®* is weakly equivalent to
the direct sum

@ Indll:omrgl Arg2nrgs (VeoVIteV2e V),

Y1,72,¥3€l

where V @ V" ® V72 @ V7 is the tensor product of the restrictions of
V.,V V72 and V73 to Do NI NP NTE. Fix y1,792,73 € I'. Observe that
LCoNTg NI NI is the subgroup of elements v € I' such that +* fixes
Yo,71(Y0),72(Yo) and ~5(Y5). Set

Ui s = Indgonpglnpgznpga VeVt V2e V).

Two cases can occur.

e [Flirst case: There exists some i € {1, 2,3} such that 7/(Yp) is not a multiple
of Yy. Then every element T'o NTJ' NT32 NI fixes pointwise a plane in R?;
it follows that [o N T N> NIY° is abelian and hence amenable. Therefore
U, ~ors 18 weakly contained in Ar.

e Second case: Every v1(Y}) is a multiple of Yy, that is, every ~; belongs to the
subgroup H = {y €T : ~+*(Yy) € {£Yo}}. Observe that [y is a subgroup of
H of index at most 2. It can be checked that the subgroup P = P,,y,,
which is normal in 'y, is normal in H. It follows that the restriction of V7 to
LoNTY NI NTE is strongly L8+ modulo P for every i € {1,2,3}. Hence,

VoVneV12eV % is strongly L? modulo P and hence contained in a multiple

71 72 73
of Ind;OﬁFO Mo™ ")\ Since P is amenable, it follows that Uy, ~oys 18 weakly

contained in Ap. As a consequence, we see that U®* is weakly contained in
Ar.

Let p be a probability measure on I'. It follows from what we have seen
that

IOl < IAc( M,

where U™ is the Koopman representation of I' on H = L?(T)*t. As a conse-
quence, we have

1U° ()] < maxc{[| Ae ()[4 | Uror (1)1}

where U° and Uy, are the Koopman representations of I' on LZ(A\N) and
L3(T). The same estimate was established in [BeHel0, Corollary 3| in the
case where NN is the Heisenberg group Hsj.
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15 Proof of Theorem {4

Let H be a subgroup of Aff(A\N). The following elementary proposition
shows that ergodicity of H on T is inherited by every subgroup of finite
index in H.

Proposition 36 Let H be a subgroup of Aff(T) and Hy a subgroup of finite
index in H. Assume that LE(T) contains a non-zero Hy-invariant function.
Then L3(T) contains a non-zero H-invariant function.

Proof By standard arguments involving Fourier series, there exists a uni-
tary character x in 7'\ {17} with a finite orbit under p,(H;) and such that
H, := H; N p; (1) fixes x, where I, is the stabilizer of y in Aut(7"). Then
H, has finite index in H and

Z Utor(S)X

s€EH/H»

is a non-zero H-invariant function in L2(7').H
Proof of (i) in Theorem {4

As is well-known, the action of a group H on a probability space (X, v)
is weakly mixing if and only if the diagonal action of H on (X x X,v ® v)
is ergodic. Since T' x T is the maximal factor torus of (A\N) x (A\N), we
only have to prove the statement about ergodicity.

So, let H be a (not necessarily countable) subgroup of Aff(A\N) acting
ergodically on 7. We have to prove that H acts ergodically on A\N. We can
assume that N is not abelian, otherwise there is nothing to prove.

Set I' = p.(H). Recall from Sections [I2] and [I3] that we have orthogonal
decompositions into I' x N -invariant subspaces L*(A\N) = L*(T) ® H and

H=EPHs,

such that the representation U; of I' x N on Hy, is equivalent to an induced
representation Indgrﬁ NV, where I';. is the stabilizer in I' of some m; € ;.

In view of the previous proposition, it suffices to prove the following

Claim: Assume that, for some ¢, the subspace Hy, contains a non-zero H-
invariant function. Then L3(T) contains a non-zero H;-invariant function for
some subgroup H; of finite index in H.
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To show this, set 7 =m;, ¥, =%;, Uy = U;, and V, = V. Let S be a set
of representatives for the cosets in

/T, = ([ x N)/(Ty x N)

with e € S. Then, by the definition of an induced representation, Hsy_ is an

orthogonal sum
My, = EPK,

seS

where IC carries the I'; X N-representation V; and where ° = U, (s)K. It
follows from this that there exists a non-zero function in C which is invariant
under H N (I'; x N) and that I'; has finite index in I

Upon replacing H by the subgroup of finite index H N (I'; x N), we can
assume that H is contained in I'; x V.

Let L, be the connected component of Ker(w) and N = N/L,. Observe
that N is not abelian, since 7 is not a unitary character of N. As seen
in Section [I0, the action of I'y X N on H, factorizes through the quotient
nilmanifold A\ N. Hence, we can assume that L, is trivial.

By the proof of Proposition BI] there exists a real number p > 1 such
that the representation V, of I'; x N is strongly LP modulo A, where A is
the normal subgroup

A ={(Ad(z),z7'2) :z €A,z € Z(N)}.

We claim that H N A has finite index in H.

Indeed, let R = HA be the closure of HA in I, x N. Then the restriction
of V. to R is strongly L modulo A.

Observe that (Ad(x),z7'2) € A acts as multiplication with \,(z) on H,,
where A\ is the central character of 7. Let € a non-zero V,(H )-invariant func-
tion in K. The function = — [(V,(x), )| is non-zero, belongs to LP(R/A),
and is R invariant. It follows that R/A is a compact group.

Let Ry be the connected component of R. Since R is a Lie group, Ry is
open in R. It follows that RyA/A is an open (and hence closed) subgroup of
R/A. Since R/A is compact, we conclude that RyA/A = Ry/(Ry N A) is a
subgroup of finite index in R/A.

On the other hand, observe that Ry C N, since R C I'; x N and since I';
is discrete. Observe also that

RoNA = Ryn Z(N),
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since Z(N) is connected (as NV is simply connected). It follows that Ry N A
is a connected subgroup of the nilpotent simply connected Lie group Ry. But
Ry/(Ry N A) is compact. Hence, Ry/(Ry N A) is trivial. As a consequence,
we see that R/A is finite. This shows that H N A has finite index in H.
Therefore, upon replacing H by H N'A, we can assume that H C A.

The centre Z(N) being a rational subgroup of N, the subgroup A =
AZ(N) of the nilpotent Lie group N = N/Z(N) is a lattice. Observe that
N is non-trivial, since N is non-abelian. The group A acts trivially on the
factor nilmanifold A\N and hence on the associated torus T. Since T is a
A-invariant factor torus of T, it follows that the action of H on T is not
ergodic.ll

Proof of (ii) in Theorem [4

Let H be a subgroup of Aut(A\N) with a strongly mixing action on 7.
We have to prove that the action of H on A\N is strongly mixing.

With the notation as in the proof of Part (i) above, the Koopman rep-
resentation U of H on H decomposes as a direct sum U = ¢;U;, where U;
equivalent to an induced representation Indgﬁ,Vi. It suffices to prove that,
for every 4, the matrix coefficients of Uj; beloné to co(H). This will follow if
we show that the matrix coefficients of V; belong to co(Hxy,).

Set m = m; and V; = V;. Let L, be the connected component of Ker(7)
and A\N the corresponding H,-invariant factor nilmanifold. Since H, is
contained in Aut(A\N), the projective kernel P of V; coincides with the
kernel of the homomorphism ¢ : H, — Aut(A\N), by Proposition 27

We claim that P = Ker(yp) is finite. Indeed, otherwise the matrix coeffi-
cients of the Koopman representation of H, on the maximal factor torus T
of A\N would not belong to ¢o(H,) and this would imply that the action of
H, and hence of H on T is not strongly mixing.

Since P is finite, V is strongly LP for some p > 1. It follows that the
matrix coefficients of V; belong to ¢o(H,). This finishes the proof of Theo-
rem [0
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